STABILITY OF BRANCHING MULTIPLICITIES FOR
ORTHOGONAL GELFAND PAIRS

TOSHIYUKI KOBAYASHI

ABSTRACT. We propose a structural framework for branching multiplic-
ities in representation theory, emphasizing their behavior under vari-
ation of infinitesimal characters. For the orthogonal reductive pairs
(G,G') with complexified Lie algebras (o(n + 1,C),0(n,C)), we show
that branching multiplicities are governed by universal systems of linear
inequalities on the parameter space of reduced coherent families intro-
duced in this paper.

To describe the loci where multiplicities may change, we introduce
fences: piecewise-linear hypersurfaces that divide the parameter space
into convex regions. We prove that the multiplicity function is locally
constant on each such region bounded by these fences.

The framework applies uniformly to finite-dimensional representa-
tions and to admissible smooth Fréchet representations of real reductive
groups. It accounts for classical results such as the Weyl branching law
and provides a unified explanation for a range of phenomena, including
the Gross—Prasad conjecture, sporadic symmetry breaking operators,
and fusion rules for Verma modules.

These results establish a general paradigm for branching multiplici-

ties in orthogonal Gelfand pairs.
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1. INTRODUCTION

Branching laws describe how representations of a group decompose upon
restriction to a subgroup. A central problem in this theory is to understand
the multiplicities appearing in such decompositions. While these multi-
plicities have been computed in a variety of individual cases, a conceptual
understanding of their global structure has long remained elusive.

To motivate our approach, we begin with four representative examples that
exhibit a common underlying pattern:

(1) (Weyl’s branching law [15]) Let V, and W, denote irreducible
finite-dimensional representations of GL(n) and GL(n — 1), respec-
tively, and let [V, : W] denote the multiplicity of W in V,. This
multiplicity is either 0 or 1. Moreover, the nonvanishing condi-
tion is governed by the interlacing inequalities for highest weights

o= (01,...,0n) and 7 = (T1,...,Tn—1):
Vo Wi #0 <= o1 >711>02> > Ty1 > 0p.
An analogous multiplicity-free branching law holds for the restriction
O(n) | O(n—1).
(2) (Fusion rules for Verma modules) Let M(a), M(b), and M (c)
be Verma modules of sl(2,C). Generically, the multiplicity
m(a,b,c) = dim Homg o ) (M(c), M (a) @ M(b))
is at most one. However, this multiplicity jumps to two precisely
when the parameters satisfy the explicit inequalities
a+b+c< -2, la —b] < —c—2,

together with the parity conditions a +b — ¢ € 2N and a,b,c € Z.
This jumping phenomenon extends to the restriction of parabolic
Verma modules for gl(n,C) to gl(n — 1,C), where it occurs exactly
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at parameter values for which certain Jacobi polynomials vanish [8,
Thm. 8.1].

(3) (The Gross—Prasad conjecture in the real case [4]) This con-
jecture generalizes Weyl’s branching law and points toward a deep
understanding of the nonvanishing condition [ITy : 7,] # 0, where II
and 7, are discrete series representations of G = O(p,q) and G’ =
O(p—1, q), respectively. For the pair (G,G") = (U(p,q), U(p—1,q)),
a precise nonvanishing condition for the multiplicity [IT : 7] is de-
scribed in [6] by explicit interleaving conditions on A and v, based
on the combinatorics of the theta correspondence.

(4) (Sporadic conformally covariant operators) On the space of
differential forms on the pair of spheres S™ O Sl there exist
“sporadic” symmetry breaking operators that occur only at excep-
tional, countably many parameter values and cannot be realized
as residues of rational families [9, vol. II]. These operators form a
new class, distinct from Juhl’s conformally covariant operators [7].
At such parameter values, the branching multiplicity for the pair

(O(n,1),0(n —1,1)) jumps from zero to one.

These examples point to a common structural phenomenon, yet a system-
atic understanding of the underlying global structure has long been lack-

ing.

Wall crossing versus fences. To understand how branching multiplicities
depend on the parameters of representations, one must note that, without
crossing any classical walls associated with the variation of representations
of a single group, the multiplicities in branching laws can still vary when
the parameters remain within a single dominant chamber. The behavior
of branching multiplicities is therefore more subtle, and depends essentially
on the relative position of the infinitesimal characters of two groups. This
distinction explains why traditional arguments based on Weyl chambers and
wall-crossing fail to capture the stability regions and jumps observed in
branching laws.

The boundaries across which branching multiplicities may change are there-
fore not walls in the conventional sense, but rather piecewise-linear hyper-
surfaces determined by linear relations between the infinitesimal characters
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of G and G’. These hypersurfaces admit a precise description in terms of
the associated multi-signatures, and we refer to them as fences.

Rather than relying on representation-by-representation arguments, our aim
is to identify a universal mechanism underlying such systems of inequalities
and to formulate it in an intrinsic framework. More precisely, we provide
a uniform description of the loci in parameter space where branching mul-
tiplicities may change, expressed purely in terms of infinitesimal characters
and independent of the choice of real form or of a particular realization of
the representations. To formulate our results for infinite-dimensional rep-
resentations, the notion of multiplicity requires some care, as it depends
intrinsically on the topology of the representations involved.

Multipllicity in the nonunitary setting. Let G be a real reductive Lie
group, and let M(G) denote the category of smooth admissible representa-
tions of finite length and moderate growth, realized on Fréchet topological
vector spaces [14, Chap. 11]. By the Casselman—Wallach theory, this cat-
egory is canonically equivalent to the category of (g, K)-modules of finite
length. We write Irr(G) for the set of irreducible objects in M(G).

For IT € M(G) and © € M(G"), we define the space of symmetry breaking
operators by

Homg (Il g1, ),
namely, the space of continuous G’-homomorphisms with respect to the
Fréchet topology. The branching multiplicity is defined as the dimension of
this space, and is denoted by

|G : w], or simply [II : .

Our primary objective is to understand how these multiplicities vary as the
representation parameters change. As the four examples above illustrate,
branching multiplicities are governed by a subtle and highly nontrivial in-
teraction between the parameters of G and those of G’, involving delicate
parity conditions and intricate interleaving patterns, even when both vary
within their respective dominant chambers.

Reduced coherent families and parity. Motivated by this observation,
we introduce the notion of a reduced coherent family (Definition 2.6), which
is designed to capture, in an intrinsic manner, the parity conditions arising

in branching laws. Within this framework, parity conditions that appear
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in concrete branching problems are no longer imposed externally, but are
instead encoded intrinsically in the structure of the parameter space. As
a consequence, we establish a stability principle for branching multiplici-
ties, showing that they remain constant on certain convex regions of the
parameter space.

Multi-signature and interleaving patterns. To describe these convex
regions, we introduce for each pair (A, v) of infinitesimal characters a multi-

stgnature,
sgn(A, v),

which encodes the relative configuration of the infinitesimal characters of G
and G'.

In terms of reduced coherent families and multi-signatures, we formulate
stability results for branching multiplicities without recourse to case-by-
case parity assumptions, and identify precisely the loci at which multiplicity
jumps may occur, in terms of changes in the relative configuration of infin-

itesimal characters across fences.

Theorem 1.1 (Stability of multiplicity; informal version. See Theorem 3.1
for a precise formulation). Let G D G’ be a real form of (O(n+1,C), O(n,C)).
Let & be a nonsingular weight, and let {II\ : A € A(§)} be a reduced coher-
ent family of G-modules. Let m € M(G') have infinitesimal character v.

Assume that (§,v) is away from fences. Then the branching multiplicity
[H)\‘G’ : 7[']
is constant for all X € A(§) satisfying

(1.1) sgn(\, v) = sgn(&,v).

Here £ plays the role of a fixed base point determining a reduced coherent
family, while A varies within the associated parameter lattice.

For a given 7, the branching multiplicity is often easy to determine at a
suitably chosen base point II¢. Theorem 1.1 then propagates this informa-
tion: it shows that the same multiplicity [II|g : 7] holds for every A sharing
the same interleaving pattern with v. In this way, Theorem 1.1 reduces the
computation of branching multiplicities to their determination at a single
base point in each interleaving region.
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The equality (1.1) of multi-signatures encodes an explicit system of linear
inequalities in the parameter A. These inequalities describe interlacing (or,
more generally, interleaving) patterns between the infinitesimal characters
of G and G’. Consequently, the parameter space decomposes into regions on
which the branching multiplicity is constant; the boundaries of these convex

regions are piecewise-linear hypersurfaces, which we refer to as fences.

In contrast to classical wall-crossing phenomena, which are governed by in-
equalities involving a single infinitesimal character, fences arise from the
relative position of the infinitesimal characters of two groups. These fences
yield a finer partition of the parameter space than that provided by domi-
nant chambers alone, and may be viewed as a genuinely two-body analogue
of wall-crossing phenomena, reflecting the intrinsically relative nature of
branching problems.

The above stability principle recovers classical results such as Weyl’s branch-
ing law, explains the occurrence of multiplicity jumps for Verma modules,
and provides a natural framework for Gross—Prasad multiplicities, as well as
for the appearance of sporadic symmetry breaking operators. In this way,
it unifies a range of phenomena that had previously been understood only
in isolated or case-dependent settings.

Related results for pairs (G,G’) of real forms of (GL(n + 1,C), GL(n,C)),
including universal scalar identities and nonvanishing theorems for symme-
try breaking operators, were obtained in [5, 10] under stronger assumptions
on the primary components arising in translation, where the main emphasis
was on applications to Shimura varieties and to branching laws for repre-
sentations such as Aq(\). By contrast, the present framework—based on
reduced coherent families and multi-signatures— is genuinely new and pro-
vides a refined structural description of branching multiplicities, tailored to
the orthogonal setting and extending beyond the scope of the general linear
case. The techniques introduced here have further consequences beyond the
orthogonal setting, including refinements of earlier results for the general
linear case, which will be discussed elsewhere.

The present paper is devoted to the conceptual and structural aspects of
branching multiplicities. Further applications of this framework, including
new branching laws and additional sporadic phenomena, will be explored in
subsequent work.



STABILITY OF BRANCHING MULTIPLICITIES 7

Convention. We write N:={0,1,2,...,} and Ny :={1,2,...,}.

2. PRELIMINARIES

In this section, we collect the basic notions and conventions used throughout
the paper. Our focus is on infinitesimal characters, coherent continuation,
and their reduced variants for real forms of O(n + 1,C). We pay particular
attention to situations in which the group is not of Harish-Chandra class,
and to formulating the relevant structures in a uniform fashion, independent

of the choice of real form.

After a brief review of well-known material in Section 2.1, we introduce
reduced coherent families of representations. These are tailored to tensoring
with the standard representation and to working within a fixed dominant
chamber, thereby avoiding wall-crossing phenomena. In order to describe
regions of stability for branching multiplicities, we also develop the notions
of fences and interleaving patterns, which encode the combinatorial structure
governing changes in multiplicity.

These notions will be used in the next section to state and prove the main
theorem, in which regions of stability for branching multiplicities are de-
scribed explicitly in terms of fences.

2.1. General Background. In this subsection, we temporarily assume
that G is of Harish-Chandra class. This assumption is made solely in order
to recall, in a concise form, the well-established theory of coherent continua-
tion due to Duflo, Jantzen, Schmid, Vogan, and Zuckerman. No new results

are proved under this assumption.

In the subsequent subsections, we abandon the Harish-Chandra class hy-
pothesis and consider general real forms of O(n+1,C). There we introduce
the notion of reduced coherent continuation, which is designed to capture
the parity conditions arising in branching laws.

Throughout the paper, all universal enveloping algebras are understood to
be taken over the field C. Accordingly, we write U(g) for the universal
enveloping algebra of the complexified Lie algebra gc, and denote its center

by 3(g).
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Let G be a linear reductive Lie group with Lie algebra g. Under this as-
sumption, G is of Harish-Chandra class, that is,

Ad(G) ¢ Int(gc).

Let jc be a Cartan subalgebra of gc, and let Wy denote the Weyl group of the
root system A(gc,jc). Then the Harish-Chandra isomorphism gives

HomC—alg(S(g)ac) = J(E/Wg? X¢ < §.

Let V' € M(G) be an admissible representation, and £ € ji:. The x¢-primary
component of V' is defined as the space of generalized y¢-eigenvectors:

(2.1) P:(V) = G (| Ker(z — xe(2))k.

k=12z€3(g)

Then V' admits a primary decomposition
V=EP(V).
£

By a mild abuse of notation, we denote by Pe: V' — P¢(V) the corresponding
projection.

Let V(G) be the Grothendieck group of M(G); that is, the abelian group
generated by elements X € M(G), subject to the relation X = Y + Z
whenever there exists a short exact sequence 0 - Y - X — Z — 0.

Definition 2.1 (Coherent continuation of representations, Duflo [2]). Let
G be a real reductive group of Harish-Chandra class. Fix a maximally split
Cartan subgroup J C G, and let Ay C J denote the lattice of weights of
finite-dimensional representations of G.

Fix a weight £ € j, and define
f—l—Af = {E—F)\:/\GAf},

where £ + X is understood as a formal sum, since the sum is only defined at
the level of differentials, i.e., & + d\.

A coherent family of virtual G-modules based on £ + Ay is a map
D:E+A = V(G)
satisfying the following conditions:

e For each A € Ay, the virtual representation ®(£+\) has infinitesimal
character £ 4 dX € j¢.
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e For any finite-dimensional representation F' of G, one has

PE+N@F= > @E+A+p) inVG).
HEA(F)

We recall some basic facts (cf. [13, Thm. 7.2.7, Cor. 7.2.27, Prop. 7.2.22]).

Fact 2.2. (1) (Schmid, Zuckerman) Let II € V(G) have infinitesimal
character {. Then there exists a coherent family based on £ + Ay
such that ®(§) = II.

(2) If £ is nonsingular, then the coherent family in (1) is unique.

(3) (Zuckerman [16]) If IT is an irreducible G-module with nonsingular
infinitesimal character, then ®(§ + \) is nonzero and irreducible for
all A such that £ 4+ dA lies in the same strictly dominant chamber
D(¢)s; cf. (2.5) below.

In Section 2.3, we introduce the notion of reduced coherent continuation
using only the standard representation of G C O(n + 1, C), which need not
be of Harish-Chandra class.

2.2. Some Conventions for G C O(n + 1,C). From now on, we assume
that G is a real form of O(n+1, C), or a finite covering thereof, and set

{n—l—lJ
ri= ,
2

the rank of G. Typical examples include G = O(p,q) or SO(p,q) with
p+qg=n+1, as well as G = O*(2m) or SO*(2m) with 2m =n + 1.

Let gc = o(n + 1,C) denote the complexified Lie algebra. Fix a Cartan
subalgebra with standard dual basis eq, ..., e.. We define

Ag:={feitej:1<i<j<riU{fe :1<i<r},

which coincides with the root system of gc when n is even. When n is
odd, the set Ag is obtained from the root system of gc by adjoining the

additional set
E={xe;: 1 <i<r}.

We adopt this convention throughout the paper, in particular for the notions
of nonsingularity and the dominant region D(§)s.
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Let Wg denote the corresponding Weyl group:
We =6, x (Z/27)".

Let 3(G) denote the subalgebra of the universal enveloping algebra U(g) of
gc consisting of the O(n+ 1, C)-invariant elements. When n is even, 3(G) is
a proper subalgebra of index two in 3(g). The projection onto the primary
component introduced in the previous section continues to be defined even
when G is not of Harish-Chandra class, by replacing 3(g) with 3(G).

Remark 2.3. Our main results are formulated in terms of 3(G) rather than
3(g). This choice allows us to formulate the translation principle for branch-
ing laws in a uniform manner, independently of the real form, including cases

where G is not of Harish-Chandra class.

The Harish-Chandra isomorphism yields a canonical bijection
(2.2) Homc_alg(3(G), (C) ~ C"/Wg,

normalized so that the infinitesimal character of the trivial one-dimensional
gc-module is represented by

Py = (34 755 =) mod W
For A = (\1,..., ), we define the stabilizer subgroup

Wy ={weWg:wh=\} C Wg.

Definition 2.4. A weight A is called nonsingular if Wy, = {e}. Equivalently,
A is nonsingular if and only if

(2.3) A 70 forl<a<r, Ao # Ny for a #b.

We define two norms on the space of weights by

T T 1/2
(2.4) A=l A= (Z A?) :
i=1 =1
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2.3. Reduced Coherent Family of Representations. In this subsec-
tion, we introduce the notion of a reduced coherent family of representations.
Compared with the classical notion of a coherent family (Definition 2.1), the

reduced version is characterized by the following three features.

First, the group G is not required to be of Harish-Chandra class. Second,
since no wall-crossing phenomena are involved, the parameter space is an-
alyzed in a refined manner within a single dominant chamber. Third, the
finite-dimensional representation F' used in the definition is restricted to the

natural (standard) representation.

The second condition suffices to formulate the translation principle for branch-
ing rules developed later in this paper, while the third condition captures

the parity conditions appearing in branching rules.

Let £ be a nonsingular weight. The set of roots integral with respect to £ is
defined by

R(&) :={a € Ag:{(a’,&) € Z}.
We say that £ is integral if R(§) = Ag.

Associated with &, we introduce the following choice of positive roots and

the corresponding open dominant chamber:
RY(€) :={a€Ag: (a",€) e N} 1,
(2.5) D(¢)s :=={n€jt: (n,a) >0 for all « € RT(£)}.

Remark 2.5 (Guiding convention on parameters). Throughout this paper, we
distinguish two roles played by infinitesimal characters. A fixed nonsingular
weight £ serves as a base point, which determines a dominant chamber and
the associated reduced coherent family. The symbol A denotes a wvarying
parameter in the affine lattice £ + Z", indexing individual members of this
family. All translation phenomena and stability results are formulated by

varying A while keeping the base point ¢ fixed.

Definition 2.6 (Reduced coherent family). Let £ be nonsingular, and set

(2.6) A() == (E+Z") N D(&)>.

A map
IT: A(§) — M(G)

is called a reduced coherent family if the following conditions are satisfied:
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e for every A € A(£), the object ITy has infinitesimal character A;
o for A, \+ee; € A(§) with 1 <i<rande € {+1,—1}, one has

Pyiee, I\ ® F) >~ Iy,

In the classical notion of coherent families, one considers tensor products
with arbitrary finite-dimensional representations of G, which leads to a fine
weight lattice. In the present setting, by contrast, we restrict attention
to tensoring with the standard representations F. As a result, the relevant
parameter lattice A(€) is coarser than the full weight lattice. This coarsening
naturally incorporates the parity conditions that arise in the formulation of
stability for branching multiplicities. Moreover, this reduced framework is
flexible enough to apply to groups G that lie outside the Harish-Chandra
class.

Associated with the standard representation, we define the following trans-
lation functors on the category M(G):

(2.7) TEE() 1= Pryee, (Pr(1) @ C"FY),

T

where e € {+1,—1} and 1 <i <.

With this notation, the second condition in Definition 2.6 can be equivalently
expressed as

(2.8) P (ITy) =~ Iy,
for any A\, N € A(&) satisfying |A — \'| = 1.

When G is of Harish-Chandra class, a reduced coherent family may be
obtained by restricting the parameter space of an ordinary coherent fam-

ily.

Proposition 2.7 (Case: G of Harish-Chandra class). Let G C O(n +1,C)
be a real form, or a finite covering thereof, and suppose that G is of Harish-
Chandra class.

Let J C G be a maximally split Cartan subgroup, and let A be the lattice
generated by the nonzero weights of the standard representation. Then there

is a canonical identification

(2.9) Zr ~ A C Ay.
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Let I € Irr(G) be an irreducible representation with nonsingular infinitesi-

mal character &, and let
O:(+ Ay — V(G)

be the unique coherent family passing through 11 at £&. Then the restriction
of ® to

A&) == (+Z")ND(&)>
defines a reduced coherent family passing through I1.

Proof. Viewing both lattices as subsets of J , we may regard A as a subgroup
of Ay. Moreover, the weights of J occurring in the standard representation
C™*! are uniquely determined by their differentials. With respect to the
standard basis {e;}1<i<, of j¢, the set of nonzero weights of the standard

representation is given by
E={te;:1<i<r}
It follows that A may be canonically identified with Z".

By Fact 2.2(3), the restriction of the coherent family ® to D ()~ takes values
in M(G) rather than in V(G). This completes the proof. O

The purpose of the following elementary example is to illustrate a phenom-
enon specific to reduced coherent families, which already appears in the
finite-dimensional setting. When n is even, the set of finite-dimensional rep-
resentations decomposes into two distinct reduced coherent families, whereas
in the odd-dimensional case, the generic part (corresponding to A\, # 0)

forms a single reduced coherent family.

This distinction reflects the fact that reduced coherent families incorporate,
in an intrinsic way, the parity conditions that arise in branching laws. As
will be made precise in the stability theorem below, this feature provides
the appropriate framework for describing translation-invariant multiplicity
phenomena. In particular, in the Harish-Chandra class and for even n, it
explains the decomposition of G into two components at the level of reduced

coherent families.

Example 2.8 (Finite-dimensional case). (1) Let G = O(2r + 1). In this
case, G is of Harish-Chandra class, and Proposition 2.7 applies. Any irre-
ducible representation II of G remains irreducible upon restriction to the
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subgroup SO(2r + 1), and the element —I5.41 acts by a scalar, equal to
either 1 or —1.

We denote such a representation IT by F&(u). if the highest weight of
Hlso@r+1) i ¢ = (p1,- -, pr), and —Iz.11 acts by the scalar

e(—1)2imih e {1,-1}.
Let p := (r—%,...,%,%),and define

A={re(Z+) n>n> > A >0)
Then, for each € € {1, —1}, the map
d.: A= M(G), A= F9\—p).
defines a reduced coherent family, and one has

(131(/\) U (13_1(1\) = é

(2) Let G = O(2r). For each p = (p1,...,pp) € Z" with g > -+ > p, > 1,
there exists a unique irreducible finite-dimensional representation Il of G

such that the restriction to SO(2r) decomposes as
|50 = F5O) (u) & FO (1)),

where
/

po= (s 15 — i)

We denote this representation IT by F&(y).

Let p:=(r—1,...,1,0), and define
A={XN€Z : X1 > >~ >\ >1}.

Then the map
d:A - M(G), A= FS\—p)
defines a reduced coherent family. In this case, ®(A) does not include repre-

sentations with A\, = 0, equivalently u, = 0, and thus forms a proper subset
of G.

Remark 2.9. The nonvanishing of the multiplicity when pu, = 0 can be
derived from the case where p, > 0 by Proposition 3.6.
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2.4. Multi-Signatures, Fences and Interleaving Patterns. In this sub-
section, we introduce two key notions that will play a central role in the
statement of the main theorem in the next section: the multi-signature,
which encodes the relative position of infinitesimal characters for two groups,
and the associated fences, which describe the loci where multiplicities may
change.

Let r and s be positive integers, and let A € C" and v € C*. We denote by
P (A, v) the set of triples (i,7,d) with 1 <i<r, 1<j<s,and § € {+,—}
such that
Ni+0v; €L+ 3.
Note that
P\ v)="P,v) whenever A\ — ¢ € Z'.

We define the associated multi-signature by

(2.10) sgu(A,v) = (sgn(hi +15)) ;i 5)ep )

Definition 2.10 (Fences and interleaving patterns). Let £ € C” be a non-
singular weight, and let v € C°. A fence is a hyperplane in the (A, v)-space

defined by
G+ovj=35 or —3,

for some (i,7,d) € P(&,v). We say that (§,v) is away from fences if
&+ ovj ¢ {%, —%} for every (i,7,9) € P(§,v).
If the pair (&, v) is away from all fences, we define the interleaving region by

(2.11) D(&,v) :=={X € A(&) : sgn(\,v) = sgn(&,v)}.

Note that the region D(&,v) C A(§) can be described explicitly by a sys-
tem of inequalities expressing the relative ordering of the quantities A; and
+v;. Such a description corresponds to an interlacing, or more generally an
interleaving, pattern between the coordinates of A\ and those of v.

Under the assumptions of the definition, for each (i, j,d) € P(£,v) the quan-
tity & +0v; is a half-integer that is distinct from j:%. Consequently, its sign
is stable under shifts by j:%, and one has

sgn(& + dvj) = sgn(& + dvj + %)
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3. MAIN REsuLTS: G | G’

This section contains the main results of the paper. We develop a new con-
ceptual approach to the study of branching multiplicities, with particular
emphasis on stability phenomena under translation of infinitesimal charac-
ters.

Our primary object of study is a pair of real reductive Lie groups
G>OG,

where (G,G’) is a real form of (O(n + 1,C),0(n,C)), or a finite cover-
ing thereof. Typical examples include the symmetric pairs (O(p, q),O(p —
1,q)), as well as the rank-one cases (SL(2,C),SL(2,R)) and (SL(2,R) x
SL(2,R),SL(2,R)).

We establish a translation principle for the branching law
GlG

within a unified framework. More precisely, working within the framework
of reduced coherent families, we show that branching multiplicities are lo-
cally constant on convex regions of infinitesimal characters determined by
interleaving conditions. This result is formulated in Theorem 3.1 purely in
terms of infinitesimal characters, and applies simultaneously to finite- and
infinite-dimensional representations, independently of the choice of real form
of the pair (G,G").

The stability phenomenon underlying this translation principle is a conse-
quence of Theorems 3.2 and 3.3, which constitute the main technical results
of this paper. These theorems provide explicit conditions on pairs of 3(G)-
and 3(G’)-infinitesimal characters that guarantee the nonvanishing of sym-
metry breaking operators after translation.

3.1. Stability Theorems of Multiplicities. The following theorem as-
serts that branching multiplicities are locally constant on regions determined
by interleaving conditions.

Theorem 3.1 (Stability of multiplicities). Let G D G’ be a real form of
(O(n+1,C),0(n,C)), or of a finite covering thereof.

Let & be a nonsingular weight, and let 7 € M(G') have 3(G')-infinitesimal
character v such that (§,v) is away from fences. Let {IIx}xeae) € M(G) be
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a reduced coherent family (Definition 2.6). Then the branching multiplicity
[IIx|g : 7] is constant for all A € D(&,v); see Definition 2.10.

In particular, branching multiplicities may vary only across the boundaries
of D(&,v), namely the fences.

3.2. Universal Scalar Identities for Symmetry Breaking Operators.

Set,
{n+ 1J VLJ
o= , s:=|=1,
2 2

which are the ranks of G and G/, respectively. Let F = C"*! denote the
standard representation of G, and let I/ = C denote the space of G’-invariant

vectors. We write
(3.1) prp_p: F— C, tprsp: C— F

for the natural projection and embedding, respectively.

Theorem 3.2 (Universal scalar identity). There exist rational functions
Cie(Nv), 1<i<r e€{+, -},

depending only on the parameters A = (A1, ..., \p) andv = (v1,...,vs), with
the following property.

LetI1 € M(G) be a representation with nonsingular 3(G)-infinitesimal char-
acter X, and let 1 € M(G") be a representation with 3(G')-infinitesimal
character v. Assume that

e 2\, + e # 0 when n is even;

o The 3(G)-primary component Pxice, II® F) is a genuine eigenspace
for the action of 3(G).

Let T : 11 — 7 be a symmetry breaking operator. Then C;(\;v) is reqular

at (\,v) and one has
(T ®@prp_ypr) © Payee, 0 (idn @uprp) = Cie(Asv) T
Finally, the functions C;c(\;v) are universal in the sense that they depend

only on the infinitesimal characters X and v, and are independent of the

choice of real forms (G,G') as well as of the representations I and 7.
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Next, we give an explicit determination of the rational functions appearing
in the universal scalar identity.

For 1 < i < r, we define polynomials ¢;.(\) in the variables Ay,..., A,
by
26 N [T = X))+ X)), ifn=2r—1,
1<j<r
(32)  wic(\) = 7
) @A+ N [T Q= AN +2A), ifn=2r

1<j<r

J#
We also introduce polynomials g¢;.(A\,v) in the variables Aq,..., A, and

Vi,..., Vs, fore € {+,—} ={1,—1} and 1 < i < r, defined by

5)\]:[ —vj+3e)Ni+vj+3e), ifn=2r—1,
(3.3)  gie(\v)=

H()\i_yj+%5)()\i+yj+%€), it n = 2r.
j=1

Theorem 3.3 (Explicit formula for the universal constants). The rational

functions C; (\;v) appearing in Theorem 3.2 are given explicitly by

gi,s()‘7 V)
‘Pi,s()‘)

Here ¢;c(\) denotes the polynomial defined in (3.2), which is nonvanishing

(3.4) Cie(Nsv) =

under the assumptions of Theorem 3.2.

As a consequence of Theorems 3.2 and 3.3, we obtain the following re-
sult.

Theorem 3.4. Let IT € M(G) have a nonsingular 3(G)-infinitesimal char-
acter X, and let 7 € M(G') have 3(G')-infinitesimal character v. Let
T: 11 — 7 be a symmetry breaking operator.

Fiz e € {+,—} and an index 1 < i < r. Assume that the 3(G)-primary
component Pyic.,(I1® F) is a genuine eigenspace for the action of 3(G). If

(3.5) Ni+ied {Lv;:1<j<st (U{0} when n is even),

then the operator

T®pre p
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does not vanish on the primary component

Priee,(IL® F) = ¢35 (10).

Proof of Theorem 3.4 assuming Theorems 3.2 and 3.3. The assumption (3.5)
implies that g; (A, v) # 0. The conclusion therefore follows immediately
from Theorems 3.2 and 3.3. ([

Remark 3.5. As will be clear from the proof given later, the second as-
sumption in Theorem 3.2, as well as the assumption in Theorem 3.4, can
be relaxed to the requirement that the Casimir element co act by scalar
multiplication on the 3(G)-primary component Py ., (II ® F).

3.3. Proof of the Stability Theorem. In this subsection, assuming Theo-
rems 3.2 and 3.3, we complete the proof of the stability theorem for branch-
ing multiplicities. More precisely, since the first implication has already
been established, the argument reduces to the following chain of implica-

tions:
Theorems 3.2 and 3.3 = Theorem 3.4 = Theorem 3.1.
Thus, the proof of Theorem 3.1 ultimately rests on the universal scalar

identities established in Theorems 3.2 and 3.3. After this subsection, the
remainder of the paper is devoted to the proofs of these two theorems.

Accordingly, we focus here on the final step, namely the implication
Theorem 3.4 = Theorem 3.1.
To this end, we first prepare a pair of auxiliary lemmas.
Recall that {e;}1<i<, denotes the standard basis of Z", and
E={te;:1<i<r}cCz.
Proposition 3.6. Let II € M(G) have a nonsingular 3(G)-infinitesimal

character A\, and let 1 € M(G') have 3(G")-infinitesimal character v. Let
N e C" satisfy N — X € &.

(1) Assume that X\ satisfies (3.5) and that the 3(G)-primary component

Py(II® F)
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is a genuine eigenspace. Then one has

W})\/(HMG/ : 7T] > [H|G’ Z7T].

(2) Assume further that
P\(Py(T® F)® F)
is a genuine eigenspace of 3(G). Then
[Vx o (Mg : 7] =[x ()], = 7).
Proof. Since N = X\ + ee; for some 1 <i <r and ¢ € {+,—}, we may apply
Theorem 3.4. It follows that the map
HomG/(H|G/,7r) — Hom¢y (P)\/(H & F)|G,,7T),
given by
T+ (T ®prp_,p)o Py,
is injective.
By definition (2.7), we have 9} (II) ~ Py (Il ® F). This proves the first
inequality.
For the second inequality, we interchange the roles of II, A, and € with those
of Py(II), N, and —e, respectively. Then
Ni+ %(—6) =N+ %E,
so that the assumption (3.5) remains valid. The second inequality therefore

follows by the same argument. O

The following lemma relies on the convexity of D(&,v). In particular, any
two elements in the interleaving region D(&,v) can be connected by a path
consisting of unit steps in the lattice & 4+ Z".

Lemma 3.7. Let £ be a nonsingular weight, and suppose that both (§,v)
and (\,v) belong to D(&,v). Then there exists a sequence

\Degrz,  j=0,1,...,N,
such that
2O = ¢ AV =\, A0 —2\G-D ¢ g,

and
(A9 vy e D(E,v) forall1<j<N.



STABILITY OF BRANCHING MULTIPLICITIES 21

Proof. The existence of a sequence {)\(j)}ogjg N as in the statement de-
fines an equivalence relation on the set of nonsingular dominant elements in
A) = (E+Z") N D(€)>; see (2.6). We prove the lemma by induction on
the norm |\ — ¢|, defined in (2.4).

Assume that [A—¢&| > 1. Then there exist an index 1 <i < rande € {+,—}
such that

(A +eei) =&l < [A=¢l.

The region D(§,v) is defined by linear inequalities in A, including both
the interleaving condition sgn(A,v) = sgn(&,v) (Definition 2.10) and the
dominance condition defining D(§)~. Hence these inequalities are preserved
under the move A — A + ge; whenever they hold for both A and £. Indeed,

)\i 2 ()\"1'56@)1 2517 ifE:_a
A < ()\ + 661')1' <¢, if e =+.
Therefore, A + ce; € D(€,v).

The assertion now follows by induction. O

Proof of Theorem 3.1 assuming Theorem 3.4. By Lemma 3.7, it suffices to
prove Theorem 3.1 in the case where A — & € £. In this situation, we have

Ge(l) ~T0y, f(Iy) ~ I,
since IT: D(§)s — M(G) is a reduced coherent family. Therefore, all the
assumptions of Proposition 3.6 are satisfied, and hence
)| = ] = [He|gr = 7).

This completes the proof of Theorem 3.1. ([l

The remaining part of the paper is to give a proof of Theorems 3.2 and 3.3
based on Theorem 4.1.

4. PROJECTION BY POLYNOMIALS OF THE CASIMIR OPERATOR

This section constitutes the first step in the proof of Theorems 3.2 and 3.3.
Although translation functors for higher-rank groups G are in general highly
nontrivial, the key observation in the present setting is that their effect can
be controlled solely through the action of the Casimir element. The goal of
this section is to establish this reduction, which allows us to bypass the full
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complexity of translation theory and to deduce the relevant properties from
the spectral behavior of the Casimir element.

4.1. Projection by a Polynomial of the Casimir Element. Let g =
o(n+ 1), and define elements X;; € g by

(41) Xij = Eij_Ejia ng#] <n.
We fix the normalization of the Casimir element cg by

(4.2) cGg = — Z XZQJ

0<i<j<n
On the standard representation F' = C"*!, the Casimir element cg acts by
the scalar n. More generally, if II € M(G) has 3(G)-infinitesimal character

A, then cg acts on II by the scalar || A2 — ||pg]1°.

The set of weights of F' in ji. is given by

A(F) = &, if n is odd,
EU{0}, if nis even,

where £ = {£e; : 1 <i <r}.

For 1 <i<rand e € {+,—}, we introduce a 3(G)-valued polynomial in A
by

. 1
(4.3) n= T sea = A+ ul® + llpgl?) € 3(G)[N.
pEA(F)\{ees}

4.2. Separation of Eigenvalues by the Casimir Operator. We recall
that r = VTHJ is the rank of G. Although the center 3(G) is generated
by r algebraically independent elements, a single central element—namely,
the Casimir element cg—is sufficient to separate distinct infinitesimal char-
acters in the tensor product representation II ® F when F' is the standard

representation.

This observation leads to an explicit identity governing symmetry breaking
under translation, which is formulated in Theorem 4.1 below. Our main
results—Theorems 3.2 and 3.3—are derived from Theorem 4.1; see Sec-
tion 4.4.

Recall from (3.3) and (3.2) the definitions of the polynomials g; - (), v) and
©ie(A), respectively.



STABILITY OF BRANCHING MULTIPLICITIES 23

In the following statement, we do not assume that the Casimir element cg
acts on Py, (I ® F') by scalar multiplication.

Theorem 4.1. Let IT € M(G) have 3(G)-infinitesimal character X, let
m € M(G') have 3(G')-infinitesimal character v, and let T: 11 — 7 be a
symmetry breaking operator. Then, for any e € {+,—}, any 1 <i <r, and
any N € Ny, one has

(4.4) (T @prp_pm) o (03N o (idn @prr) = (NN g (A v) T

In particular, in the case N = 1, the formula simplifies to:
(4.5) (T @pryp_ ) 0 $3* o (idn @t p) = gic(A, )T

4.3. Translation Functors Using Only the Casimir Operator. For
1 <i <7, we define a homogeneous polynomial of degree 2r — 1 by
1<j<r
J#i
By definition, h;(\) # 0 if X is nonsingular (see (2.3)), and the polynomials
©ie(A) in the variables Aq,..., A, defined in (3.2), are expressed as

Pie(A) =

2e hi(N), ifn=2r-1,
(2X\i +¢) hi(A), ifn=2r.

We recall from (2.1) that P, denotes the projection operator onto the 7-
primary component. Under a mild assumption, the action of (;Sfrsei €
3(G)[A] on I ® F' coincides, up to a scalar factor, with the projection oper-

ator Pyce,-

Proposition 4.2. Suppose that Il € M(G) has 3(G)-infinitesimal character
A, and assume that all generalized eigenspaces of 3(G) in II® F are genuine

eigenspaces. Let ¢ € {+,—} and 1 < i < r. Then the following identity
holds in End(Il ® F'):

¢§+Eei = (pi,6<)\) P/\Jreei-

Proof. The tensor product representation II® F' has finite length and there-
fore admits a primary decomposition:

(4.7) NeoF= @ P{O®F) inM(G).
TEA(F)
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By assumption, each generalized eigenspace P, ,(Il ® F) is in fact an

eigenspace of the Casimir element cg, with eigenvalue [|A + 7|2 — || pg]|?

for all 7 € A(F).

Hence, the Casimir element cg acts on Py, (II® F') by scalar multiplication
with ||[A+ 7% — [|pg]|?. It then follows directly from the definition (4.3) that
<Z>:\\+Eei vanishes on all (A 4+ 7)-primary components except when 7 = ce;.

To compute the action of qﬁiﬁe" on the remaining component Py .., (II® F),

set
== {—1,1} X {1,2,...,r}.

Suppose that 7 € A(F) \ {ee;}. Then either 7 = be; for some (b,j) € =\
{(£,1)}, or 7 = 0 when n is even. Tt follows that ¢3 = acts on Py, (1T F)
by the scalar

(eXi — bAj), if n is odd,
(b,5)€EN{(e,)}
(eNi+3) 11 (eXi = bA;), if nis even.
(0.5)€E\{(e,)}

This scalar agrees with ¢; (A) by definition (3.2). This completes the proof
of Proposition 4.2. O

The assumption in Proposition 4.2 that all generalized eigenspaces of 3(G)

in II ® F are genuine eigenspaces can be relaxed as follows.

Proposition 4.3. (1) Suppose thatII € M(G) has 3(G)-infinitesimal char-
acter X. Then, for any sufficiently large integer N, the operator (¢§+E€i)N
maps IIQ F into the primary component Pyice,(IIQF), for every e € {+, —}

and 1 <i<r.

(2) Let € € {+,—} and 1 < i < r, and suppose in addition that the
Casimir element cg acts by scalar multiplication on the primary component
Pyice,(Il ® F). Then, for any sufficiently large integer N, the following
identity holds in End(Il ® F'):

(¢§+aei)N = Soi,s(A)N Price;-

Remark 4.4. If II € Irr(G), one may take N = n + 1 in Proposition 4.3.
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A central feature of Proposition 4.3 is that, despite the higher rank of the
group G, the Casimir operator alone suffices to separate the primary com-
ponents of II ® F.

Proof of Proposition 4.3. Since Il ® F' is a G-module of finite length, there
exists ¢ € N such that, for every 7 € A(F'), the primary component (see
(2.1)) associated with the 3(G)-infinitesimal character A + 7 is given by
¢
k
Py-IIoF)=J m Ker(z — xat-(2))".
k=12z€3(G)

It follows that, for any integer N > ¢, the operator

(¢§+66i)N

annihilates each summand Pyi,(Il ® F') whenever 7 = be; with (b, j) €
=\ {(g,7)}, or 7 = 0 when n is even, as already shown in the proof of
Proposition 4.2.

On the other hand, by assumption, the Casimir element cg acts by scalar

multiplication on the remaining primary component

Prjee; [T F)

in the primary decomposition (4.7). Therefore, the operator (¢§+Eei)N acts

on Py ., (Il ® F) by scalar multiplication by ¢;-(\)", as computed in the
proof of Proposition 4.2. O

Corollary 4.5. Suppose that Il € M(G) has a nonsingular 3(G)-infinitesimal
character \ (see (2.3)). Lete € {+,—} and 1 < i <r, and suppose in addi-
tion that the Casimir element cq acts by scalar multiplication on the primary
component Py yce,(IIQF). Assume moreover that 2)\;+¢ # 0 when n is even.
Then the projection operator Pxic., can be realized as a scalar multiple of
(¢i+aei)N for sufficiently large N.

In particular,
(XN M@ T = g tee (),

where wi‘+€ei denotes the translation functor defined in (2.7).

Proof. Under the assumptions, we have ¢; .(\) # 0. The assertion follows
immediately from Proposition 4.3(2). O
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4.4. Reduction Step: Proof of the Theorems. The proof of Theo-
rem 4.1 will be given in Section 6.2. In the present subsection, we establish
the first implication in the following chain; the remaining implications have
already been proved in the preceding sections:

Theorem 4.1 = Theorems 3.2 and 3.3 =— Theorem 3.4 —> Theorem 3.1.

Proof of Theorems 3.2 and 3.3 assuming Theorem 4.1. The regularity assump-
tion on A guarantees that the polynomial h;(A) defined in (4.6) does not
vanish. Hence, the nonvanishing of ¢; .(A) follows from its defining equa-
tion (3.2), together with the additional assumption that 2A; + ¢ # 0 when

n is even.

By Proposition 4.3(1), the operator ((bi—"aei)N’l maps [IQF into the primary
component Py .., (Il ® F) for all sufficiently large N. By assumption, the
Casimir element cg acts on this primary component by scalar multiplication.
Applying Proposition 4.3(2), we obtain

(¢i+€ei)N = @i,a(/\)NPA-&-eei in End(Il® F).

Substituting this identity into the conclusion of Theorem 4.1, we obtain

Sﬂi,s()\)N(T ® er%F’) 0 Pyyee,; © (idn ®LF’—)F)

=(T®prp_pm)o( :\\Jrsei)N o (idn ®tp/ - r)

= 01N g (A 0) T
Since @; () # 0, this yields the desired formula

. ie( AU
(T prp_ypr) © Prsce, o (idn @) = 2200
Pie(N)

5. CONSTRUCTION OF G’-INVARIANT ELEMENTS IN U(g)

The proof of Theorem 4.1 is completed in the following sections. In the
present section, we carry out the first step by constructing explicit G'-
invariant elements in the universal enveloping algebra U(g) that arise from
the diagonal action of powers of the Casimir element.

For a branching problem G D G’, the algebra U(g)®" acts naturally on the
space of symmetry breaking operators. To establish the universal scalar
identities required in Theorem 4.1, one is therefore led to construct explicit
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G’'-invariant elements in U(g). Such invariant elements are constructed in

Proposition 5.5.

5.1. Generalities: U(g)? and U(g)®. Let gc = o(n + 1,C) and gy =
o(n,C). As throughout the paper, all universal enveloping algebras are
taken over C, and we write U(g) for U(gc).

We denote by U(g)® the subalgebra of g-invariant elements of U(g), and by
U(g)“" the subalgebra of G- = O(n, C)-invariant elements. This definition
ensures that U(g)¢" is independent of the choice of real form or covering of
the subgroup G’.

Accordingly, one has the natural inclusions

3(G)C 3(g),  3(G)C3y), U cU?.

The algebra U(g) carries its standard increasing filtration {Uy,(g)}m>0,
where Up,(g) is spanned by products of at most m elements of g. The
multiplication map induces, for any a,b € N, a morphism

(5.1) Ua(9) @ Up(9) — Uats(9),

which is compatible with this filtration. All degree statements in this section
are understood with respect to this filtration.

This filtered structure will be essential in controlling the degree of explicit
Gl-invariant elements constructed below, and in establishing the polynomial
degree estimates that appear in the universal scalar identities proved in later

sections.

The following lemma summarizes the structure of U (g)Gl and refines clas-
sical results of Cooper [1] to the group-invariant setting, including the dis-
connected case.

Lemma 5.1. The multiplication map (5.1) induces the following commuta-

tive diagram, in which the vertical maps are isomorphisms:

(5.2) 3(G) ® 3(G") C  3(g) ®3(d)
£ |
U(g)? C U(g)®

Moreover, these isomorphisms are compatible with the filtrations induced
from the standard filtration of U(g). More precisely, for any a,b € N, the
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restriction of the multiplication map induces an isomorphism

3a(8) ® 3u(g") = U(9)2,,
Proof. The assertion for U(g)? is classical; see [1]. The only additional point
concerns the disconnectedness of the group G- = O(n,C).

We observe that the multiplication map (5.1) intertwines the diagonal action
of G¢ on U(g) ® U(g) with the adjoint action of G¢ on U(g).

Define
(5.3) gn = diag(1,1,...,1,-1) € Gc = O(n+ 1,C).

Since U(g)“" coincides with the Ad(g,)-fixed subalgebra of U(g)®, the claim
follows by taking invariants.

Since Ad(g,) preserves the subalgebra g’ C g, it stabilizes the subalgebras
3(g), 3(¢), and U(g)¥ C U(g). Thus, the bijection

(54) w: 3(9) ®3(a") — Ule)®
is Ad(gp)-equivariant.
We now distinguish the argument according to the parity of n.

If n is even, then 3(G) = 3(g). Hence, the bijection w in (5.4) induces an

isomorphism
(5.5) 3(6)®3() > Ule)"

Moreover, Ad(g,) acts trivially on 3(G). Taking Ad(gy)-fixed vectors, the
isomorphism (5.5) yields the left-hand vertical bijection in (5.2).

If n is odd, then 3(G’) = 3(g’). In this case, @ induces an isomorphism
(5.6) 3(0) @3(G") = U@)”

Since Ad(gy,) acts trivially on 3(G’), taking Ad(gy,)-invariants in (5.6) yields
the left-hand vertical bijection in (5.2).

The compatibility with the filtrations follows immediately from the defini-
tion of the standard filtration and the multiplicativity property (5.1). U

Lemma 5.1 yields the following generalization of the Harish-Chandra iso-

morphism. Let

(5.7) W =6, x (Z/22)",  Weg = 6, x (L/27)°,
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where r = VTHJ and s = | §| are the ranks of G and G’, respectively.

Lemma 5.2. For any pair (\,v) belonging either to
Homc_ai4(3(g), C) x Home_444(3(g),C) ~ C"/Wy x C°/Wy,

or to

2

Hom(C—alg(B(G)a (C) X Homc_alg(S(G'),(C) ~ (CT/WG X CS/WG/,
there exists a unique algebra homomorphism
Xaw: U(g)gl — C, or respectively XAt U(g)G/ — C,

such that the following diagram is commutative, where the left-hand (resp.

right-hand) square corresponds to the Lie algebra (resp. group) invariant

3(g) ® 3(¢") 3(G) ® 3(G")
iz \ iz \
U(g)® ——~C U(g)? ——~C

Proposition 5.3. Let G D G’ be a real form of (O(n+ 1,C),0(n,C)), or
a finite covering thereof. Let II € M(G) have 3(G)-infinitesimal character
A, and let 1 € M(G') have 3(G')-infinitesimal character v. Then the alge-
bra U(g)®" acts on the space Home (IT|qr, ) wia the character x»,,. More
precisely, for any symmetry breaking operator T: 11 — w, one has

T(d(D)u) = x»,(D)T(u), well, DeU(g)?.

Proof. By Lemma 5.1, we may write D = w(zi zi ® z;) for some z; € 3(G)
and z] € 3(G’). Since T intertwines the G'-actions, it follows that

T(dI(D)u) = Zdﬂ(%) T (dll(zi)u) = ZXA(Zi) X (27) T'(w).

By the definition of x ,, this equals x ., (D) T (u). O

5.2. Constructing Explicit Elements in U(g)®". Asshown in Lemma 5.1,
every element of U (g)Gl can be expressed as a linear combination of elements
of the form wv, where u € 3(G) and v € 3(G’). In concrete situations, how-
ever, it is often not transparent how to verify whether a given element of
U(g) actually belongs to U(g)%".
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The main result of this subsection is Proposition 5.5, which provides an
explicit construction of elements in U(g)®" without recourse to the centers
3(G) or 3(G"). This proposition plays a crucial role in the proof of Theo-
rem 4.1.

Recall from (4.1) that X;; = Ej; — Ej; € gc = 0o(n+1,C) for 0 <i # j <n.
With our conventions, X;; € g = o(n, C) whenever 1 <i# j <n.

We introduce elements AXY), B](N) € Un(g) (1 <j <mn), defined inductively
by

AW .= 0, B .= Xoj-

(58) N+1 Z XkO 7

(5.9) BNY = XA(+Z&ﬁm

These elements naturally occur in the analysis of powers of the Casimir
element and will be essential in Proposition 6.1. For small values of N, they
take the following explicit forms.

Example 5.4. For small values of N, the elements AN) and B](N) defined
above are given explicitly as follows:

= Z XaOXOm
a=1

n
Xa0X0a+ZZXb] abXOm
a=1 a=1b=1

A(4) = <Z Xb0X0b> (Z Xa0X0a> + Z Z Z XCOXbc abXOa'

b=1 a=1 a=1b=1c=1
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1 {4
We now set D§ ) = Xjo. For £ € N4, we define elements C+D) DJ(. )

DAY inductively as follows:

, and

o+ .— Z Z X0 Xj1joXo0j, € Upy1(g),

J1=1 Je=1
n n
l
(5.10) DJ( ) = Z s Z Xi4710 S XigigXilingil S Ug(g),
=1 ip_q1=1
n
Y4 N
(5.11) PN =3 DYBWY € Upyn(a).
j=1

These definitions admit a convenient symbolic interpretation in terms of
directed paths with ¢ arrows:

CO: 000 o---0¢0,
D](-E): O o000 -0+ j
The main result of this section is the following proposition, whose proof will

be given in the next subsection.

Proposition 5.5. For any { € N, the elements AO, CHD)  gnd DON
belong to U(g)“" .

5.3. Proof of Proposition 5.5.

5.4. Proof of Proposition 5.5. This subsection is devoted to the proof of
Proposition 5.5.

We first record several identities relating A oW+ and DEN.

Lemma 5.6.

n

oy — pbl — Z D§€)X0j7
j=1
/+1 - YA
Dt =3 D Xy,

<
Il
i

DZ,N — C(f-l—l)A(N—l) + DK—&-LN—I‘

Proof. The first two identities follow directly from the definitions of C'¢+1),

DJ(-Z), and DN,
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To prove the third identity, we substitute (5.9) into (5.11) to obtain

n n n
4
DN =3 DI X AN-D 1 35 Dl x BV
j=1 j=1k=1
n

_ o) 4 Z":(Z D) BV,

]:

—_

(4+1)

By the second identity, the inner sum equals D, ", and therefore

PLN — (t+1) 4(N=1) ZD(€+1)B(N 1 _ = ) g(N=1) | pHLN-1,
k=1

This completes the proof. O

In the proof below, we frequently use the following basic formula for the Lie
bracket in 0,11:

(5.12) [Xab, Xij] = 5biXaj + 5ijm + 5ainb + (5an{,¢.

Lemma 5.7. Let 1 < a,b<n,1<j<n,and? € N,. Then the following

commutation relations hold:

(5.13) [Xap, AD) =0,

(5.14) [Xap, BY) = 6B — 5,8,
(5.15) [Xap, DY) = =04 D} + 6, D1,
(5.16) [Xap, DN = 0.

Proof. We divide the proof into several steps.

We begin with the simplest case, namely the identity (5.15) for DJ@, which

is proved in Step 1. The identity (5.14) for B](Z) is proved by a double
induction: first

AY ana BV = BYY
in Step 2, and then
BJ@ = A0

in Step 3. Finally, the remaining assertion (5.16) is proved in Step 4 using
(5.14) and (5.15).

Step 1. We prove (5.15) for D](.Z) by induction on £.
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For ¢ =1, we have D(-l) = Xjo. It follows immediately from (5.12) that

[Xab7 D(l)] - 6bj ald — 6a]Xb0 - _5ajD(1) + (5 D(l)
Assume that (5.15) holds for DJ(-E). From the definition (5.10), we have
n
DY =3 DVxy;.
J=1

Therefore,

n

(¢ of
[Xab ,D ) = [Xaw, D ng + ZD Xabs Xij)-
7=1 7j=1

By the induction hypothesis and (5.12), the right-hand side equals
Zn: 5a]D + 6p; Dy, DY) ) Xk + Z D ® 5kaaj + 0pj Xka + 0k Xjp + 0aj Xok)-
J=1 j=1
Collecting terms, this simplifies to
S zn: DY Xaj — bu an D Xy = 6, DY — 6,4 DY,
— ot
Thus (5.15) holds for DJ(-ZH), completing the inductive step.

Step 2. We prove (5.14) for B](-Hl) under the assumptions that (5.13) holds

for A®) and (5.14) holds for B](K).
By the definition (5.9) of Bj(-Hl), we have

[Xaby B ] = [Xap, Xoj] A® + Xo;[Xop, A

-+ Z[Xaba ij] B,(f) + Z ij [Xaba B,(f)]
k=1 k=1

By the inductive hypothesis, the second term vanishes, and the fourth term
equals XbJB( ) — Xq B(Z)

On the other hand, a direct computation using (5.12) gives

(first term) = 6; X0a A + 6,5 X0 A®,

(third term) = Xo;BO 1 X,BO 1 6y S XpaBO 150y S X BY.
k=1 k=1
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Combining these expressions, we obtain

[Xab, B](-ZH)] =04 (XboA(f) + Z kaB](f)>5bj (XOaA(Z) + Z XkaB}(f))
k=1 k=1

— — 54 B 4+ 5, B,

where the last equality follows from the definition (5.9) of BYtY.

This completes Step 2.

Step 3. We prove (5.13) for A and (5.14) for BJ@ by induction on /.

We first verify the assertions for £ = 1.

Since A1) = 0, the relation (5.13) for A is trivial when ¢ = 1. Moreover,
since Bj(l) = Xo;, it follows from (5.12) that

[Xap, BY"] = 03 Xa0 — 0aj Xoo = 0 BSY — 605 B},

which proves (5.14) for BJ@ when ¢ = 1.

Next, assume that the assertions of Step 3 hold for ¢ — 1. Then (5.14) for
B](-E) has already been established in Step 2.

It remains to prove (5.13) for A®). By the definition (5.8) of A®), we have

n

ab, Z avakO B(E b + ZXkO abaB](f 1)]
k=1 k=1

Using (5.12) together with the inductive hypothesis (5.14) for B,(f*l), we
compute

(ﬁrst term) = Z(&kaao + 5akXOb)B(Z 1) XaOBISE—l) + XObB(SK_l)7
k=1

secod erm) = 3° o B0 — BB = X5 — Koo
k=1

Therefore, the two terms cancel each other, and we conclude that
[Xap, A =0

This completes Step 3.
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Step 4. We prove (5.16) for DV using (5.14) for B](N) and (5.15) for D§K).
By the definition (5.11) of D%N, we have

n
J4 N
[Xap, DN] = 3 [Xo, D] B
j=1 7j=1

Using (5.15) for [Xab,D](-e)] and (5.14) for [Xab,Bj(N)], we obtain

[Xap DN = 3 (=04;Dy” + 6, D) BN + 3" D (8, BN — 6,;B5™)).
j=1 =1

Simplifying, this becomes

D08+ DB + (DB DB =0
This completes the proof. O
Note that the subalgebra of Ad(g,)-invariant elements in U(g)? coincides
with U(g)®’, where g, = diag(1,1,...,1,~1) € G C G¢ is as in (5.3). We

now show that A®, ¢+ and DN are invariant under Ad(g,).

Lemma 5.8. For any £ € Ny, one has

(5.17) Ad(g,)A® = A®),
() o
B
(5.18) Ad(g)B =37, iri#mn,
() o
¢ D; if j #n,
(5.19) Ad(gn)DY" = { 7

D\ ifj=mn,
Ad(ga)D™N =DV, Ad(g,) D = O,
Proof. Using the formula

—-X;; ifi=norj=mn,

Ad(gn)Xij = _ o
Xi; if0<4,5<n~—1,
the identity (5.19) for D](.e) follows directly from its definition (5.10).

We next verify (5.17) and (5.18) for A®) and BJ@ by induction on ¢. For
¢ =1, the claims hold since AN =0 and BJ(-I) = Xo;.
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Assume that (5.17) and (5.18) hold for a given ¢. Rewriting (5.8), we have
n—1
AED = x,0BO + 37 X408,
k=1

Then (5.17) for AUV follows immediately from (5.18).
Similarly, rewriting (5.9) yields
n—1
Bj(e+1) = X0 AY + X,,,BY) + Z ijBz(f)'
k=1

The transformation rule (5.18) for B](-EH) then follows from (5.17) and (5.18)
for A and B](-e). Thus (5.17) and (5.18) hold for all ¢.

Finally, rewriting (5.11) as

0N 0) p(N (6) g(N)
DN = DB + 3 DB,
j=1
the invariance of D%V follows immediately from (5.18) and (5.19). O

Proof of Proposition 5.5. By Lemma 5.7 together with the first formula in
Lemma 5.6, we have

AO oD DEN ¢ (g
Lemma 5.8 then implies that
A(Z)’ O(f+1)7 DZ’N c U(g)G/

This completes the proof of Proposition 5.5. O

6. COMPOSITION FORMULA FOR SYMMETRY BREAKING OPERATORS

This section establishes the essential part of the proof of the universal scalar
identity (Theorem 4.1) by expressing the relevant symmetry breaking oper-
ators as explicit polynomials in the Casimir element. The determination of
the resulting rational functions is carried out in the final section.

More precisely, we introduce and analyze the composition
(T ®@prp_pr) © Priee; © (Id®tp—F),

and derive an explicit formula for this expression using a polynomial in the

Casimir element.
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6.1. Diagonal Action of Powers of the Casimir Element. We ana-
lyze and compute the diagonal action of powers of the Casimir element on
the tensor product representation II ® F. The main result of this subsec-
tion is Proposition 6.1, which serves as a foundational step in the proof of
Theorem 4.1.

Let g = o(n+ 1,C) and r = [2H|. We fix A € C". It is convenient to

introduce a shifted Casimir operator, depending on A, by

(61) 76 = 3 (c = (NP = o> + ).

Recall that F = C"*! denotes the standard representation of G, with stan-
dard basis

fo,fl,...,fHEF.

The one-dimensional subspace I’ = Cfy consists of G’-fixed vectors. As in
(3.1), we write

prp_p: F—C, tprp: C— F
for the natural projection and embedding, respectively. We also recall that
the elements AN) and B](»N) € Un(g) (1 <j < n) are defined inductively in
(5.8) and (5.9), respectively.

Proposition 6.1. Suppose that Il € M(G) has 3(G)-infinitesimal character
A. For any vector u € 11, the following identity holds in I1 ® F:

(6.2) e fo) =AM @ fo+ > BMue f;.

Jj=1

The proof of Proposition 6.1 repeatedly uses the following lemma.

Lemma 6.2. For any vectors u,uq, ...,uy € Il, one has the following iden-
tities in I ® F':

c(u® fo) = (ZXO_] )®fj>

ca (jZ::l u; ® fj) (Z XkO“k) ® fo+ Z(Z Xw“z) ® fj.

Jj=1 =1
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Proof. The Casimir element
co=— Y
0<i<j<n
acts on II and on F = C"! by scalar multiplication with [[A[|> — ||pgll®
and n, respectively. By the Leibniz rule, the shifted Casimir element c¢g =

3(cc = (M = llpgll* +n)) acts on u @ f by
cclud f)= > Xyu® Xjif.

0<i<j<n

With our conventions, the standard representation of o(n+1,C) on C"*! is
given by

(6.3) Xyifj = 0ij [k — Ojfi-

The first identity follows immediately from (6.3) with j = 0.

For the second identity, we compute
n n
Eg(z uj ® fj) = Z Z Xiruj @ Xpifj
j=1 j=10<i<k<n
= > (Xiws ® fr — Xigup ® fi)
0<i<k<n
(Z Xkouk) ® fo+ Z(Z Xzy“t) ® fj-
j=1 i=1

This completes the proof. [l

Proof of Proposition 6.1. We argue by induction on V.

For N =1, we have A®) =0 and BJ(-l) = Xo;. Hence, the assertion follows

immediately from Lemma 6.2.

Assume that (6.2) holds for a given integer N. Applying Lemma 6.2 to the
vector

Eg(u ® fo),
and using the recurrence relations (5.8) and (5.9) defining AN*1 and B§N+1),

we obtain

~N+1(u®f) ( N+1) ®f0+z N+1 ®f],

which is exactly (6.2) for N + 1. This completes the inductive step, and
hence the proof. O
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Let xau: U(g)G/ — C be the algebra homomorphism defined in Lemma 5.2.
Let AY) e U(g)% be as defined in (5.8). For each ¢ € N, we define a
polynomial b() (X, v) by

(6.4) DO v) = xa. (49).
Proposition 6.3. Let II € M(G) be a representation with 3(G)-infinitesimal
character A, let m € M(G') be a representation with 3(G')-infinitesimal

character v, and let T: 11 — 7 be a symmetry breaking operator. Then one
has

(T @ prp_,pm) (E(u® fo)) = b\ v) (T(w) @ fo
for everyu € 11 and £ € N

Proof. By Proposition 6.1, we have

(T @ prpp) (@ (u® fo)) = T(AYu) © fo.
As shown in Proposition 5.5, the element A®) belongs to U(g)¢". The as-

serted identity therefore follows from Proposition 5.3. O

Before describing the general properties of b9 we give explicit formulas for
O\, v) for £ =1,2,3.
Example 6.4. (1) £ = 1. Since A" = 0, we have

b (A, v) = 0.

(2) ¢ = 2. By the definition (4.2) of the Casimir element, one has

n
0<j<n j=1

Hence,
BB\ v) = xaulea = car) = (IMZ = llpgl®) = (lel* = loerIP)-
Therefore,
1
bE (A w) = AP = [Iv]* - gn(n—1).
(3) £ =3. A direct computation using (5.12) yields

(6.5) AB) = (1 = n)eg + negr.
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Consequently,

b v) = (L= n) A +nllv]* + i(n = Dn(2n —1).

Recall from (5.7) that Wg = &, x (Z/2Z)", Wq = &5 X (Z/2Z)°, where

r= |2 and s = | %] are the ranks of G and G’, respectively.

Proposition 6.5. Let b (\,v) be the polynomial defined in (6.4), in the
variables

A= (A1, A), v=(v1,...,Vs).

Then b (X, v) has degree at most £. Moreover, bO)(\,v) is invariant under

the action of the product Weyl group Wag x Wer.

Proof. By the recursive definition (5.8), one has A®) € Uy(g). Lemma 5.1
implies that X,\,,,(A(Z)) is a polynomial in A and v of degree at most /.

Furthermore, Proposition 5.5 shows that A ¢ U(g)G/. Hence,
b(f)(>\7 v) = X)\,V(A(Z))

is invariant under the action of Wg x W, [l

6.2. Proof of Theorem 4.1.
Let e € {—1,1} and 1 < ¢ <r. We recall the definition (4.3) of

o e 3G,

which is a polynomial in the Casimir element cg with coefficients depending
polynomially on A.

Lemma 6.6. Let N € N, 1 <i<r, and e € {+,—}. Then there exists

a unique polynomial p; - N(X\,v) in the variables A\ and v with the following

property:
For any real form
GD>G of O(n+1,C)>O(nC),

any representation I1 € M(G) with 3(G)-infinitesimal character X, any rep-
resentation m € M(G") with 3(G’)-infinitesimal character v, and any sym-

metry breaking operator T': Il — =, the following identity holds:

(6.6) (T'®prp_pm)o (¢§+€ei)N o (idn ®tp—r) = pie NN, V) T.
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Proof. Using the shifted Casimir element ¢ (see (6.1)), one has

| 11 | (e —bAj + L), if n is odd,
(67) )\+€€2‘ — (b7])€:‘\{(571’)}
A (o + 1) I1 (Ce —bA; + 251), if nis even.

(b,5)€EN{ (1)}
Here

=={-1,1}x{1,2,...,r}.

The assertion is therefore an immediate consequence of Proposition 6.3. [J

We set

(6.8) Die( A\, v) == Dpic1( A\ V).

Lemma 6.7. Let p; . v(\,v) be as defined in Lemma 6.6. Then, for any
N € Ny, one has

(6.9) PienNv) =i (NN (N v),

where @; () is the polynomial defined in (3.2).

Proof. We prove the identity (6.9) on a Zariski-dense subset of the (), v)-
parameter space.

Recall from (4.7) that

NeF~ Py (I®F)
TEA(F)

is the 3(G)-primary decomposition. In particular, each primary component
Py (Il ® F) is a generalized eigenspace of the Casimir element c¢.

Step 1. The case of genuine eigenspaces.

Assume that the Casimir element ¢ acts by scalar multiplication on each
primary component Py (II® F') for every weight 7 € A(F'). It follows from
Proposition 4.2 that

§+€ei(H®F) - PA+€€i(H®F)7
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)\+€€i)N_ 1

and on this component (¢} " acts by the scalar ¢; .(\)N~1. Hence,

by Lemma 6.6,

NN .
(T & er—>F’) @) (¢§+8€1) o (ldH ®LF/—)F)
= @i,f()‘)Nil(T ® Prp_,pr) O §+Eei o (idn ®tpr— )

=0ie V)Y i\ V) T,

Step 2. Reduction to the compact case.

The polynomial p; . y (A, ) depends only on the infinitesimal characters and
is independent of the choice of real forms (G, G’) or representations (II, ).

We may therefore assume that
(G,G") = (O(n+1),0(n)),
and take II to be an irreducible finite-dimensional representation of G.

Since finite-dimensional representations of a compact group are completely
reducible, the Casimir element ¢ acts by scalars on each primary component
Py, ,(Il ® F). Consequently, the identity (6.9) holds whenever

e )\ is the 3(G)-infinitesimal character of an irreducible finite-dimensional
representation IT of G = O(n+1),

e visthe 3(G’)-infinitesimal character of an irreducible finite-dimensional

representation of G’ = O(n) occurring in the restriction IT|gr.
Since the set of such pairs (A, v) is Zariski-dense in the parameter space, the

polynomial identity (6.9) holds identically. O

In Section 7, we shall determine the explicit form of the polynomial p; . (X, v).
We state the result here.

Proposition 6.8.
pi,E()\a V) = gi,e()\a V)~

Here g; - (A, v) is given explicitly by (3.3).

Postponing the proof of Proposition 6.8 to the next section, we now complete
the proof of Theorem 4.1, and hence that of all the main results, including
Theorem 3.2.
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Proof of Theorem 4.1. The theorem follows immediately from Lemma 6.6,
Lemma 6.7, and Proposition 6.8. U
7. COMPUTATION OF p; 4+ (A, v)

Determining the precise location of the zeros of the polynomial p;. (A, v)
is a central issue in the analysis of branching laws and symmetry break-
ing operators. In this section, we prove Proposition 6.8, namely, that the
polynomials p; - (A, v) introduced in Lemma 6.6 are given explicitly by the
polynomial g; (A, v) defined in (3.3). This computation thereby completes
the proof of Theorem 4.1, and hence the chain of our main theorems:

Theorems 3.2 and 3.3 = Theorem 3.4 — Theorem 3.1.

Before proceeding further, we prepare a sequence of auxiliary lemmas.
We begin with some basic properties of the polynomials p; + (X, v).
Recall that

We =6, x(Z/27)", Wer = 64 X (Z)27)%,

where r = {%HJ and s = | %] are the ranks of G and G’, respectively. For
each 1 <i <r,let W; C Wg denote the stabilizer of e;. Let s; € W be the
reflection changing the sign of the i-th coordinate, that is,

Si()\b"'v)\r) = ()‘la"'v_)\iv"'v)‘T)'
Lemma 7.1 (Basic properties of p; - (A, v)). (1) The polynomials
pi+ (A, v) appearing in Lemma 6.6 have degree at most n.

(2) Viewed as polynomials in v, p; + (A, v) are invariant under the Weyl
group Wer.

(3) Viewed as polynomials in A, p; +(\, ) are invariant under the sub-
group W; C Wg.

(4) For every 1 <i < r, one has
pi,+()" V) = pi,*(si)" V)'

Proof. (1): (Degree bound). By the definition (4.3) of gb:\\Jraei, we may write

it as a linear combination of terms of the form

avN e, 0<N<n-1,
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where gn(A) is a polynomial in Aq,..., A\, of degree at most n — N. It
then follows from Proposition 6.3 and Proposition 6.5 that the polynomials
pi+ (A, v) are of degree at most n.

(2) and (3): (Weyl group invariance). By Proposition 6.5, the polynomial
b(N) (A, v) is invariant under the action of W x Wey. Since gbi%e" € 3(G)[A]
is invariant under the action of W; by definition (4.3), we conclude from the
construction in Lemma 6.6 that p; - y(A,v) is invariant under W; x Wer.
(4): Applying the reflection s; to the defining equation (4.3) of ¢§+€ei, we
obtain

S (¢§+66L) — qbi—aei.

It now follows from Lemma 6.6 that
Pi,—e,N(A, V) = Die N(Si\, V).

The assertion (4) follows by taking ¢ = — and N = 1. O

We therefore restrict our attention to the case (i,¢) = (1, —). The structure
of p1,—(A,v) depends on the parity of n.

Lemma 7.2. Let s = 4| as before. There exist a constant c_ and a
polynomial c_(\,v) satisfying

s

e [T —vi =5 (M +v—3), if n is even,
=1
-G =q T
c—(\v) H()\l —vi— (M +vj—3), ifnis odd,
j=1

where c_ (A, v) is a polynomial of degree at most one.
The polynomial p; _ (A, v) in the variables A and v satisfies (6.6) with ¢ = 1
for any pair of real forms (G,G") of
(Ge,Gg) = (0(n+1,C), O(n,C))
and for any pair of representations (II, 7) of these groups.

We therefore specialize to the case where (G,G’) is the pair of compact
groups (O(n + 1),0(n)) for the proof of Lemma 7.2. For the description of
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irreducible finite-dimensional representations II and 7w of G and G’, we use
the standard Weyl notation

M =FoUrt),  7=Fo"(),
labeled with g = (g1, ..., pnt1) and @' = (@i, ..., uh).

For instance, FO"+1)(¢;) is the standard representation C"+?.

Proof of Lemma 7.2. Let Il = FO () and 7 = FO™ (1) be as above.
Then the infinitesimal characters of IT and 7 are given by A = (A,..., A;)

and v = (v1,...,Vs), where
1
)\izui+n+ — 1, for 1 <i<r,
,on .
I/j:,uj-i-§—j, for 1 <j<s.

In particular,
)\i—Vi:Ni—M;‘F%a for 1 <i<s.
Suppose that @1 > pe. Then
Py o, (M@ C™) =~ FOU D (1 —¢y).
Moreover, if p3 = uf, then
Homg (Py_e, (T @ C" |6, 7) =~ Home (FOHD (4 — e1) |, m) = {0}.

Hence the polynomial p; (), v) vanishes whenever p1 = pf, that is, when-
ever
1

)\1—1/1—520.

Since p1,—(A\,v) is invariant under the Weyl group Wer, it follows that
p1,— (A, v) is divisible by

S

I[TOw=vi=3) N\ +v—3)
j=1

Finally, Proposition 6.5 shows that p; — (), v) is a polynomial in A and v of
degree at most n. This completes the proof of Lemma 7.2. O

The following lemma provides further information on the constant ¢_ and
the linear factor ¢_(\,v) appearing in Lemma 7.2, which treated only the
case 1 = 1 and ¢ = —, by clarifying their dependence on 1 < ¢ < r and
ee{+ -}
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Lemma 7.3. There exist constants cy, p, and q, independent of 1 < i <r
and € € {+, —}, such that

cr [T —vj + 3e) (Ni + v + 32), if n is even,
=1
pi7E(A7 Z/) = ’ s
(ephi+q) [T —vj+ 3e) (N +vj + 3¢),  if nis odd.
j=1

Proof. By Lemma 7.1, it suffices to establish the formula for p; — (A, v).
If n is even, the assertion follows directly from Lemma 7.2.

Assume now that n = 2r — 1 is odd. The product

s

[TOw =2 =3) (M +v—3)

j=1
is invariant under W7 x W, Hence the polynomial c_ (A, v) is also invariant
under W; x Wer. Since c— (A, v) has degree at most one, it cannot depend
on A\g,...,Ar or on vi,...,v—1. Therefore c_(A,v) must be linear in Ay,
and is of the form

—pA1+gq

for some constants p and ¢. This completes the proof. O

The proof of Proposition 6.8 will be complete once we determine the con-
stants p, ¢, and c; appearing in Lemma 7.3.

Lemma 7.4. Let n be even. Then one has c4 = 1.

Proof. Let n = 2r. Since G is compact, each primary component of II ® F
is a genuine eigenspace of 3(G). Hence, by Proposition 4.2, one has

T

AT = MM+ 1) [T = A1+ A)) Progey-
j=2

It then follows from Lemma 6.6 with N = 1 and Lemma 7.3 that

T

A2A +1) [TOw = A) (A 4+ X) (T @ prp_y ) © Paye, (u® fo)
j=2

(7.1) =c4 ﬁ(A1 —Vj —l—%) ()\1 —I—Vj—i-%) T(u)®f0.
j=2
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To determine the constant c;, we take Il =1 and m = 1 to be the trivial
one-dimensional representations of G and G’, respectively. In this case, the
3(G)- and 3(G’')-infinitesimal characters are given by

)\:(T—%,...,%,%), v=(r—-1,...,1,0),

respectively. Take
o= FO(n+1)(el) ~F = (Cn+1’
so that the projection Pyi.,: Il ® F' — o is the identity map.
The left-hand side of (7.1) evaluates to
r(@2r = DT @ prpp) 0 Prye, (u® fo) = r(2r — DI T(u) @ fo,
whereas the right-hand side equals
crr2r — D! T(u) ® fo.

Comparing the two expressions, we conclude that c; = 1. O

Lemma 7.5. Let n be odd. Then one has p=1 and q = 0.

Proof. Let n = 2r — 1. Note that s = [§] = 7 — 1. As in the proof of
Lemma 7.4, since G is compact, Proposition 4.2 yields

AT =2 [T = A) (M + A) pr,
j=2

where o = FOU 1 (¢).

Again by Lemma 6.6 with N = 1 and Lemma 7.3 (with € = +), we obtain

(7.2) 221 [T = 2) (M 4+ X)) (T @ prp_ypr) © Paye, (4 @ fo)
j=2

r—1

=+ [T =y +3) (M 4y + 1) T @ fo.

Jj=1

We examine (7.2) in two cases.

Case 1. Take I =1, 7 =1, and o = FO D (¢) ~ C*F1,

In this case, the 3(G)- and 3(G’)-infinitesimal characters of II and 7 are
given by

A=(r—1,r—2,...,1,0), I/:(T—é...,%,%).
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Substituting these into (7.2), we obtain
(r—1)(2r —2)! = ((r — Dp+q)(2r — 2),
and hence
(7.3) r—1=(r-1p+gq
Case 2. Take [I = F, 7 = 1, and ¢ = FO+1)(2¢;) ~ S%(F)/1.
In this case, the 3(G)- and 3(G’)-infinitesimal characters of II and 7 are
given by
(7.4) A= (r,r—2,...,1,0), I/:(T—%,...,%,%).
The tensor product representation C"*! @ C"*! decomposes as

(Cn—i—l ® (Cn—i—l _ 52(Cn+1) @ AQ((Cn—H)
~ (FO(n+1)(261) EBFO(TL—l—l)(o)) EBFO("H)(el + 62).

According to this decomposition, one has

1 " 1
Jo® fo= n+1<nf0®f0j;fj®fj) +n+1jgofj®fja
and hence
Prie, (fo® fo) = nil(nf(J@fo—ij@fj)-

=1

Therefore,

(T'®@prp_p) o Pype, (fo® fo) = n—lirl T(fo) ® fo.

Substituting (7.4) into (7.2), we obtain

2r?(2r — 2)! T(fo) ® fo= (rp+q)(2r — D! T(fo) ® fo.

n+1
Since n = 2r — 1, this yields
(7.5) r=rp+q.

Solving the system of linear equations (7.3) and (7.5), we conclude that
p=1and ¢g=0. O
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This completes the proofs of the main theorems. The argument shows that,
although translation functors for higher-rank orthogonal groups are in gen-
eral governed by the full structure of the center 3(G), their effect on sym-
metry breaking operators can in fact be controlled by explicit polynomials
in the Casimir element. This reduction yields a uniform scalar description
of symmetry breaking and explains the nonvanishing and factorization phe-
nomena established in Theorems 3.2 and 3.3 through Theorem 4.1, where
these properties are formulated in terms of polynomials in the Casimir ele-
ment. As a consequence, the Stability of Multiplicity—formulated via fences
in the parameter space of reduced coherent families and stated in Theo-
rem 3.1—follows directly from these scalar identities, providing a concep-
tual explanation of multiplicity stability within each convex region of the
parameter space determined by the fences.
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