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ABSTRACT: This is a lecture note on a physical interpretation of the geometric family
index theorem. The main focus is on the structure of partition functions of chiral fermions
in d dimensions and massive fermions in d+ 1 dimensions. These are described by Pfaffians

of some Dirac operators.
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1 Introduction

Fermions are one of the most basic and important ingredients in physics. The reason is
simply that the matter of our world, including ourselves, consists of fermions, such as
electrons and quarks. So I hope there is no need to motivate the reader why we have to
understand their mathematical structure better. Index theorems are such mathematics.

There are more specific reasons why index theorems related to fermions are important.
One of the reasons is that properties of some material, which are called topological material,
are direct consequences of some index theorems. Examples include integer quantum Hall
systems and topological insulators. The properties of electric currents on the boundaries
of these materials are consequences of the family index theorem, which is the main subject
of this note.

Index theorems also appear in various places in string theory and play important roles.
Fortunately, we can describe both topological material and string theory by using the same
mathematics, at least in effective field theory approach. (I do not explain what effective



field theory is.) The purpose of this note is to describe this mathematical structure of
fermions.

I am a physicist and I will not try to make the discussions mathematically rigorous
which may make this note difficult to understand for mathematicians. But at the same
time, I also give somewhat abstract discussions which make it difficult to understand for
physicists. I am also not sure what common knowledge to assume for the physics or
mathematics side of the audience, so I may use some facts without explanation which may
not be familiar to some readers. I apologize for them in advance.

2 Basic setup

2.1 Symmetry group

Throughout the note we will use the language of relativistic quantum field theory. Space-
times are Riemannian geometry, so they are manifolds with a metric tensor. Unless other-
wise stated, we work with a Wick-rotated metric, so a metric is positive definite.

However, more detailed structure is sometimes necessary. For example, fermions usu-
ally require spin structure on spacetime manifolds. Also, electromagnetic fields are de-
scribed by U(1) fiber bundles.

To accommodate a broad class of cases, we follow Freed and Hopkins [1]. We notice
that a metric reduces the structure group of the tangent bundle to the orthogonal group
O(d), where d is the dimension of the manifold. We will define H structure on manifolds,
which is a generalization of structure such as spin structure and U(1) bundles.

We consider a sequence of compact Lie group groups Hy for d = 1,2, with the
following properties. First we require that there is a homomorphism for each d,

p: Hy— O(d) (2.1)

such that its image contains the connected part of the orthogonal group, SO(d) C p(Hy).

We require that spacetime manifolds are equipped with a principal H; bundle P such
that its image under p (or more precisely the bundle P x,O(d)) is isomorphic to the O(d)
frame bundle associated to the tangent bundle. In such a case, we say that the manifold
has an Hy structure (or more simply an H structure). We call a manifold equipped with
an H structure as an H manifold.

Let us give a few examples. If Hy = SO(d) and p : SO(d) — O(d) is the obvious
inclusion map, then an H structure is just an orientation of a manifold. If H; = Spin(d),
an H structure is a spin structure. We can also take H; = [Spin(d) x U(1)]/Za, where
the nontrivial element of Zs is the product of the center —1 € Spin(d) and the order 2
element —1 € U(1). In this case it is called a spin® structure of a manifold. Nonorientable
cases p(Hy) = O(d) are also important. For example, topological superconductors are
characterized by the group Hy = Pin™ or Pin~, where Pin® are some double covers of O(d)
such that its connected component is Spin(d). Topological insulators are characterized by
Hy = Pin*(d) x U(1) (or [Pin™(d) x U(1)]/Z2) We omit details.

Physically, the group H, is the symmetry group of the physical system. We always
have the Wick-rotated version of the Lorenz symmetry SO(d), but we may have more



symmetries depending on the system. For example, if there is a U(1) symmetry of the
electromagnetic field, the symmetry group contains U(1) at the level of Lie algebra. Thus
a fermion coupled to a U(1) gauge field has the Lie algebra hy D so(d) x u(1) where by is
the Lie algebra of H;. But the global structure of H; can be complicated, as in the case
of a spin® structure mentioned above.

We also need the following requirement when we consider manifolds with boundaries.
We can consider an inclusion

- COd)cOd+1)C--- (2.2)
in an obvious way. Then we require that there is a corresponding inclusion
"'CHdCHd.HC"' (23)

such that there is a commutative diagram

H, Hypg ——> -+ . (2.4)

L

O(d) — O(d+1) — - -

where horizontal lines are the inclusions mentioned above, and vertical lines are p : Hy —
O(d). Moreover, we assume that each square is a pullback diagram, meaning that if we
have h € Hy1 and o € O(d) such that p(h) = o, then h is actually an element of H,.
This requirement is imposed so that if a (d+ 1)-dimensional manifold with a boundary
has an Hgy1 structure, then its boundary has a canonical Hy structure. The reason is as
follows. We can take (say) the outward normal vector field to the boundary. It reduces
the structure group from O(d + 1) to O(d). Then by the above assumption about the
diagram, the structure group Hgy is reduced to Hy on the boundary. Whether we use
the outward or inward normal vector fields depend on the context. (See e.g. Sec. 3.1.)
By changing from the outward to inward vectors, we can define the opposite H structure,
whose simplest example is the orientation reversal for H; = SO(d). See [1, 2] for details.

2.2 Clifford module

To describe fermions, we need Clifford modules in the language of mathematics or gamma
matrices in the language of physics. First let us describe it locally.

A vector space S is a Clifford module associated to the vector space R? if it has the
following properties. For any vector v € R%, we have an action of v on S as a linear map.
We denote the corresponding linear map by putting a hat on a vector as v € End(S). Thus
we have a map

(R%,S) 3 (v,s) — s € S, (2.5)

and it is required to be linear in both variables. Moreover, the above action is required to
have the property that

0 = v, (2.6)



where 1 here is the identity map and v? is the squared length of v computed by the standard
metric of the vector space R%.
In physics, it is more common to use an explicit basis. Let

(ea) = (€1, ,€q) (2.7)

be the standard orthonormal basis of RZ. We denote the linear map €, corresponding to

€q aS Ya,
Ya = €q. (2.8)

A general vector v can be expanded in terms of the basis (e,) as v = ), vq4€q. Following
Einstein, we omit the summation symbol »  when we sum over indices which appear
repeatedly in a single term. For example, we write v = v,e,. In the orthonormal frame,

2

we have v? = v,v,. Therefore, the condition 90 = v? implies that

{7V} = Y + Wya = 20a (2.9)

where &4 is Kronecker delta. We call v, as gamma matrices.

We want to incorporate the symmetry group Hy in the above story. We often omit
the subscript d since it just implies the dimension and we write the group as H.

We require the vector space S to be not only a Clifford module, but also a representa-
tion space of the group H under some representation 7. Now we have the action of both
veR?and h € H on S. They are required be compatible in the sense that

r(h)os = p(h)vr(h)s, (2.10)

where p : H; — O(d) is the homomorphism which we have discussed before in the definition
of H. In other words,

—

r(h)or(h)~t = p(h)v. (2.11)

This gives some restriction on the representation r.

Practically, in most cases (except for gravitinos in supersymmetric theories and non-
unitary fields such as be ghost fields in string theory), this condition is achieved as follows.
The Lie algebra b of the compact Lie group H can be decomposed into simple factors
and u(1) factors. Moreover, there is a surjective map p : h — so(d). These facts imply
that there is a subalgebra so(d) C h which is mapped isomorphically to so(d) under p.
Corresponding to generators Ty, of so(d) with Ty, = —Ty;, and

(Tap: Tea] = OveTad — acTvd — ObaTuc + 0adTbe, (2.12)

it is possible to construct a representation r such that

N%w:g%%—%%) (2.13)

One can check that the right hand side satisfies the above algebra of Ty, by using (2.9). This
gives a spin 1/2 representation in the physics language. More general representations can be



constructed by taking a tensor product of this representation with another representation
on which v, acts trivially.

For physical theories, we need two products in S : an invariant antisymmetric bilinear
form, and an invariant positive definite hermitian form. A bilinear form is necessary to
write down a Lagrangian. A hermitian form follows from unitarity of physical theories as
explained in e.g. [3]. In this note we simply assume that both of them exist.

Let us first discuss an invariant antisymmetric bilinear form ( , ). It is a bilinear map

SxS> (81,82) — <81,82> e C. (2.14)
with the properties that
(r(h)s1,r(h)s2) = (s1,s2), (s1,82) = —(s2,81), (s1,082) = — (Us1,$2). (2.15)

The first condition is the invariance of the bilinear form under the symmetry group H.
The second condition is motivated by the fact that fermion path integrals in physics are
integration over Grassmann variables v, which satisfy 199 = —p91p1. For Grassmann
variables which take values in S, we get (¢1,1¢2) = (19,11) and hence (¢,1) can be
nonzero. This is used for fermion mass terms. The last condition (s1,vVs2) = — (Usq, s2)
will be required by a similar reason that the fermion kinetic term is well-defined.

In a special case that S consists of a Clifford module S and its dual space S* as
S=5 §*, we can always define a bilinear form as follows. We denote the standard
pairing between a vector space S and its dual space S* as (' )qua- The action of v on S*
is defined by the condition that (5',05) 4, = — (05, 5) 4, Where 5 € S and § € S*. For
elements s1 = (51, 5)) and sy = (S2,5,) of S, we define

<81’ S2> = <§41’ §2>dual B <§12’ §1>dual ' (216)

This case is relevant for Dirac fermions. Dirac fermions are possible in any dimension and
for any symmetry group H. More generally, without such splitting of S as S = S@ S *, the
corresponding fermions are called Majorana fermions. Majorana fermions are more general
than Dirac fermions, since Dirac fermions are the special case of Majorana fermions in which
S happens to be of the form S = S @ S*.

We also assume to have a positive definite hermitian form h(si, s2). The existence of
a blinear form (-,-) and a hermitian form h(:,-) implies that S is pseudoreal. Then there
exists an antilinear map C : S — S with C2 = —1. By changing the normalization of h(-,-)
if necessary, we assume

h(s1,s2) = (C(s1), 52) - (2.17)

The requirement of unitarity in physics turns out to require that ¥ for real vectors v are
hermitian matrices with respect to the inner product h(-,-), which means that h(vsy, s2) =
h(s1,vs2). Also, the representation r of H is required to be a unitary representation. By
using (2.15) and (2.17), these requirements are translated to the properties of C given by

C(vs) = —vC(s), C(r(h)s) = r(h)C(s). (2.18)



Next let us discuss global issues on a manifold with an H structure. Let P be the
principal bundle of the H structure, and let S be a Clifford module as above. By definition
of an H structure, the tangent bundle T'X is isomorphic to

TX =P x,R% (2.19)
We define a Clifford module bundle SX as
SX =Px,85. (2.20)

We can define an action of a vector v € T, X at a point p € X to elements s € S, X of
the fiber S, X by using (2.5) in the obvious way. This action is well-defined (i.e. does not
depend on a choice of local trivialization of P) due to the consistency condition (2.11).

The bilinear form at each fiber S, X is also defined by (2.14), and it does not depend
on local trivialization due to the invariance of it under H. For sections s1,s2 € I'(SX) of
S X, we can define the associated antisymmetric bilinear form as

<51752>X:/X<51a52>7 (2.21)

where the integration measure is defined by using the Riemann metric. The antilinear map
C is also globally well defined. We can also define the positive definite hermitian form as

h(s1,s2)x = (C(s1), 52) x-

2.3 Dirac operator

To describe a physical system, it is also necessary to introduce a connection (gauge field)
on the H bundle P. A connection on P induces a connection on the tangent bundle T'X
and the Clifford module SX. On the other hand, the Riemann metric on T'X gives the
Levi-Civita connection. We require that the connection on P is such that its induced
connection on 7'X is the same as the Levi-Civita connection.

One of the consequences is as follows. Let v € I'(T'X) be a section of TX. Then we
get a section v € I'(End(SX)). The covariant derivative D satisfies Dv = Do. This is valid
under the condition (2.11).

More explicitly, we can regard the gamma matrices 7, as a section of TX ® End(SX)
by combining them as v = eqv,. Locally v is an element of R ® End(S). The condition
(2.11) implies that v is an invariant tensor under the action of H. Then globally it gives
a section v € I'(TX ® End(SX)). The above condition on the connection is equivalent to
the statement that v is covariantly constant,

Dy =0. (2.22)

Having introduced a covariant derivative, we can define a Dirac operator which acts
on sections of SX.

D =~-D=~,D, (2.23)



where D, is the covariant derivative in the direction e,. In more detail, the meaning of
v - D is as follows. For a section s € I'(SX), the covariant derivative gives a new section
Ds e I'(T*X ® SX). We can combine it with v € I'(TX ® End(SX)) by using the natural
pairing between T'X and T X, and SX and S*X, to get v - Ds € I'(SX).

By recalling (2.15), using integration by parts and the property (2.22), we obtain

(s1,D52) = (Ps1,82) x = — (52, Ps1) . - (2.24)

This is valid if the manifold does not have a boundary. (The case of manifolds with
boundaries will become important later.) In other words, for a Grassmann field ¢ € T'(SX),
the quantity <1/1, lDi/}> + can be nonzero. This is the desired property for the kinetic term
of a fermion field.

The properties (2.18) and the fact that C is antilinear (rather than linear) implies that

C(iPs) = ipC(s). (2.25)

Then i is self-adjoint with respect to the hermitian form h(-,-)x on closed manifolds.

3 Fermions

3.1 Axioms

In the previous section, we have done enough preparation to discuss fermions. Before going
to the discussions of fermions, however, let us mention some general axioms.

In the discussions below, all manifolds are assumed to have an H structure with a
connection for a given symmetry group H. When we write a manifold such as X or Y, we
are also implicitly including the information of a metric and a connection on it.

A quantum field theory in D = d + 1 spacetime dimensions is partly characterized by
the following axioms. First, to each d-dimensional closed manifold (i.e. compact manifold
without boundary) X, there is an associated Hilbert space H(X).

Next consider a (d 4 1)-dimensional compact manifold Y with boundaries

OY = Xout U Xin, (3.1)

where L means disjoint union. We have to specify H structures on the boundaries. The
manifold Y is assumed to have an Hy4q structure. By taking the outward normal vector
field to the boundary Xy, the structure group O(d + 1) of the tangent bundle is reduced
to O(d). Then, the Hyy; structure on Y induces a Hy structure on Xoy as discussed in
Sec. 2.1. On the boundary Xj,, we use the inward normal vector field to Xj, and by using
it, a Hy structure on Xj, is defined.

To each (d + 1)-dimensional compact manifold ¥ with boundaries 0Y = Xy U Xiy, as
above (or more precisely to each triple (Y, Xi,, Xout)), we associate a linear map

Z(Y) : H(Xim) = H(Xou)- (3.2)



Moreover, we require that these maps can be composed in the following way. Suppose we
have two manifolds Y = X!, U X} and 0Y? = X2, U X2 with X}, = X2.! Then we

n out o

can glue Y! and Y? at X}, = X2. We assume that the manifold after gluing is smooth.
For simplicity, we guarantee the smoothness by requiring that the neighborhood of any

boundary component is of a product form
(_670} X Xouta [07 6) X Xin (33)

where € is a sufficiently small positive number. The H structure and in particular the
Riemann metric on Y is also a product of the H structures on (—¢, 0] or [0,¢) and X, with
the trivial connection on (—¢,0] and [0, €). Then the manifold obtained by gluing Y and
Y2 are smooth. We denote the glued manifold as Y2 - Y''. Then the linear map Z(Y) is
required to satisfy

ZY?-vh =2(yHz2h. (3.4)

Notice that both sides are maps H(X}) — H(X2,).

A special case of manifolds is the empty set X = & regarded as a d-dimensional
manifold. In this case, we set H(&) = C. Then, if a (d + 1)-dimensional manifold ¥ has
no boundary 9Y = @, the quantity Z(Y') takes values in C. This is called the partition
function on Y. Recall that a symbol Y also contains the information of a metric and a
connection on it, which we call as background fields. Thus Z(Y') is a functional of the
background fields.

3.2 Massive fermions in D = d + 1 dimensions

Now we discuss massive fermion theories in D = d+ 1 dimensional spacetime. We consider
a fermion field W. A theory is specified by writing down the action S,

-S = —% (U, (D +m)¥),, (3.5)

where m is a real parameter. The Feynman path integral is [[D¥]exp(—3S) for the Grass-
mann field W.

Among other things, the above action means the following thing on a closed manifold
Y (i.e. compact and 9Y = @). Let s1, sa be sections of SX. Then by (2.15) and (2.24)

we have

<81,(E+m)82>y = —<32,($+m)81>y. (3.6)

Thus we can regard (I) +m) (or more precisely (-, (J) +m)-)) as an antisymmetric form
on I'(SX). Then the partition function Z¢(Y) is given by

Zy(Y) ~ PE(D +m) (3.7)

"More precisely, when we write an equation like Y = Xout U Xin, we actually mean that there is an
isomorphism from boundaries of Y to Xous U Xin. We will not try to be precise in this note.



where Pf(]) + m) formally means the Pfaffian of the antisymmetric form (-, () +m)-)
on the vector space I'(SX).

There are some problems with the above formal Pfaffian. First, the Pfaffian of an
antisymmetric matrix A depends on a choice of a basis of the vector space. Suppose we
make change from one basis to another by a matrix B. Then the matrix A is changed
to BT AB where BT is the transpose of B. Under this change, the Pfaffian is changed to
Pf(BT AB) = Det(B) Pf(A).

Another problem is that the Pfaffian is taken in the infinite dimensional vector space
['(SX). For example, a similar quantity Det(I) +m) involves the product over eigenvalues

of ilp,
Det(P +m) ~ [ [(=ix+m). (3.8)

where the product runs over all eigenmodes of iJ). The imaginary unit i here is put since i)
is a self-adjoint operator so A is real. The absolute value of this quantity may be regularized
by regularizations such as zeta function regularization and heat kernel regularization. But
for our purposes, the most significant problem is the phase of the partition function. In
the region of large eigenvalues A — 400, each factor of the product has a phase factor
—isign(\) where sign(A) = A/|A|. It is not clear how to handle the product of infinitely
many such factors. Pf is roughly a square root of Det, so it has a similar problem.

These problems can be avoided by what is called Pauli-Villars regularization in physics.
Let us consider a quantity

Pf() +m)
Pf()+ M)’

where M is a real parameter. By taking the ratio between two Pfaffians, it is now inde-

(3.9)

pendent of a choice of a basis. Also, for large eigenvalues \ of i), we have
—iA+m
—iIA+ M

Thus, although the product is over infinitely many eigenvalues, most of the factors are

—1 (|]A] = 00). (3.10)

close to 1. By using this fact, we can make the above ratio of the Pfaffians well-defined.
The denominator Pf(J) 4+ M) is interpreted to come from a Feynman path integral of a
field called the Pauli-Villars field. More precisely, we need to do more for a complete
regularization (see Appendix A for a sketch of an example), but we neglect that issue in
this note.

The Pauli-Villars field is an unphysical field and we want to take a limit |M| — oo.
The choice of the sign of M has an important consequence which we will discuss later, and
in this note we use M > 0. When we take the limit M — oo, we need to include what is
called a counterterm S. ;. which is required for renormalization in physics. A counterterm
is a local polynomial of the curvature tensors and their derivatives which is invariant under
the symmetry group H. For example, we always have the Riemann curvature tensor Rgpcq,
and if there is no other curvature tensor, a counterterm is a polynomial of the form

Set. = / (61 +coR + 63R2 + ca Rop Rap + 5 Raped Raved + CG(DGR)(DaR) —+ - ) s (3.11)



where the integral is over the spacetime manifold with the measure determined by the
Riemann metric. If there are other curvature tensors, we also include them in an obvious
way. The coefficients ¢, ca, --- are chosen by the following principle. When we take the
limit M — oo, the quantity (3.9) diverges. However, it is expected that the divergence
can be cancelled by multiplying exp(—Sc+.) to (3.9) if we choose the coefficients ¢q, cg, - -
appropriately. In other words, we expect to get a finite limit

Pf(I) +m)

2o )=\ Bep 1 )

exp(—Se.t.) (3.12)
by appropriately choosing the coefficients of the counterterm. The partition function Z(Y)
is defined by this limit.

The above requirement for the existence of a finite limit does not uniquely specify the
coefficients c¢1,co,---. We can always shift them by some values which are independent
of M or at least finite in the limit M — oo. There are some physical restrictions on
them (such as unitarity of quantum theory), but it is unavoidable that a certain amount
of ambiguities remain. Usually a choice of them is a part of the data of the physical theory
which specifies physical parameters, such as the strength of gravitational force. But for
the purposes of the present note, it will be convenient to choose them by some different
requirement which we will discuss later.

3.3 Chiral fermions in d dimensions

Next we discuss chiral fermions in a d-dimensional manifold X. The reason why we have
considered massive fermions in D = d+ 1 dimensions above and we consider chiral fermions
in d dimensions rather than D dimensions will become clear later.

To define chiral fermions, it is important to introduce a Zs-graded Clifford module S.
In addition to gamma matrices 7, (@ = 1,--- ,d) and action of h € H, we introduce an
additional operator 7, which we call a chirality operator, acting on S. It is required to
satisfy

V=1 {7t =0, )" =7 (3.13)

The first equation implies that 7 has eigenvalues +1 which is used for Zs grading. The
second equation means that 7 anticommutes with gamma matrices and hence gamma
matrices change the eigenvalue of . The third equation means that 7 is invariant under
H.

We also require that

(s1,752) = — (¥s1,52) - (3.14)

This condition is necessary to define chiral fermions below.

By using 7, we decompose S as

S=S,®5_, (3.15)

~10 -



where S1 are eigenspaces with eigenvalues 7 = 41, respectively. Then we can define the
corresponding bundles S+ X. We say that elements of S; (or the corresponding bundle)
as having the positive chirality and S_ as having the negative chirality.

Let s1, 52 be sections of SX. Then we have

(s1, D79s2) = — (s1,7Ds2) s = + (Fs1. Ps2) (3.16)

where we have used (3.13) and (3.14). This means that (s1, Ps2) . is automatically zero
if s1 and so have different chiralities, but it can be nonzero if they have the same chirality.

Let 1 be a Grassmann field which is a section of I'(S; X'). This ¢ is a chiral fermion.
We can have a nonzero action

5= _% (W, ) . (3.17)

However, there is a crucial difference from the previous case. (3.14) implies that (sy, s2)
is automatically zero if s; and sy have the same chirality. This means that the mass term
of a simple form m (¢,1)y is not possible. In some cases there may be more invariant
antisymmetric bilinear forms in S other than (-,-) depending on the representation r of
H, and mass terms may be possible in those cases. However, for the purposes of general
argument, we proceed without mass terms.

There is a big problem if a mass term is not possible. The partition function of 1 on
a closed manifold X is supposed to be

Z,(X) ~ Pi(),) (3.18)

where D, is the restriction of ) to positive chirality sections I'(S;X). However, without
a mass term, the Pauli-Villars regularization is not possible. The absolute value of this
Pfaffian may be defined by e.g. zeta function or heat kernel regularization, but we cannot
determine its phase.

The most essential problem is the following. Let us first discuss the case of a finite
dimensional vector space V. Let A be an antisymmetric bilinear form on V. If we take an
explicit basis (v,), we can represent A as an antisymmetric matrix Agg. Then

1

"n!

Eal.“a%ACﬂCm o .Aa2n710‘2n7 (3'19)

where dim V' = 2n, and €*1"®2" is the totally antisymmetric tensor with €'??" = 1. If we
change the basis as

we, = v3BY, (3.20)
Then A is changed as Agg) = A(v? BWOCB%. Pfaffian changes as

Pf(A™)) = Det(B) Pf(A™). (3.21)

- 11 -



This transformation implies that Pf(A) can be most naturally regarded as an element of a
one dimensional vector space as follows. Given a vector space V', we denote its top exterior
power as Det V,

DetV =AdmVYy —y A AV (3.22)

This is a one-dimensional vector space. Let V* be the dual space to V', and let (v®) be the
dual basis to (v4). Det V* has a basis o1 A --- 92", We find that

Pf(A) := PE(AW) T A~ AP (3.23)

is independent of a choice of a basis. Therefore, we can most naturally regard Pf(A) as an
element of Det V*.

Let us return to the problem of chiral fermions. Based on the above discussion, we can
most naturally regard Pf([),) as an element of a one dimensional vector space called the
Pfaffian line,

Ly = DetT(S.X)". (3.24)

Therefore, Pf(I),) is not a number, but an element of a vector space and hence there is
no natural phase of it unless some canonical trivialization of Det I'(S; X )* is given.

The vector space I'(S+X)* is infinite dimensional, and hence one may wonder how to
define a space like Det I'(S; X). This can be defined as follows. Let us consider eigenfunci-

tons s, € I'(S4X) with nonzero eigenvalues of (iIp)2,

(i)?%sq = Nsq. (3.25)
We have
)\% (Say88) = (Sa, (i10)35) = ((i])*sa, 35) = A2 (Sa, 5p) - (3.26)

Therefore, we have (sq,s3) = 0 unless \2 = )\%. This means that we can decompose
I'(S+X) into subspaces

T(S:X) =PV (3.27)
\2
where V2 is spanned by eigenmodes s, with the eigenvalue \2 = \2.

Within each subspace Vy2 with A? # 0, we can take a canonical trivialization of Det Vy2
as follows. On this subspace, there is a non-degenerate antisymmetric bilinear form

oy _ 1
Top _m<sa,¢sﬁ>x. (3.28)

The fact that this is non-degenerate for A # 0 can be shown by taking s, = C(IPsg) for

arbitrary sg, where C is the antilinear map introduced around (2.17). We take a basis in

which this J é’/\:) takes the standard form

a2, (01 01
(Jas ) = (_1 o) S & (_1 0) : (3.29)
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Such a choice is not unique, but any choice leads to the same trivialization of Det Vy2. The
reason is as follows. Suppose that we change the basis by a matrix U. To preserve J ()‘2),
we require UL JA)U = J**)| Taking the Pfaffian of both sides, we get Det(U) Pf(J*)) =
P£(J™) or Det(U) = 1. Therefore, the basis of Det Vi is invariant under this change.

We can use the canonical trivialization of Det V2 above for all spaces Vy2 with A2 # 0.
Then we define

Det I'(S4 X)* = (X) Det V. (3.30)
A2<A

where A is an arbitrary positive number. Because of the trivialization Det V)2 = C, the
only important factor is that of A> = 0. So the value of A is irrelevant. However, the above
expression may be more illuminating in later discussions. The right hand side of (3.30) is
constructed from finite dimensional vector spaces and hence it is well-defined. Notice that
if there are no modes with zero eigenvalue A2 = 0, then we have Det I'(S; X)* = C. In this
case, Pf(]),) € DetT'(S4X)* is just given by Pf(ID,) = [JPf(VA2JA)). If Vy2 is odd
dimensional, we simply set Pf([),) = 0.2

We must be concerned with zero modes (i.e. modes with A2 = 0) by the following
reason. If there is no particular reason from index theorems of the Dirac operator ilp,
there are generically no zero modes for a generic background field. Here, a background
field means the data of a manifold X with an H structure and an explicit metric and a
connection on it. However, physically we are interested not only in a single background
field, but the space of all possible background fields. Let M be the moduli space of
all background fields, and M be the space M divided by the diffeomorphism and gauge
transformation groups. This means that a point on M is given by X, which includes
the information of a metric and a connection on it, up to diffeomorphisms and gauge
transformations. (This description is not rigorous but we do not try to be precise.) When
we vary X € M, the Dirac operator i]) changes. Then at some point in M, we may get
zero modes. The space M is huge and hence we expect the appearance of zero modes at
some points of M. Near such points, we cannot trivialize V,2 for the eigenvalue A\? which
becomes zero at the point. Then we have to use the expression (3.30) near those points.
By varying X, the Pfaffian lines £x defined in (3.24) are combined to a line bundle £ on
M whose fiber at X € M is Lx. This is called a Pfaffian line bundle. Then Pf(),) is a
section of this Pfaffian line bundle.

Now we can ask whether the Pfaffian line bundle £ can be trivialized or not on M.
For example, if the first Chern class ¢;(£) is nontrivial, it is impossible to trivialized L.
Then Pf(/),) cannot be regarded as taking values in C. Thus the chiral fermion 1) is not
a “quantum field theory” in the sense of Sec. 3.1.

In fact, we will determine an explicit differential geometric connection on the Pfaffian
line bundle £. This is studied mathematically by Bismut and Freed (see [4] and references
therein) which was partly motivated by Witten’s global anomaly formula [5]. We will give
a physical argument for it [3, 6]. As a corollary, we can derive the curvature from the

2 dim V,2 mod 2 is a Zs index of lD_,_ .
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connection and hence get an explicit differential form expression for the first Chern class
c1(£). This is called an anomaly polynomial in physics and it contains the information
of perturbative anomalies of ¢ [7—10]. However, £ contains more topological structure
than just the differential form expression for ¢;(£). Moreover, it is not sufficient to ask
whether there exists a trivialization of £ or not. We must ask whether there is a canonical
trivialization which satisfies physical principles. This is studied by Wittten [11-13], based
on a theorem by Dai and Freed [14]. We discuss some of these points in the next section
based on the understanding of the situation in terms of the physics of massive fermions
in D = d+ 1 dimensions [3, 6]. This understanding is along the lines of the study of
topological material.

4 Fermions and the geometric family index theorem

4.1 Massive fermions on a manifold with boundary

First let us make the following simple observation. In the case of chiral fermions, we have
the Zs-graded Clifford algebra generated by 7 and v, for a = 1,--- ,d. Their algebra is

{77 7} =1, {77 ’Ya} =0, {7a77b} = dab- (4'1)

If we simply set 79 = 7, they are just (d + 1)-dimensional Clifford algebra {v,,v5} = dap
for a,b = 0,1,--- ,d. Also notice that under the subgroup Hy C Hgy1, the matrix ~g
is invariant and hence the identification 7 = ~g is valid including the action of H. We
would like to see that there is indeed a relation between chiral fermions in d dimensions
and massive fermions in d + 1 dimensions.

To see the relation, we consider a (d + 1)-dimensional manifold Y with a boundary
0Y = X, and study massive fermions on it.

Near the boundary, we assume that Y is of the form Y O (—e¢, 0] x X with the standard
metric and the trivial connection on (—e, 0], for some small positive constant e. We denote
the standard coordinate of (—¢,0] as 7 € (—¢,0]. Then we impose a boundary condition
on a massive fermion ¥ given by

L: (’70 - 1)\11’61/ = 0. (42)

In more detail, the meaning of this boundary condition is as follows. ~g is the gamma
matrix in the direction (—e,0]. Since 72 = 1, it has eigenvalues 1. The above boundary
condition means that the components of ¥ with the negative eigenvalue v9 = —1 are set
to zero at the boundary.

Under the above boundary condition L, the Dirac operator i)y on Y is not self-
adjoint. The reason is as follows. Recall that the positive definite hermitian form is given
by (C(s1),s2) as discussed in Sec. 2.2. We consider integration by parts as

/Y<C(Sl),i¢y52> :/Y<C(ilpy81),82>—|—/X<C(81),i’)/082>. (43)

The second term is a surface term. Now, suppose that so satisfies the boundary condition
Y982 = S92 on JY = X. Then we ask what boundary condition on s; makes the surface
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term vanish. If we take the same boundary condition for s; and ss, the surface term is not
guaranteed to vanish. We can easily demonstrate it by taking s; = so, and use the fact
that (C(s), s) is positive definite. The boundary condition which guarantees (C(s1), s2) =0
for arbitrary s with ypse = s9 is to require that ygs; = —s1. This is because

(C(s1),7082) = (C(y081), 52) - (4.4)

Thus (C(s1), s2) vanishes if s; and so have different eigenvalues under ~.
We can still consider the eigenvalue problem for the operator

Ay = (Dy +m) Dy +m), (4.5)
where (IDy +m)' is the adjoint of (IDy +m) with respect to the hermitian form (C(sy), s2)
for 7981 = —s1 and psa = +s2. This suggests that for the eigenvalue problem for A,,, we

should impose the boundary condition such that

(1 —0)sloy =0, (1+ ’yo)(lDy +m)s|agy = 0. (4.6)

Then we expect to get well-defined engenfunctions and eigenvalues.
We denote the partition function of the massive fermion on Y with the boundary
condition L given in (4.2) as Z(Y,L);

. Pf(Dy + m)
Ze(Y) = Jm Pf(ﬂ): + M)

where now S.;. may include an integral of a local polynomial of curvatures not only in Y

exp(_Sc.t.) ) (47)

but also on dY. The absolute value of the Pfaffian is interpreted as
| PE(Dy +m)| = (Det A,,) 4, (4.8)

where the exponent 1/4 = (1/2) - (1/2) comes from the fact that Pf ~ (Det)/? and
(Dy + m) ~ A2, The right hand side may be regularized by e.g. zeta function or heat
kernel regularization. We define the absolute value of the Pauli-Villars contribution in the
same way.

Including the phase, the ratio of the Pfaffians is determined as follows. We have a

complete set of eigenfunctions s&m) for A,,, and another complete set of eigenfunctions

(M)

sa ~ for Aps. We can define matrices
Agg) = <5&m), (Dy + m)s(gm)> ) Ag\g) = <ng), (Dy + M)S(ﬁM)> . (4.9)

They are related by some unitary matrix U such that
s = 5§, (4.10)

Then we formally get

Pf(Py +m)  Pf(A™)
Pf(IDy + M) — Pf(ADD) Det(). (4.11)

where the property of Pfaffian (3.21) is used. The matrices appearing here are infinite

dimensional, but physically we expect that this formal expression can be regularized to
get a well-defined value. The intuition is that for engenvalues A\?> of A which are very
large, A2 > M? m?, we expect that eigenfunctions S&m) and s((lm) coincide S&m) — s((xM) for

A2 5 .
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4.2 Chiral fermions as boundary modes of massive fermions

The crucial point for the physics of chiral fermions is as follows. A chiral fermion appears
on the boundary of a massive fermion with the boundary condition (4.2) if we take m to
be negative. (We will take M to be positive so that there is no chiral fermion from the
unphysical Pauli-Villars field.)

For concreteness, let us first consider a manifold

Y = (—00,0] x X. (4.12)

A quick way to see the appearance of a chiral fermion is as follows. In this paragraph
only, we take X to have a Lorentz signature metric. Then we consider time evolution of
the quantum field ¥, now regarded as a quantum mechanical operator in the Heisenberg
picture. The equation of motion is given by

0= (Dy +m)¥ = (Px +750, +m)¥, (4.13)

where 7 is the coordinate of (—00,0], 7 = 7o is the gamma matrix in this direction, and
D= ZZ:1 YaDq. This equation has solutions of the form

U= 1/JeXP(_mT)7 71/} = %Z% lDXw = 07 (414)

where 1 depends only on the coordinates of X. The equations 7 = 1 and Dyt = 0
imply that 1 satisfies the equations required for a chiral fermion on X with the chirality
operator 7. This class of solutions is exponentially localized near the boundary 7 = 0 if
m is negative. On the other hand, if m is positive, this is exponentially growing and not
normalizable at all. In this sense, these solutions exist only for m < 0.

To see more about localized modes, let us study eigenvalues of A,, given in (4.5) on
the space (4.12) with a Euclidean signature metric on X. A,, can be written as

Ap=m?—02— D%, (4.15)
Also, the boundary condition (4.6) for the eigenvalue problem of A,, can be rewritten as
(l—ﬁ)s‘ax =0, (L+7)(m+ 07)slox =0 (4.16)

where we have used 7o = 7, {7, Dx} = 0, and (1+75)7 = (1+7). Therefore, the eigenvalues
of A,, are just of the form

A, =m? + w0+ 2%, (4.17)

where )\g( represents eigenvalues of —lﬁ(, and w? represents eigenvalues of —9? with the

2 are explicitly given by

boundary condition (4.16). Eigenmodes of —9? with eigenvalue w
s = ((m—iw)e“T — (m+iw)e ™) sy + (™7 — e 7)s_ (4.18)

where s are independent of 7 and Js1+ = +si+. One can check that this satisfies the
boundary condition. We require that these modes do not grow at 7 — —oco. Then w must
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be real, or w = +im for m < 0. Solutions for w = im and —im are just equivalent, so we
only need to consider one of them. In this case, we get

soxe Msy, Aps = \ys. (4.19)

Therefore, we obtain the following conclusion. There are two types of eigenvalues of A,,
for m < 0. One type is of the form m? 4+ w? + \% for real w. This is always greater than
or equal to m?, and the corresponding modes do not decay at 7 — —oo. The other type of
eigenmodes is the form A%, and the corresponding modes are localized near the boundary

m

by the exponential factor e™7. On the other hand, if m > 0, only the type of eigenvalues
m? + w? + )\§< > m? exists.

We want to obtain a boundary chiral fermion, so we take m < 0. On the other hand,
we do not want the unphysical Pauli-Villars field to have such a boundary chiral field, so
we take M > 0. If we use a different boundary condition (1 4 79)¥|sy = 0 rather than
(1—70)¥|sy = 0, we can realize chiral fermions with negative chirality 73 = —1 for m > 0
and M < 0.

For more general manifolds Y, we have assumed that the neighborhood of the boundary
dY = X is of the form (—¢,0] x X. Although the above analysis is not exactly valid, we
expect that there are small eigenvalues of order A% if we take |m|e > 1. The reason is that
the eigenmodes with w = im found above are exponentially localized near the boundary, so
it is exponentially small at T = —e by a factor e~™l¢. By taking |m| — oo, the approximate
eigenvalues )\g( are expected to become exact. Based on this consideration and physical
intuition, we might expect the following. If we take the counterterm —&, ;. appropriately,
the absolute value of the partition function Z(Y,L) is given by

| PE(Dx)| = |24(X)] (4.20)

where we have defined Z,(X) = Pf(I)x) which takes values in the Pfaffian line Lx. A
physical intuition behind this claim is that eigenvalues m2+w2+)\§( with real w go to infinity

m——0o0

[Zu (Y, L)]

in the large mass limit |m| — oo, so they are high energy or in other words short distance
contributions, and hence they may be cancelled by choosing an appropriate counterterm
Sc.t.- This is not exactly true for the phase part of Zy(Y,L) and that point will be crucial
later, but for the absolute value we have (4.20).

4.3 Pfaffian lines and physical Hilbert spaces

Now we make an important observation. In Sec. 3.1, we discussed some axioms of quantum
field theory. Massive fermions are expected to satisfy these axioms. In massive fermions,
there is a one-dimensional subspace Ho(X) C H(X) of the Hilbert space on X which is
spanned by the ground state (i.e. the lowest energy state). Moreover, in the large mass
limit |m| — oo, all other states have very high energies and we can neglect these states
for low energy (long distance) physics. Therefore, we just think #(X) to be the space of
the ground state in the following, and omit the subscript 0. This approximation becomes
exact in the limit |m| — oco. In particular, dim #(X) = 1 in this approximation.

One of the axioms of Sec. 3.1 states the following. Suppose we have a manifold Y with
a boundary 0Y = X whose H structure is determined by using the outward normal vector
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to dY. Then we have a map Z¢(Y) € Hom(H(2), H(X)) = H(X) where we have used
H(2) = C. Let us denote it as |Y),

V) = Zg(Y) € H(X). (4.21)

We have introduced a boundary condition (4.2). In the language of the Hilbert space, it is
interpreted as an (unbounded) linear map from H(X) to C, which we denote as (L|,

(L] : H(X) = C, (4.22)
such that the partition function Z(Y, L) with the boundary condition L is given by
Z(Y,L) = (L|Y) e C. (4.23)

We mentioned that we can focus on the ground state, which we denote as |2). This is a
basis vector of Hp(X), and it is unique up to phase since a physical state is determined by
a ray in the Hilbert space and we can take the absolute value as (©|€2) = 1. Therefore, we
have |Y) o [2) in the limit |m| — co. So we can write

Z(Y,L) = (L|Q)(Q|Y). (4.24)
Thus the partition function consists of the inner product of two vectors,
[Y) = |Q)(QY) € H, (L|Q)(Q] € H*. (4.25)

They are defined to be independent of a choice of the phase of |(2).

By definition, we have |Y) = Z¢(Y). On the other hand, we have seen in the previous
subsection that the boundary condition L leads to the chiral fermion v which is localized
near the boundary. The chiral fermion has Z,(X) = Pf([)x) which is an element of the
Pfaffian line £x. This is determined completely on the boundary. The quantity (L|2)(€]
is also determined on the boundary.

Based on the above observations, we claim the following. First, we claim that the
Pfaffian line is actually isomorphic to H*(X) (regarded as a one-dimensional vector space
in the limit |m| — o0),

Lx = H(X). (4.26)
Under this isomorphism, we claim
2,(X) = (LIO)QL. (4.27)
Then we have (under an appropriate choice of the counterterm S.y+.),
Zy(Y,L) = Zy(X)Ze(Y), (4.28)

where the limit m — —oo is implicit. These are the main claims. This is based on the
analysis of the previous subsection that 1 appears as a boundary mode of ¥. See [3] for
more details.
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Let us check the above idea. We mentioned that the absolute value of Zg(Y,L) is
proportional to A,,(Y)Y* as in (4.8). It contains a product [[(A\%)Y* = |Pf(Dx)| =
| Zy(X)| which comes from the eigenvalues of the localized modes. Thus, both sides of
(4.28) contains this product of eigenvalues. Other eigenvalues of A,, are all greater than
or equal to m?, and they are included in the part Zg(Y). We claim that we can take
|Z¢(Y)| = 1 by choosing the counterterm S. ¢ appropriately in the limit |m| — oco.

The mathematics corresponding to the above claims is known as the Dai-Freed theo-
rem [14].

4.4 Connection on the Pfaffian line bundle

Using the identification between the Pfaffian line £ and the dual of the Hilbert space H,
we can now discuss a connection on the line bundle £ over the moduli space of metrics and
connections M which we have introduced in Sec. 3.3.

The Hilbert spaces form a bundle H over M by combining H(X) for all X € M as in
the case of the Pfaffian lines.

On M, we also take a universal fiber bundle

X—~>F (4.29)

|

M

Namely, a fiber at X € M is the manifold X itself. Since the notation is now quite
confusing, we represent points on M as px. Then, the fiber at px is X = 7' (px)
where X is just regarded as a manifold, while px contains the information of a metric and
connection on X.

We take a metric and connection on the total space F such that its restriction on each
fiber X = 7~ !(pyx) is the metric and connection specified by the point px € M. We do not
try to make these discussions rigorous, but just notice that we can model the situation by
considering a finite dimensional manifold M and a fiber bundle X — F' — M. Thus the
infinite dimensionality and singularities of M can be avoided in the following discussion.

Once we specify such a metric and connection on F, we can define a canonical connec-
tion on the bundle H = L* as follows. We consider a path v on M,

v1[0,1] = M. (4.30)

The pullback of F by 7, v*F, is a bundle whose total space is a (d+1)-dimensional manifold.
Let us set Y = ~*F. We have a metric and connection on Y by pullback from F. Y has
boundaries Y = X, U Xout, where Xj, = 7 1(y(0)) and Xou = 7 1(7(1)). One of the
axioms discussed in Sec. 3.1 says that for such Y, we have an associated map

Zg(Y) : H(Xin) — H(Xout). (4.31)

This is independent of reparametrization of [0, 1], since the metric and connection is de-
termined by the pullback from F. We claim that this defines parallel transport and a
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unitary connection on the Hilbert space bundle H on M, if we choose the counterterm S, ;.
appropriately. We demonstrate it by explicitly computing its curvature 2-form below.
The holonomy of the connection associated to a loop

S8t M (4.32)

can be computed as the partition function Zy(Y') on the closed manifold Y = ~*F. This
holonomy is called a Berry phase of the ground state |Q2) in physics. Let us determine this
holonomy.

More generally, we compute the partition function Zy(Y’) on any closed manifold Y.
It is defined by (4.7) and we also take the limit m — —oo. We assume that we can freely
take the limits in any order so that on closed manifolds we have

Pf(y — M)

Zy(Y) = lim exp(—8 , 4.33
v(V) = Jm Pt(Dy + M) xp(=Ses) (4.33)
where we have set m = —M. Each eigenvalue of il)y appears twice due to the existence

of the antilinear map C discussed in Sec. 2.2. The reason is as follows. Let s be a section
with eigenvalue i[)y-s = As. Then, by using C(il)ys) = i)y C(s), we see that C(s) is also
an eigenfunction with eigenvalue A. It is not possible to have C(s) o s because if C(s) = as
for some o € C then C2(s) = C(as) = aC(s) = |a|?s, but this contradicts with C? = —1.
Therefore, s and C(s) are different eigenfunctions with the same eigenvalue. Then the ratio
of the Pfaffians above is simply given by

Pi(Dy — M) p [—iA—M
Pf(Dy + M) 1 (—iA + M) 434

where the product [’ is over all pairs (s,C(s)). Namely, we take only one A from two
eigenfunctions (s, C(s)). Notice that the absolute value of each factor (—iA—M)/(—iA+ M)
is 1, so it is a phase. This justifies the claim that Zg(Y) can be taken to have absolute
value 1 under an appropriate choice of the counterterm S (at least if Y is closed.) We
can just take Sct. to be pure imaginary, such as Sc+. = 0, in the above equation.

We define s()\) as

—iAN—M 1 1
I — 97 —— < —. .
o M exp(—2mis(\)), 5 < s(A) < 5 (4.35)
This has a limit
M—co +l A>0
s(\) === "2 0= (4.36)
{ -3 A<0

We define the Atiyah-Patodi-Singer (APS) 1 invariant [15] of a Dirac operator i)y as

n(iPy) = lim > " s()) (4.37)
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where the sum is taken over all eigenmodes, i.e., two contributions from two modes (s, C(s)).
This infinite sum requires regularization, and we assume some appropriate regularization
has been done. Then we get

H/ (M) = exp (—QWiZIS()\)) = exp (—WiZS(A))
—exp (—min(iDy)) . (4.38)

We finally get
Zy(Y) = exp (—min(iDy) — Ses.) - (4.39)

This is valid for general closed manifolds Y.

In particular, if we take Y = *F, then we obtain the formula for the holonomy of the
unitary connection on H = £* around a loop 7 : ST — M.

We can compute the curvature of the above connection, by using the APS index theo-
rem [15]. (See also [16-18].) First we need to explain the setup for the APS index theorem
in our context of manifolds with H structure.

For the APS index theorem, we will consider a (d+ 2)-dimensional manifold, and hence
we need to construct a Zs-graded Clifford module S associated to the vector space R%+2,
S is also required to be a representation of Hyo. We take it to be

S=Sas5, (4.40)
where S is the Clifford module for R¥*! that we have been using so far. A chirality (or
Zso-grading) operator I and gamma matrices I, (a = —1,0,--- ,d) acting on S are defined
as

= 10 _ 0 i - 0 Ya B
I‘_<0 _1>, r_1—<_i O), ra_(’}/a 0) (a=0,---,d). (4.41)

These gamma matrices satisfy the Clifford algebra. We also want to have an Hg,o repre-
sentation on S satisfying the condition (2.11). For example, it is possible to define an Hgyo
representation if the representation of so(d + 1) C h on S has been constructed purely by
the Clifford algebra so that the corresponding fermion has spin 1/2. See Appendix B for
that construction. For more general spins, it is not always true that S can be made into a
representation of Hgyo. But here we simply assume that S is such that Sisa representation
of Hy,. By using S, we can define H structure on (d + 2)-dimensional manifolds.

Now let us state the APS index theorem. We consider a (d + 2)-dimensional manifold
Z with an H structure and a Zs-graded Clifford module bundle SZ. Z has a boundary
0Z. On this manifold, we can define an index of the Dirac operator i);. By the APS
index theorem, this index is given as follows. There is a certain polynomial of the curvature
tensors which is determined by the representation of H. This polynomial is the one which
appears in the usual Atiyah-Singer index theorem in d + 2 dimensions, and we denote it as
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Z4+2, which is a (d + 2)-form. Then the index on a manifold Z with boundary 07 is given
by

index(ip ;) = /ZId+2 +n(iDyz). (4.42)

Thus, compared to the case of the Atiyah-Singer index theorem, there is a boundary

contribution 7(ilD55) which is determined completely on the boundary. We remark that

we need Z;, 0 as a differential form, rather than just as a de Rham cohomology element.
The index is even in our case. This can be seen by defining an antilinear operator C as

~ (co
C= (0 c) . (4.43)

It satisfies C(iJp4s) = iJp;C(s) and C(T's) = T'C(s) as one can check from the properties
of C given in (2.18) (at least in the case of spin 1/2 constructed in Appendix B). It also
satisfies C2 = —1. Thus for a zero mode s, we get another zero mode E(s) which has the
same chirality (i.e. the same eigenvalue under T) as s. This is the reason that the index is
even,

index(ip ) € 2Z. (4.44)

Now, suppose that the boundary of Z is Y. Then by using the above facts, we get

exp (—min(iy)) = exp (TFi/ Id+2> . (4.45)
z
Let us consider a map from a 2-dimensional disk D? to M,
5 :D? = M, (4.46)

such that its restriction to the boundary S' = dD? is a loop 7 : S* — M. Then we define
Z =~*F and Y = v*F. Applying the above formula to this case, we get

exp (—min(iy)) = exp (ﬂ'i /~(D2) /)(Id+2> , (4.47)
gl

where we have computed the integral over Z by first integrating over fibers X and then on
y(D?) c M.

Recall that a counterterm S.:. is an integral of an invariant local polynomial of cur-
vatures and their derivatives on Y,

Seit. :/ Lcy.. (4.48)
Y

We restrict to the case that L.t which is relevant to (4.39) is given by a characteristic
(d+ 1)-form which takes values in the orientation bundle so that its integral on Y is well-
defined. (For Sci appearing in other formulas, L. need not be a characteristic class.)
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If there is no such characteristic class, we simply take Sct. = 0. By Stokes theorem, the
contribution of L. vanishes when Y is of the form Y = 0Z. Thus we get

Z\I/(’Y*SI) = exp (— /’(D2) F) (4.49)
Y

where
F= —7ri/ Lita- (4.50)
X

F is given by an integral of a (d+2)-form on a d-dimensional manifold X (i.e. pushforward),
S0 it is a 2-form. Since Zy(7*S') is the holonomy on the loop 7, the formula (4.49) implies
that F is the curvature tensor of the connection. The first Chern class of H = L* at the
de Rham cohomology level is given by

" iF 1
Cl(£ )|de Rham — % = 2/ Id+2- (451)
X

This is the famous perturbative anomaly for chiral fermions as written in the language of
the family index theorem £ [7-10].

4.5 Invertible topological phases

As is well-known in the theory of line bundles, a line bundle with a connection can have more
structure than the curvature. More detailed information is contained in holonomies, and
this was the understanding of global anomalies in the past [5]. Holonomies are computed
by Z¢(Y) = exp (—min(il)y)) for Y = ~*S*. More recently, it was recognized [11-13] that
the quantity Zy(Y) is important for not only Y of the form +*F, but for arbitrary Y.
This is the current understanding of global anomalies of fermions, and this understanding
works very well in both topological material [11, 19] and string theory [12, 13, 20, 21]. Let
us sketch the reason why arbitrary Y is important.

We have explained in Sec. 3.3 that there is a problem in defining the partition function
of a chiral fermion Z,(X) = Pf(}),) because it takes values in Pfaffian lines rather than
C. However, the discussions of this section suggests the following definition. The partition
function Zy (Y, L) of a massive fermion on a manifold with boundary Y = X with the
boundary condition L is almost the partition function of the chiral fermion v which appears
as the boundary mode. Therefore, we try to define the chiral fermion partition function
by Zy¢ (Y, L) itself.> However, the problem is that Zg (Y, L) depends not only on X, but on
a choice of Y.

Let us take another manifold Y with the same boundary 9Y’ = X. If Z¢(Y,L) =
Zg(Y',L) for any Y, Y, then it is independent of a choice of ¥ and we can regard it as a

3 The following discussions assume that X is such that there exists Y with X = Y. If there is no such
Y, that means that X is a nontrivial element of a certain bordism group. Then the phase of the partition
function Zy(X) depends on “generalized theta angles”, which are cobordism invariant contributions to
Zy(X) [1, 2, 19]. Thus we need to choose the phase of Zy(X) in each bordism class, that corresponds to a
choice of generalized theta angles. In general, there is no canonical choice.
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definition of the chiral fermion partition function on X. So let us compute the ratio between
the two partition functions. By using (4.24) and the claim that (2|Y") has absolute value
1, we compute

Zy(Y,L) _ (L)Q)Y)  (QY)

Zo0r D) o Y ner) = a7y (4.52)

where in the last step we have used the fact that the Hilbert space is spanned by |{2). By
the axioms discussed in Sec. 3.1, the last quantity (Y’'|Y") is the partition function on a
closed manifold Yjoseq Obtained by gluing Y and Y’ along the boundary W. For the gluing,
we need to change the H structure on Y’ so that the boundary X is regarded as an ingoing
Xin, while the boundary of Y is outgoing Xout. See [1, 2] for detailed discussions of how
this can be done. Therefore, we finally get

Zy(Y,L)

= Zy(Yelosed)- 4.
2y (1)~ 2o 459)

Therefore, if Zy(Yelosed) is always equal to 1, then we get Z¢ (Y, L) = Z¢(Y,L). In other
words, the partition function Zg(Ygoseq) measures the obstruction to defining the chiral
fermion partition function. This is the nonperturbative anomaly of the chiral fermion.
Notice that Z¢(Y) depends on a choice of a counterterm S.t., so the nonperturbative
anomaly is described by exp(—7in(ily)) up to exp(—Secs.). If there exists a choice of Sey.
such that Zy (Yeiosed) = 1 for any Y josed, then the chiral fermion does not have an anomaly.
Otherwise it has an anomaly.

The (d+ 1)-dimensional theory with only a single ground state on any closed manifold
is called invertible topological phases which was first introduced in [22]. See [23, 24]. Those
theories give the low energy effective field theories of the bulk of various interesting physical
systems, such as integer quantum Hall systems and topological insulators. Their partition
function characterizes the anomalies of the boundary modes, such as chiral fermions, in
the above way. We remark that although we focused on the computation of the curvature
F of the Pfaffian line bundle in the previous subsection, theories with zero curvature F = 0
is as interesting as the case of nonzero curvature. Topological insulators are examples
with F = 0. See [1, 2, 19] for classification of theories with F = 0 in terms of cobordism

invariants.
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A Remark on Pauli-Villars regularization

We do not try to be rigorous about regularization, but here we want to sketch an example
of a regularization by using the Pauli-Villars regularization only. Let us denote m = M.
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Then we consider

Pf(I) + Mo) Pf(ID + My) - - Pf(I) + Man_2)
Pf(I) + M) Pf(ID + Ms)---PE(I) + Maon_1)’

(A1)

where the number N needs to be large enough to satisfy the condition which we will discuss
below.

Let us roughly estimate when this kind of regularization makes the partition function
well-defined. In a region of large eigenvalues |A\| — oo, we expand

2N—1
—iX+ My, , iM,
1 = —1)°1 -t
OgH <—|/\+M2k+1> > (=D log {1+ =

=0
n 1 In 2N—-1
—Z - =) (=1 My (A.2)
n>1 =0

The divergence from the infinite product is a short distance divergence, so it is enough to
work in a flat space to find the leading divergent contribution since any manifold is locally
flat. Then we have Fourier modes e'** for flat space coordinates z € R” and wave numbers
k € RP. We may replace the sum over A with the phase space integral

D D
Z /d zdPk (A3)

Also, the eigenvalues A behave roughly as +|k|. The integral over x gives the volume of
the manifold. The integral over k is, after replacing A — +|k|,

dPEk (£1)
| G (4-4)

This is absolutely convergent in the large |k| region if n > D. Thus, for the partition
function to be well-defined, we require

2N—-1
> (-1)'Mp =0 forn<D, (A.5)
=0

We choose My to satisfy this condition.

B Constructing a Clifford module for R*? with a H,; , representation

Suppose that we have a Clifford module S associated to the vector space R%! which is also
a representation of Hg,q such that it satisfies the conditions discussed in Sec. 2. Moreover,
we assume that the representation of the subalgebra so(d + 1) C hg41 is constructed from
the Clifford algebra as follows. Let T, (a,b = 0,--- ,d) be generators of so(d + 1) with
Tpe = —Tap- They satisfy the algebra

(Tab: Tea] = ObcTad — acTvd — ObaTuc + OadTbe- (B.1)
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We assume that their representation on S is constructed by the gamma matrices 7, as

r(Tap) = i(%ﬂ/b = YVa)- (B.2)

This is the standard representation for a spin 1/2 fermion.
We define a Clifford module S for R%*?2 as

S=S5®S6. (B.3)

The gamma matrices I, (a = —1,0,--- ,d) acting on S are defined as

(o0 (0 B
O R (1 IR

It is easy to check that they satisfy the (d + 2)-dimensional Clifford algebra
{Ta,Tp} =204 (a,b=-1,0,---,d). (B.5)

Our purpose in this appendix is to show that we can define a representation 7 of Hgio
acting on S which satisfies the conditions discussed in Sec. 2.

Because the commutative diagram (2.4) is a pullback diagram (see the explanation
below (2.4)), we can always split an element h € Hyio as h = hihg, where h; is in the
subgroup Hgy1 C Hgyo, and hg is in the subgroup Spin(d 4+ 2) C Hgyo generated by the
subalgebra s0(d + 2) C hgi2. Then hy can be represented by taking the representation of
generators as

~ 1
T(Twp) = Z(rarb —Tle) (a,b=-1,0,---,d). (B.6)

This defines a representation 7(hg) of the subgroup Spin(d + 2). On the other hand,
h1 € Hgyq can be represented as

~ _[r(h1) O
r(h1) = < 01 r(h1)> : (B.7)

For elements h € H;1 N Spin(d+ 2) = Spin(d + 1), the above two definitions coincide due
to our assumption (B.2). Thus we define 7#(h) = 7(h1)7(he). We will later check that this
gives a homomorphism r(hh’) = r(h)r(h’) for arbitrary h, h'.

We notice that for hy € Hyy1, we can use (2.11) and the definitions of ', to get

F(hy e (h) = p(ha)asFs (B.8)

where p : Hgyo — O(d + 2) is one of the defining data of Hgyo as discussed in Sec. 2, and
p(h)ap are the matrix elements of p(h) as an O(d + 2) matrix with respect to the standard
basis of R™2. The same equation is also valid for hy € Spin(d+2) by the standard Clifford
algebra. Therefore, for general h € Hy1o, we get

F(h™Har(h) = p(h)aple- (B.9)
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This is the (d + 2)-dimensional version of the condition (2.11).

Finally, we want to show that 7 defined above satisfies 7(hh') = 7(h)r(h’) for arbi-
trary h,h’. Two such elements h = hihg and h' = h{h) can be multiplied as hh' =
hahy (R hoh))hY. We need to study the factor (k] 'hahf).

To simplify the notation, we rename h} as h € Hypq. Also, we can replace hy by
generators Ty, of the Lie subalgebra so(d + 2) C hgyo. The subalgebra generated by
h~'T,,h is the same subalgebra so(d + 2) C bhgyo generated by Ty, since both of their
images under p : Hyi o — O(d 4 2) generate so(d + 2). More explicitly, by acting p, we get

p(h_lTabh) = p(h_l)p(Tab)p(h) = p(h)acp(N)oap(The)- (B.10)
Therefore, we get
R Tk = p(h)acp(R)pqThe- (B.11)

Then by acting 7 to this equation, we obtain

F(h ™ Tuah) = p(R)acp (W0 T(Tar) = plR)acp(Wa 3 (Tl = ToTa)
= () (Rl — DR () (B.12)
where in the last step we have used (B.9). Therefore, we have obtained
F(h™ Taph) = 7(h™")F(Tas)T(R). (B.13)

This equation implies 7(hy *hohy) = 7(hy )7 (he)7(h1) for hy € Hgy 1 and hy € Spin(d 4+ 2).
Now we can compute 7(hh') for arbitrary h and h’. We split them as h = h1hy and b’ =
Wihly for hy, by € Hyy1 and he, by € Spin(d + 2). Then by using hh' = hy k) () hah) R,
(R} 'hah}) € Spin(d + 2), and the definition of 7, we get
F(AR) = F(ha)F(h)F(RY hohy ) (hy) = F(ha )7 )T (R )P (ha)F(h )7 (R))
— () ()R () = (R, (B.14)
This completes the construction of a representation 7 of Hgyo on S with the desired prop-

erty (B.9).
We can also introduce a Zs grading to the above Clifford module, defined by

= 10
r= . B.15
") 15
It commutes with 7(H) and anticommutes with I',.
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