Confluence and unfolding of irregular singularities
of hypergeometric equations
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Abstract

For a linear differential equation on P' with unramified irregular singular points we examine its
realization as a confluence of singularities of a Fuchsian differential equation having the same
index of rigidity, which we call an unfolding of the equation with irregular singularities. We
conjecture that this is always possible. For example, if the equation is rigid, this is true and

the unfolding helps us to study the original equation.
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2 Confluence and unfolding
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3 Versal addition and middle convolution

W AN Pu=0 OZEMIZI, MBOZHITHIG L TR L2 (versal) addition % middle
convolution ([8] IZ&XBEANSFE L) HEHEIN, THIE GRS PARY MVEIDZEHE 5]
FEZ9. 52507z GRS 2R 2 AREADFEME (Deligne—Simpson—Katz M) X, 2ok
5HBWEND LIk > THERE N7 (1B Fuchs AT [1], RAMAHE®#T 1 BAT
1 [6], HME R Fuchs BT [10]). ZOZEBIZY Uy NEREZEZ RV, Uy NEHEZ
HUEIZARE 7% (Fuchs B TIZ [10], A IAME L TIHEE (7). B2 Yy FR5EEE,
HIZR AR o =0 OB —#Ec2 0, UV Yy N ARRIXEFZ GFERIC addition & middle
convolution Z{A[EA T Z LIz kW E o5, EWEITO AR Pu = 0 2AEDZERIZIE versal
addition (cf. [10]) & middle convolution 2MEM$ 5. ZDHiTIE, THSIZOWTHGHT 5.

r BBOLHNRBOMN AR (Weyl RE) & Wz] 2L, 0:= L, 9:=20 &5<.

o Gauge Z#: ¢(x) : u(z) = d(z)u(z) MHHIER I INDWAEHRERDZE Ad(gzﬁ(x))
7Y addition

Ad(¢(z))(0) =0 —
Ad((z —)*)(0) =0 —

Ad(¢(z))(z) = =, (3.1)
Ad(e(“*c)m)(a) =0+m(z—c)™ ! (mec7),

T, [10, §2.3] THA I N7 versal addition L TFDHDTH 5.

Ards
AdV(Co ----- ()‘07'--;)\) Ad<x—co AOeXp / Z k )))

Os—cl,

m . . (3.2)
= Ad <H($ — Ci)Zk_ Hlﬁ”ﬁk,l’#z(cbc!’))’
i=0
m A
AdVCO ey (Ao Am)(0) = 0 — ’ 33
o o kz_o H0<u<k;<ff — ) (3.3)
k ldS
AVt o aeeA) = A (exp / )
(&) H1<z< " ))
L m (3'4)
= Ad <H(1 - cix)zk iy H1<u<ky;£ (e Lu)>7
i=1
m A k=1
AdVia 1 y(Ar,..,An)(0) =0+ L_ (3.5)
' " k=1 Hz 1 Gx )

o BB I (u)(z) = F(lm / () (@ — )Pt 1SS B B RO LM middle
0
convolution mc, TH» % (FHDELL, —HITIT u(r) DRRMZE D).

FA+p+1) xyp

mc, (¥) =9 —p, mc,(0) =0, I“(mi): L'(A+1) o



b, —fd P e Wz TR UTIE, P ORBOILERT%2H>TEWT, RO RAMHE
BNDLE

NP =Y Ci0' 0 = meu(P):=0"") Ci;(0—p) o € W
riEHEnsg (10 12&3). 22 TEBEm i EROBHD Wz] DIEL 5 BAEE).

il 3.1, HIEMIZHI STV 2R TR ADOHKOHIZZE TS (£TY Yy F).
Gauss hypergeometric : mc, o Ad(z*(1 — x)’\/)(é?)

S Fy mec,,, o Ad(:ﬁ‘z) omcy, o Ad(mAl(l — ZL‘)A/)(a)
Appell’s F; : mc,, o Ad(xA(1 - 5'3)/\/ (y — x)/\”)((?)
Appell’'s Fy, Fj3 : mc,, o Ad((y + x)A2) omcy,, ° Ad(a:’\l(l - x)x)((?)

Pu(z) =013z =0% 2 =1 ICHREAEHSL, (0,1) HICHERAAZVELES. ZoLE,
RESLRIC B BHDERTE [, (1) K& DRD E S LD B,

EI 3.2 ([10, 17] etc.). mg >mq > -+ >my, >0 &7z m; e Q & X 5.
F'(A+1

(1) u(z) ~2* (xr—+0) = I, (u)(z)~ M

(2) u(x) ~ztexp(—5% — EL —...) (z— +0) and Re Cp >0

= I,(u)(x) ~ (moCp)~Far(mot Dk exp(— Co _ & —).

:L‘TVLO w?nl
(3) u(z)~(1—2) (x—1-0) and Re(N 4 ) <0
(=N — p) N
Ty e
(4) u(x) ~ (1~ x)x eXP((l_C;é)mo + (1_6;,1)m1 +-- ) (x —1—-0) and ReC{, >0

— C! c’
= I,(u)(z) ~ (meCp) "(1 — 1;)>\+(m0+1)/‘ eXp((l—xgmo + (17931)7“ + ... )

M

= Lu(u)(2) ~

FOREFIFEREHRATRT I LN TEED, GMLEOTEATALD. [, I2&>T, oo DSt
OHEER R TORMERRBIE p A5 Z 12 ERE LU £ 5. Fuchs #D Riemann scheme

I
—nA  nA+ N x x ;x - —nA+pu nA+N4+p o x ox ;x
* * * ok * * %

ZFDOL LT, 2€(0,6), ReA>0, n—> o0 IZINT D2EWMEZEZD.
-= 0 1
un (z) BRI R + N TR T B FURTORAREE T2 (EEGIEM R TED D) &

un(@) = 2™ o (@) (0n(0) #0)

~ xn)\—s—/\' (CL‘ + %)—n)\ N nn)\xn)\+/\' (l‘ N +0)

— N (14 L) s pNe s (n — 00),

nT



I, (up)(x) ~ Crpa™ N1 (1 4 Ly=ndtw Cn™ g N1 (1 1 0)

= Cpa? Tz + Ly Ly Ca¥t#e™s  (n— 00).

ZIZTC, EH2EHTC =lim, 00 Cp. EH 3.2 (1) &P

FnA+ XN +1)

C’n, n)\—,u ~ )\// — )\ )\/

" TnA+ N+ p+1) (W =nA+X)
CnA+ XN +1) u P
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(3) Katz reduction @ % 72 £ 1, addition %4 T versal addition TEE#R 5 LIZ L > T,
DY Yy R HRAD Y ¥y P72 Fuchs BLAGBRADHADEDIAA (KR PEoNns.
Katz reduction &7 > THBEELIE S W AR MLVELE basic 72 AT MV L FERAY [FH
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7 0 ,
—1)P PPy,
o, I rer =
{ T =00 } { T =00 (1) (p)}
1t = 1 0 0 o (vi; =0)
p—1—p+ z+- -+ AP p—1—p A1 Ap
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T\ +p+1) M+ p+ D=2 —A3),  mlnl

m, n=0

8



5 Confluence/unfolding of Pfaffian form and KZ type

U Yy R B Fuchs BAERUE, 1 FED Schlesinger £

du “ Aj
— = 5.1
dx 21 T — T “ (5:1)

KRz HD. A FEAOEBATHCT, z1,...,2, & 0 PWRE[MTHD. ZOFKARTOD Katz D
addition & middle convolution I [2] TiwU o7z, —7, EEV Yy FABRRIEX 2o =2 DIFH
X1y, Ty BEFE AT & KZ # (Knizhnik-Zamolodchikov) FHFE

ou A;y .

5 = Z ———u (i=0,...,n) (5.2)

Xy — X
0<v<n, v#i v

I (REMIZ—EIZ) HEINED, 202 &b addition & middle convolution ZFHWTRE N

.
!

7:'_ (Cf [3, 4, 12, 13]) fa?jb\, Ai,j Lim*ﬁi’\%ﬁ:
Aij=A [Aij A =[Aij, Aie + Ajk]l =0 (#{i,7,k, 0} =4) (5.3)
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FIE 5.1. V Yy RTCHBEAHEER RS2 -20 P Lo ABERX0EERITIZ, 228z k-
THRE K7 8RR oM IcihEI 5.

)Yy R ERIrix, B HERD S versal addition & middle convolution % # b i U fi
FTIEILE>THELNDIDT, ZRIZHIETSZ 22 KZBMABEATEZNIE LW, Fhizidze
ZIE (1) ZUTFTOLSCHEEETITLY (FHEERHERORMIZIGUTEZ 2D L),

%: (jzlxiljxj>u: <Z (x—a;ﬂ(a:—ié)(m—xﬂ)u (5:4)
_ Clai=1
-(C e >

(versal) additon %, (NI A—=XZ2EHEL) EBATH A; ©° C;j 12 (NTA=RZ2EL) ANT—
1135% NZ % Z &£ Tdh5. middle convolution & I, TEFE 2BEBOEHIIIIGL TEHS iz,
LoD (5.4) oz Wiz E 1

u
I# T—x]

U T — In ==

1

e )

LVWIOEHEEZNTEN. ZOLECRHD CITEMEINDD, X512 0 EIZHEAPRRK
REEIDZERADFAE T B A1, T X 670 ISk C; FET 51750 C; 12k -
T middle convolution WEFEI N5, LT, #lzRT.



Sigige = | | (i — z5,)

EELE, n=30LEX

Ci Cy (4 1 0O 0 O 0 0 0
01: 0 0 0 +u 1 , 02: Cp Oy (O3 +ull S2.1 0 R
0O 0 O 1 0O 0 O 0 1 s31
0O 0 O 0 0 0
Cs=(0 0 o0]+u{0 0 0
Ciy Cy Cs 1 s21 8312

ez, n=3Tux &z ODEWITKT BHEFITTIE, (20, 21,22, 23) = (20,y,y + €, 3)
WS AR ERHNIE I W, AR

ou < Co1 Co2 Cos )
= + + u,
0o zo—y (xo—y)(xo—y—€) x0— 13
ou _ ( Cso n C31 . Cs2 )%
0x3 r3—x0 13—y (z3—Y)(r3—y—e)
du le CQj
ou _ gt u
Ay <j§3y_xj jzzo;g (y—ﬂfj)(er@—fj))
rELTELE (O = Cp)
B Co1 +u Coz Cos 3 Cs1 + Cos 0 —Co3
Cio = 0 0 0|, Ciz= 0 Cs1 4 Cos 0 ;
0 0 0 —001 —002 031 + C'01
) 0 0 0 ) Ci 0 0
Cop=|Co1+pn Coxt+en Co3|, Cun3=| Coz s+ eCps —Co3 ;
0 0 0 —Co2 —eCopo C3z + Coo
) 0 0 0
C3g = 0 0 0

Cor Co2 Coz+p

s (Cy=Cj).
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