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Tempered subgroup (G | H) vs tempered homogeneous space

Recall from 3rd talk: Restriction of reps G | H

Definition (Margulis)* G > H is a G-tempered subgroup

< Matrix coefficients of GK \ {1} are bounded uniformly
by ¢ € L'(H) when restricted to the subgroup H.

Today: G (X, u) measure preserving. E.g., H1 G for X = G/H.

Definition™ X is a G-tempered space

& Therep G Y L*(X)is a tempered representation of G .

Note the terminology does NOT match exactly because g € L!(H) in Definition 1.

Margulis, Bull. Soc. Math. France 125 (1997), 447—456.
Benoist-Kobayashi, Tempered homogeneous spaces | (2015), Il (2022), Ill (2021), IV, arXiv:2009.10391.
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Reminder of tempered representation — Definition
Let G be a locally compact group.

Def A unitary rep 7 of G is called tempered if 7 << L*(G) .
<< ... weakly contained

i.e., every matrix coefficient of & is a uniform limit on every
compacta of G of a sequence of sum of coefficients of L*(G).

e Any unitary rep m can be disintegrated (Mautner)
(e.g., branching law, Plancherel-type theorem).

x= [  with o ireducible
nis tempered < o is tempered , almost everywhere

Just one irred non-tempered discrete spectrum o would change
the temperedness of .



Irreducible tempered reps — semisimple Lie groups
Recall

Def A unitary representation r is called tempered if 7 << LZ(G) .

e For a solvable Lie group, all unitary reps 7 are tempered .

e For a semisimple Lie group G and irreducible 7 € G,
tempered representations 7 have been studied extensively.

Known results on tempered reps and beyond ...

e Many equivalent definitions, e.g., L***(G),
Harish-Chandra’s theory towards Plancherel formula,
Knapp—Zuckerman’s classification (~1982),

Building blocks of Langlands classification,

Selberg % eigenvalue conjecture (1965-),
Gan-Gross—Prasad conjecture, - -




Tempered representations — Examples (irreducible cases)

V. Bargmann (1947): Irreducible unitary reps of S L(2,R)
= {1} I { principal series } LI { complementary series }

LI{ discrete series } 11 { limit of discrete series }

—1 Casimir operator acts on them as scalars
{0} ’ [%,OO) ’ (05 %) ’ {%(”2 - 1) ‘ne N+} ’ {0}

I': congruence subgroup of G = SL(2,R)

Selberg’s % eigenvalue conjecture *:
All eigenvalues of A on Maas wave forms for I" > %?
& The unitary rep of G ¥ L2, (I'\G) is tempered ?

cusp

Just one irred non-tempered rep would deny the conjecture.

%
A. Selberg, On the estimate of Fourier coefficients of modular forms, Proc. Symp. Pure Math. 1965.



Temperedness criterion for G ’\VLQ(G/H)
G " (X, 1) measure preserving
~» G Y [2(X) unitary representation.

I Question 1 When is the unitary rep on L?(X) tempered?

If semisimple G “ X algebraically, then Question 1 is reduced to
the case of principal orbits G/H !

I Question 1’ When is the unitary rep on L?(G/H) tempered? I

Examples
1. Hcompact = L*(G/H) is tempered.

2. Hamenable = L?*(G/H)is tempered.



Tempered homogeneous space G/H, i.e., L>(G/H) << L*(G)

I Question 1’ When is the unitary rep on L*(G/H) tempered? I

Remark Do not confuse with a classical result that L>(X) can be

disintegrated by irred X-tempered reps (this is almost ‘tautology’).
(Harish-Chandra, Oshima, Bernstein ~ 80s).

Example (X-tempered reps # tempered reps of G) Let X = G/H

be a reductive symmetric space. L?(X) can be disintegrated by

irreducible X-tempered reps =, i.e., those x satisfying if
Hom, x (7rx, C(X) N oo L2¥(X)) # {0}

But we are interested in finding the criterion for L*(X) << L*(G).

e Selberg L eigenvalue conjecture
)

— temEered rep of G, and not F\G-temgered.
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Approach from dynamical system
Locally compact group G X locally compact space

def
G X proper & (g G :[S'AgS" # 0} is compact 'S c X compact,
e vol(S NgsS ) e C.(G) S c X compact.

Idea: Quantify non-properness of the actions.

Look at asymptotic behavior of vol((\S N gS ) as g goes to infinity.
—

gs

N
< )] >
N—




Volume estimate vol(r - S N S): Prototype R”R2

Example LetG:=R>¢ acton X = R” by

(5,9) = (¢'x,e71y) /
e This action is not proper (1st talk).
e This action is measurably proper (3rd talk). r

e Asymptotic behavior of volume (today).

For any compact neighbourhood S of the origin in R?, s

Cie" <vol(£-8S N8 ) < Cre. @

E.g., ifS ={(x,y) e R? : |x] < 1,|y| < 1}, then one has
vol(£°8° A8 = 4¢7". S

o



Volume estimate: Example R” ¥ R” and SL(2,R) "~ R”
We let R > r act on R" by

n—1)t n-3)t 1-n)t
(X1, X2, X)) > (€7D, eV T,

For any compact neighbourhood S of the origin in R", one has

Cre” "M < vol (1S AS) < Cre” AV, <@>

n 2 3 4 5 6
exp(— A(n) Jf]) | e g2 mHl O o0l

Since the Haar measure on G = S L(2,R) is of the form

t
dg = sinh 2t dkidtdk, for g = ky (e e_,)kz,

vol(g-8SNS)eL(G) foranycompactS c R" < n>4,

vol(g-8 NS )e L) foranycompactS CR" & n>?2

via an irreducible rep ¢: G — S L(n,R).



Piecewise linear function py
bh: Lie algebra/R

Definition For a finite-dimensional r: ) — Endg(V),

v py i) > Rs, Y 3 DIReAD))
gen. eigenvalues of 7(Y) € End(V:)

Let a c ) a maximal split abelian subalgebra.
Then py is determined by its restriction to a, and pyl|, is a
piecewise linear function.

Remark For §) semisimple and for (r, V) = (ad, b),
pyla = twice the usual p on the dominant Weyl chamber,
however, our pyl, is not linear whereas the usual p is linear.




Baby case: H” YV (linear action)
Let H ¢ SLr(V), and a a maximally split abelian subalgebra of b.

Definition py := max 29
= PV eE e )

Proposition 1 Suppose H is reductive in S Lg(V), and p > 0.
One has the equivalence (i) < (ii).

(i) p> pv-

(ii) vol(hS NS ) e LP*¢(H) for any compact set S c V, Y& > 0.

Proof Similarly to the aforementioned S L(2, R) example, one has

vol(BSTAST) ~ e ™™ for b = kye' k. @D

The Haar measure on H 3 h = kie'k, is of the form (not precise)

dh ~ ™D gk dy dk,.



Example: H = SL(n,R)" “R" =V

v v
L oy(Y)
y = max
vea\{0) oy (Y)
> i = xjl
1<i<j<n
=2 max o -
X1 +tx,= Z |Xi|
i=1
=2(n - 1).

Proposition 1 implies that for any compact S c R”,

vol(gS NS ) e LX=V*3(sL(m,R) &> 0.



Temperedness criterion : Baby case H ¥V linear
Letp: H — SL.(V) be a finite-dimensional rep /R.

Theorem 1* Suppose that H is a real reductive linear group.
One has the equivalence (i) < (ii)

(i) (rep theory) The unitary rep 7: H” ¥ L*(V) is tempered.
(i) (criterion) py <2, i.e.,ps(Y) <20p(Y) 'Y €b.

Proof. Observe that for ¢, > € C.(X) one has
(m(@)¢1, 92)12x) < llp1lllle2lleo vOI( @S AS )

where S := Supp ¢; U Supp ¢> (C X). Hence if vol(gS NS ) € LP(G)
then the matrix coefficient (n(g)e1, ¢2) € LP(G).

Now combine Proposition 1 for p = 2 + £ (¢ > 0) and a theorem of
Cowling—Haagerup—Howe below. m]

B
Definition py := yrgc\%‘m,(y)-




Tempered rep vs L>*¢(G) (matrix coefficients)

Recall A unitary rep x of G is tempered. ? n €L*(G).
e

Theorem 2 (Cowling—Haagerup—Howe)* For a unitary rep
(, H) of a semisimple Lie group G, one has (i) < (ii).
(i) mis tempered.
(i) mis almost L?, i.e., there exists a dense subspace D in H
such that
g+ (m(gur,up) belongs to L**4(G) (Y& >0, Yuy, 'ur € D).

Remark (i) = (ii) fails if G is non-compact amenable group for
which 1 is a tempered representation, but is not almost L?.

%
M. Cowling—M. Haagerup— R. Howe, AImost L2 matrix coefficients, J. Reine Angew. Math. 387, (1988), 97-110.




The constant p, appears also in restriction SL(V) | H

For H c S Lz (V), recall py := max 2%
R( ) pPv YEa\[O}pV(Y)

(< ).

This number py appeared in Theorem 1 for H ™Y IL2V):
py <2 — HYLXV)is a tempered rep of H.

The same py appears also for the restriction SL(V) | H .

Theorem 3 (SL(V) | H) Let H be a reductive subgroup of S Lg(V).
Then one has the equivalence:
(1) pv <1 & Hisan SLg(V)-tempered subgroup
in the sense of Margulis (3rd talk).
(2) py £2 < n|yis atempered unitary rep of H
forallme SLr(V)\{1}.

Margulis, Bull. Soc. Math. France 125 (1997), 447—456.



Example: H := SL(p,R) X SL(g,R) X SL(r,R)
Consider two homomorphisms:
H— SL(p+q+rR) =: G, (1)
H — SL(pg+qr+rp,R) =: G. (2)

2) is defined via RP4T4"P ~ (R4)* @ R? & (R")* @ R” & (R9)* @ R”?.
(2) RV (RY) (R") (RY)

V4 —
We discuss three unitary reps HNLZ(V), G | H and L*(G/H):

Example One has an equivalence (i) < (ii) & (iii)) < (iv):

(iy H™ L2(RP4*4+7P) is a tempered rep of H.

(i) For any irred unitary rep  (# 1) of G = S L(pg + gr + rp,R),
the restriction x|y via (2) is a tempered representation of H.

(i) L*>(G/H)is atempered rep of G = SL(p + g + 1, R).

(iv)" 2max(p,q,r) < p+qg+r+1.

(i) - -+ Theorem1, (ii) --- Theorem 3, (iii) -- - Theorem 4 below.

S
Y. Benoist-T. Kobayashi, Tempered homogeneous spaces I, J. Lie Theory (2021) for (i) & (iv).



General case: Asymptotic estimate of vol(¢S N S) forG” ¥ G/H

G > H real reductive groups, G” > X = G/H.

For any compact S ¢ G/H, we want to find m(g) and M(g):
m(g) <vol(gS NS )< Mg foralgedgG.

One could find a lower bound m(h) for h € H by the linear case:

Ad
H™Yg/b =  G/H.
infinitesimally
Some difficulties

e Need a lower bound m(g) for g € G, not only for 1 € H.
e Find an upper bound M(g).



General case — global estimate of volume

G VX, S c X compact subset.

Asymptotic behavior of vol((S N gS ) as g € G tends to the infinity. I
—

S

> vV

gS G/.(



General case: Asymptotic estimate of vol(¢S N S)forG” ¥ G/H

G > H real reductive groups, G” > X = G/H.

m(g Svol(gS NS ) < M(g) forallgeG.

forhe H
orhe H n he H

‘ For any compact S ¢ G/H, we want to find m(g) and M(g):

Some difficulties
e Need a lower bound m(g) for g € G, not only for 1 € H.
e Find an upper bound M(g).

Use ar idea -{ Ist ketare (about A ound ~ )



Temperedness criterion for 2.>(V)

G D H: real reductive algebraic groups.

Y) . .
Recall pyy = br;l}g;%pf:/’;&) is defined for H"~ g/b.

Proposition Forany p > 1, one has the equivalence (i) = (ii):
) p>pyy+1
(i) vol(gS NS )e L? (G) YS c G/H compact.

Theorem 4 One has the equivalence (i) < (ii):
(i) pa < 1, namely, 2py < pg 0N b.
(i) G L*(G/H) is a tempered rep of G.

%
Y. Benoist, T. Kobayashi, Tempered reductive homogeneous spaces, J. Eur. Math. Soc. 17 (2015}, 3015-3036.




Temperedness criterion — general case

G, H reductive ~» G, H algebraic

generalization

G : real algebraic Lie group D Gg: max semisimple subgroup,
H : algebraic subgroup.

Gss € G"YL*(G/H)

Theorem 5* L*(G/H) is Gg-tempered < 2p; < p, on b.
Method of Proof

Theorem 4 (dynamical approach + geometry)

+ Herz majoration principle
+ lim Ad(g;)b (“limit algebra”).
J—/0

S
Benoist-Kobayashi, Tempered homogeneous spaces |V, arXiv:2009.10391.



A tour around temperedness criterion 1: symmetric space G/H
The Plancherel theorem™ for G/H gives a unitary equivalence:

N
® . . .
L*(G/H) ~ @fﬁ E Ind¥ 4(T(’)®(C(’))dv.
=1 YV 2 R '

TE{) ®C. .. relative discrete series for L;/(L; " H).

Plancherel i
e

L*(G/H) is tempered ® (C(Vj) is a tempered rep
2
of L;forall 4, a.e. v,

* ﬂTheorem 4 + combinatorics™* ﬂ obvious

Quantization H .
the set of points in g/h with = TE{) ® CY is a tempered rep
amenable stabilizer in H in dense. of L;, 1> 0, ae. v

o Difficulties arising from “singular” A.

*
T. Oshima; Delorme, Ann. Math. 1998; van den Ban—Schlichtkrull, Invent. Math. 2005.

EE
Y. Benoist-T. Kobayashi, Tempered homogeneous spaces llI, J. Lie Theory (2021).



Delicate example: reductive symmetric case

G/H := Sp(p1 + p2,q1 + q2)/(Sp(p1,q1) X Sp(p2, q2))
i zl,qizl,pr+qr=pr+q+1).

e A“large part’of 7 € G in the support of the Plancherel formula
for G/H is a tempered representation of G.

N o) N .
1%G/H) = P f > mdf @ @ CPay.
=1 v

@l relative discrete series for L;/(L; N H).

e ButG" Y L%(G/H)is NOT a tempered unitary representation
by Theorem 4. This means that at least one of singular
representations TE{) of [L;, L;] (Zuckerman’s A,(1) modules
outside the weakly good range of parameter 1) survive after
wall crossings and non-tempered rep Indg/Nj(TE{) ®CY)
contribute to L*(G/H).



A tour around temperedness criterion 2: Vogan’s theory

The temperedness criterion 2p, < py may remind us a formula

P ~> A+ pg — 2p¢

Harish-Chandra parameter Blattner parameter

for discrete series representations of G.

One may recall Vogan'’s thesis (1976)* of the classification of
irreducible admissible representations of real reductive groups by
using “IowesQninima)K—type”.

*
Vogan, Green book, Chapter 6, 1981; D. Vogan, The algebraic structure of the representation of semisimple Lie groups

I, Ann. Math. (1979) 1-60.



Application of Vogan’s theory of minimal K-type

minimal K-type u v A =proj(u + 2p¢t — pg )
~»> @-stable parabolic subalgebra q = Iz + uin ge¢.
Then lis quasi-split, in particular, if 1 = 0, g is quasi-split.

Corollary Let G/H be a reductive symmetric space with H split.
GF\VLZ(G/H) is temEered < Grp is quasi-split.

Gy is defined by the pair (G, H) via
G/H C Gec/He D Ggr/Kr (Kg: max compact subgp).

complexification real form

Proof. L2(G/H) is atempered rep of G &= 2py. < p,.

Theorem 4 . . .
< Gy is quasi-split.
Vogan's theory

Ex. GL(p +¢q,R)/GL(p,R) x GL(q,R) is tempered & U(p, g) is quasi-split & |[p —¢g| < 1.

%
Vogan, Green book, Chapter 6, 1981; D. Vogan, The algebraic structure of - - -, Ann. Math. (1979).



A tour around temperedness criterion 3: Orbit philosophy

Orbit philosophy by Kirillov—Kostant

Supp(L*(G/H) = Ad(GD*/AdG)
n N
< = 6*/ Ad*(G)
b )
Gtemp = gfeg / Ad* ( G)

gD g;feg :={1 e g : Ad*(G)A is of maximal dimension},
g“oht ={1eg :a=0}.

Theorem 6" Suppose G is a complex reductive group, and H an
algebraic subgroup. Then temperedness criterion (Theorem 4) gives
the equivalence:

GV L*(G/H) is tempered < h*

L

*
N greg de%se b

*
Benoist—Kobayashi, Tempered homogeneous spaces IV, arXiv:2009.10391.



Yet another relation: proper actions and representation theory

Example Spin(1,8) c SO(8,8) > SO(7,8) ~» X = S0O(8,8)/SO(7, 8).

(1)* There exists a compact 15-dim’l pseudo-Riemannian manifold
of signature (8,7) with constant sectional curvature —1.

(2)*>" The restriction 7lspin(1,8) decomposes discretely and

multiplicity freely for any S O(8;8) 5 7 — L*'(X).

G’ c G>H real reductive groups ~» G’ c G’ ¥X :=G/H

Theorem 7 Assume G’ acts properly and spherically on X = G/H.

(1)(geometry)* X admits a cocompact discontinuous group.
(2)(rep)™ Any mr € G realized in 2Y(X) is discretely decomposable
with finite multiplicity when restricted to the subgroup G’.

*
Theorem 4 in 2nd lecture;
T. Kobayashi, Global analysis by hidden symmetry, Progr. Math. (2017), (Howe 70th birthday volume);

! Schlichtkrull-Trapa—Vogan, Sdo Paulo J. Math. Sci. (2018).
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Thank you very much!



Another direction of generalization — Almost L” representation
G: real reductive O H real reductive, p € 2N,

I Theorem 3’ L*(G/H) is almost L” &= -L3py < p; on b

n X -

Example (arxivi2108.12125) G/H = GL(n,R)/GL(n1,R) X - - - X GL(n,,R)
The smallest even integer p for which L?(G/H) is aimost L?

amountsto p = 2[2(n m)]WIthm max(ng,--- ,n.).

\ g =

EREEECOOOD -

pP=2
p=4
pP=6
pP=8
p =10
p =12
p=14
p =16
p =18
p =20

[ TR ny,

N,



