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How can the motion of atoms give rise to
organized (surface) structures and devices?
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Below the r‘oughening h Macroscale
transition temperature:
Steps and terraces
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How can one reconcile models
across these scales?
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[ Burton, Cabrera, Frank, 1951]
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Local coordinates (n, 0); ‘
descending steps of height a; X

i-th step at n = n;

i-th terrace,

° /U .
» Step normal velocity : Gh < <t

Ui, 1 — a2(Ji—1,J_ — Ji,J_)
* Adatom diffusion

on /-th terrace: o
J;,=—DsVp,, DsApi + F =

Pi
— =0 < <n;
ot n N < Mi+1

+ Robin-type boundary conditions at bounding step edges :

_Jz'—!_J_ — 4+ [pj_ o pz?q(0-7 t)]? n =1, szJ_ — —[102 o pz?jl—l(o-v t)]? T = Ti+1

pod = pse,ui/T Gibbs-Thomson relation
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Step motion and continuum limit (Review)
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Diffusion; Attachment/detachment

—Ji=qlp; — p}Y) atx=2a]
{ o= alp pzq) (i-th terrace)
Ji=q(pi — piy1) atz=a,
Adatom density

a— 0

) )= —

Mass comse.rvahom

Dy

>—~ J = — D

0, p™

1+ ?%w
Diffusion-limited kineticd @

“Filck’s law” for surface diffusion
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Near-equitibrmm condition
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From atoms to step motion

Mesoscale

) I (phenomenological) model:

4 Adatom diffusion/Fick's law +
Step velocity law +

Linear kinetic relation at step

/Kinetic restricte
solid-on-solid
model:
Atoms hop
in 1+1 dimensions
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* The BCF model is primarily phenomenological.
We need to understand its plausible atomistic origin.

« If crystal surfaces have high supersaturations, the pileup of
adsorbed atoms (adatoms) obstructs step motion.
We need to understand how this may affect BCF-type step laws.

Heuristic study for 1+1 dims.
Pending issues, especially in 2+1 dimensions...

[Patrone, DM, 2014; Patrone, Einstein, DM, 2014; Lu, Liu, DM, 2015;
Schneider, DM, 2017; Schneider, Patrone, DM, 2018]

6/24



Atomistic scale: Basic transitions: Toy model

N lattice sites; Na = O(1) asa — 0

Standard hopping Deposition
D D D k(p_ Detachment !
a i\ Dko. -
.I A k=e —Ep/T
7 / /
adgltam ;" | ededAtbm
/|
7 9= oot >
step atom ) Fred™ X

/i\ /ﬁ\ No islands form

Key parameters:

. -1 .
k and F/D Attachment DesOrPtion T Atoms do not interact

controlling diluteness .‘I‘ﬁ; Do D fh D elastically
of adatoms .2}'@&

Position of edge atom can only change by -1, 0, 1 on lattice 774



Main assumptions:
Dimensionality: 1D. Nucleation is neglected. Step is imposed.

Stages:

« Formulate a master equation for adatom configurations.
« Formally express statistical averages related to step motion.

« Examine limit of vanishing lattice spacing via scaling of atomistic
parameters.
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Atomistic configurations and step motion

multiset: positions of adatoms So: initial site for edge atom

/ . o,
(Oé, m): state Of System mo: initial mass
“Mass of system (changed by deposition from above)

Edge atom adatom

J1a

s: Microscale step position
s ={so— (la] — |a0|3 -+ sm — mol)}a,
|
adatom number increase  Mmass increase (# of deposited atoms)
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Master equation

pa,m Z T(a m),(a’ m’)pa m/’ (t) <Z T(a,m),(a/,m/) = 0>

o’ .m’ o,m

probablhfy density for (a’,m’)

Average of Q1 (Q) =Y Q(a, m)pa,m(t)

Goal:
To obtain relations among
averages for step position and adatom density

[Schneider, DM, 2017; Schneider, Patrone, DM, 2018] 10/24
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pa,m Z T(a m),(a’ m’)pa m/’ (t) ZT(a,m),(a’,m’) =0

o’ m L o,

probabilify density for (a’,m’)

Tiom) (o my = D, it m=m'and |a|] = || and |a\ /| =1
Hopping by 1 lattice site,
oy rom stey and [\ || = [l \
Tiem) () = D, if m =m’ and ]a] = |a/| -1
aftachment and &' \ & ={£1}; & = {i —|— 1| for all i € a}
Tiam) (/) = Do+, if m =m'and |af = || +1 “relative to edge
detachment and o \ &' = {:I:l};
F . / /
T(a,m),(a’,m’) = mgﬁpasiﬁom if m=m"4+1 and |a\ = \a ‘ +1
and |a\ &'| = 1;
Tio,m) (! m?) = 1 ifm=m'-1,la|=|ad]|-1,|]a'\a| =1

Average:  (Q) = Z Q(a, m)po.m (1)
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Definition. The marginal probability density is

— Z Pa,m (t)

The marginalized master equation is

pa — Z Ta,a’pa’ (t)

_DZ o —I—EBaa]pa (t) e=F/D.

o’ L=
attachment/ detach.
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PROPOSITION 1. If a non-trivial steady-state solution, p3’, of the
marginalized master equation erists, then any solution pe(t) satisfies

t 0
maxpa() maxpa( ) , t>0
o py e ¥

(ZT o' Par = ) - T ;a, { O"%(O;) _ palt) }aj

a'Fa po‘/ pgﬁs

Note that Tq.o/ps > 0 for all @’ # a. If a maximizes (minimizes) pos (t)/p25
over all ', then pq (t) <0 (pa(t) > 0). O

Near equilibrium evolution: max,{pa(0)/p3’} < C. 13/24



e 7 — 00, 't — 0: (Mass conserving)

P = P = (1= k)N gl

ol < Fr<(N—-1k:
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Definition 1. The average step position is 2 ;-1 01 j

t)=a {so—(lal—|aol) + (m —mo)}pam(t)

Definition 2. (i) The Eulerian adatom density is

Z sam) pam()/a.

. number of adatoms per site

(ii) The Lagrangian- type adatgm density is defined by

= S v panifo= S uie
Definition 3. Dlscrete adatom fluxes at step edge.
=+ Iv-y(a,m) =0) e
R
X Tiasm) (am)Pam () = Tia,m), (s sm)Pacs m (1))
where a4 = e U {=£1} results by atom detachment (={t+1| Viexl}) L5



(T — 00)

+

A

-:2 i-l 01 ]
Evolution of discrete adatom density (by Def. 2 and master eq.):

. F
p;i(t) = Dlpj-1(t) — 2p;(t) + pj+1(2)] + (N 1) discrete diffusion

— D/[Rj_l (1) —2R;(t) + Rj41(1)] high-occupation correction
;k/b/oundary (step-edge) terms

By(0) = X [t (@) = 10 sam(@) > 0)] pau(t)/a

a,m by 2-particle
or highly occupied states

By vanishin A _
bdry Ji(t) = FDa|c1a(t) — cx1(t)] F Da |Ria(t) — Ri1(t)
terms discrete Fick's law ~ Mass accumulation near step edge

From average step position:
(Def 1) C(t) — a [J— (t) o J—i- (t)] 16/24



Mass
Flux
(Def.3)

Linear kinetic tferm  correction
A N

—t =t
2 -1 0 1 J

Ji(t) = FDesalexs(t) — ) F Dérafs(t)

-
I

From F=0: equil. soln.’\'\ eq (n) k/a
of master eqn. et = (N —1)a 1 _k

—

Fe6) = ke 4 S 201(@) > Opa(0)/a
=Y () > Dy (a)pa(t)/a

Accumulation of
] adatoms

) = k[T 4+ 31001 (0) > O)palt)
=) () > 0)v_i(a)palt)/a
~ S (@) = 0)L(v_i (@) > 1)

< [v-1(ct) = 1 pa(t)/a
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Kinetic Monte Carlo (KMC) simulations: Flux

Dilute regime
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KMC simulations: Flux (cont.)

Non-dilute regime
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Corrections to BCF model: Fitting to KMC data

Non-dilute regime
e=F/D=4x10"2

F=0 k=02 k=25x10"3
T T T - = ’_. T T T T T =~ T ~
07\ J /(Do ac®¥) =-0.1910_ +(0.6160° 0% J /(D¢ ac®¥) =-1.0060 +(0.0150°
&, + + + + . + + + +
06F my -
X 2+ -
505 o o
10} R )
(&) . (&) -4+
cU+ 0.4 (U+
- =
g/ 0.3 g/ 6
+ +
] -
0.2+ 8l
0.1
10}
0 -OI.8 -OI.6 -OI.4 -OI.2 . 0 (I) é 4I1 EIS tl3 1I0 1I2
o) 0'+

+

Can one derive explicit formulas for the coefficients?

Extensions fo higher dimension (curved steps)?



[Schneider, Patrone, DM, 2018]

Linear kinetic relation Déra = O(1) correction -
A —
A\ ’ ! I I

4 edr 21 01
J+ (t) = FDo+ia [Cil(t) — Ceq] F Doiafs (t) :

A_correction

Also: Ji(t) = TDa[cta(t) — c41(t)] T ch [lf{iQ(t) — Ril(t)]

PROPOSITION 2. For near-equilibrium evolution, fi(t) obey

kok N
C 4 Cp—

fi(t)gcll—ka (14 ¢+)a

A

In the same vein, the corrections R;(t) satisfy

A k k eN
Rj(t)gcl ka CQ— (EZF/D) .

Dilute regime: k < O(a) and eN < O(a); corrections are negligible
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e Assume maxq{pa(0)/piic} < C.
e Apply “Max. principle” (Proposition 1): p,(t) < piie.

s,(1)

o Expand ps5€ ~ pi® 4 epi ™ assuming small enough e.

e Consequently, e.g.,
()] S FooF ~ ket 4 = { [kS(O) + S(O)] +e [m;” + S;D] }
S(l) Z 1 U 1 ) ss,(1) S(l) Z 1 Vl ( )pzs (D) . 1=0,1.

e Compute S j( ) exactly in closed form; and approximate each S ]( ) by a sum.

(0)_1OO n+N—3 n (o)_iOO loo n—¢+N—3 n_£_2k2—k3
S = ( 1 )K=k, S, _Zgwgzl o Bl =
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Assume D := Da* = O(1) 2 10t
1. Flux fowards edge (Robin boundary condition):
1
11— % S =k = O(a)
Q A Correctlon (see Proposition 2)
o £(t) = FDgxalexi (t) — ) F Dorafe(t)

0 (a)

Su]ojoose Dpia =0) [¢p+ = 0(a)] }/
and |e = 0(@a®)

Fo BCF model emerges
/2. Diffusion on terrace, p;(t) - p(x,t)

\\‘\\______Ji (t) = \:FDCL lc4o(t) — Cil(t)]}:F \Da [éiQ(t) - ‘fﬁil(t)]

|
— =D 0,p O(a)

O(a) ift =0(1/a)
F

pi(8) = D lpi—1(t) = 20;(t) + pin (Nt 30 P B
D D O(a) 23/24



By a model of master eq. in 1+1 dims, BCF description arises as
low-supersaturation limit adatom gas.

For high enough supersaturation, linear kinetic relation for adatom
flux acquires (nonlinear) corrections.

These corrections have been indicated by KMC simulations.
Incomplete analytical understanding.

Model used so far implies regime near diluteness. Improvements?
Stochastic fluctuations in step motion? [Lu, Liu, DM, 2015]

Need to study 2+1 dims, allowing for island formation. i



