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(1)Random matrices and the Altland-Zirnbauer (AZ) class

(2)(supersymmetric) Sachdev-Ye-Kitaev (SYK) and AZ

(3)dissipative SYK and symmetry
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Plan of the talk

Level statistics: Symmetry and Universality 

interacting fermionic many-body system. 
Nice model to see the AZ & K-theory in contexts of chaos 

10 ensembles: Wigner-Dyson (3) + chiral (3) + BdG (4)

Fermionic dissipations, classification of fermionic Lindbladians
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Introduction:Nuclei and complex spectrum
Random matrices are first applied to physics by Wigner.

Bohr’s wooden toy model.

compounded nuclei are 
strongly interacting

Motivated by the complicated nuclear spectrum.

[Bohr, 36]

[Neutron cross section, BNL, 64]
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Introduction: Random matrices
The philosophy of a random matrix approach to a spectrum is to focus on 
the statistical property of the spectrum rather than understanding the 
specific eigenvalues themselves.

Nuclear spectrum, Sinai billiard and zero’s of the Riemann zeta 
have the same statistical property! Very universal.

[Bohigas Giannoni, 84]
[Bohigas Haq Pandey, 83]

Nuclear spectrum 
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Ensembles
Wigner-Dyson

Chiral 

BdG

Time reversal 

chiral symmetry (+ Time reversal )

particle hole symmetry (+ chiral symmetry)

Those complete the 10 Altland-Zirnbauer (AZ) ensembles!
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Wigner-Dyson
We consider three ensembles (orthogonal, unitary, symplectic)
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10×10 matrices in different ensembles

They approach the famous semi-circle law but also have different  
“crystal” like structure depending on the ensembles.

To understand that, it is important to know the possible number of off-
diagonal components, which is related to time reversal symmetry.
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Gaussian unitary ensemble (GUE): 2×2 ex

<latexit sha1_base64="tf+nTxsK5Rad6aNdfscME9fQj3M="></latexit>

H =

✓
c+ z x� iy

x+ iy c� z

◆
<latexit sha1_base64="NSPkFP9dJuGhxoPsopdfyGwIAjw="></latexit>

= cI + x · �
<latexit sha1_base64="1mQG5DE0U43TaImsvOa37p81Vis="></latexit>

= cI + rn · �
<latexit sha1_base64="bC9ehLes49B5P12d/9VXm0ZaSyM="></latexit>

! � = c± r

<latexit sha1_base64="k9IQ0AgdMrnIRa1rNl1a3bsDm+M="></latexit>

= #

Z
drr2 exp(�r2)

・Let us consider a generic random 2×2 Hamiltonian

・Then the measure becomes

The probability of having degeneracy is suppressed by 
<latexit sha1_base64="55j5yVHPLVxb/XGIDWT2jvNh9uI="></latexit>

r2

(Pauli matrices)
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Gaussian orthogonal ensemble (GOE): 2×2 ex

<latexit sha1_base64="bC9ehLes49B5P12d/9VXm0ZaSyM="></latexit>

! � = c± r

・Let us consider a generic random 2×2 Hamiltonian with reality:

・Then the measure becomes

The probability of having degeneracy is suppressed by 

<latexit sha1_base64="j25v9hkn9PLnWiCWxVygGdQeoHg="></latexit>

H =

✓
c+ z x

x c� z

◆
<latexit sha1_base64="RnWFQ5HDoN1PutbPePXq1Q9pDDo="></latexit>

= cI + r(cos ✓�x + sin ✓�z)

<latexit sha1_base64="mM8exLFFDYgJLQz42o3AM6svdqM="></latexit>

=

Z
exp(�(c2 + x2 + z2))dcdxdz

<latexit sha1_base64="0Ga1FMxSQnJ7gbZapEhC90OFNCQ="></latexit>

=

Z
exp(�(r2 + c2))rdrd✓dc

<latexit sha1_base64="vMKASxUHsz2xJUsyhEVyKkr5680="></latexit>

= #

Z
r exp(�r2)dr

<latexit sha1_base64="1XQ64zCndefloMg4PmoYAiqiCGY="></latexit>Z
exp(�1

2
TrH2)dcdxdz

<latexit sha1_base64="CuL/aP3uNuve/hTxDWkBar6v8Dc="></latexit>r

Compared to the unitary ensemble, y is just removed.

The number of off-diagonal components is reduced. 

The probability of having degeneracy is increased, because we only need      
 to tune one parameter to get degeneracy
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Gaussian symplectic ensemble (GSE): 2×2 ex

・Let us consider a random 2×2 Hamiltonian but with quaternions:

・Then the measure becomes

<latexit sha1_base64="GDtmFWA0a8CVpPwA8Wcac0j8yVM="></latexit>

q = w + ix+ jy + kz

The probability of having degeneracy is suppressed by 
The reason is the same, we have more off-diagonal components.
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What we learned is that more off-diagonal components lead to less 
probability to get degeneracy.

They give a correlation among the spectrum.

They are different from the random diagonal matrices.

The main message so far is that generic matrices have many off-
diagonal components

Those correlation patterns can be used to explain the experimental 
data that looks structureless at first sight.

so far
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The three ensembles (GOE, GUE, GSE) are related to the time 
reversal symmetry.

Time reversal symmetry

The time-reversal symmetry is a symmetry that should reverse the time:

Assuming     commutes with the time reversal operator,
the above relation requires

Therefore the time reversal should anti-commutes with the imaginary unit.

These operators are called anti-linear operators.
Not a linear operator!

<latexit sha1_base64="7zhb1Uag8QJ4A91ZrBcyLn0da00="></latexit>

T (�iH)T �1 = iT HT �1
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The anti-linear nature is compatible with the angular momentum.
Let us consider a quantum particle on a line.

Assuming that the position operator commutes with the time reversal,
the momentum anti-commutes with the time reversal:

Going to a particle in a three-dimensional space, the angular momentum 
the time reversal commutes with the angular momentum,

which is again compatible with the time reversal in classical mechanics.

In the position basis, the time reversal is simply the complex conjugate      .

Since                 , the square of the time reversal is also 1: 

Time reversal and (angular) momentum
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The spin should transform in a same manner with the angular momentum:

Let us consider spin 1/2: 

We can choose 

Now the time reversal satisfies 

This phase -1 is not removed by the redefinition of the phase 

One of consequences is that each state is not invariant under the time-
reversal symmetry and always have at least two degenerate state.

,
(since spin should be flipped under time reversal, up to a sign)

This is the generic property for systems with                         
called Kramers’ degeneracy.

Time reversal and spins
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One example of the time reversal invariant Hamiltonian with spins is 

Hamiltonian is invariant under the time reversal because both the
angular momentum      and the spin     change the sign.

For example, when the angular momentum takes the value 

: anti-symmetric

Time reversal and spins
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Time reversal and ensemble
Now we see that 

No time reversal                     →  GUE

time reversal with                   →  GOE

time reversal with                   →  GSE
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Without time reversals, there are no constraints on Hamiltonians

Gaussian unitary ensemble (GUE)

The generic Hamiltonian is L×L hermitian matrices

The exponential of the Hamiltonian = evolution operator
is an element of the unitary matrices             .

In other words,       is an element of the Lie algebra 

Comparing with the classification of symmetric spaces by Cartan, 

These are called class A



The solution is                for a real symmetric matrix  
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With time reversals                , we can take the basis with 

Gaussian orthogonal ensemble (GOE)

The generic Hamiltonian with the constraint 

What is the space of the Hamiltonian ?
Since the generator of            (           ) is the anti-symmetric matrices ,
which is a solution of                               , it is different from                          

It is rather                               , remembering 

Then the evolution operator                       should belong to 

Comparing with the classification of symmetric spaces by Cartan again, 
the space                       are called class AI.

(because of this         commutes with the time reversal                             )
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With time reversals                ,   we can take the basis with 

Gaussian symplectic ensemble (GSE)

(because of the Kramers’ degeneracy, the rank always should be even)

Imposing the time reversal 

(real symmetric) (real anti-symmetric)

spin-orbit interaction
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Gaussian symplectic ensemble (GSE) and quaternion

Another representation

: quarternion Hermitinan
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Gaussian symplectic ensemble (GSE).ctd
Again, the “anti-symmetric” part with                               is 

This is a generator           of             . 
(note that for k=1 it reduces to su(2))

Therefore a Hamiltonian in the GSE ensemble is an element of 

Then the evolution operator takes the value on 

Comparing with the classification of symmetric spaces by Cartan again, 
the space                       are called class AII.

(then the exponential commutes with time reversal:                                       )
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Sphere integral and Symmetry

GSE (β=4): 

<latexit sha1_base64="0Ga1FMxSQnJ7gbZapEhC90OFNCQ="></latexit>

=

Z
exp(�(r2 + c2))rdrd✓dc

GUE (β=2): 

GOE (β=1): 

We get the sphere integral over        .

determines the spectral statistics .

is a nice representation in our context.

Then we can understand the sphere as a symmetry-breaking pattern that 
determines the level statistics.
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GUE: 2×2

General matrix: : 2×2 unitary matrix to diagonalize 

In particular, the matrix                    is not invariant under conjugation by  

but only invariant under diagonal unitary transformation:

When the two eigenvalues are degenerate, it is invariant under full U(2):

We say that the generic matrix configuration breaks the symmetry
to 

parametrize the matrix with fixed eigenvalues.
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GOE: 2×2

General matrix: : 2×2 orthogonal matrix to diagonalize 

In particular, the matrix                    is not invariant under conjugation by  

but only invariant under diagonal unitary transformation:

When the two eigenvalues are degenerate, it is invariant under full O(2):

We say that the generic matrix configuration breaks the symmetry
to 

parametrize the matrix with fixed eigenvalues.
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GSE: 4×4 (quartanion 2×2)

General matrix: : 4×4 symplectic matrix to diagonalize 

In particular, the matrix                    is not invariant under conjugation by  

but only invariant under diagonal unitary transformation:

When the two eigenvalues are degenerate, it is invariant under full Sp(2):

We say that the generic matrix configuration breaks the symmetry

parametrize the matrix with fixed eigenvalues.

to 
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Chiral ensembles
We have focused on the system only with a time-reversal symmetry.
Now we add so-called chiral symmetry.

The chiral symmetry       satisfies

Because of the anti-commuting nature, when we have non-zero eigenvalue 
then there is also a pair              with eigenvalue         . 

These types of ensembles are interesting, especially from a QCD perspective
where the chiral symmetry breaking takes place.

Therefore, the origin (E=0) is a special point in those ensembles.
(In other words, the property apart from the origin is determined by the time reversal symmetry)

Symmetry breaking pattern at the origin is an additional data.

In condensed matter side, sometimes it is called sublattice symmetry.
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Chiral Gaussian unitary ensemble (chGUE)
We take the following form of the chiral symmetry:

A generic Hamiltonian is then

→

Imposing the chiral symmetry 

class AIII

Therefore a Hamiltonian in the chGUE is an element of 

Then the evolution operator takes the value on 

Comparing with the classification of symmetric spaces by Cartan again, 
the space                                                are called class AIII.
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Symmetry of chGUE
On the other hand, the symmetry of the ensemble is

→

Using this symmetry, we can transform the matrix       to

Eigenvalue of         = singular value of 
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Let us consider the simplest non-trivial example of 

chGUE and symmetry enhancement at the origin

The Hamiltonian is then

Therefore, the Hamiltonian is invariant under the diagonal subgroup
with                 .

On the other hand, at              the full                        symmetry is restored.

Generic configurations break the symmetry                         to 
Fixed eigenvalue Hamiltonian is parametrized by

On the other hand, the random matrix measure is 

→we get the correct angular part and the power of      from symmetry! 



29

Chiral Gaussian orthogonal ensemble (chGOE, chGSE)
In exactly the same manner, we get 

with
N × M real matrix

N × M quartanion matrix

Comparing with the classification of symmetric spaces by Cartan again, 
the space                                                is called class BDI.
and the space                                                   is called class CII.

and replacing U by O or Sp.
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Numerical test of chGSE
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L= 40 (k=20) chGSE, 30000 samples
spectral density 

“adjacent gap ratio”

Distribution of the first real eigenvalue

<latexit sha1_base64="INHmertqeC9gSVlg4sEI5JPZNc0="></latexit>

rn =
En+1 � En

En+2 � En+1

Wigner surmise
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Bogoliubov- de Genne(BdG)
In those ensembles, we have particle-hole symmetry, which anti-
commutes with the Hamiltonian.

These ensembles appear in superconductors.
Because of the anti-commuting nature, when we have non-zero eigenvalue 
then there is also a pair              with eigenvalue         . 

Therefore, the origin (E=0) is again a special point in those ensembles.

Moreover, we can have chiral symmetry.
If those exist, they anti-commute with the particle hole symmetry.

When the state is invariant under particle-hole, they are Majorana zero modes.

Because they do not commute, we could not diagonalize simultaneously them.

When we diagonalize     , the Hamiltonian is

: normal state Hamiltonian :order parameter



32

BdG (C,D)
Now      is an anti-commuting operator with the Hamiltonian, rather than 
The Hamiltonian then can be thought of as an element of                or 

(recall that the symmetry        that anti-commuters with      is either in                or                )

For 

For 

In those ensembles, though      relates two states,      itself does not 
constrain the degenerate eigenvalues apart from the origin

Therefore the level statistics in the bulk is that of the class A (GUE).

(class D)

(class C)
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BdG (C,D) near E=0
We can study the behavior around E=0 using small matrices.

For class D, the smallest matrix is 2×2, 

and the symmetry is             . 
Therefore the symmetry is not broken and there is no level repulsion.

For class C, the smallest matrix is 2×2 and generic matrix is 

and the symmetry is                             . 

This is essentially the same with the 2×2 unitary matrix and generically the  
symmetry is broken to 

Therefore the fixed eigenvalue Hamiltonians are labelled by 



On the other hand, the commuting part                                   gives a symmetry
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BdG (DIII)
We have the chiral symmetry       on top of       with
We work in a basis with               and  
To impose the chiral symmetry, we expand the matrix in                as 

Then, imposing the chiral symmetry                       we get

This forms          . To see clearly this, it is convenient to diagonalize 

In this basis,

and
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BdG (DIII)
Therefore, Hamiltonian is ,                             and the symmetry is 

The space of the evolution operator is                         .

Therefore the Hamiltonian transforms as an anti-symmetric tensor of 

: order parameter is anti-symmetric

Comparing with the classification of symmetric spaces by Cartan again, 
the space                           is called class DIII.



On the other hand, the commuting part                                   gives a symmetry

36

BdG (CI)
We have the chiral symmetry       on top of       with
We work in a basis with                      and  

To impose the chiral symmetry, we expand the matrix in                as 

Then, imposing the chiral symmetry                       we get

This forms          . To see clearly this, it is convenient to diagonalize 

In this basis,

and



37

BdG (CI)
Therefore, Hamiltonian is ,                             and the symmetry is 

The space of the evolution operator is                         .

Therefore the Hamiltonian transforms as an symmetric tensor of 

: order parameter is symmetric

Comparing with the classification of symmetric spaces by Cartan again, 
the space                           is called class CI.



38

BdG: summary
C: 
D: 
CI: 
DIII: 

BdG

C

D

C

CI

D

DIII
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BdG (CI) near E=0
We can study the behavior around E=0 using small matrices.

For class CI, the smallest matrix is 2×2 where

and the symmetry is 

The symmetry is then broken to          .

The equal eigenvalue Hamiltonians are parametrized by

Note that the eigenvalue is now an order parameter                .
We are just seeing the symmetry breaking pattern by an order parameter!
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BdG (DIII) near E=0
We can study the behavior around E=0 using small matrices.

For class CI, the smallest matrix is 4×4 where

and the symmetry is 

The symmetry is then broken by order parameter to                  .

The equal eigenvalue Hamiltonians are parametrized by
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BdG (CI, DIII) bulk spectral statistics
In those ensembles, we have an anti-unitary symmetry which commutes
with the Hamiltonian;

We also call this anti-uniatry time reversal symmetry.
Since now      commutes with the Hamiltonian, the bulk level statistics is now 
changed.

The square of the time reversal is now determined by that of      ;

Therefore                                   , which means GSE, for DIII 

and                                     ,which gives GOE, for CI.

(The group for the numerator of the coset              and O/S of and the bulk statistics are flipped)
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Numerical test of D
L= 20 class D, 40000 samples

spectral density 

“adjacent gap ratio”

Distribution of the first positive eigenvalue

<latexit sha1_base64="INHmertqeC9gSVlg4sEI5JPZNc0="></latexit>

rn =
En+1 � En

En+2 � En+1

Wigner surmise
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Summary

Wigner-Dyson

Chiral 

BdG

<latexit sha1_base64="daWtmwMy0vFwE+py8SdqOOMTAj4="></latexit>

d�1 · · · d�L

LY

i1

|�i|↵
Y

i<j

(�i � �j)
� :measure



(1)Random matrices and the Altland-Zirnbauer (AZ) class

(2)(supersymmetric) Sachdev-Ye-Kitaev (SYK) and AZ

(3)dissipative SYK and symmetry
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Plan of the talk

Level statistics: Symmetry and Universality 

interacting fermionic many-body system. 
Nice model to see the AZ & K-theory in contexts of chaos 

10 ensembles: Wigner-Dyson (3) + chiral (3) + BdG (4)

Fermionic dissipations, classification of fermionic Lindbladians



45

Sachdev-Ye-Kitaev
Original version: complex SYK

:complex fermions

[Sachdev-Ye 93]
[Sachdev 15]

Before Kitaev, and even more before Sachdev and Ye, it was introduced 
in the context of nuclear physics to study the interaction effect on the
level statistics of the nuclear spectrum! [French-Wong 71]

[Bohigas-Flores 71]

Therefore the SYK is a natural setup to study the level statistics.
Kitaev’s Majorana version reproduce all the Wigner-Dyson ensemble, and
supersymmetric version realizes all the Altland-Zirnbauer ensembles!



Sachdev-Ye-Kitaev
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with  and  

[Sachdev-Ye 93] [Kitaev 15]

{ i, j} = �ij Majorana fermionN dimH = 2
N
2(                    )

[Maldacena-Stanford, 16] [Maldacena-Stanford-Yang, 16]

HSYK = i
q
2

X

i1<i2<···<iq

Ji1i2···iq i1 i2 · · · iqHamiltonian:

hJi1i2···iq iJ = 0 hJ2
i1i2···iq iJ =

J 2(q � 1)!

q(2N)q�1

J

 i

・Has the same effective action (Schwarzian) with 2d dilaton (JT) gravity

・Very sparse random matrices on many body Hilbert space (Fock space)
<latexit sha1_base64="0Yuz9EaUSb04opo+nKynwJtX54U="></latexit>

Nq << 2N

The density state is different from random matrices, but level statistics 
agrees.

: even<latexit sha1_base64="FmKxRNNDUbmJa+VOYlvpJZ+AWFY="></latexit>q
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Jordan-Wigner transformation
Majorana fermions are represented as matrices using the Jordan-Wigner 
transformation;

{ i, j} = �ijThen they satisfy                            . Equivalent to qubits!

The commutation relation is equivalent to that of the gamma matrices;

Therefore the mathematics of Majorana fermions are the same with that of  
the gamma matrices in N dimension and related to spinor representations.

even N

odd N add to N-1

satisfies completely the same algebra with gamma matrices.
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fermion parity symmetry
even N

<latexit sha1_base64="PAtrLh6THEhUcmH9DMhMcGcIMlk="></latexit>

�2i�1 = �z ⌦ · · ·⌦ �z
| {z }
(i�1)products

⌦
i�th
�x ⌦ I ⌦ · · ·⌦ I| {z }

(N/2�i)products
<latexit sha1_base64="LbtC2prWkqXhm17o5Tdq6g9vsew="></latexit>

�2i = �z ⌦ · · ·⌦ �z⌦
i�th
�y ⌦I ⌦ · · ·⌦ I

<latexit sha1_base64="LmeW3N188BaH4VJ1wiIQQWkcUfw="></latexit>

(�1)F = (i�1�2)(i�3�4) · · · (i�N�1�N ) anti-commutes with all the fermions.

Using the Jordan-Wigner transformation,

<latexit sha1_base64="aJQcnSHNAtXgqAYiVNMK/fKK9vs="></latexit>

i�2i�1�2i = I ⌦ · · ·⌦ I| {z }
(i�1)products

⌦
i�th
�z ⌦ I ⌦ · · ·⌦ I| {z }

(N/2�i)products

spin at site i.

: product of all the spins

odd N

We add                       to the algebra at N-1.
We do not have fermion parity any more.
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Time reversal symmetry : even N

The time-reversal symmetry acts on Majorana fermions as 
even N

Therefore to ensure the commutativity, we need a modification.

In our conventions, the complex conjugate flips the sign of the even fermions:

for N = 0 mod 4
for N = 2 mod 4

<latexit sha1_base64="ZkCyStDzl+M3MlCf++Uk98J4w5c="></latexit>

T �iT �1 = �i

<latexit sha1_base64="Oa55D7P851RoKF3j98ZCIyrWLYA="></latexit>

T =

(
�1�3�5 · · ·�N�1K

�2�4�6 · · ·�NK

The correct one is 

Another anti-unitary operators are given by 
<latexit sha1_base64="pgXNZDxP8gPLk7W9bCUMStpfiTM="></latexit>

T 0 = T (�1)F

which anti-commutes with the fermion: 
<latexit sha1_base64="A+uIPadu3tUjbDRFkpiM0u3/mNY="></latexit>

T 0�iT 0�1 = ��i

<latexit sha1_base64="hKtFvpD929NmI7XXI58g4AH3KDg="></latexit>

= (phase)⇥ �y ⌦ �x ⌦ �y ⌦ · · ·K

<latexit sha1_base64="n9+YF0r0YhoUyjyveF8j4tHU/cs="></latexit>

= (phase)⇥ �x ⌦ �y ⌦ �x ⌦ · · ·K
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Time reversal symmetry : even N
property of the time reversal for even N

Explicitly calculating, we obtain

for N = 0,2 mod 8
for N = 4,6 mod 8

and
for N = 0,4 mod 8
for N = 2,6 mod 8

for N = 0,6 mod 8
for N = 2,4 mod 8

From those two, we can deduce

N → 8-N mod 8 exchanges       and

(# of        = odd )
<latexit sha1_base64="hMctkFDsgwPlPLbmbyjPZvLoo7E="></latexit>

�y
(# of        = even )

<latexit sha1_base64="hMctkFDsgwPlPLbmbyjPZvLoo7E="></latexit>

�y

(# of        = odd )
(# of        = even )<latexit sha1_base64="wmnhkHdg/2SwXVXtno9JTZ491xQ="></latexit>�

<latexit sha1_base64="wmnhkHdg/2SwXVXtno9JTZ491xQ="></latexit>�
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Time reversal symmetry : even N

For even N, we made different anti-unitaries      and        using 
odd N

We cannot do that for odd N  since we do have            

What we have for odd N is 

This satisfies
for N = 1 mod 4
for N = 3 mod 4

and
for N = 1,7 mod 8
for N = 3,5 mod 8

The property of the time reversal is symmetric under N → 8-N mod 8

(# of        = odd )
<latexit sha1_base64="hMctkFDsgwPlPLbmbyjPZvLoo7E="></latexit>

�y
(# of        = even )

<latexit sha1_base64="hMctkFDsgwPlPLbmbyjPZvLoo7E="></latexit>

�y

<latexit sha1_base64="z/uMaw1oEOQKInFkxk2HxFc7TX8="></latexit>

bT = �1�3 · · ·�N�2�NK
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Time reversal symmetry :
summary

<latexit sha1_base64="vQvRoKYuJ3qvt555GsbMob5aAIo="></latexit>

T+�iT �1
+ = �i

<latexit sha1_base64="cTw63aV7BtVQIoQu87+8sSWi+O0="></latexit>

T��iT �1
� = ��i

<latexit sha1_base64="yarYNVJJHDGiz9r873xTJ71pWfo="></latexit>

(�1)F�i = �(�1)F�i

SYK Hamiltonian is invariant under both        and 
<latexit sha1_base64="xkdzeTdBcMYpKzj+mPaffNacuC8="></latexit>

T+
<latexit sha1_base64="eEWYoEShPXKaZsAoQLNebOula4s="></latexit>

T�



・・・
Majorana edge mode

 i

i i jtwo body int:            → break time reversal
four body int:                   →invariant under time rev i j k l [Fidkowski-Kitaev 09]

Consider many body MBL-SPT  → SYK is a boundary theory

SYK as a boundary of many body MBL-SPT phase:
[Xu,Ludwig,You 16]Kitaev chain

<latexit sha1_base64="LkdXKzSZuwJrKNokYkd2w7rKnZU="></latexit>

T  0
iT �1 = � 0

i

<latexit sha1_base64="Vcw/unEhR1auxkuOHeL/80KPcFg="></latexit>

T  iT �1 = � i
<latexit sha1_base64="ah7Vt/En6auwfd6muWEbNYW0l/8="></latexit>

T 2 = 1

[Xu,Ludwig,You 16]
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A natural generalization of Anderson localization/SPT [Ryu Schnyder Furusaki Ludwig, 
09]  to interacting systems!

 i
<latexit sha1_base64="XXPFqlmy7TzKrpkT0EVYwDDXdeQ="></latexit>

 0
i
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N mod 8 classification of ordinary SYK

<latexit sha1_base64="zESFxVUVzu8kmCAS3YrTpf3gCv0="></latexit>

rn =
En+1 � En

En � En�1
Table of      mod 8 dependence

Gap Ratio

[Xu,Ludwig,You 16]

<latexit sha1_base64="dmRIoSkzolmkezlLOiBuOhf4Epo="></latexit>

(�1)F

<latexit sha1_base64="F7KCMxc8s62lE/JI6RytgjXqRLI="></latexit>

N

: time reversal

: fermion parity

SYK realize all the Wigner-Dyson statistics!

To distinguish N and 8-N, we need additional ingredient 

When       anti-commutes with              ,         shuffles two chirality sectors.
<latexit sha1_base64="djK+ieDmqbSutr84Z7f3NhkZzNM="></latexit>

T
<latexit sha1_base64="dmRIoSkzolmkezlLOiBuOhf4Epo="></latexit>

(�1)F
<latexit sha1_base64="djK+ieDmqbSutr84Z7f3NhkZzNM="></latexit>

T

<latexit sha1_base64="tZp9IUtdlnbq4jDGcw7M9e0QEKE="></latexit>

T±
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Relation to properties of gamma matrices

<latexit sha1_base64="HsQ2wJIoqyk6jXZqsdbXTyReqJM="></latexit>

�2k = �z ⌦ · · ·⌦ �z⌦
k�th
�y ⌦I ⌦ · · ·⌦ I

<latexit sha1_base64="MzL+Ts+uT/iVEJhx8KuKwo40rhU="></latexit>

�2k�1 = �z ⌦ · · ·⌦ �z⌦
k�th
�x ⌦I ⌦ · · ·⌦ I

Charge conjugation matrices

<latexit sha1_base64="60+w3Faz1ctNXB/rp6HD59QA7fw="></latexit>

� = (i�1�2)(i�3�4) · · · (i�N�1�N )

Corresponds to  
Level statistics<latexit sha1_base64="3YJb1+byCYboKSlkMB3bUrshCOI="></latexit>

C⌘�
µC�1

⌘ = ⌘(�µ)T
<latexit sha1_base64="f1iBN30X92fbqCrGgayLMgpW0xk="></latexit>

⌘ = ±1
<latexit sha1_base64="38qwJgh7PIg8DRrd0xBcUuvWBIk=">AAAE33iclVNNa9RAGH63Rq31o1u9CCIEl4ogLLMiKoJQ7MVjP3bbQrcuk+xkG5ovk9mtNeTkQVAQbyKeFD0Ub/oTvPgHeuhPEI9VvHjwySTdrV2a1hky7zvvPM+b92PGCBw7koxtl0aOacdPnBw9NXb6zNlz4+WJ8wuR3w1N0TB9xw+XDB4Jx/ZEQ9rSEUtBKLhrOGLRWJtOzxd7Ioxs36vLjUCsuLzj2ZZtcglTq3x5uhU3heTJw7jZ5p2OCBP </latexit>

C†
⌘ = C⌘

chirality: (for even d)

<latexit sha1_base64="/0Rie0GMNlTiqzNtq3JRjNrFgTo="></latexit>

T⌘
<latexit sha1_base64="pILnH8juDjVD2OExGWQeopU9Moc="></latexit>

C⌘
<latexit sha1_base64="u6C2yaHdVrG7fZ0mYqQj1dz9bHs="></latexit>

T 2
⌘

<latexit sha1_base64="ZxARtuxKDAOL3xp36HbXsxut4JQ="></latexit>

C⇤
⌘C⌘

<latexit sha1_base64="dmRIoSkzolmkezlLOiBuOhf4Epo="></latexit>

(�1)F
<latexit sha1_base64="A4jQKR56F3k28zgpBaXJJx+EBEA="></latexit>

�

↔

↔

↔

SYK Gamma 
matrices

M = Majorana
W = Weyl



Supersymmetric SYK
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with  and  

[Gaiotto Fu Maldacena Sachdev, 16]

{ i, j} = �ij Majorana fermionN dimH = 2
N
2(                    )

[Stanford-Witten,17,19]

Supercharge:

・Has the similar effective action (super Schwarzian) to 2d JT SUGRA
・Again solvable at large   N though the model is strongly coupled 

Hamiltonian:
<latexit sha1_base64="I0OotUM3xoHAUc0WfcMSieySEgk="></latexit>

H = Q
2

<latexit sha1_base64="ouao4H2CmE+XbOUOf/7kDerTv14="></latexit>

Q = i
q̂�1
2

X

i1<···<iq̂

Ci1···iq̂ i1 · · · q̂

<latexit sha1_base64="x1Yt/xYNHoZH6j2bk2HsgvwEhQ8="></latexit>

hCi1···iq̂ iC = 0

<latexit sha1_base64="RpNuj58LRlta2lje+A9FCREk4Jc="></latexit>

hC2
i1···iq̂ iC =

(q̂ � 1)!

N q̂�1
J

・Completely reproduce all the AZ classes!
[Kanazawa-Wetting, 17] [Li Liu Xin Zhou, 17] [Sun Ye, 19]

<latexit sha1_base64="v9LIB0XuTQGmKoOBB8E6uG4MPLM="></latexit>

q̂ : odd
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・The Hamiltonian is invariant under      ,       ,            . 

Properties of SUSY SYK
<latexit sha1_base64="xkdzeTdBcMYpKzj+mPaffNacuC8="></latexit>

T+
<latexit sha1_base64="eEWYoEShPXKaZsAoQLNebOula4s="></latexit>

T�
<latexit sha1_base64="fdJ+AgAUGErNqw7Y0cy/Sv+aeEw="></latexit>

(�1)F

On the other hand,                       ,
<latexit sha1_base64="R8yya3XHO1gwxdLwhSmDFkhlGbo="></latexit>

[T+, Q] = 0
<latexit sha1_base64="2aaNMx2FkJlTaYi7YuSU24e1v0U="></latexit>

{T�, Q} = 0
<latexit sha1_base64="OGrF92Njeq+32GdUOdVxxc8pj1g="></latexit>

{(�1)F , Q} = 0

Identifying 
<latexit sha1_base64="NaNyD3DueHPSJ0E872fRzR1rhv8="></latexit>

T+ ! T
<latexit sha1_base64="l1LVbvjWYFQuAYIgwgdk81YZKDQ="></latexit>

T� ! C
<latexit sha1_base64="vOd7x+YEbvFJtUAWxA9J/z5MDqY="></latexit>

(�1)F ! P
<latexit sha1_base64="wLBRXycCQSFsX8/iRPbt117WnPM="></latexit>

Q ! H

susy SYK AZ ensemble

There is a correspondence between SUSY SYK and AZ class!
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Relation to Dirac operators
・Let us consider the             (though it corresponds to free fermions)

<latexit sha1_base64="g2veg/mlICb1e+9XDY3lhRH5cM0="></latexit>

q̂ = 1
<latexit sha1_base64="MhjnSCslFOz2naoLk47hSkM3OCI="></latexit>

Q =
X

j

Cj 
j

Rewriting                    and                    ,supercharge is understood as the
<latexit sha1_base64="Pdl747B3XzVuyBKcYLKuARapJQI="></latexit>

Cj ! pµ
<latexit sha1_base64="Rco1hYo4bWNz5spwPnQfqrDP9d4="></latexit>

 j ! �µ

Dirac operator in momentum space !

・In SYK side, without changing the symmetry properties we can add
<latexit sha1_base64="6qnoj6M+avShLDYWSSmgVn/orG8="></latexit>

Q = Q1 +Q5 +Q9 + · · ·
<latexit sha1_base64="hmTWWr1DGT3gO7a66CSXp91e22I="></latexit>

=
X

j

Cj 
j +

X

i<j<k<l<m

Cijklm 
i j k l m + · · ·

Including all the terms,  we get a generic AZ ensemble matrices.

・We can also consider 
<latexit sha1_base64="4Qk8bDr7ihnPusLUSlIirXUUglk="></latexit>

q̂ = 3
<latexit sha1_base64="ImdvqPz9jnKBkfRB1E1mRfDI6uQ="></latexit>

Q = Q3 +Q7 + · · ·
<latexit sha1_base64="d3Yyy16szgeHt1utV/h8W103IV8="></latexit>

(N, q̂)
<latexit sha1_base64="IsrqOeOfW8cmbVFz9jACSgGUHdQ="></latexit>

(8�N, q̂ + 2)and have the same symmetry property.

<latexit sha1_base64="Y9ShmX2iXL8ezhCfUHDJWjskEY4="></latexit>

= i
X

i<j<k

Cijk 
i j k + · · ·
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・The time reversal, fermion parity, and supercharges are summarized as

Properties of SUSY SYK [Stanford-Witten, 19]

・Of course, the last entry is just writing the tangent of Cartan symmetric
space = space of AZ random matrix ensembles, the relation to fermions 
are unclear.
The symmetry is understood as the space of rotation matrices in spinor 
representation and how       transforms under rotation.  

<latexit sha1_base64="KCSLpYJU5CaYs9zMVtTgJaE8SkQ="></latexit>

�µ

In lower dimension where spin(d) indeed coincides with other classical 
groups. (= property of             )

<latexit sha1_base64="3Ah2wfuiq215ktg+hBSOwI8WAnk="></latexit>

Cln,0
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Numerical test of SUSY SYK
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“adjacent gap ratio”

<latexit sha1_base64="INHmertqeC9gSVlg4sEI5JPZNc0="></latexit>

rn =
En+1 � En

En+2 � En+1

<latexit sha1_base64="GZps2lml9KIIOHcpOiPYMAYgFvw="></latexit>

N = 10, q̂ = 5
<latexit sha1_base64="A+AYaWA2HYFid/1+rbplSRMwQ2g="></latexit>

N = 10, q̂ = 3

DIII CI

<latexit sha1_base64="Illsp/gIVNQ0IxO/P8yjf0gorNc="></latexit>

� = 1
(GOE) (GSE)

<latexit sha1_base64="BGUCf40ABaqAMJSYSSrHDYfau3s="></latexit>

� = 4

<latexit sha1_base64="N3KJwjqK/xjk8TrbQ88IImth9vQ="></latexit>

↵ = 1
<latexit sha1_base64="N3KJwjqK/xjk8TrbQ88IImth9vQ="></latexit>

↵ = 1
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Summary
SYK

SUSY SYK

Realize all the Wigner-Dyson ensembles

Realize all the Altland-Zirnbauer ensembles



(1)Random matrices and the Altland-Zirnbauer (AZ) class

(2)(supersymmetric) Sachdev-Ye-Kitaev (SYK) and AZ

(3) dissipative SYK and symmetry

62

Plan of the talk

Level statistics: Symmetry and Universality 

interacting fermionic many-body system. 
Nice model to see the AZ & K-theory in contexts of chaos 

10 ensembles: Wigner-Dyson (3) + chiral (3) + BdG (4)

Fermionic dissipations, classification of fermionic Lindbladians

Phys.Rev.B 106 (2022) 7

PRX Quantum (2023) with A.Kulkarni, K.Kawabata, J,Li, S.Ryu (Princeton U)

w/ A.Kulkarni and S.Ryu (Princeton U)
Phys.Rev.B 108 (2023) 7  with A.Kulkarni, K.Kawabata, J,Li, S.Ryu (Princeton U)

based on 
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Complex energy 
It is sometimes convenient to complexify energy.
Typically, it is interpreted as a decay rate of the state:

<latexit sha1_base64="uoEEy8fZJN0OEzArOuxy6HctNH4="></latexit>

 (t) / e�i(Ei�i�i)t

Consider a particle trapped in a potential, but 
decay by quantum tunneling.

Gamov’ factor

<latexit sha1_base64="K7bm115dZs5KuMuW3UqAvvzqZ3U="></latexit>

d
<latexit sha1_base64="+dakRpYyiT3QUJBrr7PDggInNSQ="></latexit>

V0

bound state: 
Resonance: 

<latexit sha1_base64="NyTHNmGdQQupzeIH3tjdRQjBV0M="></latexit>

e�r = ei(i)r outgoing wave: pure imaginary momentum
outgoing wave: complex momentum

Compatible with the characterization as complex poles in the green functions
<latexit sha1_base64="wXnNwTQS3a838QeEk3eA/47dj9E="></latexit>

G(E) = Tr
1

E �H

The operator acting outside of the Hilbert space becomes non-Hermitian!

<latexit sha1_base64="6DUXf4srB6UbDOTPFWbweRF8U7c="></latexit>

e(�+ip)r = ei(p�i�)r

bound 
 state

Resonance

= connection to the environment

<latexit sha1_base64="HLZUJsj5aAohXHleIVHM/aY+9Yg="></latexit>

�i ⇠ e�
2d
~
p

2m(V0�Ei)
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・Open quantum systems. The system evolution is not unitary in      
    system-environment setup.

・d-dim quantum system = (d+1)-dim classical statistical problems

unitary quantum Hamiltonian → complex probability stat.mech 
                                   (eg: finite density QCD, topological terms)

non-Hermitian quantum Hamiltonian ←  positive probability stat.mech 
                                             (eg: Hatano-Nelson)

・Non-Hermitian matrices are more generic than Hermitian matrices!  
    Ubiquitous.

 General motivation

Technical motivation

Motivation from genuinely Quantum systems

・diffusion eq= imaginary time Schrödinger eq

(evolution operator    ↔     transfer matrix)

Non-Hermitian matices
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Again going back to the nuclear problems,

Open Sachdev-Ye-Kitaev
many nuclei are resonances!

(from wikipedia)
It is natural to think about SYK model coupled 
to an environment and study the universality 
of level statistics!

Another motivation:
a boundary approach to open SPT phases

many body: + dissipation
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Non-Hermitian Random matrices
38 symmetry classification in non-Hermitian Hamiltonians by symmetry

[Kawabata, Shiozaki, Ueda, Sato 19]

(10 AZ + (10 - 4) AZ† + (3 + 24 - 5) AZ w/ SLS, we should remove  overcounting )

Transpose and complex conjugate are 
different for Non-Hermitian matrices.

We should be careful about anti-unitaries
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Non-Hermitian Random matrices (density of states)
We can find some structures for the distribution/level statistics in non-Hermitian 
Random matrices

AII† (but asymmetric between 
real and imaginary part)

AI

AII†

!"#$ %$&'("
)*+
),+
)!+

-2 -1 1 2

0.1

0.2

0.3

0.4

AII† (=AII)

A

Hermitian Partially 
Non-Hermitian

“Completely” 
   Non-Hermitian

accumulation on real line

(cf: Quantum Hall wave functions)
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Non-Hermitian Random matrices (level statistics)
We can find some structures for the distribution/level statistics in non-Hermitian 
Random matrices

gives a quantitative measure of level statistics.

<latexit sha1_base64="OdMpalNsM1qrcTMJExhgTkfEEgg="></latexit>

z :=
�� �NN

�� �NNN
complex spectral gap ratio: [Sa,Ribeiro,Prosen 19]

class A class 
<latexit sha1_base64="MPYQ2U4v7kYkmIhBus39n6JgJG8="></latexit>

AII†
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Quantum channels
Completely Positive (CP) and Trace Preserving (TP) (CPTP) map

Trace preserving is required since finally we obtain a density matrix.

Complete positivity is needed to guarantee that we get positive 
operators even when the state is entangled with an environment.

<latexit sha1_base64="One8y5niC+FTVGRgG0HisBBpppw="></latexit>

E

They have so-called Kraus representation:
<latexit sha1_base64="gkKjnk+m04bokgFYQ9lybNZ2HgE="></latexit>

E(⇢) =
X

µ

Kµ⇢K
†
µ

Graphically, 

=
<latexit sha1_base64="aIMLKcWmDayg/gaDlKNtkeKOfmI="></latexit>

K
<latexit sha1_base64="Snam+xLq+6fUl52aX5gkmXjb3BI="></latexit>

K†

<latexit sha1_base64="One8y5niC+FTVGRgG0HisBBpppw="></latexit>

E
<latexit sha1_base64="h/Zht8v66fAjynh32ISbzN7ATPc="></latexit>⇢

<latexit sha1_base64="h/Zht8v66fAjynh32ISbzN7ATPc="></latexit>⇢ →

<latexit sha1_base64="r2nrYYeSs622SjooSGSAPWbgU9E="></latexit>

E

<latexit sha1_base64="5tVyBbGE8r40zWMlZjM3XYhNG7Y="></latexit>X

µ

K†
µKµ = I

state       in system A (with        ) to a state in system B (with        )
<latexit sha1_base64="iwBQlu6hMvN8Vsvni4THZol7m/k="></latexit>

HA
<latexit sha1_base64="Q8v6I7DEHgpUXLX1Iq7tFfsJcvM="></latexit>

HB
<latexit sha1_base64="mO7P/3HKd2SMpRLCBtaVVKXmRjg="></latexit>⇢
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Steinspring representation
We can realize any CPTP map as a unitary conjugation for the  
system+ environment E

<latexit sha1_base64="One8y5niC+FTVGRgG0HisBBpppw="></latexit>

E

Graphically, 

=
<latexit sha1_base64="faElLfY5naU+ks4u3oWBFEkigCk="></latexit>

V
<latexit sha1_base64="uER7gJvB0cDjuR1Wv5yuAdoqdtg="></latexit>

V †

We can realize all the quantum channels as unitary maps.

<latexit sha1_base64="uriX0UdBzLqrtrnrkb617xO1U1U="></latexit>

E(⇢) = TrE(V ⇢V †)

The choice of environments is not unique.
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Choi isomorphism

Completely positivity is a positivity for entangled states.

<latexit sha1_base64="One8y5niC+FTVGRgG0HisBBpppw="></latexit>

E
→

Let us consider a maximally entangled     state between system & environment
<latexit sha1_base64="WND/VzZ+7GCPfIl7k3tkJKOlg80="></latexit>

E(|Ii hI|)
<latexit sha1_base64="One8y5niC+FTVGRgG0HisBBpppw="></latexit>

E

Completely positivity says that                    is a density matrix.
<latexit sha1_base64="WND/VzZ+7GCPfIl7k3tkJKOlg80="></latexit>

E(|Ii hI|)

<latexit sha1_base64="One8y5niC+FTVGRgG0HisBBpppw="></latexit>

E=

<latexit sha1_base64="VD+//6uyaEzvSYGUFTZgTeiKQuQ="></latexit>

(E(|Ii hI|))† = E(|Ii hI|)
From the Kraus representation, this is manifest;

→
<latexit sha1_base64="88zsqdYHpEC9MhiMCUiai1eWMOU="></latexit>

=
X

µ

|Kµi hKµ|<latexit sha1_base64="aIMLKcWmDayg/gaDlKNtkeKOfmI="></latexit>

K
<latexit sha1_base64="Snam+xLq+6fUl52aX5gkmXjb3BI="></latexit>

K†
<latexit sha1_base64="aIMLKcWmDayg/gaDlKNtkeKOfmI="></latexit>

K
<latexit sha1_base64="Snam+xLq+6fUl52aX5gkmXjb3BI="></latexit>

K†

<latexit sha1_base64="PrpxBGeumAu1JQ87Ed9RWX755aM="></latexit>

|Ii
and apply a quantum channel:

(flips depend on entangled states, but they are only different up to unitaries)

<latexit sha1_base64="YJ/L4EuU21McQe7QasTXQ11d5QU="></latexit>

: HA ⌦HB ! HA ⌦HB
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Vectorization
The Choi-isomorphism is not useful when we multiply channels.

→

<latexit sha1_base64="One8y5niC+FTVGRgG0HisBBpppw="></latexit>

E

→

<latexit sha1_base64="One8y5niC+FTVGRgG0HisBBpppw="></latexit>

E=

<latexit sha1_base64="One8y5niC+FTVGRgG0HisBBpppw="></latexit>

E
<latexit sha1_base64="h/Zht8v66fAjynh32ISbzN7ATPc="></latexit>⇢ →

<latexit sha1_base64="One8y5niC+FTVGRgG0HisBBpppw="></latexit>

E <latexit sha1_base64="h/Zht8v66fAjynh32ISbzN7ATPc="></latexit>⇢

<latexit sha1_base64="One8y5niC+FTVGRgG0HisBBpppw="></latexit>

E

<latexit sha1_base64="aIMLKcWmDayg/gaDlKNtkeKOfmI="></latexit>

K

<latexit sha1_base64="kgOsGeRbBmuyKC98r7AIp2F4w4I="></latexit>

K⇤

<latexit sha1_base64="aIMLKcWmDayg/gaDlKNtkeKOfmI="></latexit>

K

<latexit sha1_base64="Snam+xLq+6fUl52aX5gkmXjb3BI="></latexit>

K†

Another representation: vectorization 

<latexit sha1_base64="T8MpUKe88QtAXk3YWh+OWH7qS6o="></latexit>

E : HA ⌦H
⇤
A ! HB ⌦H

⇤
B
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Strong and weak symmetry

Symmetry of a Hamiltonian is                        .
<latexit sha1_base64="H/mgISr4YqaMNVHGsvHvsVPBdVg="></latexit>

UHU
† = H

<latexit sha1_base64="YxCJ2SsGQnSX0YGetCE25ANXiEo="></latexit>

U
<latexit sha1_base64="Coq97yWo4sX2wVLqQ/lkxShaaVA="></latexit>

U †
=

From this perspective,

is a natural symmetry for quantum channels
This is called strong symmetry.

・strong symmetry

・weak symmetry

<latexit sha1_base64="aIMLKcWmDayg/gaDlKNtkeKOfmI="></latexit>

K

<latexit sha1_base64="kgOsGeRbBmuyKC98r7AIp2F4w4I="></latexit>

K⇤ <latexit sha1_base64="kgOsGeRbBmuyKC98r7AIp2F4w4I="></latexit>

K⇤

<latexit sha1_base64="aIMLKcWmDayg/gaDlKNtkeKOfmI="></latexit>

K

<latexit sha1_base64="One8y5niC+FTVGRgG0HisBBpppw="></latexit>

E
<latexit sha1_base64="YxCJ2SsGQnSX0YGetCE25ANXiEo="></latexit>

U
<latexit sha1_base64="Coq97yWo4sX2wVLqQ/lkxShaaVA="></latexit>

U †
=

On the other hand, when we think of quantum channels as a single operator

<latexit sha1_base64="One8y5niC+FTVGRgG0HisBBpppw="></latexit>

E<latexit sha1_base64="YxCJ2SsGQnSX0YGetCE25ANXiEo="></latexit>

U
<latexit sha1_base64="Coq97yWo4sX2wVLqQ/lkxShaaVA="></latexit>

U †

is a symmetry.

<latexit sha1_base64="One8y5niC+FTVGRgG0HisBBpppw="></latexit>

E=

This is called weak symmetry.

<latexit sha1_base64="iwBQlu6hMvN8Vsvni4THZol7m/k="></latexit>

HA
<latexit sha1_base64="Q8v6I7DEHgpUXLX1Iq7tFfsJcvM="></latexit>

HBassume =
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Modular conjugation symmetry

・After vectorization, hermitian conjugate is now represented by the
modular conjugation:

<latexit sha1_base64="ENKLbI8vrOvk8G6jdmxOjdj9jTI="></latexit>

J |⇢i = |⇢i

・This is anti-unitary operator:
<latexit sha1_base64="o1CUPmQ3HdUCp+ghD5+nUtLJEF8="></latexit>

J (A⌦B)J�1 = B⇤ ⌦A⇤

・Any quantum channels are symmetric under the modular conjugation:
<latexit sha1_base64="bgzuWHkfIUm1D791sy7cv3ockvI="></latexit>

J
X

µ

(Kµ ⌦K⇤
µ)J�1 =

X

µ

(Kµ ⌦K⇤
µ)

(modular conjugation for a reference maximally entangled state, not for      )
<latexit sha1_base64="h/Zht8v66fAjynh32ISbzN7ATPc="></latexit>⇢
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Quantum Master equation (Lindblad equation, GKSL):

These are called Lindblad equation (GKSL or quantum master equation)

d

dt
⇢(t) = �i[H, ⇢(t)] +

X

k

⇣
Lk⇢(t)L

†
k � 1

2
L
†
kLk⇢(t)�

1

2
⇢(t)L†

kLk

⌘

[Gorini-Kossakowski-Sudarshan, 76][Lindblad, 76]

<latexit sha1_base64="One8y5niC+FTVGRgG0HisBBpppw="></latexit>

E

Let us consider a quantum channel which is described by the exponential of a 
generator        :

<latexit sha1_base64="5UjmM5hR4Jsvvz9YrF+6ANbu4Ik="></latexit>

etL=

before vectorization

after vectorization
<latexit sha1_base64="jvxdHImwOgSgKkzf7LoERjZTyAI="></latexit>

L = �iH+ + iH� +
X

k

Lk+ ⌦ L
⇤
k� � 1

2

X

k

L
†
k+Lk+I� � 1

2
I+ ⌦

X

k

L
T
k�L

⇤
k�

:Non-Hermitian Hamiltonian on doubled Hilbert space 
<latexit sha1_base64="SH8GAbIyr+K3MVwWebfrw/9MA6M="></latexit>

L
<latexit sha1_base64="DpSozIYASkjHMzewjhUM907NA00="></latexit>

H+ ⌦H�

<latexit sha1_base64="EN9RsVuc0rpXnYgssoi9+upxL2o="></latexit>

L

: jump operators
<latexit sha1_base64="W93nnGJBkRzJyCPnW33+Og34bSU="></latexit>

Lk



SYK Lindbladian:

Li =
p
µ i

L = �iH
+
SYK + i(�1)

q
2H

�
SYK � iµ

X

i

 
i
+ 

i
� � µ

N

2
I+ ⌦ I�

[Kulkarni- TN - Ryu, 21]
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the reference maximally entangled state (= infinite temp state):
<latexit sha1_base64="37a8PvSFrHRuhLF0nFSdjDk+Ke0="></latexit>

L |Ii = 0
<latexit sha1_base64="1kCrEdddedff+5zOuHIRxs1RqqA="></latexit>

 i
+ |Ii = �i i

� |Ii

: p-body Jump operators.

(* we should be careful about tensor product and transpose for fermions or anyons )
[cf: Shiozaki Shapoulian Ryu, 16] [Shapoulian Mong Ryu, 20]

[Yoshida Kudo Katsura Hatsugai, 20]

<latexit sha1_base64="cPrxAz4kt8xb5BwNdilUdN8/E9c="></latexit>

H = HSYK
<latexit sha1_base64="b8QpaaFYoKjD9nYUosj2xf3ZDNA="></latexit>

Lm =
X

i1<···<ip

Km,i1···ip i1 · · · ip

For example, for

<latexit sha1_base64="eoiAHsfkgvTpwuEAe1SeOHtwa+M="></latexit>

Km,i1···ip 2 C

We have to double the Hilbert space to vertorize:
<latexit sha1_base64="qRNFpBYCWBhdI3ngwk/IKM0C4vg="></latexit>

 +
i

<latexit sha1_base64="nhyrngn1wIBW8SrUNTC0L2rLros="></latexit>

 �
i : in total N + N = 2N Majorana fermions.,
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Symmetry of SYK Lindbladian

Symmetry of the SYK Lindbladian:

<latexit sha1_base64="j0T0+ZfvhlUNtW1TrcUY+bEce9g="></latexit>

J ±
i J

�1 =  ⌥
i

<latexit sha1_base64="jyzKx3vQmCDYnvsf6a3zc76j6kY="></latexit>

J zJ�1 = z⇤Modular conjugation

weak Fermion Parity
<latexit sha1_base64="gOljXNVeiO38pLrp59bJOigCduk="></latexit>

(�1)F ±
i (�1)F = � ±

i

<latexit sha1_base64="j4IpgZ8uo9PrCXpLpGSBPqPR0Hw="></latexit>

(�1)F+ +
i (�1)F+ = � +

istrong Fermion Parity
<latexit sha1_base64="+1mm2SOCntQx3kqqvO6MvZxMTrk="></latexit>

(�1)F+ �
i (�1)F+ =  �

i

<latexit sha1_base64="30hr2O7BjmbLhQjEA84beTW0E6A="></latexit>

R ±
i R

�1 =  ±
ianti-unitary symmetry

<latexit sha1_base64="9gDXOS77zza439aGoWZRgCZWtUU="></latexit>

RzR�1 = z⇤

[Kawataba,Kulkarni,TN, Li, Ryu 22]

always symmetries of Lindbladians

depend on choices of Jump terms/ Hamiltonians

Similarly to the SYK time reversal, we can combine the fermion 
parity symmetries to form another anti-unitary symmetry:

<latexit sha1_base64="LLfW6Qs8jzvF2aHRjoGlfMxaBcY="></latexit>

ReLtR�1 = e(RLR�1)t : not reverse a time

We did not find how to define weak anti-unitary symmetry
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[Kawataba,Kulkarni,TN, Li, Ryu 22]
Algebra of Symmetries

Li =
p
µ iEx) model is not invariant under strong Fermion Parity

model is invariant under strong Fermion ParityLa =
X

i<j

Ka
ij 

i j

<latexit sha1_base64="3oCg5n2d+YKEoMV14X0EM0wz3/s="></latexit>

JR = bRJ
<latexit sha1_base64="5s9aCYXB+xZaQpvjSoepJdCQglM="></latexit>

J (�1)F = a(�1)FJ

some anti-unitaries are always a symmetry of the SYK Lindbladian

On the other hand, the strong fermion parity is not always a symmetry

(SYK Hamiltonian is always time reversal invariant or flip the sign)

The algebra only depends on                     , in contrast to                    in SYK  
<latexit sha1_base64="p1A9cTCIrOIvwLZyqs9IVIrNBcQ="></latexit>

N mod 4
<latexit sha1_base64="1+qbNe+Tw8s/fBOpaUgrqksfypU="></latexit>

N mod 8
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Table of Symmetry classification of Lindbladian (1)
<latexit sha1_base64="LH4O7ixsWMjC7VuKlI6nc8Zm2VE="></latexit>

Lm =
X

1i1<···<ipN

Km;i1···ip i1 · · · ip

<latexit sha1_base64="lHimhV9kARhhk9+DeMtj21spE6A="></latexit>

p = 1

p-body dissipation:

<latexit sha1_base64="iUQaSlBglI0IWWXR/TTW16tJq6U="></latexit>

= R(�1)F
+

<latexit sha1_base64="sqY5gtt92KI66cBqk/LeDrf3uyM="></latexit>

= R(�1)F
�

<latexit sha1_base64="HB7qU5nN9xBQPCh6PjsCbOuJN0k="></latexit>

= R(�1)F

<latexit sha1_base64="jPczAVfluT4anOc+083DNO4yyi8="></latexit>

p � 3
<latexit sha1_base64="fJka2hp5Ai1cNJT9qD2/LFbv8Yk="></latexit>

Q
<latexit sha1_base64="VUu7TucRZ6N3hQpyY8SOuDx9qLo="></latexit>

Pis a symmetry but is not.
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Table of Symmetry classification of Lindbladian (2)
<latexit sha1_base64="LH4O7ixsWMjC7VuKlI6nc8Zm2VE="></latexit>

Lm =
X

1i1<···<ipN

Km;i1···ip i1 · · · ipp-body dissipation:

<latexit sha1_base64="BaD+9ZOCiVTPFAcTZhhw3KesIDE="></latexit>peven
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Symmetry and Dissipative many body Chaos: bulk level statistics
<latexit sha1_base64="OdMpalNsM1qrcTMJExhgTkfEEgg="></latexit>

z :=
�� �NN

�� �NNN
complex spectral gap ratio:

<latexit sha1_base64="YusrLhI+YHp1w1fhPzsE+pS2HLo="></latexit>

p(r, ✓)
<latexit sha1_base64="OwckcyxSLA47+RRwKa1e2QG8I3E="></latexit>

z = rei✓

angle distribution 
<latexit sha1_base64="ORtmvHV+R6S0zvJDT0X1v2KWycg="></latexit>

p(✓) :=

Z
p(r, ✓)dr

<latexit sha1_base64="GsFMfUGDdy4dMUb88LISUek40Kg="></latexit>

p = 2
<latexit sha1_base64="/06w7hvgFcgWj3HdmLIm0lE0gpY="></latexit>

N = 10
<latexit sha1_base64="GsFMfUGDdy4dMUb88LISUek40Kg="></latexit>

p = 2
<latexit sha1_base64="VVKRmiWIKK1SKYWRKjTF7xX7ycg="></latexit>

N = 12

good agreementdiscrepancy

perhaps because Lindbladian is not completely random and see the transition 
[cf: Garcia-Garcia Loureiro Romero-Bermudez Tezuka, 17]

(bulk class A) (bulk class AI)

[Sa,Ribeiro,Prosen 19]
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real axis

DoS

N=10, p=1 (BDI+          ) N=12, p=1 (BDI +          ) 
<latexit sha1_base64="ZcWwJKR85VkT9c40G1PnDVyI2fM="></latexit>

S�+
<latexit sha1_base64="v4NT4vy//YZ1baW9rBcDeF1YXtQ="></latexit>

S++

Symmetry and Dissipative many body Chaos: edge level statistics
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Summary
Symmetry of SYK Lindbladian

Table

<latexit sha1_base64="3oCg5n2d+YKEoMV14X0EM0wz3/s="></latexit>

JR = bRJ
<latexit sha1_base64="5s9aCYXB+xZaQpvjSoepJdCQglM="></latexit>

J (�1)F = a(�1)FJ

<latexit sha1_base64="lHimhV9kARhhk9+DeMtj21spE6A="></latexit>

p = 1

+p>1



84

Summary of lectures

・Review of AZ class in random matrix context: 
symmetry breaking and enhancement fixed point determines universal behaviors.

・Introduce our SYK Lindbladian model. Natural to study level statistics in the 

thank you！

<latexit sha1_base64="djK+ieDmqbSutr84Z7f3NhkZzNM="></latexit>

T
<latexit sha1_base64="pLxY+PxoxSIuS3fy7jyzQePGdwM="></latexit>

C
<latexit sha1_base64="VUu7TucRZ6N3hQpyY8SOuDx9qLo="></latexit>

P,       ,      determine Cartan class.

・Review of the (SUSY) SYK. Realize all the AZ class.
Relation to Majorana fermions and AZ becomes manifest. 

context of nuclear physics and 
Anti-unitaries and non-Hermitian AZ class. Reflected to level statistics.

Future problems
・Complete level statistics of non-Hermitian random matrices.

Characterization by symmetry pattern when two eigenvalues collide.

・Classification of (“anyonic”) quantum channels.
・Maybe related to exceptional groups, coadjoint orbit, etc…

・Understand 38 from Majorana fermions.
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Time reversal symmetry
・It is not linear, but an anti-linear operator.

<latexit sha1_base64="nahlqXywxYbNKT6qsXJJLtr56uM="></latexit>

A(a | i+ b |�i) = a⇤ |A i+ b⇤ |A�i

Dirac’s bra-ket notation becomes confusing for non-linear operator.

<latexit sha1_base64="oWQsiuXK9zsmi5jRS5jPd8vXphI="></latexit>

A(| i) ⌘ |A i
・A useful braket notation for non-linear operators is

An anti-linear operator satisfies  

・The adjoint of an anti-linear operator is defined by 
<latexit sha1_base64="9ksO+l+iWjed4Gb18qQ4MoILYog="></latexit>

h�|A† i = h |A�i

・An anti-unitary operator       satisfies 
<latexit sha1_base64="OfcQGggutFktoO5wb8N+xuzFy64="></latexit>

h⇥�|⇥ i = h |�i
In particular, they do not change the norm.

<latexit sha1_base64="6KLgpRYHNVtDdJAziF+rRFWZXSs="></latexit>

⇥

(This condition guarantees the anti-unitarity of        )
<latexit sha1_base64="IMnxqfdoIv75Uf3/gW6yYw5lIdU="></latexit>

A†
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Time reversal symmetry on linear operators 
<latexit sha1_base64="ZLRVn/Va2/jw91m8RANPE3r6l8I="></latexit>

T HT † is a linear operator since
<latexit sha1_base64="kw3G804/iKLWjg6b8eGwYkOgiU0="></latexit>

T (H |T †(a 1 + b 2)i) = aT (H |T †
 1i) + bT (H |T †

 2i)

A relation between        and                is 
<latexit sha1_base64="5XzClsCMDceKh6vVvhw4z8Dd2OE="></latexit>

H

<latexit sha1_base64="ZLRVn/Va2/jw91m8RANPE3r6l8I="></latexit>

T HT †

<latexit sha1_base64="EpO8KwE7raw1l1mzYZGXDuY+G1I="></latexit>

T HT † =
X

m,n

hem|H|eni⇤ |T emi hT en|

for a basis          .
<latexit sha1_base64="xoQuZZ6R5EMhdAopfUod7ZB2A8E="></latexit>

|eni [see Harlow-TN 23]
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Spin(2) 
・Isomorphic to U(1)

2×2 Dirac spinor transforms as

Therefore we say that the vector representation of spin(2) = U(1)
appears as the symmetric tensor product of chiral spinor representation.

↔

 SO(2) is represented as a 1×1 d matrix conjugation.

・the space of 2×2 class CI ensemble.
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Spin(1) 
・Isomorphic to 

・for any real number x,                           with 

・gamma matrices are 1 dimensional,

・spinors are real 1 dimensional, 

Symmetric tensor of two spinors are 

A  trivial example of class AI

<latexit sha1_base64="07xWf+ZTVvgYt83jN1MiXtaVTQ0="></latexit>

�0�x� ! e2i✓�0�x� = �0�x�

(two different representations depending on the sign)
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Spin(3) 
・Isomorphic to SU(2)

,

gives a 3d rotation.

<latexit sha1_base64="cWpCiyOyGMq1gUriQMhAjfHHgsU="></latexit>x · �
<latexit sha1_base64="pGTd1WxFSxBHVXBKjuMBxEajcHg="></latexit>

u(x · �)u† <latexit sha1_base64="JOc/ksV/JEA8+0NgpVGpHoAr8RA="></latexit>

u 2 SU(2)

Fundamental representation of SU(2) is a spin 1/2 representation of SO(3)
           is symmetric matrix.<latexit sha1_base64="cWpCiyOyGMq1gUriQMhAjfHHgsU="></latexit>x · �

・This is the simplest example of class C

<latexit sha1_base64="TaOTOSKspAemtlVGQIPZpclitoA="></latexit>

�x = �x <latexit sha1_base64="fjvAxq4tJ0SundJeJsvclzVzDPs="></latexit>

�y = �y <latexit sha1_base64="8I6AgGWBtXWQm9A8u2NLeHP2KTU="></latexit>

�z = �z

relation to spinor is

<latexit sha1_base64="BHClQ+GjBHQzkhlM7GHWJ4mDslI="></latexit>

x · � =
X

i

xi�
i
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Spin(4) 
・Isomorphic to SU(2)×SU(2)

,

gives a 4d rotation.

h is naturally identified with a quaternion. 

<latexit sha1_base64="mei3QkrvHJciPm35X4xlQcPiZJ0="></latexit>

h = x0 + ix · �
<latexit sha1_base64="SPCa06ozYAP3asMGFDtLlhbfjgU="></latexit>

uhv†
<latexit sha1_base64="0+YWKUQGav8TH1CDVF0SyTznMRU="></latexit>

u, v 2 SU(2)

u,v is then naturally identified with a quaternion with unit norm. 

SU(2) = Sp(1) is a more correct interpretation in this context.

This is the simplest chiral GSE matrix of 4×4.

The diagonal rotation                 gives spin(3). <latexit sha1_base64="iHsyHuNMqvQMuQLz+iOgvVMRdRo="></latexit>u = v
In this sense spin(3) = Sp(1) is better identification.

<latexit sha1_base64="PjJK4SviuXxYIbWdQ70PD6MsnWw="></latexit>

�i =

✓
0 i�i

�i�i 0

◆ <latexit sha1_base64="np1P9TMhxmzAzSEm9qW3DKlF+0g="></latexit>

�4 =

✓
0 I
I 0

◆ <latexit sha1_base64="+1eK2vSahlidkbDv8zK+Vca4kCs="></latexit>

x0�
4 +

X

i

xi�
i =

✓
0 h
h̄ 0

◆
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Spin(5) 
・Isomorphic to Sp(2)

<latexit sha1_base64="frs4nXOSh2lDKqt3J52YXHQq6Dg="></latexit>

H =

✓
s a

ā �s

◆
=

✓
sI a4 + ia · �

a4 � ia · � �sI

◆

gives a 5d rotation.

<latexit sha1_base64="Hj2z3DGiBXevi89kSM3c5Eh4s6Q="></latexit>

U =

✓
q11 q12
q21 q22

◆
2 Sp(2)

<latexit sha1_base64="90/yYObraGlgt8b+hh4y9JnVOhA="></latexit>

UHU
†

<latexit sha1_base64="PjJK4SviuXxYIbWdQ70PD6MsnWw="></latexit>

�i =

✓
0 i�i

�i�i 0

◆ <latexit sha1_base64="np1P9TMhxmzAzSEm9qW3DKlF+0g="></latexit>

�4 =

✓
0 I
I 0

◆ <latexit sha1_base64="j3xKt07g7OPHASpAa8guhApwYao="></latexit>

�5 =

✓
I 0
0 �I

◆

<latexit sha1_base64="3STTvp8HM/ITFUXCIKGAW4vTI0s="></latexit>

H =
X

ai�
i + a4�

4 + a5�
5

<latexit sha1_base64="+sv1J+T0tYWP5M0TB6b+bAzTcns="></latexit>

U =

✓
q11 0
0 q22

◆
gives a 4d rotation before.

This is the simplest non trivial GSE matrix of 4×4.
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Spin(6) 
・Isomorphic to SU(4)

gives a 6d rotation in                                                identified with

with the norm 

First we start with and then impose invariance

under the duality and complex conjugate

Weyl Spinor is       of              .         is manifestly anti-symmetric.

Therefore in 6d the vector appears in the anti-symmetric tensor of Weyl 
spinor.

<latexit sha1_base64="i9rcaYl2zU2yADss5OVTFn5xlzU="></latexit>

F =

0

BB@

0 E1 E2 E3

�E1 0 Ē3 �Ē2

�E2 �Ē3 0 Ē1

�E3 Ē2 �Ē1 0

1

CCA

<latexit sha1_base64="19UCqEDNisdxVbmdtWODW8Yt6tU="></latexit>

Fµ⌫ =
1

2
✏µ⌫⇢�F̄

⇢� <latexit sha1_base64="5PNgH9OullF56ZQAvvLpo8FsSuA="></latexit>

E = B̄
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Spin(8) 
<latexit sha1_base64="41zlNq+1FLEBuBYNK0ptAnu67Bg="></latexit>

�1 = �x ⌦ I ⌦ I ⌦ I
<latexit sha1_base64="Btjri6sdoyPwmdpToBOmvYWKH38="></latexit>

�2 = �z ⌦ I ⌦ I ⌦ I
<latexit sha1_base64="J0v/SpkzhCraq4+Ed/njYyQABMA="></latexit>

�3 = �y ⌦ �y ⌦ �x ⌦ I
<latexit sha1_base64="tOJYYwk8UEL9EOYKnodbMdaY9eE="></latexit>

�4 = �y ⌦ �y ⌦ �z ⌦ I

<latexit sha1_base64="QarLYQliGGSKH5YGMRlVoHSpR6s="></latexit>

�5 = �y ⌦ �x ⌦ I ⌦ �y

<latexit sha1_base64="C4q2zTKOlS0Mct2ALwgSDHcpAnE="></latexit>

�6 = �y ⌦ �z ⌦ I ⌦ �y

<latexit sha1_base64="T/vjLhm6PUxFBER1+8ekpkzOalM="></latexit>

�7 = �y ⌦ I ⌦ �y ⌦ �x

<latexit sha1_base64="Kr6z/jZbXOXY+22iUpJ6QpKtLsU="></latexit>

�8 = �y ⌦ I ⌦ �y ⌦ �z

・There is a manifestly real representation of the gamma matrices

・both Weyl spinors and vectors are 8 dimensional because                      .
<latexit sha1_base64="9zssG1XkD83rf/L0dMS920jXWUU="></latexit>

2
d�1
2 = d

there is a triality transformation that relates           and 
<latexit sha1_base64="9fFMbYFgEYy2Nh+wNQrlaRKiaDM="></latexit>

Tij

<latexit sha1_base64="8U6niL/MlRLvf/TCZR/MaUIBGqA="></latexit>

1

4
[�i, �j ]

In that sense, SO(8) spinor coincides with the fundamental rep of itself!

・This representation is also practically useful to numerical study the 
SYK for N = 8k.

Because of this, reality of spin(d+8) agrees with that of spin(d)
(Bott periodicity)

<latexit sha1_base64="M0E8MqeRbiqNyP3X1RQWXMwN8Os="></latexit>

T12 ! 1

2
(T12 + T34 + T56 + T78) + 27 relations
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Spin(7) 
・There is an special embedding of spin(7) into spin(8) combining the

standard embedding                              and the triality
<latexit sha1_base64="bBMYaBzcsvZFGolZQh8L48w++tI="></latexit>

SO(7) ⇢ SO(8)

Using this we can find a spin(7) singlet in SO(8) spinor:
<latexit sha1_base64="wIVPXS7jXXQ3xmaCVJMW9kPhFEM="></latexit>

8s ! 1+ 7

Fidkowski and Kitaev used this fact to construct a gapped pass between 
8 layer of SPTs and trivial states [Fidkowski Kitaev, 09].

In our case we can use this map to get SO(7) spinor from SO(8) vectors.
<latexit sha1_base64="FHHjJKuHWbg5/v/IeTOEY7+7ZQk="></latexit>

8v ⌦ 8v ! 1+ 28+ 35

<latexit sha1_base64="hxa6As/Xxe/lCFNJgXacka+Tz0M="></latexit>

8⌦ 8
⇩ ⇩

<latexit sha1_base64="lKXstLMWAA0Yi3xOfdmzX5OUF48="></latexit>

1+ 7+ 21+ · · ·
Since SO(8) vector is real, spin(7) is also real .
Since      comes from 8d anti-symmetric matrix        ,            is anti-symmetric.
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spin(7)

SO(8)

(spin(7) Casimir is their Hamiltonian)
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