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Aim : Construct “Bernstein-Zelevinsky (BZ for short) data”

in affine type A.

Plan

• What is BZ data? (Geometric background)

• Review on type An (Prototype)

• Toward BZ data in affine type A : a combinatorial approach

(work in progress)
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§ What is BZ data? (MV polytopes and BZ data)

Mirković-Vilonen (1997∼)

• MV cycles : Algebraic cycles in affine Grassmaniann associated to

a finite root system R.

Kamnitzer (2005∼)

• Moment map image ⇒ MV polytopes : Polytopes in hR(R∨).

• MV : the set of all MV polytopes (with a certain normalization condition).

It has a crystal structure (MV ∼= B(∞)).

That is, the Kamnitzer’s result tells us

a realization of B(∞) in terms of MV polytopes.
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◦ MV polytopes of type An

k ⊂ [1, n + 1] : a subset (called a Maya diagram of rank n)

Mn : the set of all Maya diagrams of rank n

M×
n := Mn \ {φ, [1, n + 1]}

M = (Mk)k∈M×
n

: a family of integers indexed by M×
n

• W = Sn+1 y Mn, M×
n .

⇒ We can identify M×
n with Γn :=

⊔
w∈W, i∈I WΛi via

[1, i] ↔ Λi.

• For M = (Mk)k∈M×
n
, consider a polytope in hR

P (M) := {h ∈ hR | 〈h,k〉 ≥ Mk (∀k ∈ M×
n )}.
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• A collection of integers M = (Mk) is called a BZ datum if it satisfies the

following condition:

(BZ-1) Edge inequalities :

for every two indices i 6= j and every k ∈ Mn with k ∩ {i, j} = φ,

Mki + Mkj ≤ Mkij + Mk.

Here we denote kij = k ∪ {i, j} etc., and we set Mφ = M[1,n+1] = 0.

(BZ-2) 3-term relations (Tropical Plücker relations) :

for every three indices i < j < k and every k ∈ Mn with k ∩ {i, j, k} = φ,

Mkik + Mkj = min
{
Mkij + Mkk, Mkjk + Mki

}
.

• A polytope P (M) is a MV polytope if M = (Mk) is a BZ datum.
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Remark

P (M) : a MV polytope

⇒ P (M) is the convex hull of µ• := (µw)w∈W ⊂ hR (GGMS datum) where

µw :=
n∑

i=1

Mw[1,i]wα∨
i ∈ hR (w ∈ W ).

That is, for a MV polytope,

P (M) ↔ M = (Mk)k∈M×
n
.

• We denote by BZw0
n the set of all BZ data which satisfy the following nor-

malization condition:

(BZ-0) M[i+1,n+1] = 0 for any 1 ≤ i ≤ n.

An element of BZw0
n is called an w0-BZ datum.

• BZw0
n has a crystal structure which is isomorphic to B(∞) (Kamnitzer).
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◦ e-BZ datum
In stead of (BZ-0), we consider another normalization condition:

(BZ-0)’ M[1,i] = 0 for any 1 ≤ i ≤ n.

A BZ datum M = (Mk) which satisfies (BZ-0)’ is called an e-BZ datum,
and we denote by BZe

n the set of all e-BZ data.

For an e-BZ datum M, define a new collection Θ(M) by(
Θ(M)

)
k

:= (M)kc,

where kc := {1, · · · , n + 1} \ k is the compliment of k.

• It is easy to see that Θ : BZe
n → BZw0

n is a bijection.
(Its inverse is also denoted by Θ.)

• BZe
n has the induced crystal structure which is isomorphic to B(∞):

ẽ∗i := Θ ◦ ẽi ◦ Θ, f̃∗
i := Θ ◦ f̃i ◦ Θ, etc.
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ẽ∗i := Θ ◦ ẽi ◦ Θ, f̃∗
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§ Review on type An (Prototype)

In type A, explicit relationships on the following three realizations of B(∞)
are known.
• (limits of) semi-standard tableaux : Bn

• irreducible Lagrangians :
⊔

ν∈Q+

IrrΛ(ν)

• BZ data (or MV polytopes) : BZe
n

⊔
ν Irr Λ(ν) : Irred. Lagrangians

BZe
n : e-BZ data Bn : “limits” of SST-¾

¡
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◦ Notations
Uq = Uq(sln+1) = 〈ei, fi, t±1

i (i ∈ I)〉.
B(∞) : the crystal basis of U−

q

∗ : Uq → Uq : a Q(q)-algebra anti-automorphism

ei 7→ ei, fi 7→ fi, t±i 7→ t∓i .

⇒ ∗ : B(∞) → B(∞).

Set

ε∗i (b) := εi(b
∗), ϕ∗

i (b) := ϕi(b
∗), ẽ∗i := ∗ ◦ ẽi ◦ ∗, f̃∗

i := ∗ ◦ f̃i ◦ ∗.
⇒ B(∞) endowed with maps wt, ε∗i , ϕ∗

i , ẽ∗i , f̃∗
i is a crystal.

( “the ∗-crystal structure” on B(∞))

That is, B(∞) has two crystal structures :

(B(∞) ; wt, εi, ϕi, ẽi, f̃i),

(B(∞)∗ = B(∞) ; wt, ε∗i , ϕ∗
i , ẽ∗i , f̃∗

i ).
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i , ẽ∗i , f̃∗

i ).

9-a



◦ Notations
Uq = Uq(sln+1) = 〈ei, fi, t±1

i (i ∈ I)〉.
B(∞) : the crystal basis of U−

q

∗ : Uq → Uq : a Q(q)-algebra anti-automorphism

ei 7→ ei, fi 7→ fi, t±i 7→ t∓i .

⇒ ∗ : B(∞) → B(∞).

Set

ε∗i (b) := εi(b
∗), ϕ∗

i (b) := ϕi(b
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◦ Realization in terms of limits of semi-standard tableaux

λ ∈ P+ : dominant integral weight

V (λ) : irreducible Uq-module with h.w. λ

B(λ) : crystal basis of V (λ)

Theorem (Kashiwara-Nakashima)

B(λ) ∼= SST (λ).

Here SST (λ) is the set of semistandard tableaux of shape λ.

• Take λ → ∞ (w.r.t. λ ≥ µ ⇔ λ − µ ∈ Q+)

B(λ) ∼= SST (λ)
↓ ↓

B(∞) ∼= Bn

Bn : The set of all n(n + 1)/2 tuples of non-negative integers

a = (ai,j)1≤i<j≤n+1 (which is called a Lusztig datum).
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We regard Bn as “SST (∞)” via

ai,j = “the number of j in the i-th row of a tableau”.

Example. A4 case:

a1,2 a1,3 a1,4 a1,5
a2,3 a2,4 a2,5

a3,4 a3,5
a4,5

←→

︷ ︸︸ ︷ ︷ ︸︸ ︷ ︷ ︸︸ ︷ ︷ ︸︸ ︷ ︷ ︸︸ ︷“a1,1” a1,2 a1,3 a1,4 a1,5

6

This part has no meaning at λ → ∞.

5 · · ·54 · · ·43 · · ·32 · · ·21 · · · · · · · · · · · ·1
5 · · ·54 · · ·43 · · ·32 · · · · · · · · ·2

5 · · ·54 · · ·43 · · · · · ·3
5 · · ·54 · · ·4

Remark
(1) The explicit crystal structure of Bn can be determined.

(Here we use “the far-eastern reading” of a tableau.)
(2) Since B(∞) has the ∗-crystal structure, Bn also has the induced

∗-crystal structure.
(We omit to give them.)
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Remark
(1) The explicit crystal structure of Bn can be determined.

(Here we use “the far-eastern reading” of a tableau.)
(2) Since B(∞) has the ∗-crystal structure, Bn also has the induced

∗-crystal structure.
(We omit to give them.)
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◦ From SST (∞) ∼= Bn to BZe
n

Definition Let k = {k1 < k2 < · · · < kl} ∈ M×
n be a Maya diagram. For such

k, we define a k-tableau as an upper-triangular matrix C = (cp,q)1≤p≤q≤l with
integer entries satisfying

cp,p = kp (1 ≤ p ≤ l),

and the usual monotonicity conditions for semi-standard tableaux:

cp,q ≤ cp,q+1, cp,q < cp+1,q.

Example

K = {1,3,4} ⇒ k-tableaux are : 1 1 1
3 3

4

 ,

 1 1 2
3 3

4

 ,

 1 2 2
3 3

4

 .
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For a giving a = (ai,j) ∈ Bn, let M(a) = (Mk(a))k∈M×
n

be a collection of integers
defined by

Mk(a) := −
l∑

j=1

kj−1∑
i=1

ai,kj
+ min

 ∑
1≤p<q≤l

acp,q,cp,q+(q−p)

∣∣∣∣∣∣ C = (cp,q) is
a k-tableau.


and denote the map a 7→ M(a) by Ψn.

Proposition (Bernstein-Fomin-Zelevinsky)
For any a ∈ Bn, Ψn(a) = M(a) is an e-BZ datum. Moreover Ψn : Bn → BZe

n is
a bijection.

Moreover we can prove

Theorem
The map Ψn : Bn

∼→ BZe
n is an isomorphism of ∗-crystals.
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◦ On the realization by irreducible Lagrangians (Geometric side)

⊔
ν Irr Λ(ν) : Irred. Lagrangians

BZe
n : e-BZ data Bn : Lusztig data (“limits” of SST)-¾

¡
¡

¡µ

¡¡ª

@
@

@R

@
@I

• Lusztig data ↔ Irred. Lagrangians : well-known.

• BZ data ↔ Irred. Lagrangians : Recently studied.
· Geiss-Leclerc-Schröer
· Kamnitzer et. al.
· S
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§ Toward BZ data in affine type A : a combinatorial approach

Aim : Consider an affine analogue of

⊔
ν Irr Λ(ν) : Irred. Lagrangians

BZe
n : e-BZ data Bn : “limits” of SST.-¾

¡
¡

¡µ

¡¡ª

@
@

@R

@
@I

Idea :

(1) Construct BZ data for “gl(∞)”.

(Replace {1, · · · , n} to Z.)

(2) Reduction modulo l ⇒ BZ data of type A
(1)
l−1.
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◦ Index set of BZ data for “gl(∞)”

K ⊂ Z : a Maya diagram of charge i,

i.e. k = {kj | j ∈ Z≤i} is a sequence of integers indexed by Z≤i such that

kj−1 < kj (j ≤ i), kj = j (j ¿ i).

The following description of a Maya diagram is very useful:

k = {· · · < ki−3 < ki−2 < ki−1 < ki}

←→ · · · · · ·
· · · ki−3 ki−2 ki−1 ki

~ ~ ~ ~ ~ ~ ~ ~ ~

M(i)
Z : the set of all Maya diagrams of charge i

MZ :=
⋃

i∈Z M(i)
Z .

M = (Mk)k∈MZ : a collection of integers indexed by MZ.
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◦ Restriction to subintervals
I = {m + 1, m + 2, · · · , m + n} : a (finite) subinterval of Z (m ∈ Z),
Ĩ := I ∪ {m + n + 1},
MI := {k | k ⊂ Ĩ}, M×

I := MI \ {φ, Ĩ}.

Regard MI as a subset of MZ by MI 3 kI 7→
(
Z≤m ∪ kI

)
∈ MZ.

i.e. ︷ ︸︸ ︷kI

m + 1 m + n + 1
6 6

~ ~ ~ ~ ~~ ~ ~· · · · · ·

Conversely, for an element k =
(
Z≤m ∪ kI

)
∈ MZ (kI ∈ M×

I ), we define

resI : k 7→ kI .

For a collection of integers M = (Mk)k∈MZ, we define a new collection

MI =
(
(MI)kI

)
kI∈M×

I

by

(MI)kI
:= MZ≤m∪kI

.

17



◦ Restriction to subintervals
I = {m + 1, m + 2, · · · , m + n} : a (finite) subinterval of Z (m ∈ Z),
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Ĩ := I ∪ {m + n + 1},
MI := {k | k ⊂ Ĩ}, M×
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Regard MI as a subset of MZ by MI 3 kI 7→
(
Z≤m ∪ kI

)
∈ MZ.

i.e. ︷ ︸︸ ︷kI

m + 1 m + n + 1
6 6

~ ~ ~ ~ ~~ ~ ~· · · · · ·

Conversely, for an element k =
(
Z≤m ∪ kI

)
∈ MZ (kI ∈ M×

I ), we define

resI : k 7→ kI (remove blue parts).

For a collection of integers M = (Mk)k∈MZ, we define a new collection

MI =
(
(MI)kI

)
kI∈M×

I

by

(MI)kI
:= MZ≤m∪kI

.

17-e



◦ BZ data for “gl(∞)”

Definition (Naito-Sagaki-(S))

A collection of integers M = (Mk)k∈MZ is called a BZ datum of type A∞,

if it satisfies the following conditions:

(a) For any finite interval K, MK is a e-BZ datum associated to K.

(b) For each Maya diagram k ∈ MZ, there exist an interval I such that

(i) k =
(
Z≤m ∪ kI

)
with kI ∈ M×

I ,

(ii) for any finite interval J ⊃ I,

(MJ)J̃\resJ(k)
= (MI)Ĩ\resI(k)

.

Let us denote by BZZ the set of all BZ data of type A∞.

Remark

(1) J = {p + 1, p + q} ⊃ I ⇒ k =
(
Z≤p ∪ kJ

)
with kJ ∈ M×

J and kJ ⊃ kI.

(2) By definition we have (MI)Ĩ\resI(k)
= M

Z≤m∪
(
Ĩ\resI(k)

).
18



Remark (1)

k = · · · · · ·~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~
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Remark (1)

︸ ︷︷ ︸
Ĩ

k = · · · · · ·~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~
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Remark (1)

︸ ︷︷ ︸
Ĩ

︸ ︷︷ ︸
kI

k = · · ·

k =

· · ·

⇓

~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~

~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ · · ·· · ·
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Remark (1) ︷ ︸︸ ︷J̃

︸ ︷︷ ︸
Ĩ

︸ ︷︷ ︸
kI

k = · · ·

k =

· · ·
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Remark (1) ︷ ︸︸ ︷J̃

︸ ︷︷ ︸
Ĩ
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kI
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k =

k =

· · ·
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~
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Remark (2)

k = · · · · · ·~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~

20



Remark (2) ︷ ︸︸ ︷Ĩ
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Remark (2) ︷ ︸︸ ︷Ĩ

k = · · · · · ·

⇓
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~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~

~ ~ ~ ~ ~ ~

~ ~ ~ ~

· · ·· · ·
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Condition (b)-(ii) in the definition

︸ ︷︷ ︸
∃Ĩ

k = · · · · · ·~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~
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Condition (b)-(ii) in the definition

The corresponding components

of a BZ datum coincide!

︷ ︸︸ ︷∀J̃

︸ ︷︷ ︸
∃Ĩ

k = · · · · · ·

⇓

Z≤m ∪
(
Ĩ \ resI(k)

)
= · · · · · ·

~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~

~ ~ ~ ~ ~ ~ ~ ~ ~

Z≤p ∪
(
J̃ \ resJ(k)

)
= · · · · · ·~ ~ ~ ~ ~ ~ ~ ~ ~
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◦ BZ data of type A
(1)
l−1

σ : Z → Z defined by i 7→ i + l.

BZσ
Z :=

{
M = (Mk)k∈MZ ∈ BZZ

∣∣∣ Mσ(k) = Mk for any k ∈ MZ
}

(The set of all BZ data of type A
(1)
l−1).

• There exist an BZ datum whose k-component is zero for any k ∈ MZ.

We denote it O.
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Theorem (Naito-Sagaki-(S))

(1) BZσ
Z has a crystal structure which is induced from one of the set of all e-BZ

data for a finite interval.

(2) Let BZσ
Z(O) be the connected component of (the crystal graph of) the

crystal BZσ
Z containing O. Then BZσ

Z(O) is isomorphic to B(∞).

Remark

(1) The total crystal structure of BZσ
Z is not known.

(2) Recall the condition (b) in the definition of BZZ:

For each Maya diagram k ∈ MZ, there exist an interval I such that

(i) k =
(
Z≤m ∪ kI

)
with kI ∈ M×

I ,

(ii) for any finite interval J ⊃ I,

(MJ)J̃\resJ(k)
= (MI)Ĩ\resI(k)

.

To define the weight of a BZ datum, we need this condition.
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◦ Lusztig data of type A
(1)
l−1

Recall

a = (ai,j)1≤i<j≤n+1 ∈ Bn
∼= “SST (∞)′′ (Lusztig datum).

Definition

(1) Let ∆+ = {(i, j) | i, j ∈ Z with i < j}. A collection of non-negative integers

a = (ai,j)(i,j)∈∆+ is called a Lusztig datum of type “gl(∞)” if there exist N > 0

such that

ai,j = 0 for j − i ≥ N.

We denote by BZ the set of all Lusztig data of type “gl(∞)”.

(2) B(1)
l−1 :=

{
a = (ai,j) ∈ BZ

∣∣∣ ai,j = ai+l,j+l for any (i, j) ∈ ∆+
}

.

An element of B(1)
l−1 will be called a Lusztig datum of type A

(1)
l−1.
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◦ B(1)
l−1 v.s. multisegments in the LLTA theory

• A segment of length r is a sequence of r consecutive values in Z/lZ

x1 x2 · · · xr

where xp = i + p − 1 (1 ≤ p ≤ r) for some i ∈ Z/lZ.

• A multisegment is a multiset of segments.

• Then we have a bijection

B(1)
l−1

∼←→ the set of all multisegments

via

∆+ 3 (i, j) 7→ the segment of length r = j − i
with x1 = i

.

Note that

ai,j = the multiplicity of the corresponding segment.
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Known facts.

(1) B(1)
l−1 has a crystal structure of type A

(1)
l−1 which is a natural generalization

of one of Bn.

(2) The set of all multisegment also has a crystal structure of type A
(1)
l−1.

Moreover, under the above identification, it coincides with one of B(1)
l−1.

• A Lusztig datum a ∈ B(1)
l−1 is called aperiodic if it satisfies the following

condition:

for any (i, j) ∈ ∆+, there exist an element which is equal to 0 in the set

{ai,j, ai+1,j+1, · · · , ai+l−1,j+l−1}.

We denote by
(
B(1)

l−1

)ap
the set of all aperiodic Lusztig datum.
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Let 0 be the Lusztig datum whose coefficient is equal to 0 for any (i, j) ∈ ∆+.

Known facts.

(3)
(
B(1)

l−1

)ap
coincides with the connected component of the crystal B(1)

l−1 con-

taining 0. In other words, “aperiodicity” characterizes that component.

(4)
(
B(1)

l−1

)ap
is isomorphic to B(∞).
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◦ An explicit correspondence between
(
B(1)

l−1

)ap
and BZσ

Z

Let us return to finite interval cases.
BI : the set of all Lusztig data associated to a finite interval I

BZe
I : the set of all e-BZ data associated to I

ΨI : BI
∼−→ BZe

I , a 7→ M(a) (isom. of crystals).

How to define M(a) for a ∈
(
B(1)

l−1

)ap
?

Idea :
Consider ResI :

(
B(1)

l−1

)ap
→ BI by(

B(1)
l−1

)ap
3 a = (ai,j) i<j

i,j∈Z
7→ (ai,j) i<j

i,j∈Ĩ

∈ BI .

Define M(a) = (Mk(a))k∈MZ for a ∈
(
B(1)

l−1

)ap
by

Mk(a) := lim←−
I

MresI(k)(ResI(a))

29



◦ An explicit correspondence between
(
B(1)

l−1

)ap
and BZσ

Z

Let us return to finite interval cases.
BI : the set of all Lusztig data associated to a finite interval I

BZe
I : the set of all e-BZ data associated to I

ΨI : BI
∼−→ BZe

I , a 7→ M(a) (isom. of crystals).

How to define M(a) for a ∈
(
B(1)

l−1

)ap
?

Idea :
Consider ResI :

(
B(1)

l−1

)ap
→ BI by(

B(1)
l−1

)ap
3 a = (ai,j) i<j

i,j∈Z
7→ (ai,j) i<j

i,j∈Ĩ
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Lemma

For a given a ∈
(
B(1)

l−1

)ap
and k ∈ MZ, there exist an interval I0 such that,

for any I ⊃ I0,

MresI(k)(ResI(a)) = MresI0
(k)(ResI0(a)).

⇒ We can define Mk(a) := MresI0
(k)(ResI0(a)).

Theorem

Let a ∈
(
B(1)

l−1

)ap
. Then the collection of integers M(a) = (Mk(a))k∈MZ is an

element of BZσ
Z(O). Moreover, the map a 7→ M(a) gives an isomorphism of

crystals.

Remark

(1) We can define M(a) = (Mk(a)) for a ∈ BZ by similar way.

(2) For a ∈ B(1)
l−1, the map a 7→ M(a) is not injective.

(3) For a general a ∈ B(1)
l−1, M(a) is not a BZ datum of type A

(1)
l−1.
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§ Conclusions

Affine A case :

⊔
ν Irr Λ(ν) : Irred. Lagrangians

??? B(1)
l−1.

-¾

¡
¡

¡µ

¡¡ª

@
@

@R

@
@I

(a) known

• We gave an answer for ???.

• The correspondence (c) : described in explicit way.

• The correspondence (b) : work in progress.
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Thank you!
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