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Nalve question

Discontinuous groups for
homogeneous spaces

(e.g. symmetric spaces)

Riemannian =— non-Riemannian ?



Representation theory

-

Reps of Lie groups/algebras
Non-commutative harmonic analysis

Great trends of developments through 20th cent.

compact —> Nnon-compact

Riemannian — non-Riemannian
finite dim’lrep — oo dim’l rep

|
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Nalve question

Discontinuous groups for
homogeneous spaces

(e.g. symmetric spaces)

Riemannian =— non-Riemannian ?

A fruitful theory?



Riemannian — pseudo-Riemannian

- N

Isometry gp for pseudo-Riemannian mfd

discrete subgp ﬁ properly discont actions
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Riemannian — pseudo-Riemannian

- N

Isometry gp for pseudo-Riemannian mfd

discrete subgp ﬁ properly discont actions

ds* = d(z + y)? — d(z — y)? (Lorentz metric)
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Riemannian — pseudo-Riemannian
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Isometry gp for pseudo-Riemannian mfd

discrete subgp ﬁ properly discont actions

ds* = d(z + y)? — d(z — y)? (Lorentz metric)

iIsometry

X
(z,9)
I

(2", 27"y)
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Riemannian — pseudo-Riemannian

- N

Isometry gp for pseudo-Riemannian mfd

discrete subgp ﬁ properly discont actions

ds? = d(z + y)? — d(z — y)? (Lorentz metric)

X

iIsometry

X
(z,9)
I

(2", 27"y)
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Riemannian — pseudo-Riemannian

- N

Isometry gp for pseudo-Riemannian mfd

discrete subgp ﬁ properly discont actions

ds? = d(z + y)? — d(z — y)? (Lorentz metric)

no accumulation points
X all orbits are closed

iIsometry

m X A X

(z,y)
I
y)
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Riemannian — pseudo-Riemannian
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Riemannian — pseudo-Riemannian

-

Isometry gp for pseudo-Riemannian mfd

-

discrete subgp ﬁ properly discont actions

ds? = d(z + y)? — d(z — y)? (Lorentz metric)

no accumulation points
all orbits are closed

iIsometry
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Riemannian — pseudo-Riemannian

- N

Isometry gp for pseudo-Riemannian mfd

discrete subgp ﬁ properly discont actions

ds? = d(z + y)? — d(z — y)? (Lorentz metric)

no accumulation points
C all orbits are closed

isometry
X
(7, y)

I
(2"r,27"y) ! Z\ X is not Hausdorff
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Compact quotients for SL(n)/SL(m)

- N

Problem: Does there exist compact Hausdorff quotients of
SL(n,F)/SL(m,F) (n>m, F=R C, H)

by discrete subgps of SL(n,F)?




Compact quotients for SL(n)/SL(m)

- N

Problem: Does there exist compact Hausdorff quotients of
SL(n,F)/SL(m,F) (n>m, F=R C, H)

by discrete subgps of SL(n,F)?

Conjecture: No for any n > m.

I
|

|(—m—>




SL(n)/SL(m) case
- -

Cf. Space Form Conjecture (mentioned later)

Conjecture 1 SL(n)/SL(m) (n>m > 1)
has no uniform lattice.

K— criterion of proper actions 2 > [7H]
Zimmer orbit closure thm (Ratner) n > 2m
Labourier—-Mozes—Zimmer

ergodic action n > 2m
Benoist criterion of proper actions n =m + 1, m even
Margulis unitary rep (n >5m = 2)
Shalom unitary rep n>4m=2

o |
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Compact quotients for SL(n)/SL(m)

fConjeoture: No for any n > m.

m
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Compact quotients for SL(n)/SL(m)

fDo not exist if n > m satisfies:

PN WD OO NS

1 K- (90)

1 2 3 4 ¢
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fDo not exist if n > m satisfies: T
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Compact quotients for SL(n)/SL(m)

fDo not exist if n > m satisfies: T
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Compact quotients for SL(n)/SL(m)
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Compact quotients for SL(n)/SL(m)

fDo not exist if n > m satisfies: T
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Non-Riemannian homo. spaces

- N

Discrete subgp i Discontinuous gp

for non-Riemannian homo. spaces

o |
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Non-Riemannian homo. spaces

- N

Discrete subgp i Discontinuous gp

for non-Riemannian homo. spaces

How does a local geometric structure
affect the global nature of manifolds?

New phenomena & methods?



Non-Riemannian homo. spaces

- N

Discrete subgp i Discontinuous gp

for non-Riemannian homo. spaces

Fundamental problems

# Are there many discont. gps?
(cf. Calabi—Markus phenomenon)
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Non-Riemannian homo. spaces

- N

Discrete subgp i Discontinuous gp

for non-Riemannian homo. spaces

Fundamental problems

# Are there many discont. gps?
(cf. Calabi—Markus phenomenon)

# EXxistence problem of compact quotients
(unsolved even for space forms)

# Rigidity and deformation
(rigidity may fail even for high dim.)
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bk wWDhPE

. Introduction

Contents

Space form problem

Locally homogeneous spaces

Method: Criterion for proper discontinuity
Existence problem of compact quotients
Rigidity, stability, and deformation

|
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1. Space form of signatureg(p, q)
- -

(M, g): pseudo-Riemannian mfd,
geodesically complete

Def. (M, g) Is a space form
<= sectional curvature x IS constant

o |
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Space forms (examples)

- N

Signature (p, g) of pseudo-Riemannian metric
Space form ... {>9 (p,q) of p g
Curvature x € {+,0, —}

E.g. ¢ =0 (Riemannian mfd)

sphere S" R" hyperbolic sp
k>0 k=20 k<0

o |
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Space forms (examples)

Signature (p, g) of pseudo-Riemannian metric
Space form ... {>9 (p,q) of p g
Curvature x € {+,0, —}

E.g. ¢ =0 (Riemannian mfd)
sphere S" R" hyperbolic sp
k> 0 k=0 k<0

E.g. ¢ =1 (Lorentz mfd)

de Sitter sp Minkowski sp anti-de Sitter sp
k>0 k=0 k<0

| |
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Space form problem

- N

Space form problem for pseudo-Riemannian mfds

Local Assumption
signature (p, ¢), curvature x € {+,0, —}

4

Global Results
e Do compact quotients exist?

e What groups can arise as their fundamental groups?

o |
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Space form problem

- N

Space form problem for pseudo-Riemannian mfds

Local Assumption
signature (p, ¢), curvature x € {+,0, —}

4

Global Results
e Do compact quotients exist?

Is the universe closed?
e What groups can arise as their fundamental groups?

o |
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2-dim’l compact space forms

Riemannian case (<= signature (2,0))

‘@-

curvature k>0




2-dim’l compact space forms

Riemannian case (<= signature (2,0))

‘@-

curvature k>0

Lorentz case (<= signature (1,1))

=D

no compact formforx >00rx <0

|
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Compact space forms

- N

(p, q): signature of metric, curvature s € {+,0, —}

Assume p > ¢ (without loss of generality).

o |
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Compact space forms

-

(p, q): signature of metric, curvature s € {+,0, —}

Assume p > ¢ (without loss of generality).

® x > 0: Calabi—Markus phenomenon
(Calabi, Markus, Wolf, Wallach, Kulkarni, K-)
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Compact space forms

- N

(p, q): signature of metric, curvature s € {+,0, —}

Assume p > ¢ (without loss of generality).

® x > 0: Calabi—Markus phenomenon
(Calabi, Markus, Wolf, Wallach, Kulkarni, K-)

#® x = 0: Auslander conjecture
(Bieberbach, Auslander, Milnor, Margulis, Goldman, Abels, Soifer,

)
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Compact space forms

- N

(p, q): signature of metric, curvature s € {+,0, —}

Assume p > ¢ (without loss of generality).

® x > 0: Calabi—Markus phenomenon
(Calabi, Markus, Wolf, Wallach, Kulkarni, K-)

#® x = 0: Auslander conjecture
(Bieberbach, Auslander, Milnor, Margulis, Goldman, Abels, Soifer,

)
® x < 0: Space form conjecture
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Compact space forms £ < 0)

(Geometry) Compact space forms exist
for k < 0 and signature (p, q)




Compact space forms £ < 0)

(Geometry) Compact space forms exist
for k < 0 and signature (p, q)

< (Group theoretic formulation)
Cocompact discontinuous gps exist
for symmetric space O(p,q+ 1)/O(p, q)

|
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Compact space forms £ < 0)

- N

# Riemannian case --- hyperbolic space

Compact hyperbolic spaces



Compact space forms £ < 0)

- N

# Riemannian case --- hyperbolic space

Compact hyperbolic spaces
<= Cocompact discrete subgp of O(n, 1)
(uniform lattice)

o |
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Compact space forms £ < 0)

-

# Riemannian case --- hyperbolic space

Compact hyperbolic spaces
<= Cocompact discrete subgp of O(n, 1)
(uniform lattice)

EXxist by Siegel, Borel, Vinberg, Gromov—Piateski-Shapiro - - -

" ~

arithmetic non-arithmetic

o |
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Space form conjecturer < 0

f # Pseudo-Riemannian mfd of signature (p, q) T

Compact space forms of k < 0 exist

o |
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Space form conjecturex < 0

f # Pseudo-Riemannian mfd of signature (p, q) T

Thm 2 Compact space forms of k < 0 exist

<— @gqgany, p=0 (<> x> 0)

@ q=0, pany (hyperbolic sp)

<— True (Proved (1950-2005))
D@ (Riemmanian)
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Space form conjecturex < 0

f # Pseudo-Riemannian mfd of signature (p, q) T

Thm 2 Compact space forms of k < 0 exist

<— @gqgany, p=0 (<> x> 0)

@ q=0, pany (hyperbolic sp)
@qg=1, p=0 mod 2

<— True (Proved (1950-2005))
D@ (Riemmanian)
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Space form conjecturex < 0

f # Pseudo-Riemannian mfd of signature (p, q) T

Compact space forms of k < 0 exist

(<> k> 0)

(hyperbolic sp)

<— True (Proved (1950-2005))
D@ (Riemmanian)
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Space form conjecturex < 0

f # Pseudo-Riemannian mfd of signature (p, q) T

Compact space forms of k < 0 exist
p =20 (<> Kk >0)
p any (hyperbolic sp)
p=0 mod 2

p=0 mod4 } (pseudo-Riemannian)

<— True (Proved (1950-2005))
(D@ (Riemmanian) ; @@® (pseudo-Riemannian) Kulkarni, K-)
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Space form conjecturex < 0

f # Pseudo-Riemannian mfd of signature (p, q) T

Thm 2 Conjecture 3 Compact space forms of x < 0 exist
— @gqany, p=0 (< k > 0)
@ q =0, pany (hyperbolic sp)

—

@qg=1, p=0 mod 2
@ qg=3, p=0 mod4 } (pseudo-Riemannian)
®qg=7,p=238

<— True (Proved (1950-2005))
(D@ (Riemmanian) ; @@® (pseudo-Riemannian) Kulkarni, K-)
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Space form conjecturex < 0

f # Pseudo-Riemannian mfd of signature (p, q) T

Thm 2 Conjecture 3 Compact space forms of x < 0 exist

<::> @ gany, p=0 (¢ K > 0)

p any (hyperbolic sp)
p=0 mod 2

p=0 mod4 } (pseudo-Riemannian)

p=3

<— True (Proved (1950-2005))
(D@ (Riemmanian) ; @@® (pseudo-Riemannian) Kulkarni, K-)
—> Partial answers:

L g=1,p <gq, orpqisodd J
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Methods
=

Understanding of proper actions
as “coarse geometry” (m, ~)
= criterion for proper actions (83)

4

o |
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Methods
=

Understanding of proper actions
as “coarse geometry” (m, ~)
= criterion for proper actions (83)

e

Construction of lattice

# Solve “continuous analog”.

# Use a lattice in a smaller group (and deform).

o |
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Methods
=

Understanding of proper actions
as “coarse geometry” (m, ~)
= criterion for proper actions (83)

e

Construction of lattice
# Solve “continuous analog”.
# Use a lattice in a smaller group (and deform).

Obstruction of lattice
o Topological obstructions

® Comparison theorem: T Y X < T""Y
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2. Locally homogeneous spaces

- ~ N

discrete group manifold
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2. Locally homogeneous spaces

- ~ N

discrete group manifold

If " X properly discontinuously and freely, then

X
1 covering
['\X manifold (Hausdorff)
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Clifford—Klein forms

| N

discrete subgp Lie gp closed subgp
I C G D H
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Clifford—Klein forms

- N

discrete subgp Lie gp closed subgp
I C G D H

I'"Y X = G/H (homogeneous sp)
Def. T'is adiscontinuous gp of G/H

< Action T mG/H IS properly discontinuous and free.
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Clifford—Klein forms

- N

discrete subgp Lie gp closed subgp
I C G D H

I'"Y X = G/H (homogeneous sp)
Def. T'is adiscontinuous gp of G/H

< Action T mG/H IS properly discontinuous and free.

covering
G/H > I'\G/H (Hausdorff, C* mfd)

Clifford—Klein form

o |
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Clifford—Klein forms

- N

discrete subgp Lie gp closed subgp
I C G D H

I'"Y X = G/H (homogeneous sp)
Def. T'is adiscontinuous gp of G/H

< Action T mG/H IS properly discontinuous and free.

covering
G/H > I'\G/H (Hausdorff, C* mfd)

Clifford—Klein form

(Local) geometric structures on I'\G/H inherit from G/H.

o |
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Locally symmetric sp.

covering
\
/4

G/H C\G/H



Locally symmetric sp.

G/H covering> r \G/H
S~~~ N~~~
1 T

local geometric str. global




Locally symmetric sp.

G/H coverlng> r \G/H
Ry T
T
local geometric str. global

Ex. M: complete, locally symmetric sp.
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Locally symmetric sp.

G/H coverlng> r \G/H
Ry T
T
local geometric str. global

Ex. M: complete, locally symmetric sp.
l.e. M. C'*° manifold with affine connection

s.t. e M is geodesically complete
e geodesic symmetry at every point is affine
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Locally symmetric sp.

coveﬂng\

G/H > I'\G/H
S~~~ N~~~
1 T
local geometric str. global

Ex. M: complete, locally symmetric sp.

—> M ~T'\G/H for some triple I', G, H s.t.

| |
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Locally symmetric sp.

G/H coverlng> r \G/H
Ry T
T
local geometric str. global

Ex. M: complete, locally symmetric sp.

—> M ~T'\G/H for some triple I', G, H s.t.
['~ 7T1(M)

N

(. Lie group

U

H: an open subgp of G° (¢ € Aut(G), ¢% = id)

o |
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Examples of Clifford—Klein forms

(G,T',H)

O\G/H

(R™,Z",10})

T™ (n-torus)

(SL(2,R),SL(2,7Z),{e})

PN

(non-compact, finite volume)

(PSL(2,R),PSO(2),m1(M,))

(9 >2)

(O(p,q+1),0(p,q),T)

Space form
(signature (p, q), k < 0)

(GL(n,R) x R*, GL(n,R),T")

affinely flat




Discrete = Continuous

action
r vX
top. gp top. sp (locally compact)



Discrete = Continuous

action
r vX
top. gp top. sp (locally compact)
X I'

subsetu ~» U
S ['g:={yel:~vSNS # oz}

|
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Discrete = Continuous

action
r vX
top. gp top. sp (locally compact)
X I'

subsetu ~» U
S ['g:={yel:~vSNS # oz}

S={p} = TI'g=stabilizerof p

|
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Discrete = Continuous

action
r vX
top. gp top. sp (locally compact)
X I'

subsetu ~» U
S ['g:={yel:~vSNS # oz}

71 QKFS

—
726

|
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Discrete = Continuous

action
r vX
top. gp top. sp (locally compact)
X I'

subsetu ~» U
S ['g:={yel:~vSNS # oz}

Def. T'"*X isproper < I iscompact
(VS: compact)

M“Xisfree <« #I' =1(¥p€X)

|
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proper + discrete= properly discont.

- N

properly discont. action

proper action

_|_
group Is discrete




proper + discrete= properly discont.

-

action

action

properly discont. action

proper action

_|_
group Is discrete

-



3. Criterion for proper discontinuity

- N

Setting

I H
discrete subgp closed subgp

Problem A Find effective methods to

determine whether
I'"¥@G/H is properly discont.

o |
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-

3. Criterion for proper discontinuity

-

Setting

I Cc G D H
discrete subgp closed subgp

Problem A Find effective methods to

determine whether
I'"¥@G/H is properly discont.

ldea: Forget that I' and H are group

|
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h and ~ (definition)
L ¢ G > H T

Forget even that L and H are group

Def. (K-)
1) LM H <= LNSHS Is compact

for ¥ compact S ¢ G
2) L ~ H +<= 7 compact S Cc G
st. LCc SHSand H C SLS.

|
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h and ~ (definition)
L ¢ G > H T

Forget even that L and H are group

Def. (K-)
1) LM H <= LNSHS Is compact

for ¥ compact S ¢ G
2) L ~ H +<= 7 compact S Cc G
st. LCc SHSand H C SLS.

|
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h and ~ (definition)
L ¢ G > H T

Forget even that L and H are group

Def. (K-)
1) LM H <= LNSHS Is compact

for ¥ compact S ¢ G
2) L ~ H +<= 7 compact S Cc G
st. LCc SHSand H C SLS.
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h and ~ (definition)

L ¢ G D H T
Forget even that L and H are group

Def. (K-)
1) LM H <= LNSHS Is compact
for ¥ compact S ¢ G
2) L ~ H <= 2 compactS C G
st. Lc SHSand H C SLS.
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h and ~ (definition)
L ¢ G > H T

Forget even that L and H are group

Def. (K-)
1) LM H <= LNSHS Is compact

for ¥ compact S ¢ G
2) L ~ H +<= 7 compact S Cc G
st. LCc SHSand H C SLS.

E.q. G =R", L, H subspaces
LhH < LnNH-={0}.
L~H +— L=H.

|
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M and ~

L ¢ G D H T
Forget even that L and H are group

1) L ih H <= generalization of proper actions
2) L ~ H <= economy In considering

|
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M and ~

L ¢ G D H T
Forget even that L and H are group

1) L ih H <= generalization of proper actions
2) L ~ H <= economy In considering

m means in special case that
L Is discrete subgp & H is closed subgp

L H<= L""G/H properly discont.

|
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M and ~

L ¢ G D H T
Forget even that L and H are group

1) L ih H <= generalization of proper actions
2) L ~ H <= economy in considering
m means in special case that
L Is discrete subgp & H is closed subgp

L H<= L""G/H properly discont.

~ provides economies in considering
H~H — | HhL< H h L

|
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Discontinuous duality theorem

- N

G D H subset = H" := {L: Lt H} discont. dual



Discontinuous duality theorem

- N

G D H subset = H" := {L: Lt H} discont. dual

Thm 4 (Discontinuous duality; K-, Yoshino)
(;. loc. compact top. gp, separable

H: subset
Then, H is recovered up to ~ from H™.

o |
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Discontinuous duality theorem

- N

G D H subset = H" := {L: Lt H} discont. dual

Thm 4 (Discontinuous duality; K-, Yoshino)
(;. loc. compact top. gp, separable

H: subset
Then, H is recovered up to ~ from H™.

AN

c. ¢ = G (unitary dual)

Fact 5 (Pontrjagin—Tannaka—Tatsuuma duality theorem)
G: loc. compact top. gp

Then, G is recovered from the unitary dual G.

o |
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Criterion for m and ~

-

G;: real reductive Lie group
G = K exp(ay)K: Cartan decomposition
v. G — a,: Cartan projection

o |
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Criterion for m and ~

-

G;: real reductive Lie group
G = K exp(ay)K: Cartan decomposition
v. G — a,: Cartan projection

GL(n,R) — R"

g > 3(log AL, log Ap)
. > )\, (> 0) are the eigenvalues of ‘gg.

o |
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Criterion for m and ~

-

G;: real reductive Lie group
G = K exp(ay)K: Cartan decomposition
v. G — a,: Cartan projection

Thm 6 (K-, Benoist)
1) L~HING <~ v(L)~v(H)Ina.

2) LhHING <= uv(L)hv(H)ina.

o |
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Criterion for m and ~

- N

G;: real reductive Lie group
G = K exp(ay)K: Cartan decomposition

v. G — a,: Cartan projection

Thm 6 (K-, Benoist)
1) L~HING <~ v(L)~v(H)Ina.

2) LhHING <= uv(L)hv(H)ina.

Special cases include

(1)'s = . Uniform bounds on errors in eigenvalues when a
matrix is perturbed.
(2)'s & . Criterion for properly discont. actions. J

o
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GG O H reductive Lie groups
—> (/H pseudo-Riemannian homo. sp
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GG O H reductive Lie groups
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Calabi—Markus phenomenon (criterion)

- N

GG O H reductive Lie groups
—> (/H pseudo-Riemannian homo. sp

Application (space form of signature (p, q), k < 0)
Exists a space form M s.t. |7 (M)| = oo
< p>qor(pgq) =(11)

(Calabi, Markus, Wolf, Kulkarni, Wallach)

o |
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Calabi—Markus phenomenon (criterion)

- N

GG O H reductive Lie groups
—> (/H pseudo-Riemannian homo. sp

Application (space form of signature (p, q), k < 0)
Exists a space form M s.t. |7 (M)| = oo
< p>qor(pq =(11)
(Calabi, Markus, Wolf, Kulkarni, Wallach)
p>qg+1
L — I M with free non-commutative (M) J
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Criterion of h and ~ (general case)

- N

E.g. . reductive Lie group — Solved

(. general Lie gp =— Unsolved

Not known an effective criterion for rh even in the case
(G,H)=(GL(n,R) x R", GL(n,R))
cf. Auslander conjecture (unsolved)

Goldman—Kamishima, Tomanov, Milnor, Margulis,
Abels, Soifer, - --

o |
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Criterion of m and ~ (nilpotent case)

- N

G : nilpotent Lie group

Criterion for rh for connected H, L (Lipsman conjecture)

Does criterion analogous to reductive case hold for
nilpotent case?

o |
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Criterion of m and ~ (nilpotent case)

-

G : nilpotent Lie group

-

Criterion for rh for connected H, L (Lipsman conjecture)

Does criterion analogous to reductive case hold for
nilpotent case?

1-ste
2-Ste

3-ste

Y  4-ste

0 (abelian) OK

0 OK (Nasrin)
2001
D OK (Baklouti—Khlif, Yoshino, A. Piittemann)
2005 2007 2008
D NO (Yoshino)
2005

more non-commutative

o

|
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4. Existence problem of compact guotient

- N

' c G O H

r ~ G/H
discont. gp



4. Existence problem of compact guotient

' c G O H

r ~ G/H
discont. gp




4. Existence problem of compact quotient

' c G O H

r ~ G/H
discont. gp

Remark [' C G uniform lattice, torsion free
H: compact
—> ['Is uniform lattice for G/H
I'\G/H: compact

o |
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4. Existence problem of compact quotient

' c G O H

r ~ G/H
discont. gp

Remark [' C G uniform lattice, torsion free
H: non-compact
—> ['is not uniform lattice for G/H
I'\G/H: compact

o |
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4. Existence problem of compact quotient

- N

' c G O H

r ~ G/H
discont. gp

Remark ' C G uniform lattice, torsion free
H: non-compact
—> ['is not uniform lattice for G/H
['\G/H: compact but non-Hausdorff

o |
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4. Existence problem of compact quotient

- N

' c G O H

r v G/H
discont. gp

Def. Discont. gp I' is a uniform lattice for G/H

< [I'\G/H Is compact

Remark ' C G uniform lattice, torsion free
H: non-compact
—> ['is not uniform lattice for G/H
['\G/H: compact but non-Hausdorff

L Problem B Does there exist a uniform lattice for G/H?

Existence Problem of Compact Locally Symmetric Spaces — p.35/53
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Problem B Does there exist a uniform lattice for G/H?




Existence problem of compact quotients
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Existence problem of compact quotients

Problem B Does there exist a uniform lattice for G/H?

#® H Is compact

e.g.
G/H =SL(n,R)/SO(n), SL(n,C)/SU(n), ...
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Existence problem of compact quotients

Problem B Does there exist a uniform lattice for G/H?

#® H Is compact

— 7 G-invariant Riemannian structure on G/H

e.g.
G/H =SL(n,R)/SO(n), SL(n,C)/SU(n), ...

o |
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Existence problem of compact quotients

Problem B Does there exist a uniform lattice for G/H?

#® H Is compact

— 7 G-invariant Riemannian structure on G/H

Fact 8 (Borel 1963)
G/ H Is a Riemannian symmetric sp. —- Yes

i.e. Compact forms exist for ¥ Riemannian symmetric sp.

e.g.
G/H =SL(n,R)/SO(n), SL(n,C)/SU(n), ...

o |
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Existence problem of compact quotients

Problem B Does there exist a uniform lattice for G/H?

# H Is non-compact

— ?

Ex. G/H = SL(n,R)/SL(m,R),SL(n,R)/SO(p,n — p)



Existence problem of compact quotients

Problem B Does there exist a uniform lattice for G/H?

® M = G/H Is para-Hermitian symmetric sp

TM =TM, +TM_ (Whitney direct sum)
T M. completely integrable, equi-dimensional
T, M4 maximally totally isotropic subspaces

o |
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Existence problem of compact quotients

Problem B Does there exist a uniform lattice for G/H?

® M = G/H Is para-Hermitian symmetric sp

TM =TM, +TM_ (Whitney direct sum)
T M. completely integrable, equi-dimensional
T, M4 maximally totally isotropic subspaces

Hermitian symmetric sp

|
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Existence problem of compact quotients

Problem B Does there exist a uniform lattice for G/H?

® M = G/H Is para-Hermitian symmetric sp

TM =TM, +TM_ (Whitney direct sum)
T M. completely integrable, equi-dimensional
T, M4 maximally totally isotropic subspaces

Thm 9 G/H is a para-Hermitian symmetric sp. = No

EX. M =GL(p+¢q,R)/GL(p,R) x GL(q,R),
GL(n,C)/GL(n,R), Sp(n,R)/GL(n,R), ...

o |
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Existence problem of compact quotients

Problem B Does there exist a uniform lattice for G/H?

® M = G/H Is para-Hermitian symmetric sp

TM =TM, +TM_ (Whitney direct sum)
T M. completely integrable, equi-dimensional
T, M4 maximally totally isotropic subspaces

Thm 9 G/H is a para-Hermitian symmetric sp. = No

Ex. M =GL(p+q,R)/GL(p,R) x GL(¢q,R),
GL(n,C)/GL(n,R), Sp(n,R)/GL(n,R), ...
L Proof. use Cor 7 (criterion for Calabi—Markus phenomenom
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Existence problem of compact quotients

Problem B Does there exist a uniform lattice for G/H?

® (G/H Is complex sphere S¢, I.e.
G/H :=50(n+1,C)/SO(n,C)
={(21,- v 2mg1) €CM i+ 22 =1

o |
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Existence problem of compact quotients

Problem B Does there exist a uniform lattice for G/H?

® (G/H Is complex sphere S¢, I.e.
G/H :=50(n+1,C)/SO(n,C)
={(21,- v 2mg1) €CM i+ 22 =1

Thm 10 (2005)
G/H = SO(n+1,C)/SO(n, C)

n=13"7 = Yes

There exist closed complex manifolds that are locally
Isomorphic to complex spheres if its dimension = 1,3 or 7.

o |

Existence Problem of Compact Locally Symmetric Spaces — p.36/53



Existence problem of compact quotients

Problem B Does there exist a uniform lattice for G/H?

® (G/H Is complex sphere, i.e.
St ~S0(n+1,C)/SO(n,C)

Thm 10 Conjecture 11
G/H =50(n+1,C)/SO(n,C)

n=13"7 = Yes

o |
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Existence problem of compact quotients

Problem B Does there exist a uniform lattice for G/H?

® (G/H Is complex sphere, i.e.
St ~S0(n+1,C)/SO(n,C)

Thm 10 Conjecture 11
G/H =50(n+1,C)/SO(n,C)

n=13"7 = Yes

Evidence: n. odd < Yes (K-)

o |
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Existence problem of compact quotients

Problem B Does there exist a uniform lattice for G/H?

® (G/H Is complex sphere, i.e.
St ~S0(n+1,C)/SO(n,C)

Thm 10 Conjecture 11
G/H =50(n+1,C)/SO(n,C)

n=13"7 = Yes

Evidence: n. odd < Yes (K-)
n=4k+ 3 (orn=1) <« Yes (Benoist)

o |
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Existence problem of compact quotients

Problem B Does there exist a uniform lattice for G/H?

® (G/H Is complex sphere, i.e.
St ~S0(n+1,C)/SO(n,C)

Thm 10 Conjecture 11
G/H =50(n+1,C)/SO(n,C)

n=13"7 = Yes

Evidence: n. odd < Yes (K-)
n=4k+ 3 (orn=1) <« Yes (Benoist)
- Infinitesimal version: n = 1,3,7 < Yes o
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Complex symmetric spaces

Problem A Does there exist a uniform lattice for G/H?

® M = G/H is irreducible complex symmetric sp

o |
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Complex symmetric spaces

Problem A Does there exist a uniform lattice for G/H?

® M = G/H is irreducible complex symmetric sp

Thm 12 (K-, Benoist)
Yes = M = S+3 or complex group mfd

o |
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Complex symmetric spaces

Problem A Does there exist a uniform lattice for G/H?

® M = G/H is irreducible complex symmetric sp

Thm 12 (K-, Benoist)
Yes = M = S+3 or complex group mfd
Thm 10
Yes < M =~ S% or complex group mfd

o |
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Complex symmetric spaces

Problem A Does there exist a uniform lattice for G/H?

® M = G/H is irreducible complex symmetric sp

Thm 12 (K-, Benoist)
Yes = M = S+3 or complex group mfd
Thm 10
Yes < M =~ S% or complex group mfd

M~ S Sk ... not known

o |
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Complex symmetric spaces

Problem A Does there exist a uniform lattice for G/H?

® M = G/H is irreducible complex symmetric sp

Thm 12 (K-, Benoist)
Yes = M = S+3 or complex group mfd
Thm 10
Yes < M =~ S% or complex group mfd

Methods: criterion of m, F5 action, comparison thm

o |
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Real form of complex spheresS¢:

- N

n=pt+q
O(p,q+1)/O(p,q) two viewpoints
. “real form” of O(n +1,C)/O(n,C) ~ SZ



Real form of complex spheresS¢:

-

n=p+gq
O(p,q+1)/O(p,q) two viewpoints
- “real form” of O(n +1,C)/O(n,C) ~ S¢
. space form:  pseudo-Riemannian mfd of

signature (p, g) with negative constant sec-
tional curvature

Hermitian symmetric sp (p, q) = (2,0)

symmetric sp
(p,q) = (1,1)

|
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Existence of compact locally symm. sp

f Thm 13 Exists a uniform lattice for the following G/ H: T
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f Thm 13 Exists a uniform lattice for the following G/ H: T
Exists a non-uniform lattice for G/H, too.
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Existence of compact locally symm. sp

f Thm 13 Exists a uniform lattice for the following G/ H: T
Exists a non-uniform lattice for G/H, too.
space form

OO0 ~JO Ui Wb —




Existence of compact locally symm. sp

f Thm 13 Exists a uniform lattice for the following G/ H: T
Exists a non-uniform lattice for G/H, too.

space form pseudo-Kahler
G/H

SU(2,2n)/Sp(1,n)
SU(2,2n)/U(1,2n)
SO(2,2n)/U(1,n)
SO(2,2n)/S0(1,2n
SO(4,4n)/S0O(3,4n

OO0 ~JO Ui Wb —




Existence of compact locally symm. sp

f Thm 13 Exists a uniform lattice for the following G/ H: T
Exists a non-uniform lattice for G/H, too.

space form pseudo-Kahler complex symmetric
G/H

SU(2,2n)/Sp(1,n)

SU(2,2n)/U(1,2n)

SO(2,2n)/U(1,n)
SO(2,2n)/S0(1,2n
SO(4,4n)/

OO0 ~JO Ui Wb —




Existence of compact locally symm. sp

=

f Thm 13 Exists a uniform lattice for the following G/ H:
Exists a non-uniform lattice for G/H, too.

space form pseudo-Kahler complex symmetric
G/H L

SU(2,2n)/Sp(1,n) U(1,2n)
SU(2,2n)/U(1,2n) Sp(1,n)
SO(2,2n)/U(1,n)
SO(2,2n)/S0(1,2n
SO(4, 4n) /SO
SO(4,4)

OO0 ~JO UL Wb —

|
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Compact quotients for SL(n)/SL(m)

fThere IS N0 compact quotients if n > m satisfies: T

A

A

RPN WD OO NS

A Labourie—Zimmer (IMRN ’95)

O Benoist (Ann Math '96)

»

| K~ (90)

©® o A (@

e o o (B @
ONUNONONONONCY
¢ A POOB®B®B

1 Margulis '98 ©COOOI®ER®®

*c P E®®B®E®

®@®®®®® @ ®® ®
O K- (Duke Math '92) 5 Shalom (Ann Math 2000)

123

X
YA\

45678091 1

Zimmer (JAMS '94)
Labourie—Mozes—Zimmer (GAFA '95) J
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Rigidity/deformation
=

o Positivity of ‘metric’ Is crucial?
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Rigidity/deformation
=

o Positivity of ‘metric’ Is crucial?

rigid
' C L
lattice
deform . N

\ .
ISOmetry  pseudo-Riemannian

G X



Rigidity/deformation
=

o Positivity of ‘metric’ Is crucial?

rigid
I' C L
lattice
deform ">, N

|sor/n§try pseudo-Riemannian
e X

proper discontinuity

may break down

o |
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5. Rigidity, stability, and deformation
- -



5. Rigidity, stability, and deformation
- -

T properly discont.
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5. Rigidity, stability, and deformation
- -

T properly discont.
C A
G X
C
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Suppose IV is ‘close to’' I'



5. Rigidity, stability, and deformation
- -

properly discont.

Suppose IV is ‘close to’' I'



5. Rigidity, stability, and deformation
- -

properly discont.

Suppose IV is ‘close to’' I'

(R) (local rigidity) I' = ¢T'g~! (g € G)



5. Rigidity, stability, and deformation
- -

T properly discont.




5. Rigidity, stability, and deformation
- -

properly discont.

In general,



5. Rigidity, stability, and deformation
- -

T properly discont.

In general,
® (R) = (9).
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5. Rigidity, stability, and deformation
- -

T properly discont.

In general,
® (R) = (9).
o (S) may fail (so does (R)).
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Local rigidity and deformation

-

I'c G"¥X = G/H uniform lattice

Problem C
1. When does local rigidity (R) fail?

2. Does stability (S) still hold?



Local rigidity and deformation

-

I'c G"¥X = G/H uniform lattice

Problem C
1. When does local rigidity (R) fail?
2. Does stability (S) still hold?

Point: for non-compact H
1. There may be large room for deformation of I' itself.
2. Properly discontinuity may fail under deformation.

|
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Local rigidity (formulation)

|7 I' : finitely generated, GG

Hom(I', G)



Local rigidity (formulation)

f I' : finitely generated, G VX

Hom(I', G)
U
R(I',G; X) = {u € Hom(I',G) : (1) and (2)}



Local rigidity (formulation)

f I' : finitely generated, Q'YX T

Hom(I', G)
U
R(I',G; X) = {u € Hom(I',G) : (1) and (2)}

(1) u: T — Gisinjective  (2) «(T')" ¥ X properly discont.



Local rigidity (formulation)

f I' : finitely generated, Q'YX T

Int
Hom(T,G) ¥ G
U
R(I',G; X) = {u € Hom(I',G) : (1) and (2)}

(1) u: T — Gisinjective  (2) «(T')" ¥ X properly discont.
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Local rigidity (formulation)

f I' : finitely generated, Q'YX T

Int
Aut(I') “¥ Hom(T,G) ¥ G
U
R(I',G; X) = {u € Hom(I',G) : (1) and (2)}

(1) u: T — Gisinjective  (2) «(T')" ¥ X properly discont.
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Local rigidity (formulation)

|7 I' : finitely generated, Q'YX T

Int
Aut(I') “¥ Hom(T,G) ¥ G
U
R(I',G; X) = {u € Hom(I',G) : (1) and (2)}

(1) u: T — Gisinjective  (2) «(T')" ¥ X properly discont.

TG, X):=R(I,G; X)/G (deformation space)
M, G; X) = Aut(D)\R(I', G; X) /G (moduli space)

Def. wue R(I',G; X) is locally rigid as a
discontinuous gp for X if {[u|} iIs open in Hom(I', G)/G.

o |
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Group manifold case

G/{e) (G x G)/AG

Riemannian pseudo-Riemannian
left action left-right action




Group manifold case

G/{e) (G x G)/AG

Riemannian pseudo-Riemannian @
left action left-right action

[' C G simple Lie gp

I'YG «— ('x1)" " (GxG)/AG

|
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Rigidity Theorem for pseudo-Riem. case

B D G/{ed ~ (GxG)/AG @ -

[' C G simple Lie gp



Rigidity Theorem for pseudo-Riem. case

B D G/{ed ~ (GxG)/AG @ -

[' C G simple Lie gp
Fact 14 (Selberg—Weil’s local rigidigy, 1964)

Juniform lattice I" admitting continuous deformations for @
< G =~ SL(2,R) (loc. isom).

o |
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Rigidity Theorem for pseudo-Riem. case

B D G/{ed ~ (GxG)/AG @ -

[' C G simple Lie gp

Fact 14 (Selberg—Weil’s local rigidigy, 1964)
Juniform lattice I" admitting continuous deformations for @

< G =~ SL(2,R) (loc. isom).

Thm 15 (K-)
Juniform lattice I" admitting continuous deformations for @

<— G~ SO(n+1,1)orSU(n,1) (n=1,2,3,...).
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Rigidity Theorem for pseudo-Riem. case

B D G/{ed ~ (GxG)/AG @ -

[' C G simple Lie gp

Fact 14 (Selberg—Weil’s local rigidigy, 1964)
Juniform lattice I" admitting continuous deformations for @
< G =~ SL(2,R) (loc. isom).

Thm 15 (K-)
Juniform lattice I" admitting continuous deformations for @
<— G~ SO(n+1,1)orSU(n,1) (n=1,2,3,...).

Kazhdan’s property (T) falls
<= ftrivial representation is not isolated in the unitary dual
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Rigidity Theorem for pseudo-Riem. case

B D G/{ed ~ (GxG)/AG @ -

[' C G simple Lie gp

Fact 14 (Selberg—Weil’s local rigidigy, 1964)
Juniform lattice I" admitting continuous deformations for @

< G =~ SL(2,R) (loc. isom).

Thm 15 (K-)
Juniform lattice I" admitting continuous deformations for @

<— G~ SO(n+1,1)orSU(n,1) (n=1,2,3,...).

Local rigidity (R) may fall.
for pseudo-Riemannian symmetric space
Leven for high and irreducible case! J
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Rigidity Theorem for pseudo-Riem. case

B D G/{ed ~ (GxG)/AG @ -

[' C G simple Lie gp

Fact 14 (Selberg—Weil’s local rigidigy, 1964)
Juniform lattice I" admitting continuous deformations for @

< G =~ SL(2,R) (loc. isom).

Thm 15 (K-)
Juniform lattice I" admitting continuous deformations for @

<— G~ SO(n+1,1)orSU(n,1) (n=1,2,3,...).

Local rigidity (R) may fail.  Stability (S) still holds.
for pseudo-Riemannian symmetric space
Leven for high and irreducible case! J
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Rigidity Theorem for pseudo-Riem. case

B D G/{ed ~ (GxG)/AG @ -

[' C G simple Lie gp

Fact 14 (Selberg—Weil’s local rigidigy, 1964)
Juniform lattice I" admitting continuous deformations for @
< G =~ SL(2,R) (loc. isom).

Thm 15 (K-)
Juniform lattice I" admitting continuous deformations for @
<— G~ SO(n+1,1)orSU(n,1) (n=1,2,3,...).

Method: use the criterion of m
(= criterion for properly discontinuous actions)
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Local rigidity and stabllity

'TcG' VX
'Y X properly discont. & I is ‘close to’ T

In general,

» (R)= (9).
o (S) may fail (so does (R)).

#® Goldman’s theorem and conjecture (1985)
X = 3-dim’l Lorentz space form
(R) fails. It is likely that (S) holds.
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Discontinuous gps forG ~ (G x G)/AG
- -

I'ca
p: I' = G homomorphism
= I ={(v,p(7) 17 €T} CGXG

EQg. p=1 = I,=1 x{e}

p. ‘deformation’ parameter
Thm 16 (Kulkarni-Raymond )

G = SL(2,R)
— Any discontinuous gp for G = (G x G)/AG is

virtually of the form I', for some I and p
up to switch of factors.
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Discontinuous gps forG ~ (G x G)/AG
- -

I'cda
p: I' = G homomorphism
= I ={(v,p(7) 17 €T} CGXG

EQg. p=1 = I,=1 x{e}
p. ‘deformation’ parameter
Thm 16 (Kulkarni-Raymond, K- )

&=5E2Ry G semisimple Lie gp, rankg G = 1
— Any discontinuous gp for G = (G x G)/AG is

virtually of the form I', for some I" and p
up to switch of factors.
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Discontinuous gps forG ~ (G x G)/AG
- -

{ I'cd
p: I' = G homomorphism
= I ={(v,p(7) 17 €T} CGXG
Eg. p=1 = T,=1 x{e}
p. ‘deformation’ parameter
Thm 16 (Kulkarni-Raymond, K- )
&=5E2Ry G semisimple Lie gp, rankg G = 1

—. Any discontinuous gp for G = (G x G)/AG is

virtually of the form I', for some I" and p
up to switch of factors.

|

Existence Problem of Compact Locally Symmetric Spaces — p.48/53



L ow dimensional case

- N

G=SL(2,R) (~S0O(2,1) ~ SU(1,1))

Deformations for @
.- - deformation of complex structure of Riemann surface

Deformations for @
- negatively curved 3-dim’l Lorentz space forms
(Goldman, K-, Salein, ...)

G = SL(2,C) (= SO(3,1))

Deformation for @
... 3-dimensional complex mfd
(Ghys, ...)
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Criterion for proper action

Discrete properly Benoist, K— T
| discontinuous (Thm 6)

Continuous proper action K-

analog
?
1 ?

\J

Representations discretely K— /Invent Math 94
decomposable Ann Math 98

restriction Invent Math 98
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Discontinuous gps — Unitary reps

N N

M . topological space

I': discontinuous gp " M

- T" behaves nicely in Homeo(M)
as if it were a finite group
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Discontinuous gps — Unitary reps

N N

M . topological space

I': discontinuous gp " M

- T" behaves nicely in Homeo(M)
as if it were a finite group

‘H . Hilbert space

L"YH “nice” unitary representations

- L behaves nicely in U(H)
as if it were a compact group
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Discontinuous gps — Unitary reps

N N

M= G/T" : topological space

I': discontinuous gp * ¥ M

- I" behaves nicely in Homeo(M)
as if it were a finite group

H . Hilbert space

LY “nice” unitary representations

. L behaves nicely in U(H)
as if it were a compact group
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Discontinuous gps — Unitary reps

N N

M= G/T" : topological space

I': discontinuous gp * ¥ M

- I" behaves nicely in Homeo(M)
as if it were a finite group

H= L*(G/H), L*>(G/T) : Hilbert space

LY H “nice” unitary representations

. L behaves nicely in U(H)
as if it were a compact group

Ldecay of matrix coefficients (Margulis, Oh) J
discretely decomposable restrictions (K- )
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References

- N

1) PAMQ vol.1 (2005) Borel Memorial Volume

2) math.DG/0603319 (survey paper, translated by M. Reid)
3) work in progress (with T. Yoshino)

For more references:
http://www.math.harvard.edu/ ~ toshi
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http://www.math.harvard.edu/~toshi/

Existence problem of compact quotients

- N

Various approaches including

criterion for proper actions
Hirzebruch’s proportionality principle
cohomology of discrete groups
symplectic geometry

ergodic actions

unitary representation theory

© o o o o o @
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