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onformal gp of Vg = V + str(V)|      {z      }max paraboli
+V_ Symm(n;R)sp(n;R)Siegel paraboli
Step 1 OGmin � � := p�1V \ OGmin Lagrangianminimalnilpotent \ \p�1g� ' p�1gStep 2 gyC1(�)point: V_ a
ts on C1(�) by se
ond order diff. op.Step 3 Lift it to a 
overing of G�y L2(�)



Orbit method and 
omplementary seriesThe same 
onstru
tion works for the 
onstru
tion of the
omplementary series representations for SO(n; 1).d� d��a 
ontinuous family of measures d�� on the Lagrangian manifold �.L2(�; d�) 7! L2(�; d��)� This gives another geometri
 model ofthe long 
omplementary series �� for SO(n; 1) by B. KostantKazhdan's Property (T) is not satis�ed for SO(n; 1).
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Towards a global formula Gy L2(�)G y Omin �minimal nilp. orbit p�1g�maximal paraboli
 [ Xy [ Lagrangian9P y �{G� �y L2(�) irredu
ible unitary rep.Observation 1. P�-a
tion on L2(�) is elementary(translation and multipli
ation)2. G = P` P9w0P (Bruhat de
omposition)What is �(w0) ?
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Inversion elementG = PGL(2;C) yMöbius transformP1C ' C [ f1g+ O(3; 1) + R2;0P= ��a b0 1� : a 2 C�; b 2 C� z 7! az + bw= �0 �11 0 � z 7! � 1z (inversion)G is generated by P and w.



Inversion elementG = PGL(2;C) yMöbius transformP1C ' C [ f1g+ O(3; 1) + R2;0P= ��a b0 1� : a 2 C�; b 2 C� z 7! az + bw= �0 �11 0 � z 7! � 1z (inversion)G is generated by P and w.G= O(p + 1; q + 1) = P` PwPw : inversionP= (O(p; q) � R�) n Rp+q � Conf(Rp;q)
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Global formula for the L2-model� � OGmin (Lagrangian)Point G� 
annot a
t on �, but on L2(�).g-a
tion d� on C1(�)jjstr(V) � V diff ops of order � 1�V_ diff ops of order 2Key � � � unitary inversion operator �(w0) on L2(�)G� 3 w0: 
onformal inversion Ad(w0) : V �! V_Ex (K�Mano (2011) Memoirs of AMS vol. 1000)G� = O(p + 1; q + 1), V = Rp;q�(w0) � � � singular integral by Bessel distribution

http://www.ms.u-tokyo.ac.jp/~toshi/pub/tk2007h.html
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Towards a global formulap + q: even > 2G = O(p + 1; q + 1)y L2(�) minimal rep.P-a
tion � � � translation and multipli
ationw-a
tion � � � F� (unitary inversion operator)Understand F� algebrai
ally and analyti
allyCf. Analogous operator for the Weil rep.Mp(n;R)y L2(Rn)
oin
ides with Eu
lidean Fourier transform FRn(up to s
alar)!
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 aspe
ts of F� on �Fourier trans. FRn on RnQ j 7! � P jP j 7! Q j F� on � =Q j 7! R jR j 7! Q jQ j = x j (multipli
ation by 
oordinates fun
tion)P j = 1p�1 ��x jR j = 9se
ond order differential op. on �(Bargmann�Todorov operators)Noti
e Q12 + � � � + Qp2 � Qp+12 � � � � � Qp+q2 = 0R12 + � � � + Rp2 � Rp+12 � � � � � Rp+q2 = 0 ) on �
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Analyti
 aspe
ts of F�p + q: even > 2G = O(p + 1; q + 1)y L2(�) minimal rep.w-a
tion � � � F� (unitary inversion operator)Problem Find an expli
it kernel of F� expli
itly.Cf. Eu
lidean 
ase '(t) = e�it (one variable)FRN f (x) = 
 RRN '(hx; yi) f (y)dyFRN = FR1|{z}one variableÆRadon transform



Expli
it formula of F� on �Theorem D (K�Mano, Memoirs AMS, 2011, vol.1000)Let G = O(p + 1; q + 1) with p + q: even > 2(F� f )(x) = Z��p;q(hx; yi) f (y)dy
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Expli
it formula of F� on �Theorem D (K�Mano, Memoirs AMS, 2011, vol.1000)Let G = O(p + 1; q + 1) with p + q: even > 2(F� f )(x) = Z��p;q(hx; yi) f (y)dyq = 1 
ase�p;1(t) = 2�i(2t)� p�32 J p�32 (2p2t) (t > 0)Theorem F� has a lo
ally integrable kernel if and only ifG is O(p + 1; 2), O(2; q + 1), or O(3; 3) � SL(4;R).

http://dx.doi.org/10.1090/S0065-9266-2011-00592-7


Expli
it formula of F� on �Theorem D (K�Mano, Memoirs AMS, 2011, vol.1000)Let G = O(p + 1; q + 1) with p + q: even > 2(F� f )(x) = Z��p;q(hx; yi) f (y)dyq = 1 
ase�p;1(t) = 2�i(2t)� p�32 J p�32 (2p2t) (t > 0)Prop. We have the identities mod L1lo
(R)�p;q(t) � 8>>>>>>>>>>>><>>>>>>>>>>>>:
0 (min(p; q) = 1)��i m�1Xl=0 (�1)l2l(m � l � 1)!Æ(l)(t) (p; q > 1; both even)�i m�1Xl=0 l!2l(m � l � 1)! t�l�1 (p; q > 1; both odd)m = 12(p + q � 4) for G = O(p + 1; q + 1)

http://dx.doi.org/10.1090/S0065-9266-2011-00592-7
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x1 What are minimal representations?x2 Limit Æ Q = Q Æ Limit ?x3 L2 model of minimal representationsx4 Fo
k model and S
hrödinger model�as a geometri
 quantization of the Kostant�Sekigu
hi
orresponden
e(arXiv:1203.5462 with Hilgert, Möllers and Ørsted)x5 Deformation of Fourier transform

http://uk.arxiv.org/abs/1203.5462
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Minimal reps with highest weightsSo far our minimal reps � are irred. unitary repswithout highest weights in general.However, some 
lassi
al su
h � are highest weight modules, e.g.g = sp(n;R) � � � �: Segal�Shale�Weil rep.g = o(2; 4) � � � �: bound states of hydrogen atom.) simple and detailed analysisNow we 
on�ne ourselves to the 
ase when G=K is a tube domain() �: highest weight module)� Fo
k model and Segal�Bargmann transform for minimal reps(arXiv:1203.5462, joint with J. Hilgert, J. Möllers, B. Ørsted)

http://uk.arxiv.org/abs/1203.5462
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Kostant�Sekigu
hi 
orresponden
eg + p�1g = gC = kC + pCComplexi�ed Cartan de
ompositionKostant�Sekigu
hi 
orresponden
eGy p�1g� $ KCy p�CBije
tion between nilpotent orbitsEx. G = GL(n;R) KC = O(n;C)fnilpotents in M(n;R)g=GL(n;R) ' fnilpotents in Symm(n;C)g=O(n;C)



Geometri
 quantization of Kostant�Sekigu
hi 
orresponden
eOGCmin� �p�1g� � OGmin  ��������������!Kostant�Sekigu
hi OKCmin � p�C
g + p�1g = gC = kC + pCComplexi�ed Cartan de
omposition
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Geometri
 quantization of Kostant�Sekigu
hi 
orresponden
eOGCmin� �� � OGmin  ��������������!Kostant�Sekigu
hi OKCminLagrangian +Kronheimer�Vergne `Geometri
 quantization'  Brylinski�KostantL2(�) O(OKCmin)L2-model of min rep (Lie algebra a
ts(Thm C) by  DO)



Geometri
 quantization of Kostant�Sekigu
hi 
orresponden
eOGCmin� �� � OGmin  ��������������!Kostant�Sekigu
hi OKCminLagrangian `Geometri
 quantization'  HKMO arXiv:1203.5462L2(�) O(OKCmin) \ L2(OKCmin; d�)L2-model of min rep holomorphi
 model of min rep(Thm C) (G=K tube domain)
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Geometri
 quantization of Kostant�Sekigu
hi 
orresponden
eOGCmin� �� � OGmin  ��������������!Kostant�Sekigu
hi OKCminLagrangian `Geometri
 quantization'  HKMO arXiv:1203.5462L2(�) �!unitary transform O(OKCmin) \ L2(OKCmin; d�)L2-model of min rep B� holomorphi
 model of min rep(Thm C)	 (G=K tube domain)F�(Thm D)

http://uk.arxiv.org/abs/1203.5462


Geometri
 quantization of Kostant�Sekigu
hi 
orresponden
eOGCmin� �� � OGmin  ��������������!Kostant�Sekigu
hi OKCminLagrangian `Geometri
 quantization'  HKMO arXiv:1203.5462L2(�) �!unitary transform O(OKCmin) \ L2(OKCmin; d�)L2-model of min rep B� holomorphi
 model of min rep(Thm C)	 (G=K tube domain)F�Thm E (HKMO, arXiv:1203.5462) We 
onstru
t expli
itly:1) d�: K-Bessel, B�: I-Bessel, F�: J-Bessel2) GyO(OKCmin) \ L2(OKCmin; d�) minimal rep3) B� intertwines G-a
tions on two models of minimal reps

http://uk.arxiv.org/abs/1203.5462
http://uk.arxiv.org/abs/1203.5462


Geometri
 quantization of Kostant�Sekigu
hi 
orresponden
eOGCmin� �� � OGmin  ��������������!Kostant�Sekigu
hi OKCminLagrangian `Geometri
 quantization'  HKMO arXiv:1203.5462L2(�) �!unitary transform O(OKCmin) \ L2(OKCmin; d�)L2-model of min rep B� holomorphi
 model of min rep(Thm C)	 (G=K tube domain)F�Classi
al 
ase: G=K = Siegel upper half spa
eL2(�) � � � S
hrödinger model of Weil repO(OKCmin) \ L2(OKCmin; d�) � � � Fo
k model of Weil repB� � � � Bargman�Segal transform

http://uk.arxiv.org/abs/1203.5462
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Deformation theory of Fourier transform
� Laguerre semigroup and Dunkl operators, 74 pp.Compositio Math (2012) (to appear)joint with S. Ben Sa�̈d and B. Ørsted� Generalized Fourier transform Fk;a C.R.A.S. Paris (2009)� Inversion and holomorphi
 extension, 65 pp.R. Howe 60th birthday volume (2007) with G. Mano

http://arxiv.org/abs/0907.3749
http://www.ms.u-tokyo.ac.jp/~toshi/pub/tk2009d.html
http://www.ms.u-tokyo.ac.jp/~toshi/pub/102.html
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Interpolation of Fourier transform FRNF� � � � unitary inversion on � � Rp;qFRN � � � Fourier transform on RNAssume q = 1. Set p = N.RN;1 � � = proje
tion����������! = RN
F� FRNO(N + 1; 2) Mp(N;R)



Interpolation of Fourier transform FRNF� � � � unitary inversion on � � Rp;qFRN � � � Fourier transform on RNAssume q = 1. Set p = N.RN;1 � � = proje
tion����������! = RN
F� interpolate� � � � � � � � � FRNa = 1 a = 2a � � � deformation parameter > 0k = (k�) multipli
ity on root system � � � Dunkl operator



(k; a)-deformation of exp t2 (� � jxj2)Fourier transformFRN = 
 exp��i4 ( � �jxj2)�



(k; a)-deformation of exp t2 (� � jxj2)Fourier transform self-adjoint op. on L2(RN)z     }|     {FRN = 
 exp��i4 ( � �jxj2)�phase fa
tor Lapla
ian= e �iN4



(k; a)-deformation of exp t2 (� � jxj2)Fourier transform self-adjoint op. on L2(RN)z     }|     {FRN = 
 exp��i4 ( � �jxj2)�phase fa
tor Lapla
ian= e �iN4Hermite semigroup (os
illator semigp � � � R. Howe)I(t) := exp t2(� � jxj2)Mehler kernel using exp(�x2)



(k; a)-deformation of exp t2 (� � jxj2)Unitary inversion on � self-adjoint op. on L2(RN ; dxjxj )z     }|     {F� = 
 exp��i2 ( jxj� �jxj)�phase fa
tor Lapla
ian= e �i(N�1)2�Laguerre semigroup�I(t) := exp t(jxj� � jxj) Re t > 0
losed formula using Bessel fun
tion ([K�Mano℄, 2007)

http://www.ms.u-tokyo.ac.jp/~toshi/pub/102.html


(k; a)-deformation of exp t2 (� � jxj2)(0; a)-generalized Fourier transformself-adjoint op. on L2(RN ; jxja�2dx)z     }|     {F0;a = 
 exp� �i2a (jxj2�a� �jxja)�phase fa
tor Lapla
ian= ei �(N+a�2)2a(0; a)-deformation of Hermite semigroupI0;a(t) := exp ta (jxj2�a� � jxja)Deformation parametera > 0



(k; a)-deformation of exp t2 (� � jxj2)(k; a)-generalized Fourier transformself-adjoint op. on L2(RN ; #k;a(x)dx)z     }|     {Fk;a = 
 exp� �i2a ( jxj2�a�k �jxja)�phase fa
tor Dunkl Lapla
ian= ei �(N+2hki+a�2)2a(k; a)-deformation of Hermite semigroupIk;a(t) := exp ta (jxj2�a�k � jxja)Deformation parameterk: multipli
ity on root system Ra > 0



(k; a)-deformation of exp t2 (� � jxj2)(k; a)-generalized Fourier transformself-adjoint op. on L2(RN ; #k;a(x)dx)z     }|     {Fk;a = 
 exp� �i2a ( jxj2�a�k �jxja)�phase fa
tor Dunkl Lapla
ian= ei �(N+2hki+a�2)2a(k; a)-deformation of Hermite semigroup (Compositio Math (2012)joint with Ben Sa�̈d and Ørsted)Ik;a(t) := exp ta (jxj2�a�k � jxja) Re t > 0Deformation parameter k: multipli
ity on root system R, a > 0

http://uk.arxiv.org/abs/0907.3749
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Spe
ial values of holomorphi
 semigroup Ik;a(t)
a ! 2 (k; a)-generalized Fourier transform Fk;a a ! 1��! t ! �i2Holomorphi
 semigroup Ik;a(t)a! 2 ������ ������!a! 1Ik;2(t) Ik;1(t)t ! �i2  ������!k ! 0 k ! 0 ������! t ! �i2Dunkl transform Hermite semigp Laguerre semigp Fk;1k ! 0���!  ���t ! �i2 t ! �i2���!  ���k ! 0Fourier transform FRN unitary inversion F�:::::: ( `unitary inversion operator') ::::::the Weil representation ofthe metaple
ti
 group Mp(N;R) the minimal representation ofthe 
onformal group O(N + 1; 2)
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Ik;a(�i2 )



Generalized Fourier transform Fk;aFk;a = 
Ik;a(�i2 ) = 
 exp � �i2a (jxj2�a�k � jxja)�Thm F (Compositio Math (2012) joint with Ben Sa�̈d and Ørsted)1) Fk;a is a unitary operator

http://www.ms.u-tokyo.ac.jp/~toshi/pub/tk2009d.html


Generalized Fourier transform Fk;aFk;a = 
Ik;a(�i2 ) = 
 exp � �i2a (jxj2�a�k � jxja)�Thm F (Compositio Math (2012) joint with Ben Sa�̈d and Ørsted)1) Fk;a is a unitary operator2) F0;2 = Eu
lidean Fourier transform FRN on RNFk;2 = Dunkl transform Dk on RNF0;1 = unitary inversion F� on L2( ) for O(2;N + 1)3) Fk;a is of �nite order() a 2 Q4) Fk;a intertwines jxja and �jxj2�a�k
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Generalized Fourier transform Fk;aFk;a = 
Ik;a(�i2 ) = 
 exp � �i2a (jxj2�a�k � jxja)�Thm F (Compositio Math (2012) joint with Ben Sa�̈d and Ørsted)1) Fk;a is a unitary operator2) F0;2 = Eu
lidean Fourier transform FRN on RNFk;2 = Dunkl transform Dk on RNF0;1 = unitary inversion F� on L2( ) for O(2;N + 1)3) Fk;a is of �nite order() a 2 Q4) Fk;a intertwines jxja and �jxj2�a�k=) generalization of 
lassi
al identities su
h as He
ke identity,Bo
hner identity, Parseval�Plan
herel formulas,Weber's se
ond exponential integral, et
.

http://www.ms.u-tokyo.ac.jp/~toshi/pub/tk2009d.html


Heisenberg-type inequality
Thm G ([3℄) (Heisenberg inequality)kjxj a2 f (x)kk kj�j a2 (Fk;a f )(�)kk � 2hki+N+a�22 k f (x)k2kk � 0, a = 2 � � � Weyl�Pauli�Heisenberg inequalityfor Fourier transform FRNk: general, a = 2 � � � Heisenberg inequality for Dunkltransform Dk (Rösler, Shimeno)k � 0, a = 1, N = 1 � � � Heisenberg inequality for Hankeltransform

http://uk.arxiv.org/abs/0907.3749


Spe
ial values of holomorphi
 semigroup Ik;a(t)
a ! 2 (k; a)-generalized Fourier transform Fk;a a ! 1��! t ! �i2Holomorphi
 semigroup Ik;a(t)a! 2 ������ ������!a! 1Ik;2(t) Ik;1(t)t ! �i2  ������!k ! 0 k ! 0 ������! t ! �i2Dunkl transform Hermite semigp Laguerre semigp Fk;1k ! 0���!  ��� t ! �i2���!  ���k ! 0Fourier transform FRN Hankel-type transform F�:::::: ( `unitary inversion operator') ::::::the Weil representation ofthe metaple
ti
 group Mp(N;R) the minimal representation ofthe 
onformal group O(N + 1; 2)



Hidden symmetries in L2(RN ; #k;a(x)dx)
O(N + 1; 2)������!a ! 1Coxeter groupC � ℄S L(2;R) k!0���! O(N) � ℄S L(2;R)(k; a : general) �����!a ! 2Mp(N;R)



Hidden symmetries in L2(RN ; #k;a(x)dx)
O(N + 1; 2)������!a ! 1Coxeter groupC � ℄S L(2;R) k!0���! O(N) � ℄S L(2;R)(k; a : general) �����!a ! 2Mp(N;R)Idea dis
retely de
omposable and multipli
ity-onebran
hing laws of minimal reps



Minimal reps, Maximal symmetries
My wish:Dig out some interesting and (potentially) ri
hgeometri
 analysisinspired by minimal reps.Study of minimal reps+Try to forget (a part of) rep theory!

http://uk.arxiv.org/abs/1001.0224

