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Macroscale

20 µm
[Imaging of Si(001): Blakely,Tanaka, 1999 ]

[Imaging : B. S. Swartzentruber, 2002]
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Crystal facets (macro-plateaus)
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Fig. 2. (a) SEM image of an equilibrated Pb crystallite viewed along a [1 !10] direction, annealed at T =473 K and imaged
at room temperature [37]. (b) STM image of Pb crystallite on Ru(001) at 323 K, showing top (111) facet, average facet
radius ∼ 140 nm, and smaller side facets [49 ]. (c) STM image of a 3D Pb crystallite at 363 K, showing (111) facet at
the top (average facet radius ∼ 230 nm) and step resolved vicinal surface next to this main facet. (d) Schematic of a 3D
crystallite supported by a "at substrate. Note de#nitions of contact angle, surface and interface free energies.

describe the time dependent shape changes in 3D [22–26]. A number of reviews of anisotropic
surface free energy and ECS have appeared in the past [6,27–34], some in close relationship to the
e$ect of adsorption on the ECS [35 ,36].
It follows from the foregoing that a systematic study of 3D equilibrium crystal shapes can yield

important surface energetic quantities, such as step, kink, surface and step–step interaction free en-
ergies [30,37–44]. Exact 3D images of well equilibrated crystallites are needed for the evaluation
of fundamental energies of forming these defects and of their interaction. A beautiful example of
an equilibrated Pb crystallite, imaged by scanning electron microscopy (SEM), is shown in Fig. 2a
[37]. The crystal of 6 !m diameter is viewed along a ⟨110⟩ direction, such that "at (111) and
(100) oriented facets appear on the periphery. The transitions between facets and rounded regions

(a)

⇠ 0.5µm

STM image: faceted Pb crystallite (top view)
[Bonzel, 2003]
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Fig. 16. (a) Step-resolved image of (111) facet and vicinal surface of a Pb crystallite annealed at 380 K. (b) Line scan
from image of Fig. 16a showing sequence of monatomic steps, !t by Eq. (6).

Returning to Fig. 16 of Pb, a portion of a line scan taken for a certain azimuthal direction is
presented in Fig. 16b. This scan was successfully !tted with Eq. (7) yielding relative values of
f3=! = 2065 nm and f4=! = −320 nm [70]. Alternatively, !tting the data in Fig. 16b with Eq. (7),
modi!ed by setting f4=0 and by assuming a free exponent n, resulted in f3=!=1840 nm and n=1:48.
The similarity of f3=! values obtained in the two !ts indicates that the second term of Eq. (7) is
of minor importance here, i.e. that the in"uence of the higher order f4 interaction is negligible. The
same kind of !t was carried out for 180 line scans, taken in 2◦ azimuthal increments all around the
(111) facet. Despite considerable scatter in the pre-factor of (x−x0)n, the average values of f3=! and
nwere 1840 nm and 1:49± 0:06, respectively. The average value for the exponent is identical with
the theoretically predicted universal value of 3=2, in contrast to a previous report of non-universal

⇠ 5 nm
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Fig. 12. Sequence of STM images of single layer peeling from Pb(111) facet at 353 K. Image size: 400 nm × 200 nm,
last three, 200 nm × 100 nm [48].

Fig. 13. Experimental top layer peeling kinetics for three examples with late decays !tted by Eq. (14). Fit curves shown
as thick black lines [48].

an exponent of 4.8, in excellent agreement with the theoretical value of 5. A numerical simulation
of single layer peeling based on the theory of decay of a cone [26,143,144] is shown in Fig. 14b.
Repulsive step interaction was included and parameters for di"usion controlled kinetics were used.
The results reproduce the experiment well [48]. A systematic study of the temperature dependence
of the kinetics of approaching the ECS would yield important data on the energetics of sur-
face di"usion and/or adatom detachment from step/kink sites. Such a study has thus far not been
carried out.

4.3. Facet shapes and boundaries

The most frequently investigated material in the form of small micron-sized crystallites near
equilibrium is Pb. Because of its relatively low melting temperature of Tm = 600:7 K and low

(b)

Sequence of STM images: Single-layer peeling 
on facet [Thurmer et al. 2001]



Crystal facets: Modeling

[Pb crystallite: Thurmer et al., 2001]

PDE

free boundary [Spohn, 1993];
BC’s ?

Macroscopic view:

Microscale

Complication:
Microscale motion on top

[Israeli, Kandel, 1999; 
DM,Fok,Aziz, Stone, 2006]

[Fok,Rosales,DM, 2008; Al Hajj Shehadeh, Kohn, Weare, 2011]

[Selke, Duxbury, 1995; Chame, Rousset, Bonzel, Villain, 1996/97; Chame, Villain, 2001] 



Scope

• Continuum laws for crystal surface morphological evolution 
are often viewed as limits of step motion.

• Facets are special parts of the crystal surface.

What predictions for facet evolution arise from PDE models?
How is facet evolution linked to step motion?

Heuristics…



It has not been possible to develop a general theory so far;

our understanding has relied on specific settings…

Take-home message (roughly)



Step flow: BCF model [Basics: Burton, Cabrera, Frank, 1951]

• Robin-type boundary conditions at bounding step edges : 

i-th terrace,
hi< h<hi+1

h=hi
hi+1

top terrace

• Adatom diffusion
on i-th terrace:

x

y

• Step normal velocity :

s
Local coordinates (⌘,�);

descending steps of height a;
i-th step at ⌘ = ⌘i

vi,?

vi,? = a2(Ji�1,? � Ji,?)

⇢eqi = ⇢se
µi/T Gibbs-Thomson relation

µi(�, t): step chemical potential: change of i-th step energy per atom

Ji = �Dsr⇢i, Ds�⇢i + F =
@⇢i
@t

⇡ 0 ⌘i < ⌘ < ⌘i+1

�J+
i,? = q+[⇢

+
i � ⇢eqi (�, t)], ⌘ = ⌘i; J�

i,? = q�[⇢
�
i � ⇢eqi+1(�, t)], ⌘ = ⌘i+1



Step	motion	and	continuum	limit	(heuristics):	Example	in	1D	

xxi xi+1

i-terrace
…

…

x

h

a

�Ji = q(⇢i � ⇢eqi ) at x = x+
i

Ji = q(⇢i � ⇢eqi+1) at x = x�
i+1

Attachment/detachment

Step chemical potential, near equilibrium

⇢eqi = ⇢se
µi/T

µi = a
�Est

N

�xi

step chem. 
potential

Total step
energy (N steps)

⇢eq = ⇢se
µ/T

µ = a
�E[h]

�h

Mass conservation

“Fick’s law” for surface diffusion
Diffusion-limited kinetics

@t̃h = �@xJ
a ! 0

a

xi+1 � xi
= O(1)

J = � Ds

1 +
Ds

qa
|@xh|

@x⇢
eq

Ds

qa
= O(1)

Elastic dipole-dipole interaction:
Est

N =
N�1X

i=0

g

(xi+1 � xi)2
, g > 0(nearest-neighbor) E[h] = g̃

Z
|@xh|3 dx

ẋi = a(Ji�1 � Ji) at x = xi

Mass flux on i-th terraceStep velocity

Ds@xx⇢i = @t⇢i ⇡ 0 , Ji = �Ds@x⇢i xi < x < xi+1



Relaxation PDE in 2+1 dims, away from facet

Step
chemical 
potential

step veloc.

Total step energy [DM, Kohn, 2006] 

Alternatively (more generally):

Ji,? / ⇢i � ⇢seµi/T J / �M(rh) ·reµ/T

Ill-defined on facet

Facet: rh = 0

4th-order, parabolic-
like PDE for h

Gradient flow of  E[h]

µi ! µ =

✓
�E

�h

◆

L2

dEst
N

dt
=

X

i

Z

step i

vi,? µi ds

E[h] =

Z
�(rh) dx =

Z
{g1|rh|+ (g3/3)|rh|3} dx

)

Flux
(Fick-type law) 

Tensor mobility

⇡ ⇢eqi

(linearization)

Ji / �r⇢i, divJi = 0
on terrace;

Ji,? / ⇢i � ⇢s(1 + µi/T )

at step

J = �M(rh) ·rµ)

mass
conservation

vi = Ji�1,? � Ji,? ) @h

@t
= �divJ



Can facet evolution be described by a 
“fully” continuum theory?

• By step flow: Not always. Microscale condition for
motion of top steps may be needed 

[DM, Fok, Aziz, Stone, 2006; Nakamura, DM, 2013; Schneider, Nakamura, DM, 2014]

• By PDE theory: Yes, via “extended gradient formalism”
based on continuum-scale singular surface energy, E[h].  

[Kobayashi, Giga, 1999; Spohn, 1993; Shenoy, Freund, 2002; Odisharia, Thesis, 2006;
DM, Aziz, Stone, 2005; Kashima, 2004; Giga, Giga, 2010; Giga, Kohn, 2011]

Linearized Gibbs-Thomson relation:



Extended-gradient formalism in typical settings

@HE[h] := {f 2 H : E[h+ g]� E[h] � (f, g)H 8g 2 H}

What should the above rule amount to, practically?

Suppose the facet is smoothed out by regularization 
of E[h] by some parameter, n. Then, in the limit as n approaches 0,

one should recover the evolution of the above formalism.

Typically: H = L
2
, H

�1

reflects kinetics surface 
diffusion:

DL kinetics“Natural” boundary conditions at facet edges follow.

Evolution PDE is everywhere replaced by

the rule that �@th is an element of subdi↵erential

@HE[h] with minimal norm in Hilbert space H.



I. Facets and step flow

[Schneider, Nakamura, DM, 2014]
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Discrete scheme:

PDE

BC’s ?

Surface diffusion: DL kinetics in radial geometry

h
E

t
h

d
d

Dµ
¶
¶   

PDE
Nearest-neighbor,

elastic-dipole
step-step interactions

Step curvature

Diffusion-limited kinetics;
linearized model

H
�1 gradient flow

Ė =
��E
�h

, ht

�
L2 = �k��E

�h
k2
H�1  0

E[h] =

Z ⇥
|rh|+ (g/3)|rh|3

⇤
dx ; g =

g3
g1

(⌦ = a3)



g=0.1
Step trajectories

(relative to initial configuration)
i-th step collapse time, ti



Free-boundary approach: Boundary conditions

[Spohn,  1993; Shenoy, Freund, 2002;
DM, Aziz, Stone., 2005; DM, Fok,Aziz,Stone, 2006]

r

Jump conditions for µ, xNatural BC’s in radial setting

Keep

time of
n-th step collapse

Q(t) =
1

2

⇢
rn+2(tn) + rn+1(tn)

2rn+2(tn)
+

rn+1(tn) + rn(tn)

2rn+1(tn)

�

tn  t < tn+1

In close agreement with step simulations; 
Q(t) ⇡ const., n � 1

Collapse times tn
• Height continuity: h(r+f , t) = hf (t)

• Slope continuity

• (Normal) Mass-flux er · J: cont.

• µ = �div⇠: extended continuously

onto facet

• er · ⇠ = ⇠: continuous

rf (t)

hf (t)

⇠(rf (t)
�, t) = Q(t) ⇠(rf (t)

+, t)

µ(rf (t)
�, t) = Q(t)�1 µ(rf (t)

+, t)

Introduce:



g=0.1

Jump
bc’s

Natural
bc’s

Numerics: conical initial data; self-similar regime (long t)

Can we reconcile these two scales via resolving only few top steps?

Discrete slopes behave as self-similar for long times
Ansatz: m(r, t) ⇡ M(rt�1/4)



“Hybrid’’ iterative scheme

1. Compute self-similar slope m(r,t) near facet via natural bc’s

3. Re-compute self-similar slope m using jump conditions at: t = tn⇤

4. Repeat: stage 2 with n0 replaced by previous n* , and n* by n*+1; 
and stage 3. Iterate, advancing t.

Top view
steps

continuum

2. Simulate M top steps, typically M = 3, terminated by

Initiation: n0 = 0 , n⇤ � 1 ; t̃0 = 0

rn+M+l+1 = rn+M+l +
a

m(rn+M+l, t)
; l = 0, 1 , t̃n0 < t  t̃n⇤ , n0  n < n⇤



Numerics; conical initial data – long t

natural
bc’s

Hybrid, n*=5,
2 iter.Hybrid,

15 iter.

g=0.1 g=1

natural
bc’s

Hybrid,
5 iter.

m m



Conclusion and Pending issues. I.

• PDE	boundary	conditions	at	facets	may	need	step	microstructure:	
Microscale	motion	can	be		incorporated	into	jump	discontinuities	of	
thermodynamic	quantities,	via	discrete	geom.	factor	in	DL	regime.

• Thus	far,	progress	has	been	made	in	radial	setting,	DL	kinetics,	self-
similar regime.	Boundary	conditions	have	been	speculated	
(empirically),	motivating	a	hybrid iterative	scheme	(few	steps).

• Would	the	jump	conditions	emerge	from	limits	of	step	flow?

• Does	the	hybrid	scheme	really	converge?	Why?

• Extensions	to	earlier	times;	richer	kinetics,	fully	2D	setting?



II. A PDE prediction (heuristics):
Asymmetry in crystal facets in 1+1 dimensions

[Liu, Lu, Marzuola, DM, preprint]



“Exponential-PDE” model for surface diffusion; 
DL-regime

What are the plausible predictions by this PDE?

�
�E

�h
; E[h] =

Z
�(|rh|) dx �(p) = p+ (g/3)p3,

Ė =
��E
�h

, ht

�
L2 =

��E
�h

,�e�(�E/�h)
�
L2 = ��

Z ����r
�E

�h

����
2

e�(�E/�h) dx  0

Set � = 1



Reduction to 1+1 dimensions; periodic profile
Goal:

Formulate a system of ODEs 
for facet height and position 

via free-boundary viewNeglect of |hx|hx term

@th = @xx exp


�@x

✓
@xh

|@xh|

◆�

Assume h(�x, t) = h(x, t)

How may one pick element ⇠?

Formalism (across facet):
@�(p) =

⇢
{sgn(p)}, |p| > 0
[-1, 1], p = 0

@th = �@xxxv ; @xv = �e�@x⇠ , ⇠(hx) 2 @�(hx) ;

Claim: (By analogy withH
�1 gradient flow) Find ⇠ = ⇠̃(x, t) s.t. @xv⇤ = �e

�@x⇠̃

where v
⇤ is the minimizer of functional F : D ! R defined by

F [v] =

Z `

�`
(@xxv)

2 dx , D(F ) = {v 2 H
2[�`, `] : v is odd and @xv(±`) = 1}

Claim: “natural” BC’s:
µ(x, t) = �@x⇠̃(x, t) and ⇠̃(x, t): continuous in x

Facet speed by mass conservation



Free-boundary approach (construction of a solution)

h

x

xf (t)�xf (t)

Top facet

0

PDE structure:

ḣf  0

Assumptions:
• Facet is symmetric in x, h(�x, t) = h(x, t).

• Facet has zero slope, @xh = 0.

• ⇠(p) = p/|p| (p: slope) is extended onto facet
as odd function on R; ⇠̃(x, t) = ⇠(@xh).

@th = �@xJ, J = �@xe
µ, µ = �@x⇠̃; h(x, 0) = h0(x)

ḣf = �@xJ ) J(x, t) = �xḣf + C1(t); C1(t) = 0 (by symmetry)

@xe
µ = �J ) µ(x, t) = ln


x2

2
ḣf + C2(t)

�
;

On top facet, �xf (t)  x  xf (t):

@x⇠̃ = �µ ) ⇠̃(x, t) = �
Z x

0
ln


s2

2
ḣf + C2(t)

�
ds+ C3(t); C3(t) = 0

Apply: Mass conservation: ẋf [h0(xf )� hf ] = ḣfxf

Continuity of ⇠̃(·, t) and µ(·, t) ) C2(t) = 1� x2
f ḣf/2



Free-boundary approach: ODEs 

2
q

1 +X2
f ln

⇣q
1 +X2

f +Xf

⌘
� 2Xf =

s
|ḣf |
2

; Xf := xf

s
|ḣf |
2

ẋf [h0(xf )� hf ] = ḣf xf

ODE system for (xf , hf ), top facet (ḣf  0):

The top facet expands

h

xf (t)�xf (t)

hf (t)

ḣf  0

h

xf (t)�xf (t)

hf (t)

The bottom facet behaves differently:

h

xxf (t)�xf (t)

ODE system for (xf , hf ), bottom facet (ḣf � 0):

 f

⇣
arctan f � ⇡

2

⌘
+ 1 =

1

2xf
;  f :=

q
1�X2

f

Xf
, Xf := xf

s
ḣf

2

Q( f ) ; monotone, 0 < Q( f )  1

No evolution if facet size is below a “critical” value
ḣf � 0

ẋf [h0(xf )� hf ] = ḣf xf

(if Xf 6= 0)



Numerical simulations of PDE vs ODEs 
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h0(x) = sin(2⇡x)

Numerics for PDE: Via regularization of E[h]

@th = @xxe
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✓
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◆
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Numerical simulations of PDE vs ODEs (cont.) 
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Conclusion and Pending Issues. II.
• Gibbs-Thomson	formula	at	step	flow	yields	an	“exponential	PDE”	

as	formal	continuum	limit.
• In	1+1	dimensions	and	without	elasticity,	this	PDE	predicts:	

distinct	evolutions	of	top	and	bottom	facets,	discontinuous	
surface	height; cf.	[Giga,	Giga,	2010]

• What	is	the	rigorous	continuum	theory?	

• What	is	the	connection	of	continuum	prediction	to	step	flow?	

• Effect	of	elasticity	at	continuum	level?

• Refined	numerics?


