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1 Introduction

Evaporation-condensation model

[Mullins ’57] William W. Mullins (1927-2001), Materials Scientist.
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Surface diffusion model is also proposed in [Mullins ’57].
(: 4th order eq.)

x Mg & high air pressure ~~ evaporation-condensation.

Au & low air pressure ~ surface diffusion.
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Equation and its derivation

'y = {(x,u(x,t)) | x =2 0,t = 0}: surface (curve).
V. upward normal velocity. k: upward curvature.

k

Generalized curvature flow equation: V =1—¢e7% on I}y, ie.,

ux:c

\/1—|—u§33.

— 1 —e % with k =

Uy
\/1+u§

Boundary condition: By equilibrium of tensions uw((), t) = 3> 0.
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surface tensions A angle=const.

grain boundary tension



Derivation. A condensation
\

e Upward normal velocity V. O N

\ 3

V' = (condensation) — (evaporation) unit area

— Q0(90 — 9@)
— Q() . Cl(po —p). (Cl > O) (*1)

height, QOHC

x Here {)g: molecular volume,
0. (0c): number of impinging (emitted) atoms per unit time and unit area,

po (p): vapor pressure in the atmosphere (in equilibrium with the surface).

e Gibbs-Thompson formula: |log P —Cok| (Ce > 0). (%2)

0
z (k: upward curvature)

(*1) & (*2) — V =QyCipo (1 — 6_C2k).

Generalization.
[Srolovitz ’89| strain energy. [Ogasawara ’03] temperature gradient.
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Approximations by Mullins

u(z,0) =0, u,(0,1) = K 1.

Ut —k 1—6_1{:%]{: Uxx ’szo
=1-—e -—3 vV = = W = Wy,
/ 2 1+ UZ
1 —+ Uz, T
generalized curvature flow eq. curvature flow eq. for graph heat eq.

Solving the heat equation, Mullins concludes the groove profile is

Aw(x,t)
w(z,t) = —28V't - ierfe <i> . q

| S}

2Vt

In particular, the depth at the origin is d

t
d:=—w(0,t) = 2ﬁ\/j ~ 1.136V't. .
" B
« Here ierfc(x) is the integral error function:
ierfc(x) :/ erfc(z)dz, erfc(x) = %
. T
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Qur_aims

e Justification of Mullins’s two approximations.

Ut

Vv 1+ u?

Point. v & w are self-similar (if initial data is 0), i.e.,

vz, t) = VIV (%) w(z,t) = VIW (%) .

1. u =~ v? x[Ans.| u is asymptotically self-similar, i.e.,

_ L l—e *xk  Uzg Ve 20 —
— 1 —€ -2 Ut = 1+ 02 -2 Wt = Wgy
x

1 t—00
ﬁu(\/gx, t) — V(x).

2. =V(0) = =W (0) (: depth of the groove) if § < 17 x|Ans.| o(5).

e Degenerate cases. x|Ans.| V has a corner.
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2 Neumann boundary problems

Let F': R" x S™ — R be continuous & degenerate elliptic.

(w(z,t) = F(Vyu(z,t), Viu(z,t)) in {z1 >0} x (0, 00),
(NP) < u(x,0) = ug(x) € BUC on {x; = 0},
Uz, (2,1) = B> 0 on {1 =0} x (0, 00).

Theorem. (NP)=(NP;F,uy) admits a unique viscosity solution.

x The boundary condition is interpreted as the viscosity sense.

x BUC =bounded & uniformly continuous.

cf. (Neumann problems and viscosity sol.)

e [Lions ’85] pioneer. }bound.ed
e [Barles '99], [Ishii-Sato ’04] general singular 2nd order eq. J domain
e [Sato '96] half space, capillary boundary condition: u,, — k|Vu| = 0.
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3 Asymptotic behavior

Structure of equations. F,G:R" x S" — R.

e F: homogeneous (hom.) LIy F(p,A\X) = \F(p,X), VA > 0.

e (G: asymptotically homogeneous (a-hom.)

&L 3F hom., A\G(p, X/\) gy F(p, X) loc. unif. in R™ x S™.

* Mullins’s 1st approx. (G =~ F)
x* G(p, X) = /14 p2(1 — e *) is a-hom. with the limit F(p, X) =
A

Self-similar solution.

. def. X O
e v: self-similar < IV, v(z,t) = V1V i)

V' is called a profile function.

Fact.
If F' is hom., the unique sol. of (NP; F,ug = 0) is self-similar.
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Theorem (Asymptotic convergence).
Assume G is a-hom. with the limit F'. Let u solve (NP; G, ug),
v solve (NP; F,ug = 0) and V be the profile function of v. Then

1 00 :
—tu(\/gaj,t) g V(x) locally uniformly on {x; = 0}.
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Remark. The limit is common to all initial datal!
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O g O
O
ug € BUC




Proof. (u solves (NP; G,ug), v solves (NP; F,0).)

1
1. Rescale function: uy(z,t) := —u(Az, A*t) (A > 0).

A
It suffices to show “uy) 22 4 loc. unif. on {x1 20} x [0,00)”.

* u(y) is a solution of (NP; 3\G(p, X/)\Z, ug(Ax)/A).

—F
2. Relaxed limits: u := limsup)_, , u\) & uw = liminf, o u(y).

* Construct suitable barriers U*(x,t) so that U = O(v/t) as t — o0.

— U¥: unif. bounded w.r.t. rescaling.

CP . .
—00 < u(subsol.) = wu(supersol.) < oo, i.e., loc. unif. convergence!! []

Remark. If G is hom. (i.e. G = F'), then

1 50 :
%u(\/gx,t) 2% V(z) Ioesty uniformly on {z; = 0}.
Contraction property: ||[uy) — v|r~ < ||lug(Az)/A — 0] oo 230 .

“(difference of sol.) < (difference of data)”
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4  Profile functions

Let n = 1. The profile function V' (V(x) = v(x, 1)) satisfies

V(&) —€&V'(€) = a(V'(£)V"(€) in (0,00),
(ODE) < V/(0) =8 > 0,

\lim§—>00 V(f) =0, I Vrz

where a(p) = —2F(p, —1). In Mullins’s case |a(p) =

Conversely, solving (ODE) gives the self-similar sol.
(Recall v(z,t) = VIV (z/V1).) AV (&)
O

Yorn

Assumptions (on given a.)

a € C(R),a=0& a(0) > 0.

V <0

Fact. (ODE) has a unique viscosity sol., Increasing
and the sol. V satisfies — strictly (.:oncave
VelC?ifa>0
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(ODE) V(£) — &V'(£) = a(V'(§))V"(£).

Theorem (Corner of profile functions).
Assume a(p) =0 (p € [¢,a7] € (0, B)), a(p) > 0 (otherwise).
Let V' be the unique vis. sol. of (ODE). Then 3£, € (0, 00) s.t.

V() —=V(&) . V() —VI()
e £-& e €— &
(left derivative) (right derivative)

A}
.
.
.
.
.
.

| Ay




5 Depth of the groove

Let d(B) := —V(0), where V solves (ODE): non-linear eq.
(= depth at time ¢t = 1 at the origin.)

Let L(3) := —W(0), where W solves («= q(V'(£))V"(¢)” (ODE))
~ * Mullins’s 2nd approx.

W (&) — EW'(§) = a(O)W"(§) in (0, 00),
(L-ODE) { w'(0) = 8 > 0,

lime oo W(E) = 0. . linear eq.
W is the profile function of the heat eq. O: V(&)
2a(0 d(p
— [y g
Want to L(B) W(¢)
e study d(f3) as a function of 3. !
e compare d(8) and L(f8) when § < 1.
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Theorem (Depth of the groove). ADepth L(B)
Assume a(p) < a(0) (Vp = 0).
Define d(3) and L(8) as before. (2) (5)

(1) 0 < d(8) < L(B).  Jdo
(2) d is nondecreasing in (0, co). d(p)

- """ (4) concave

K06 <3¢ (ut0) - iga) | ( .

3) B =7C {20 [0,8] ") 0(3) o(p) p
(4) Md(B) < d(AB) (VA € ]0,1]) if a is nonincreasing.

(5) Jim, d(B) = +ooifa(p) 2 5 e (Vp>1).

Proof. Comparison principle.
Find a suitable subsol. V; and supersol. V5 of (ODE). = V; < V,. [

Remark. In Mullins’s case L(8) —d(8) = O(B1?%) as 8 — 0 by (3).
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