II; factor OO OO OO
ooooo

Hilbert 00 HOOOOOOOOOOOOUOOOOOBH)ODODHOODDOOODODODOO
0000000000000000M,N,RP,Q,..0000000000000000
2,y,2,t,5,a,b,... 00000 00Hibert 100 vector 00000 D0E,7,¢,...000000
O000HODOOOO(E,n 0000000 20 conjugate z*0 (x€,n) = (&,z"n) 0000
00000000 |o*z| = |«|?2000000

(1] B(H)OOOOOO 5000000000000 (2)0 net 0000

norm topology
strong operator topology: z; —» x <= |z;{—x&|| — 0 VéE e H.
weak operator topology: z; — x <= |(x;&,n)— (x&,n)] — 0 Vé,ne H.
o-strong operator topology: x; — x <= 32 [[z:€; — z&l? — 0
V€ € H with Zj:l 1€511* < oo.

(5) o-weak operator topology: z; — x <= |37 (:&j,n;) — (@5, m5)] — 0

VEj,my € H with 772 €117 < 00, 3252, [Inj1* < oo

o-strong (weak) operator topology O O ultrastrong (ultraweak) operator topology O [
00000000 “operator” OO0 D 0000000 Banach OOOOOOOOOOOMO
000000000 Norm topology 00000000000 BH)OOnormO0O0OO0O
000000 Oo-strong operator topology U strong operator topology, o-weak operator
topology O weak operator topology 0 0 00 O OO I [T1] Chapter II, Section 2, [UHO]
4.1.0

]
(1)
(2)
(3)
(4)

[2] O von Neumann O double commutant theoremO B(H) O 1000000 MOO
goobo3ggggooobod

(1) M" = M.

(2) MO O o-strongly closed.

(3) MO O weakly closed.

0000000 M'O00{zeB(H)|zy=yxr, Vye M} OOOOMO commutant OO
000MO00000000000 MO von Neumann O 0 000 [KR] Section 5.3, [T1]
Theorem I1.3.9, [UHO] O O 4.20.0

3| 0000000000000 0000HODOODODODODODODO O self-adjoint operator[
AOD0ODO0O0O A=A*000000000O0DO0O0 {E,\}DDDDDDDDDDh:ffOOO)\dE,\
000000000 E\O00HOOOOOOOprojectiond 00 00000OOOOOOOOO
00000 E\D spectral projection DO OO OO

(1) Ex < E,, (A< p).

(2) pl AODOOO|EL —ENE] — 0, VéE e H.

(3) M| —ocoODODOO|ENE| — O, VéEe H.

(4) NMToocODODOO|ENE—=E] — 0, VéE e H.

ArOOO0OODOOOAODOODOODOODO [a,b]DDDDDDDDDDf:DDDDD
gooo



O000ooooooooooooooooooooooooooooo IMmmooooo
O000000oo0 12000000 O0b000000O0OoOn 1500 1200 “Functional
Analysis” (K. Yosida, Springer) 0 Chapter XI, “Functional Analysis” (W. Rudin, McGraw
Hill) Theorem 13.30 O O [

4000000000000 functional calculus00000000 AOO0OO0AOODO
00000 BorelOO 0000 f(R)00 f(h) = [*_f(\)dE,0DD00 /000000
O000f(hODOOOOOOOOO

00000000 oo INmoooooooooooooono nmo4000000monon
00000000 1500 120 50 —O00 fO000O0O00O0O —0O “Functional Analysis”
(K. Yosida, Springer) O Chapter XI, section 12 “Functional Analysis” (W. Rudin, McGraw
Hill) Theorem 13.24 000 00O D

p|000000000HOODOOODOOOOD ctO0000OOOODOOOOODOODODODOO
gboboboogdgbbtdz0000gbbbtdz>00000

(1) (2£,6) >0, VeEeH

(2) =200 20000000 [0,00)000000

3) z=yyO00 ye B(H)OOOODOO

O [T1] Theorem 1.6.1, “Functional Analysis” (W. Rudin, McGraw Hill) Theorems 12.32,
12.33.0

0000000 z,yO0000z—y>000002>y000000000000 z€ B(H)
O000z%zz > 2z*y20000

[6] von Neumann 0 MO OOOOOOMOO uwnitary 400 100000000w € B(H)
O uitary OO Du* v =wu*=10000000000w*v=10000 isometry OO OO
O 0 [T1] Proposition 1.4,9, [UHO] 00O 3.18.000000B]0000000Re MOOO
AhODDO0O0O0O0ODODODOOONO spectral projection £ O MOOODODOOOOOOO

[7] O 0000 polar decompositiondzx € B(H) O0O0O0Dx =w|z| 000000000
0D00000|z] = (z*2)Y/?, w0 |z|¢ —2£00000{|z|¢}+00 0000 partial isometry
O00D0w O partial isometry 00 0000 H OO isometryd Ho OO 000000000
H=H ¢ HUO0000000000u*u, uvu*0 projection 0 00 000O0OOODOOOO0O
O0@2z 0 von Neumann 0 MOOOOO0OO00O0O w,|z|0 MOOOOOODO([UHO|OO
1.8, page 97.0

8] O1II; factor 0O O DODOO

0000000 My(C) C My(C)@Ms(C) € Ma(C)® Mo (C)@Mo(C) C -0 x> 201
0000000000000 07(x) 0000000 Tr(z)0 c00000COOCOOOOO
O000007(z) 000000 compatible 000000 union A OO linear functional 70
0000000AD0DO (z,y) =7(y*2) D0000ADODODO Hilbert 000 L2(A)
O0000AOQD L2(A)0000000000000D0000000 ADOOOOOO MO
0000000MOODtrace r07(z) = (21,1) 0000000000000000000
00O00i00d1 € AQ [?(A)0000000000000000000000 linear
functional O O (normalized faithful normal) trace 0 O 0 0 O 00

(1) 7(z*x) > 0.

(2) T(z*z) =0iff x = 0.



(3) 7(zy) = 7(yx).

(4) 7(1) = 1.

(5) 70 O o-weakly continuous.

00 MOO (1)O(5) 0000 linear functional 000000070 000000000O0O
O0000Ovon Neumann 0 MO OOtrace OOO0O0OOOO0OOOOMO II; factor OO
O0000000II; factor MO center MNM'ODOCOOOOOOOOOOOOOOOM
O00000000000000000 unionO Oweakly denseJO0O0O0O00000O0OO
II; factor O AFD (approximately finite dimensional) 0 0 O O O O O O O hyperfinite O
000000

[9] O MO O o-weakly continuous functional 0 O O O von Neumann O MO O o-weakly
0000 O o-stronglyO continuous O linear functional ¢ DO &, € HO Y 2 | [|&,]]* < oo,
Sl <ooDDODOO0O0O000O0¢(z) =" (2&,n,) 00000 [T1] Theorem
I1.2.6, [UHO] 0 O 4.6.00

[10] O trace class operatord B(H) OO0 2 0000Tr(Jz]) =>.,2,(|zl:, &) 00000
000{,.},0 HOOOOOOOOOoooooooo{,.,.0oooooooooooooo
D000000020 traceclass 0000000 0Tr(x) =) o0, (2&,,&) 000 0 OTrace
class 000000 20000|2|; = Tr(|z[) OO0 O OO trace class operator 000 000
norm 0 Banach OO T(H) OJOOOOOOOHOO compact operator 00 K(H) O dual
space O O0OT(H) O dual space 0 0 B(H) 000D [T1] Chapter II, Section 1, [UHO] 2
040000 2.18, 2.20.0

[11] O Hahn-Banach 000000000

KOO norm OO XOOOOOOODOxzy ¢ KOOODOOOOD f e X*OODOOODO
super f(z) < f(xo) ODOODO

O0ddooooo NMoooooooooooooooobooood 8.16, “Functional
Analysis” (W. Rudin, McGraw Hill) Theorem 3.4 000000

[12]0 Banach-Alaoglu 0 O 0 ONorm O 0 X0O dual space X*0 00 0O weak * compact
ogoon
0000 “Functional Analysis” (W. Rudin, McGraw Hill) Theorem 3.15 0 0 0O O

[13] O preduald von Neumann O MO O 0O MO O ultraweakly continuous O linear func-
tional D00 M, 0000000000 BanachOOOOOO(M,)*=MOOOOOOOMO
o-weak topology 0 O (M, )*0 00 O weak * topology 0 O 0O 0 O O [T1] Chapter III, Section
2, [UHO] O O 4.10.0

[14] O Kaplansky O density theoremO MO B(H) O«-00000002x0 MOODOO
00000000 MOD net 2,00 ||ag]| < ||z]|, 2 — = (strongly) D0 000000000
0 [T1] Theorem I1.4.8, [UHO|] O O 4.22.0

[15] O GNS-O O O1I; factor MO OO OO trace 7O 000 MO LQ(M,T) gooodn
00007(M) O von Neumann 000 007,70 00 0O O o-weakly continuous 0 0 0 O
O [T1] Theorem 1.9.14, Corollary 3.10.0

[16]0 Radon-Nikodym 0O O O OII; factor MO OO0 O trace T0p € M, 000 Op(z*z) <
T(z*2) 00000 2 e MOOOOOOODOOO0<a<10000aeeMODODODOOO
o(z)=7(ax) D000 DO[UHO] OO 6.7.0



[17] O 1I; factor 0 O O O projection O O O O1Iy factor MO OO OO trace TO 00O M
00O projection e, fO0 00 0O u*u = e,uu* = fO OO partial isometry v 0 MO OO OOO
O0e~ f0000000000000000000e~ f1, i < fO000 projection f € M
0000000e< fO0000e<f, f<eOOOO0Oe~ f0000[T1] Proposition V.1.3,
[UHO| OO 4.41.0000 projectione, f e MOOOOOODO 30000000000000

E % e =< f, er f.
5 7 e ens

00000 (1), (2),3)0000007(e) < 7(f), rle) = 7(f), 7(e) > 7(f) 00O DO
0 O [T1] Chapter V, Sections 1,2, [UHO] O O 4.45.0

[18] O conditional expectationdII; factor MO O O 00O trace 70 MO OO von Neumann
00 NO OO O conditional expectation 0 D OO0 MOO NOOOUOOOODODOOOOOO
goodoooooo

(1) r(xy) = 7(E(z)y), z€MyeN.

(2) B(z*z) >0, x¢€M.

(3) E(axb) = aFE(x)b, a,be N,x € M.

(4) FO O o-weakly continuous.

O [T1] Proposition V.2.36, [UHO] O O 6.24.0

[19] II; factor MO OO von Neumann 000 N, z € MOOOOK(z) O {uzu* |
w0 NO unitary} 000000 K(2) 000 o-weak closure 00 00000 OK (z)NN'NM =
Exear(z) D000 ([T2] 00 VIL2.5.0
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