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Abstract

The graded quotients of the logarithmic higher ramification groups of a local
field of characteristic p > 0 with arbitrary residue field are abelian groups killed
by p. Their character groups are canonically embedded in some spaces of twisted
differential forms.

Using the embeddings, we define the characteristic cycle of an ¢-adic sheaf,
satisfying certain conditions, as a cycle on the logarithmic cotangent bundle and
prove that the intersection with the O-section gives the characteristic class.
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1 Ramification along a divisor

Let k be a perfect field of characteristic p > 0, X be a smooth scheme of dimension d
over k and U = X \ D be the complement of a divisor D with simple normal crossings.
We consider a smooth f-adic sheaf F on U.

Let Dy,... ., D,, be the irreducible components of D. We define the log blow up

(X xX) > XxX

to be the blow-up at Dy x Dy, Dy X D5, ... ,D,, x D,,. Namely the blow-up by the
ideal sheaf (priZp, + prsZp,) - (priZp, + prylp,) - - - (prilp,, + pralp,,). We define the
log product (X x X)~ C (X x X)" to be the complement of the proper transforms of
D x X and X x D. The scheme (X x X)~ is affine over X x X and is defined by the
quasi-coherent Oy x-algebra

OXXX[prT‘Iz’-Bll : pr;IDia prTIDi : prZIB},z = 17 L am] C j*OUXU
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where j : U x U — X x X denotes the open immersion. The diagonal map § : X —
X x X is uniquely lifted to the log diagonal map ¢’ : X — (X x X)’. The projections
(X x X)~ — X are smooth. The conormal sheaf N X/(xxx)~ is canonically identified
with the locally free Ox-module Q% (log D) of rank d.

Let R = Dy + -+ + r,D,, be an effective divisor with rational coefficients
r1,...,rym > 0. For simplicity, in the lecture, we assume that the coefficients r{,... ,r,,
are integers. We define

(X x X)) - (X x X
to be the blow-up at the divisor R C X in the log diagonal X C (X x X)'. We define
an open subscheme (X x X)) C (X x X)B x x, v~ (X x X) C (X x X)) to
be the complement of the support of (p*ZrO xxx)ir1 + TxO(xxx)m) /P TrOxx x)H
where Tp C Ox and Jx C O(xxx) are the ideal defining R C X and the log diagonal
X C (X xX) and p: (X x X)Fl — X denotes the projection. The scheme (X x X))
is an affine scheme over (X x X)~ defined by the quasi-coherent O(x « x)~-algebra

(11) ZI&Q j)l( C'}*OUX(]

1>0

where j : U x U — (X x X)~ denotes the open immersion. The log diagonal map
§ X — (X x X)"is uniquely lifted to a closed immersion 6% : X — (X x X)),
The projections (X x X)) — X are smooth. The conormal sheaf Nx/(xsxym 18

canonically identified with the locally free Ox-module Q% (log D)(R).
We consider the commutative diagram

UxU 22 (x < x)®

5UT T(;(R)

AN X
of open immersions and the diagonal immersions.

Definition 1 Let F be a smooth sheaf on U = X \ D. We define a smooth sheaf H
on U x U by H =Hom(prsF,priF). Let R= "), r;:D; > 0 be an effective divisor with
rational coefficients.

We say the log ramification of F along D is bounded by R+ if the identity 1 €
Endy (F) = (U, Endy (F)) = I(X, joxEndy(F)) is in the image of the base change

map
(1.2) DX, 8 H) —— T(X, joxEndy(F)) = Endy(F).

Definition 1 is related to the filtration by ramification groups in the following way.
Let D; be an irreducible component and K; be the fraction field of the completion
Oxg, of the local ring at the generic point & of D;. We will often drop the index ¢
in the sequel. The sheaf F defines an {-adic representation F, of the absolute Galois
group G, = Gal(K;/K;). The filtration G ,, C Gk,r € Q,7 > 0 by the logarithmic

ramification groups is defined. We put G%'\,, = U=, G 1og-
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Lemma 2 The following conditions are equivalent.
(1) There exists an open neighborhood of &; such that the log ramification of F along
D is bounded by R+.

(2) The action of G\, on Fy, is trivial.

Proposition 3 Let F be a smooth sheaf on U = X \ D such that the log ramification
of F is bounded by R+. Let C' and C" be smooth curves in X and x be a closed point
in CNC'"ND. Assume the following conditions are satisfied:

(1) For every irreducible component D; of D, we have (C, D;), = (C', D;),.

(2) lengthx(’)cmcrw Z (O, R+ D)Qc
Then, étale locally at x, there exist an étale morphism f : C'— C" and an isomorphism

f*}-‘c/ — .’F‘C,

Let j = j® : UxU — (X x X)® be the open immersion. We put D¥ = Uir, >0 Di-
The open subscheme U x U C (X x X)® is the complement of the inverse image
Et = (X x X)) xx D*. The inverse image E* is canonically identified with the
vector bundle V(Q (log D)(R)) xx D". For a sheaf H on E, we consider the Fourier
transform FyyH = Rpry (priH @ (, )*Ly,)(d)[2d] on the dual E*.

Proposition 4 Assume that the log ramification is bounded by R+. Let Sy C E™*

be the support of the Fourier transform Fy(j.H)|g+ of the restriction of j.H on ET =
V(Q%(log D)(R)) xx D*. Then, the projection Sz — D% has finite fibers.

Idea of proof. There exists a unique smooth map  : (X x X)® x ¢ (X x X)#) —
(X x X)®) that makes the diagram

(X x X)B) xx (X x X)) L (X x X)B

l |

(X x X)xx (X xX) 22 (X xX)
commutative. The composition
H X H = Hom(pryF, priF) @ Hom(prsF, praF) — prisH = Hom(priF, priF)

induces a map j,HX j,H — p*j.H. It further induces G®G — G on G = F,’H. Using
this map, we prove Proposition 4.

Proposition 4 has the following consequence Let D; be an irreducible component
of D. The graded piece Gryi, G, = G}l 1/ Gyt is abelian. The restriction of F, to

Glog i 18 decomposed into direct sum of characters 9, x™x. The fiber @l(gg = Etxp+&
at the generic point &; is a vector space over the function field F; of D;. The restriction
of 7,’H on the geometric fiber @ gf- is decomposed as B, Endy, (F,) ® L, where L,

is a smooth rank one sheaf defined by the Artin-Schreier equation 77 —T" = f, where

log,

fx = 15w x is a linear form on @1ogﬁ called the refined Swan character of y.
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Theorem 5 The graded quotient Gri,,Gr is annihilated by p and the map

(1.3) Hom(Gt! Gx,F,) —— Homz (0", F;
log p F;

log>?

sending a character x to the refined Swan character f, = rsw x is an injection.

2 Characteristic cycle

We recall the definition of the characteristic class. Let X be a scheme over k and F be
a constructible A-sheaf. We put Kx = Ra'A and Dy F = RHom(F, Kx). We define
the characteristic class C(F) € H°(X,Kx) to be the image of 1 € End(F) by the
composition

End(F) — H%(X x X, RHom(priF, Rpri F)) — HY(X, F ®@F DxF) — H°(X, Kx).

The first map is a natural identification of H%(X x X, RHom(prjF, RpriF)) with
End(F). The second is induced by the inverse of the canonical isomorphism F X
DxF — RHom(priF, RpriF) and the pull-back map. The last map is induced by the
evaluation map F @ DxF — Kx.

If X is proper, by the Lefschetz trace formula in SGA 5, the characteristic class
computes the Euler number: Tr C(F) = x (X%, F). If X is smooth of dimension d and
if F is smooth, the canonical class C(F) is equal to rank F times the self intersection
class (X, X) = (—1)%q(Q%) € H*(X, A(d)).

Let x : Grj,,Gx — [, be a non-trivial character. The refined Swan character

ISW X : @l(g; — F; defines an F;-rational point [rsw x] of P(Q%(log D)*)(F;). We

define a reduced closed subscheme T, C P(Q%(log D)*) to be the Zariski closure

{[rsw x](Spec F;)} and let L, = V(Or, (1)) be the pull-back to T} of the tautological
sub line bundle L C T*X (log D) x x P(24 (log D)*). Tt defines a commutative diagram

L, —— T*X(log D) xx D; —— T*X(log D)= V(2 (log D)*)

ey | 1 l

T, —— D; — X.

We put

1
2.2 SSy = ————m|L
( ) X [TX . Dz] 7TX [ X]
in Zy(T*X (log D) xx D;)o.
Let F be a smooth f-adic sheaf on U = X \ D and R = >, r;D; be an effective
divisor with rational coefficients r; > 0. In the rest of talk, we assume that F satisfies
the following conditions:

(R) The log ramification of F along D is bounded by R+.
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(C) For each irreducible component D; of D, the closure Sx x Fj is finite over D; and
the intersection Sz x F; N D; with the 0-section is empty.

The conditions imply F, = fgi) for every irreducible component D; of D.

Definition 6 Let F be a smooth A-sheaf on U = X \ D satisfying the conditions (R)
and (C).

For an irreducible component D; of D with r; > 0, let F5, = Zx nyX be the direct
sum decomposition of the representation induced on GrlogGKi' We define the charac-
teristic cycle by

(2.3) CC(F) = (-1)? <rank;f + Y e an [SS,] )

4,r; >0
in Z4(T*X (log D))g.
Theorem 7 Let X be a smooth scheme over k and D be a divisor with stmple normal
crossings. Let F be a smooth (-adic sheaf on U = X \ D satisfying the conditions (R)
and (C).

Then we have

C(joF) = [CC(F)]
in H*4(X, A(d)) = H*(T*X (log D), A(d)). In other words, we have
C(joF) = (CC(F), X)r-x(10g D)
Idea of Proof. Under the assumption (C), we see
5SSy = (c(Qx(log D)) N (1+R)"' N[T*"X(log D) xx Dy])) 4.,
Hence we have
CC(F) = (—1)%rank F-([X] + (2 (log D)) N (1 + R) " N [T* X (log D) X x R]))dima)

and

(CO(}-) )T*X(logD)
= (—1) -rank f ((X, X)T*X(logD) + C(Qﬁ((log D)) N (1 -+ R)il N [R]))dimd>

On the other hand, the image of the identity id;,r € End(jnF) by the pull-back
map

HY (X x X, RHom(prZ}" Rpr! F))
— Hio 0 (X x X)W 50 Hom(ps F, priF) (d)[2d])

is equal to the image of H%((X x X)) 4 Hom(pr%]—", priF)(d)[2d]) defined by the
cup-product e U [X] of the section e € HO(X, 5§~ 'iR)Hom(prgf, priF)) lifting the
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identity of F with the cycle class [X] € H%((X x X)¥, A(d)[2d]). Thus the left hand
side is equal to rank F - (X, X )( xxx)m - Therefore, it follows from the equality

(X, X) xwxym = (=17 ca(x (log D)) — (c(Qx (log D))* N (1 = R)™ N [R])dima-

Closing the lecture by raising questions:

1. What can one say if there is more than one R? What happens if the ramification
is not controled by the points of codimension 17

2. Analogy with D-modules with irregular singularities. The same construction
seems to work. Relation with the existing theory of characteristic cycles, irregularities
etc.?

3. Mixed characteristic case. The same results on the graded quotient seems within
reach. How one can define characteristic cycle?

4. Epsilon factors. One can compute the Euler number using the characteristic
cycle. What can one do for the determinant of cohomology.



