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1. Kobayashi–Warren–Carter model of grain boundary motion

Situation: in a time-interval
(0,∞), a spatial domain
Ω ⊂ R2 is occupied by a
polycrystal (e.g. Ceramics).

Target: the movement of
grain boundaries, i.e. grain
boundary motions

Kobayashi–Warren–Carter model.
[K.–W.–C.](2000) Physica D

System of parabolic equations inQ :=
(0,∞)× Ω, described by:

• $ =

[
η cos θ

η sin θ

]
mean orientation,

– η = η(t, x), (t, x) ∈ Q,
orientation order, 0 ≤ η ≤ 1,




η = 1 ⇐⇒ oriented,
η = 0 ⇐⇒ disoriented,
otherwise⇐⇒ intermediate,

– θ = θ(t, x), (t, x) ∈ Q,
orientation angle.

← Micrograph (Si3N4): UBE Scientific Analysis

Laboratory (http://www.ube-ind.co.jp/usal/)
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1.1. Derivation of the model

Gradient flow of the free-energy

[η, θ] ∈ L2(Ω)2 7→ Fν(η, θ) := Ψ0(η) + Φν(η; θ) Interfacial energy

– η 7→ Ψ0(η) :=
1
2

∫

Ω

|Dη|2 dx +
∫

Ω

G(η) dx

– [η, θ] 7→ Φν(η; θ) :=
∫

Ω

α(η)|Dθ| dx +
ν2

2

∫

Ω

|Dθ|2 dx

Total variation Relaxation

Note that: ν = 0 =⇒ D(Fν) = H1(Ω)×BV (Ω) ∩ L2(Ω)

Kobayashi–Warren–Carter model (KWC )ν:
{
−ηt = ∇ηFν(η, θ) in Q,

−α0(η)θt = ∇θFν(η, θ) in Q,

]
(B.C.)+(I.C.)

• ν ≥ 0: given small const. • α0 = α0(η) > 0, α = α(η) > 0: mobilities

• 0 ≤ G = G(η): potential function for therange-constraint0 ≤ η ≤ 1
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Assumptions.

(A0) ν ≥ 0: const., Ω ⊂ RN : b.d.d. domain (N ∈ N), Γ := ∂Ω: smooth

(A1) 0 ≤ G ∈ C3(R), g = G′ ∈ C2(R) s.t. g′ > 0 on [0, 1] andg(1) = 0

(A2) α0 ∈ C1(R), α ∈ C2(R) convex, α′(0) = 0, δ∗ := inf α0(R) ∪ α(R) > 0

(A3) [η0, θ0] belongs to a subclassDν ⊂ D(Fν), where

Dν :=

{
[η̃, θ̃] ∈ D(Fν)

η̃ ∈ H1(Ω), 0 ≤ η̃ ≤ 1 a.e. onΩ,

θ̃ ∈ BV (Ω) ∩ L∞(Ω) andνθ̃ ∈ H1(Ω)

}

Typical choices, cf. [Kobayashi–Warren–Carter ](2000).

α0(η) = α(η) =
η2

2
+ δ∗, G(η) =

(η − 1)2

2
, g(η) = η − 1, ∀η ∈ R

†. The presences of the constantsν andδ∗ were not supposed in theoriginal model
‡. Red conditionsare to lead to the range constraint0 ≤ η ≤ 1, and this range constraint

enables us to supposeLipschitz continuities forα0, α, g, without loss of generality
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2. Mathematical approach whenν > 0

System (KWC )ν with “ Neumann-zero B.C.” for θ:




ηt −∆η + g(η) + α′(η)|Dθ| = 0, in Q,

α0(η)θt − div
(

α(η)
Dθ

|Dθ| + ν2Dθ

)
= 0, in Q,

Dη · n∂Ω = 0, (α(η) Dθ
|Dθ| + ν2Dθ) · n∂Ω = 0, onΣ := (0, T )× ∂Ω,

η(0, x) = η0(x), θ(0, x) = θ0(x), x ∈ Ω.

♦ Corresponding interfacial energy (Neumann-zero B.C. forθ)

[η, θ] ∈ L2(Ω)2 7→ Φν(η; θ) :=





∫

Ω

(
α(η)|Dθ|+ ν2

2
|Dθ|2

)
dx,

if θ ∈ H1(Ω),

∞, otherwise.

Note that: by the range constraint0 ≤ η ≤ 1, α′(η)|Dθ| can beL2-function, and

−div
(
α(η) Dθ

|Dθ| + ν2Dθ
)
≈ ∂Φν(η; θ), where ∂Φν(η; θ) is theL2-subdifferential

of Φν(η; θ) with respect toθ
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2. Mathematical approach whenν > 0

System (KWC )ν with “ Dirichlet-zero B.C.” for θ:




ηt −∆η + g(η) + α′(η)|Dθ| = 0, in Q,

α0(η)θt − div
(

α(η)
Dθ

|Dθ| + ν2Dθ

)
= 0, in Q,

Dη · n∂Ω = 0, θ = 0, onΣ := (0, T )× ∂Ω,

η(0, x) = η0(x), θ(0, x) = θ0(x), x ∈ Ω.

♦ Corresponding interfacial energy (Dirichlet-zero B.C. for θ)

[η, θ] ∈ L2(Ω)2 7→ Φν(η; θ) :=





∫

Ω

(
α(η)|Dθ|+ ν2

2
|Dθ|2

)
dx,

if θ ∈ H1
0(Ω), i.e. we supposeθ = 0 on∂Ω,

∞, otherwise.

Note that: by the range constraint0 ≤ η ≤ 1, α′(η)|Dθ| can beL2-function, and

−div
(
α(η) Dθ

|Dθ| + ν2Dθ
)
≈ ∂Φν(η; θ), where ∂Φν(η; θ) is theL2-subdifferential

of Φν(η; θ) with respect toθ
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2.1. Direct subidfferential-approach to(KWC )ν whenν > 0

Vectorial variable v ∈ H on a Hilbert spaceH:

H := L2(Ω)2 and v := [η, θ] ∈ H

Operator A : H → L2(Ω)2×2 of mobility:

v = [η, θ] ∈ H 7→ A(v) :=
»

1 0

0 α0(η)

–

“ Total convex energy” Jν : H → [0, ∞] with the subdifferential ∂Jν⊂ H2:

v = [η, θ] ∈ D(Fν) ⊂ H 7→ Jν(v) :=
1
2

∫

Ω

"
|Dη|2 +

„
ν|Dθ|+1

ν
α(η)

«2
#

dx

Lipschitz perturbation G : H → H:

v = [η, θ] ∈ H 7→ G(v) :=
t[

g(η)−1

ν
α(η)α

′
(η), 0

]

Reformulation of (KWC )ν by a doubly-nonlinear evolution equation onH:

(E)ν A(v(t))v′(t) + ∂Jν(v(t)) + G(v(t)) 3 0 in H, t > 0

†. The general theories of[Brézis, Barbu](1972–) are avalirable forthe existence resultand
the uniqueness whenα0 ≡ Const.

‡. The direct subdifferential approach isNOT available whenν = 0
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2.2. Mathematical results whenν > 0 , cf. [Ito–Kenmochi–Yamazaki](2008–2011)

For simplicity, we suppose theDirichlet-zero B.C.for θ

Theorem I (Solvability, energy-dissipation and large-time behavior) Under(A0)–
(A3) with ν > 0, the system(KWC)ν admits a solution[η, θ], defined as follows.

(S1)ν [η, θ] ∈ W 1,2
loc ([0,∞);L2(Ω)2) ∩ L∞loc([0,∞); H1(Ω)×H1

0(Ω));
0 ≤ η(t) ≤ 1 a.e. inΩ and |θ(t)|L∞(Ω) ≤ |θ0|L∞(Ω), ∀t ≥ 0;

[η(0), θ(0)] = [η0, θ0] ∈ Dν, in L2(Ω)2

(S2)ν [η, θ] solves the following variational inequalities:
∫

Ω

(
ηt(t) + g(η(t)) + α′(η(t))|Dθ(t)|)ϕdx +

∫

Ω

Dη(t) ·Dϕ dx = 0,

∫

Ω

α0(η(t))θt(t)
(
θ(t)− ψ

)
dx + ν2

∫

Ω

Dθ(t) ·D(
θ(t)− ψ

)
dx

+
∫

Ω

α(η(t))|Dθ(t)| dx ≤
∫

Ω

α(η(t))|Dψ| dx,

∀ϕ ∈ H1(Ω), ψ ∈ H1
0(Ω) a.e.t > 0

to be continued ...
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... rest of the statement

(S3)ν (Energy dissipation) Fν(η( · ), θ( · )) is absolutely continuousin time, and

|ηt(t)|2L2(Ω) + |
√

α0(η(t))θt(t)|2L2(Ω) +
d

dt
Fν(η(t), θ(t)) = 0, a.e.t > 0.

Moreover, the following convergence holds in thelarge-time.

[η(t), θ(t)] → [1, 0] in L2(Ω)2 ast →∞
In particular, ifα0 ≡ Const., then the solution[η, θ] is unique.

†. The convergent point[1, 0] is the(unique) solution to the steady-state prpblem(S∞)ν

(S∞)ν: 



−∆η∞+g(η∞)+α′(η∞)|Dθ∞| = 0 in Ω, with Neumann-zero B.C.,

−div
(

α(η∞)
Dθ∞
|Dθ∞| + ν2Dθ∞

)
= 0, with Dirichlet-zero B.C.

♦ Relevant previouis works

]1) Neumann-zero B.C. forθ: [Moll , S., Watanabe, Yamazaki](2012–)

]2) Inhomogeneous Dirichlet B.C. forθ: [Moll , S., Watanabe](2016–2017)
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]3) Anisotropic system (A-KWC )ν, cf. [Moll –S.–Watanabe](2016–2017):




ηt −∆η + g(η) + α′(η)γ(R(θ)Dθ) = 0, in Q,

α0(η)θt − div
(
α(η)R(−θ)∂γ(R(θ)Dθ) + νDθ

)

+α(η)∂γ(R(θ)Dθ) ·R(θ + π
2)Dθ 3 0 in Q,

(B.C.)+(I.C.)

• Ω ⊂ R2: b.d.d. domain

• ∂γ: subdifferential of an anisotropic norm
0 ≤ γ ∈ W 1,∞(R2)

• R(ϑ) :=
»

cos ϑ sin ϑ

− sin ϑ cos ϑ

–
, ∀ϑ ∈ R

(rotation angle)

Anisotropic interfaical energy:

[η, θ] ∈ H1(Ω)2 7→ Φν(η; θ) :=
∫

Ω

α(η)γ(R(θ)Dθ) dx +
ν2

2

∫

Ω

|Dθ|2 dx
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]3) Anisotropic system (A-KWC )ν, cf. [Moll –S.–Watanabe](2016–2017):




ηt −∆η + g(η) + α′(η)γ(R(θ)Dθ) = 0, in Q,

α0(η)θt − div
(
α(η)R(−θ)∂γ(R(θ)Dθ) + νDθ

)

+α(η)∂γ(R(θ)Dθ) ·R(θ + π
2)Dθ 3 0 in Q,

(B.C.)+(I.C.)

• Ω ⊂ R2: b.d.d. domain

• ∂γ: subdifferential of an anisotropic norm
0 ≤ γ ∈ W 1,∞(R2)

• R(ϑ) :=
»

cos ϑ sin ϑ

− sin ϑ cos ϑ

–
, ∀ϑ ∈ R

(rotation angle)

Note that:

Due to the difference ofγ and | · |, we canNOT apply thedirect sudifferential-
approachfor (A-KWC)ν, and we need another approach based on the mathematical
analysis whenν = 0
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3. Mathematical approach whenν = 0

System (KWC )0 with “ Neumann-zero B.C.” for θ:




ηt −∆η + g(η) + α′(η)|Dθ| = 0, in Q,

α0(η)θt − div
(

α(η)
Dθ

|Dθ|
)

= 0, in Q,

Dη · n∂Ω = 0, (α(η) Dθ
|Dθ|) · n∂Ω = 0, onΣ := (0, T )× ∂Ω,

η(0, x) = η0(x), θ(0, x) = θ0(x), x ∈ Ω.

♦ Corresponding interfacial energy (Neumann-zero B.C. forθ)

[η, θ] ∈ L2(Ω)2 7→ Φ0(η; θ) :=





∫

Ω

α(η)|Dθ| (weighted total variation),

if η ∈ H1(Ω) ∩ L∞(Ω) andθ ∈ BV (Ω),

∞, otherwise.

Mathematical focus: θ ∈ BV (Ω) =⇒ |Dθ|: measure (not function)

(MF1) Meaningful mathemtaical expression ofα(η)|Dθ|, α′(η)|Dθ|, e.t.c.,
i.e. the expressions ofweighted total varitaions
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3. Mathematical approach whenν = 0

System (KWC )0 with “ Dirichlet-zero B.C.” for θ:




ηt −∆η + g(η) + α′(η)|Dθ| = 0, in Q,

α0(η)θt − div
(

α(η)
Dθ

|Dθ| + ν2Dθ

)
= 0, in Q,

Dη · n∂Ω = 0, θ = 0, onΣ := (0, T )× ∂Ω,

η(0, x) = η0(x), θ(0, x) = θ0(x), x ∈ Ω.

♦ Expectedinterfacial energy (Dirichlet-zero B.C. for θ)

[η, θ] ∈ L2(Ω)2 7→ Φ̃0(η; θ) :=





∫

Ω

α(η)|Dθ| if η ∈ H1(Ω) ∩ L∞(Ω),

θ ∈ BV (Ω) andθ = 0 on∂Ω,

∞, otherwise.

Mathematical focus: θ ∈ BV (Ω) may havejumps bet. values onΩ and ∂Ω

=⇒ the B.C. “θ = 0 on ∂Ω” is meaningless in mathematics
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3. Mathematical approach whenν = 0

System (KWC )0 with “ Dirichlet-zero B.C.” for θ:




ηt −∆η + g(η) + α′(η)|Dθ| = 0, in Q,

α0(η)θt − div
(

α(η)
Dθ

|Dθ| + ν2Dθ

)
= 0, in Q,

Dη · n∂Ω = 0, θ = 0, onΣ := (0, T )× ∂Ω,

η(0, x) = η0(x), θ(0, x) = θ0(x), x ∈ Ω.

♦ Expectedinterfacial energy (Dirichlet-zero B.C. for θ)

[η, θ] ∈ L2(Ω)2 7→ Φ̃0(η; θ) :=





∫

Ω

α(η)|Dθ| if η ∈ H1(Ω) ∩ L∞(Ω),

θ ∈ BV (Ω) andθ = 0 on∂Ω,

∞, otherwise.

Mathematical focus: the expected energỹΦ0 is NOT lower semi-continuous

(MF2) The exact formulation of the interfaical energy“Φ0(η; θ)” for the Dirichlet-
zero B.C. forθ
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3.1. Preliminaries for (KWC )0 with Dirichlet-zero B.C. for θ

(MF1)Weighted total variation, cf. [Amar, Bellettini , de Cicco, Fusco](1994–)
∀β ∈ H1(Ω) ∩ L∞(Ω), θ ∈ BV (Ω) ∩ L2(Ω), theweighted total variation[β|Dθ|] is a
finite Radon measure onΩ, s.t.

∫

Ω

d[β|Dθ|] =
∫

Ω

β∗|Dθ| (integral ofβ∗ w.r.t. |Dθ|)

whereβ∗ is theprecise expressionof β,HN−1-a.e. inΩ

Proposition 3.1 (Continuous dependence), cf. [Moll –S.](2014) If:
{

β, ρ ∈ H1(Ω) ∩ L∞(Ω), {βn, ρn}∞n=1 ⊂ H1(Ω) ∩ L∞(Ω),
θ ∈ BV (Ω) ∩ L2(Ω), {θn}∞n=1 ⊂ BV (Ω) ∩ L2(Ω)

βn → β, ρn → ρ in L2(Ω), weakly inH1(Ω), asn →∞,

βn ≥ ∃δβ > 0 onΩ, ∀n ∈ N, and θn → θ in L2(Ω), asn →∞
then it holds that:

∫

Ω

d[βn|Dθn|] →
∫

Ω

d[β|Dθ|] =⇒
∫

Ω

d[ρn|Dθn|] →
∫

Ω

d[ρ|Dθ|], asn →∞
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(MF2)Dirichlet-zero B.C. for θ, cf. [Andreu–Ballester–Caselles–Mazón](2001)
∀β ∈ H1(Ω) ∩ L∞(Ω), θ ∈ BV (Ω) ∩ L2(Ω), let [β|Dθ|]0 be a measure, defined as:∫

B

d[β|Dθ|]0 :=
∫

B

[β∗]ex0 |D[θ]ex0 | =
∫

B∩Ω

β∗|Dθ|+
∫

B∩∂Ω

β|θ| dHN−1, ∀B ⊂ RN : Borel

where[ · ]ex0 is thezero-extensionof a function

Interfacial energy under Dirichlet-zero B.C. for θ:

Φ0(η; θ) :=
∫

Ω

d[α(η)|Dθ|]0 =
∫

Ω

α(η∗)|Dθ|+
∫

∂Ω

α(η)|θ| dHN−1

♦ Dirichlet type B.C. derived from the subdifferential ∂Φ0(η; · ) (1st variation)

−α(η) Dθ
|Dθ| · nΓ ∈ α(η) Sgn(θ) ⇐⇒ θ ∈ (Sgn)−1(− Dθ

|Dθ| · nΓ)




θ = 0, if Dθ
|Dθ| · nΓ ∈ (−1, 1),

θ ≤ 0, if Dθ
|Dθ| · nΓ = 1,

θ ≥ 0, if Dθ
|Dθ| · nΓ = −1,

a.e. onΓ

where(Sgn)−1 is the inverse of the signal-functionSgn (set-valued)
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3.2. Mathematical results whenν = 0 , cf. [Moll , S., Watanabe, Yamazaki](2012–)

For simplicity, we suppose theDirichlet-zero B.C.for θ

Theorem II (Solvability, energy-dissipation and large-time behavior) Under(A0)–
(A3) with ν = 0, the system(KWC)0 admits a solution[η, θ], defined as follows.

(S1)0 η ∈ W 1,2
loc ([0,∞); L2(Ω)) ∩ L∞loc([0,∞);H1(Ω)), η(0) = η0 in L2(Ω);

θ ∈ W 1,2
loc ([0,∞); L2(Ω)), |Dθ( · )|(Ω) ∈ L∞loc([0,∞)), θ(0) = θ0 in L2(Ω);

0 ≤ η(t) ≤ 1 a.e. inΩ and |θ(t)|L∞(Ω) ≤ |θ0|L∞(Ω), ∀t ≥ 0;

(S2)0 [η, θ] solves the following variational inequalities:
∫

Ω

(
ηt(t)+ g(η(t))

)
ϕdx+

∫

Ω

Dη(t) ·Dϕ dx+
∫

Ω

d
[
ϕα′(η(t))|Dθ(t)|]

0
= 0,

∫

Ω

α0(η(t))θt(t)
(
θ(t)− ψ

)
dx

+
∫

Ω

d
[
α(η(t))|Dθ(t)|]

0
≤

∫

Ω

d
[
α(η(t))|Dψ|]

0
,

∀ϕ ∈ H1(Ω) ∩ L∞(Ω), ψ ∈ BV (Ω) ∩ L2(Ω) a.e.t > 0

to be continued ...
13



... rest of the statement

(S3)0 (Energy dissipation) F0(η( · ), θ( · )) is BV-local functionin time, and
∫ t

s

(|ηt(t)|2L2(Ω) + |
√

α0(η(t))θt(t)|2L2(Ω)

)
dt + F0(η(t), θ(t))

≤ F0(η(s), θ(s)), a.e.0 < s ≤ t < ∞ (includings = 0)

Moreover, the following convergence holds in thelarge-time.

[η(t), θ(t)] → [1, 0] in L2(Ω)2 ast →∞

†1. Whenν = 0, there isno uniqueness result, yet

†2. The convergent point[1, 0] is the(unique) solution to the steady-state prpblem(S∞)0

(S∞)0: 



−∆η∞+g(η∞)+α′(η∞)|Dθ∞| = 0 in Ω, with Neumann-zero B.C.,

−div
(

α(η∞)
Dθ∞
|Dθ∞|

)
= 0, with Dirichlet-zero B.C.

†3. In general, the solution to(S∞)0 is NOT unique when the Dirichlet boundary source
for θ is inhomogeneous
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3.3. Proof: Mathematical approach whenν = 0
Keypoint: time-discretization for regular systems(KWC)ν whenν > 0

Approximating problem ( AP)νh with ν > 0 and time-steph > 0:




ην
i − ην

i−1

h
−∆Nην

i + g(ην
i ) + α′(ην

i )|Dθν
i−1| = 0 in L2(Ω), (ap.1)

α0(ην
i )

θν
i − θν

i−1

h
+ ∂Φν(ην

i ; θν
i ) 3 0 in L2(Ω), i = 1, 2, 3, . . . (ap.2)

• ∆N : opeartor of Laplacian with Neumann-zero B.C.
• {[ην

0 , θν]}ν>0 ⊂ H1(Ω)2: approximating sequence of[η0, θ0] ∈ D0 ⊂ H1(Ω)×BV (Ω)

Key-Lemma (Energy-estimate). There existsh∗ ∈ (0, 1], and for anyν > 0 and any
h ∈ (0, h∗], it follows that:

1
2h
|ην

i − ην
i−1|2L2(Ω) +

1
2h
|√α0(ην

i )(θν
i − θν

i−1)|2L2(Ω)

+Fν(ην
i , θν

i ) ≤ Fν(ην
i−1, θ

ν
i−1), i = 1, 2, 3, . . .

(ap.3)

†. Analytic methods: theories ofcompactness(Ascoli type), theory ofΓ-convergence (as
h, ν → 0, t →∞, e.t.c.)
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4. Problems in future

( I ) Structural observations for steady-states

Keypoint : • one-dimensional case

• radial symmetric cases

• other various structures

(II ) Structural observations in time-evolution

Keypoints: • previous works kindred to our
study, e.g. [Andreu–Caselles–Mazón](2004),
[Bellettini–Caselles–Novaga](2002),
[Kobayashi–Giga](1999), [Giga–Giga–
Kobayashi](2001), [Giga–Giga](2010),
[Moll ](2005–), [Rybka–Mucha](2000–),
[S.](2000–) e.t.c.

(III ) Anisotropic model whenν = 0

Status : • No advance, yet

(IV ) Uniqueness

Status : • No advance, yet

Example of a 1D steady-state
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