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1. Kobayashi—Warren—Carter model of grain boundary motion

Situation: in a time-interval
(0,00), a spatial domain
0 C R? is occupied by a
polycrystal (e.g. Ceramics).

Target:. the movement  of
grain boundariesi.e. grain
boundary motions

Disoriented |

Kobayashi—Warren—Carter model.
[K.-W.—C.](2000 Physica D

System of parabolic equations i@ :=
(0,00) x 2, described by:

1 cos b
o T =

. mean orientation
7 sin 6

- n=ntz), {z)€Q,
orientation order0 < n <1,

n = 1 < oriented
n = 0 < disoriented
otherwise<—- intermediate,

- 0=0(t,x), (t,r) € Q,
orientation angle

; «— Micrograph GisN,):
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1.1. Derivation of the model

Gradient flow of the free-energy

n,0] € L*(Q)* — Z,(

—77'—”1’0

~ [0,0] — ®,(n;0)

Note that: v =0 = D(%,)

n,0) :=Wo(n) + D,(n;0)

/\Dn|2daz+/G

Interfacial energy

2
= /04(77)|D6\dx + V—/ |DO|? dx
Q 2 Jo

Total variation

Relaxation

— HY(Q) x BV(Q) N L3(Q)

Kobayashi—Warren—Carter model (KWC),,:

— Tt = v"?gl/(na (9) In Q!
—ao(n)be = VoFu(n,0) inQ,

(B.C)+(l.C.)

e v > (: given small const.e ay = ap(n) > 0, @« = a(n) > 0: mobilities
e 0 < G = G(n): potential function for theange-constraim < n <1




Assumptions.

(AO) v > 0: const, Q Cc R¥: b.d.d. domain{V € N), I := 9Q: smooth
(Al) 0<GeC3(R), g=G' € C*R) s.t. ¢ >00n]0,1] andg(1) = 0
(A2) ag € CL(R), a € C%*(R) convex, o’(0) = 0, J, := inf ag(R) U a(R) > 0

) =
(A3) [no, 0| belongs to a subclad3, ¢ D(.%#,), where

D, = { [ﬁ,é] € D(#,) ) N L>=(9 )andVHEHl(Q)

e H'(Q), 0<77<1ae ont2,
6 € BV(Q

Typical choices, cf. Kobayashi-Warren—Carter](2000.

ao(n) = a(n) = %2 +0x, G(n) = (n - 2

,gn)=n—-1,VneR

1. The presences of the constantandJ.. were not supposed in tlegiginal model

1. Red conditionsare to lead to the range constraint n < 1, and this range constraint
enables us to suppos@schitz continuities foryg, o, g, without loss of generality



2. Mathematical approach whenv > 0

System KWC), with “ Neumann-zero B.C’ for 6.

(e — An+g(n) + ' (n)|DO] =0, inQ,

Do

ag(n)ly — div (oz(77)u)—9| + VQDH) =0, InQ,

Dn -ngo =0, (a(n)% +12D0) -npg =0, onX := (0,T) x 99,
\ 77(0733) — 770(37)7 ‘9(0733) = (90(56), x € ).

¢ Correspondinginterfacial energy (Neumann-zero B.C. for@)

/ (Oé(n)!DH\ +”5|D9\2) Iz,
[0,6] € LX) = 2,(1:0) == " Vit g e gri(q),

| o0, otherwise.

Note that: by the range constraiit < n < 1, o/(n)|D6| can beL*-function and
—div (0‘<”>\5—§| + u2D9> ~ 0®,(n;0), where 0, (n;0) is the L?-subdifferential
of &, (n; 0) with respect t@



2. Mathematical approach whenv > 0

System KWC),, with “ Dirichlet-zero B.C.” for 6:

(e — An+g(n) +'(n)|DO| =0, inQ,

Do

ag(n)ly — div (a(n)m + V2D9> =0, In@Q,

Dn-nga=0, 6 =0, on¥:=(0,T) x 95,
\ 77(0737) — 770(5'3), 9(0,33) — 90(513), x € (.

{> Correspondinginterfacial energy (Dirichlet-zero B.C. for 9)

( 2
/ (a<n>\De| +%1D9|2) iz,
Q)

[7,0] € L*(Q)? — @, (1:0) := 4 if 0 € H}(Q), i.e.we supposé = 0 on e,

| o0, otherwise.

Note that: by the range constraiit < n < 1, o/(n)|D#@| can beL?-function, and
—div (a(n)% + u2D9) ~ 0®,(n;0), where 0®,(n;0) is the L?-subdifferential
of ®,(n; §) with respect t@



2.1. Direct subidfferential-approach to(KWC), whenv > 0

Vectorial variable v € H on a Hilbert space H:
H:=L*Q)? andv:=[n,0] € H
Operator A : H — L?(£)2*2 of mobility:

v=[n,0] € H— A(v) ::[ (1) ozo(()n) }

“Total convex energy J, : H — [0, oo] with the subdifferential 8.7, C H?>:

1 2
v=1[n,0]l € D(#,) C H— TJ,(v) = 5/9 [|D77|2 1 (V\D0|+%a(n)> ] dx

Lipschitz perturbation G : H — H.:

t
v=1[n,0] € H— Gv) := [g(n)—%a(n)a/(n),()}

Reformulation of (KWC),, by a doubly-nonlinear evolution equation onH':
(B), A(@®)v'(t)+ 0T, (v(t)+Gvw(t))>0inH, t>0

T. The general theories @Brézis Barbu(1972-) are avalirable fothe existence resudind
the uniqueness when, = Const.

1. The direct subdifferential approachNeOT available when, = 0



2.2. Mathematical results whenv > 0, cf. [Ito—KenmochiYamazaki](2008-2011)

For simplicity, we suppose tHeirichlet-zero B.Cfor 6

Theorem | (Solvability, energy-dissipation and large-time behavioy Under(AO)—
(A3) with v > 0, the systen{fKWC),, admits a solutionn, 0], defined as follows.

(SD. [1,6) € Wi ([0, 00); L(2)%) N Li5([0,00); H () x H(2));
t)

loc loc
0<n(t) <lae.inQ? and [0(t)|r~) < |0o|roo@), VE > 0;

[7(0),6(0)] = [0, 0] € D, in L*(2)*

(S2, [n,0] solves the following variational inequalities:

/Q (ne(t) + g(n(t)) + o' (5(1))| DO(E) ) p d + / Dit) - Dy dz =0,

| cotn®)a.0)(6(t) ~ v) dw +v* | Do) D(O(®) - v) d
Q Q
T / a(n(t))|DO(t)| dz < / a(n(t))| DY) da,

Vo e HY(Q), ¥ € Hj(Q) a.e.t >0

to be continued ..
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... rest of the statement
(S3). (Energy dissipation .#,(n( - ),0( - )) is absolutely continuous time, and

1068|720y + 1V @0 (n(8))0:(8) |75 + jt Z,(n(t),0(t)) =0, a.e.t > 0.

Moreover, the following convergence holds in thege-time
[n(t),0(¢)] — [1,0] in L*(2)? ast — oo
In particular, ifay = Const, then the solutionn, 0] is unique

7. The convergent point , 0] is the(uniqué solution to the steady-state prpblé8y.).
(Seo)u:

[ — Ao +9(100) + ' (o) | DO | = 0in ©, with Neumann-zero B.C.,
D0 : .
< —div | @(Nee) = + v?Db, | = 0, with Dirichlet-zero B.C.
| | D0 |

<> Relevant previouis works

#1) Neumann-zero B.C. for@: [Moll, S, WatanabeYamazakj(2012-)
#2) Inhomogeneous Dirichlet B.C. for@: [Moll, S., Watanab&2016-2017)



#13) Anisotropic system A-KWC),, cf. [Moll -S—Watanab€](2016-2017):
— An+g(n) + o' (n)y(R(0)DO) =0, inQ,

)
) ao(m)6; - div (g< VR(—0)0~(R(8) DY) + VDH)
+a(n)0v(R(0)D0) - R(6 + 5)D0 > 01in Q,

y

\ (B.C)+(l.C.)

2. i A5 00000 8 00 BB oo B ]
0000 O o, "" o |2 W8,
e () C R“: b.d.d. domain :»czgrﬁoqtbo'?)ooo.."‘_.700_0“‘ Lods
ole slelele o
&5 N0 0000

O';’O? .3"0 }),\", .:'-

C'OOOOOOO o
C OO’*OO.‘.

o
. . . . ., 00 o bd:c ..
e Ov: subdifferential of an anisotropic norm  RoFFRREe888% el o
Phase A)OO ® K D n BAaG
b o o Mg P o
0 <v€eWh=(R? 0‘32"3 o

—sin?® cos?Y

o R(Y) = [ cos Si“ﬁ}, Vo € R
(rotation anglée

Anisotropic interfaical energy:

n.0] € HY(Q)? > O, (: 0) = /Q o(n)(R(6)D6) dx + % /Q DO dx



#13) Anisotropic system A-KWC),, cf. [Moll -S—-Watanabe€](2016-2017):

(e — An+g(n) + o/ (n)y(R(0)DY) = 0, in Q,
gl

) ao(m)6; - div (a< VR(—0)0 R(H)DH)JrVDH)
+a(n)0v(R(0)D0) - R(6 + 5)D0 > 01in Q,

\ (B.C)+(l.C.)

L vatarde sfelelese Lo Y W

QOO 0K . (ORI !

e Ov: subdifferential of an anisotropic norm ;;H”-f-~>'<gg-,-,3;p}s R0 0

H “". '—;,‘: j v . ) "r“ &

0 <y € Whe(R?) AL ST R

7 566000000 8 2 0% 0 O, .

20000000 04 Ho2 @ 2o Ph ase Bg
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Note that:
Due to the difference ofy and| - |, we canNOT apply thedirect sudifferential-

approachHor (A-KWC),,, and we need another approach based on the mathe
analysis whew = 0




3. Mathematical approach whenv = 0

System KWC ), with “ Neumann-zero B.C’ for 6.
[ ne— An+g(n) + ' (n)|D] =0, InQ,

. D6 .
< ap(n)0; — div <a(n)m—9|) =0, InQ,
Dn - ngq = 0, (a(n)%) -ngn =0, onX := (0,7) x 909,

\ 77(0737) — 770(55), H(O,ZE = (90(33), x € ().

¢ Correspondinginterfacial energy (Neumann-zero B.C. forf)
(
/ a(n)|D6| (weighted total variation
Q
[1,0] € L*(Q)% = @o(1; 0) = ¢ if n € H'(Q) N L=(Q) andd € BV (),

oo, otherwise.

\

Mathematical focus: 8 € BV (2) = | D8|: measure (not function)

(MF1) Meaningful mathemtaical expressionafn)|D8|, o' (n)|DE|, e.t.c.,
l.e. the expressions afieighted total varitaions




3. Mathematical approach whenv = 0

System KWC ), with “ Dirichlet-zero B.C.” for 6:

(e — An+g(n) + ' (n)|DO| =0, inQ,

Do

ag(n)ly — div (a(n)m + V2Dt9> =0, InQ,

Dy g =0, 6=0, onS = (0,T) x I
\ n(0,x) = no(x), 6(0,z) = Op(x), = € .

{> Expectedinterfacial energy (Dirichlet-zero B.C. for 9)
(
[ atipelity e H'@) 0 (@),
I~ Q
1,0] € L*(Q)% = o(1; 0) := 0 € BV(Q) andd = 0 on o,

| o0, otherwise.

Mathematical focus: 8 € BV (£2) may havejumps bet. values onQ2 and 92

—> the B.C. “0 = 0 on 9€2” Is meaningless in mathematics




3. Mathematical approach whenv = 0

System KWC ), with “ Dirichlet-zero B.C.” for 6:
([ m— An+g(n) +/(n)|D6l =0, InQ,

Do

ag(n)ly — div (oz(n)— + V2D9> =0, InQ,

| DY)

Dy mog =0, 6=0, onS = (0,T) x I
\ n(0,z) = no(x), 0(0,x) = Op(x), = € .

> Expectedinterfacial energy (Dirichlet-zero B.C. for 9)

0, 0] € L*(Q)? = Do(n; 0) :=

\

;
[ aiDel ity e HY@) nLx (@)
Q
0 € BV (Q) andd = 0 on0s2,

| 0, otherwise.

Mathematical focus: the expected energﬁ)O IS NOT lower semi-continuous

(MF2) The exact formulation of the interfaical energ¥y(n; #)” for the Dirichlet-

zero B.C. ford




3.1. Preliminaries for (KWC ), with Dirichlet-zero B.C. for 6

(MF1)Weighted total variation, cf. [Amar, Bellettini, de Ciccq Fuscd(1994-)
VB e HY(Q)NL>*(Q), 0 € BV(Q) N L*NQ), theweighted total variation3| D] is a
finite Radon measure dn, s.t.

/ d|B|D0|] = / 3*|D0| (integral of 3* w.r.t. | D6|)
Q Q

where3* is theprecise expressioof 3, HY ~!-a.e. inQ

Proposition 3.1 Continuous dependencg cf. [Moll-S](2014) If:

{ B,p € HH(Q) N L®(Q), {Bn, pn}pzy C H'(2) N L®(Q),
0 € BV (Q)NL*Q), {0,}°, Cc BV(Q)N L*Q)

Bn — B, pn — pin L*(Q), weakly inH'(Q), asn — oo,
Bn > 305 >00nQ,Vn €N, and 0, — 6 in L*(Q), asn — oo

then it holds that:

| di6ul06.) — [ dlpiD8) — [ dlp,|D0,) [ dplD8]) asn — o0

11



(MF2)Dirichlet-zero B.C. for 6, cf. [Andreu—Ballester—-CasellesMaz6n](2001)
VB e HY(Q)NL>®(Q), § € BV(Q) N L3NQ), let [3|D0||, be a measure, defined as:

/Bd[mD@HO ::/B[B*]SX\D[H]SX\ :/ﬂ*|D9\—|—/ﬂ|9|dHN_1,VBCRN: Borel

BN BNo

where| - |§¥ is thezero-extensiowof a function

Interfacial energy under Dirichlet-zero B.C. for 6:

bo(:0) = [ dla(IDéllo= [ aGrIDol+ [ el ar!

<> Dirichlet type B.C. derived from the subdifferential 9®,(n; - ) (1st variation)

—a(n)ipgr - nr € a(n) Sgn(d) <= 0 € (Sgn)~ ! (—pg; - nr)
[ 6=0, if B%-nre(-1,1),
! 0 <0, if%'nrzl, a.e. onl’

6 >0, if 2% .np=—1,
| D]

where(Sgn) ! is the inverse of the signal-functicgn (set-valuedl
12



3.2. Mathematical results whernw = 0, cf. [Moll, S.,, Watanabe, Yamazaki](2012-)

For simplicity, we suppose tHeirichlet-zero B.Cfor 6

. — U, 0 . . 9 ’ . ’
(A3) with » = 0, the systenfKWC), admits a solutiony, 8], defined as follows
(SDo 1 € Wy ([0, 00); L2()) N L5, ([0, 00); H(€2)), n(0) = mo in L($2);

loc loc

6 € Wige ([0, 00); L*(2)), |DO( - )(2) € L5, ([0,00)), (0) = 6 in L*(2);

loc loc

0<n(t) <lae.inQ? and [0(t)|r~) < [0o|roo@), VE > 0;

(S2), [n, 0] solves the following variational inequalities:

/Q(nt(t)—|—g(77(t)))godx—|—/QD77(t)-Dcpdz—I—/_d[goo/(n(t)ﬂDH(t)Ho =0,

| aaln)ene)(6®) — v) do
+ [ dlatu®)Doo)), < [ dfatae)iDel,

Vo € H (Q)NL>®(Q), ¢ € BV(Q)NL*(NQ) a.e.t >0

Theorem Il (Solvability, energy-dissipation and large-time behavioy Under(AQ)—

to be continued ..
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... rest of the statement
(S3), (Energy dissipation .Z%q(n( - ),0( - )) is BV-local functionin time, and

[ (OB + Vo @00 ay) dt + Folu(e), 0(6)
8 < Zo(n(s),0(s)), a.e.0 < s <t < oo (includings = 0)

Moreover, the following convergence holds in thege-time

n(t),0(t)] — [1,0] in L2(Q)? ast — oo

T1- Whenv = 0, there isno uniqueness resuiet

7. The convergent point, 0] is the(unique solution to the steady-state prpblés,. ),
(SOO)O:
[ — Ao+ 9(150) + ¢ (Ns0) | DO | = 0in ©, with Neumann-zero B.C.,

D0 : iy
—div (a(nm)%) = 0, with Dirichlet-zero B.C.

L\

\

T5. In general, the solution t(5..), Is NOT unique when the Dirichlet boundary source

for 6 1Isinhomogeneous
14



3.3. Proof Mathematical approach whenv = 0
Keypoint: time-discretization for regular systertsWC), whenv > 0

Approximating problem (AP); with v > 0 and time-steph > O:

( nY —n?
T A+ g(n) + o/ (1) DO, = 0 in LA(Q) (ap1)
< 07 — 07
| ao(ny) i - =l 0B, (nY:0Y) 2 0in L2(Q), i=1,2,3,... (ap2)

e Ay opeartor of Laplacian with Neumann-zero B.C.
e {[ny,0,]},~0 C H'(Q)? approximating sequence pfy, o] € Dy C H'(Q2) x BV (Q)

Key-Lemma (Energy-estimatg. There exists, € (0, 1], and for anyr > 0 and any
h € (0, h,], it follows that:

1 y y 1 v 1 1%
%\m - 77¢—1’2L2(Q) ™ ﬁ|\/m(9i B (91'_1)&2(9)

+F,(n7,07) < F,(nY_1,07 1), 1=1,2,3,...

(@p3)

1. Analytic methods: theories oftompactnesgAscoli type), theory ofl'-convergenceds
h,v — 0,t — o0, e.t.c)

15



4. Problems in future

(1) Structural observations for steady-states

Keypoint: e one-dimensional case
e radial symmetric cases

e oOther various structures

(I') Structural observations in time-evolution

Keypoints: e previous works kindred to our
study, e.g. [Andreu-CasellesMazon|(2004),
[Bellettin—CasellesNovagd(2002),
[Kobayash+Giga|(1999), [Giga-Giga-
Kobayashji(2001), [Giga-Giga (2010,
[Moll](2005-), |Rybka-Muchg(2000-),
[S](2000-) e.t.c.

(111') Anisotropic model whenv = 0

Status: ¢ No advance, yet
(IV) Uniqueness

Status: e¢ No advance, yet

o
(_)(I)_OE—C%;( o

Example of a 1D steady-state
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