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Notation:

F algebraically closed field of characteritic p > 0.

U smooth varity over F', d dim U.

F smooth (-adic sheaf (or Fy-sheaf ) on U, ¢ # p

Xe(U, F) = Yol dim H(U, F)

Aim: Define a 0-cycle class SwF € CHy(X — U) ® Q and prove

Xe(U, F) = x.(U)rank F — deg SwF

where X is a compactification of U.

Note: There is another way to compute x.(U,F) using the zeta function. This
approach is more geometric and relies on the ramification along the boundary, while
the zeta function has nothing to do with the boundary.

Plan:

1. Classical case.

2. Definition.

3. Results.

4. Lefschetz trace formula for open varieties.

1.

U: a smooth curve

X D U: smooth compactification.

CHy(X —U) = Dex_v Z

For simplicity, assume F is trivialized by a finite Galois covering V' — U. In general,
we consider F mod ¢ and use the Brauer trace.

Y. the normalization of X in V.

X 2 U

oeG=CallU/V),o#1.



Figure 1.

I', : graph of o.

(Y xY) =Y xY: Blow up at (y,y) for each y € Y\ V.
Figure 2.

T, closure of I'y CV xp Vin (Y x Y.

tame ramification : no intersection.

wild ramification : non-empty intersection.

Define

svu(o) = —(To, Ay)yxyy € CHo(Y = V) EB Z,

yey -v

svu(l) = =32, svyu(o) and

(1) Sw(F) = |G|Zfsv/U (0)Tr(o: M) € CHy(X —U) ® Q.

oeG

M : representation of G' corresponding to F.
Theorem 1 (Hasse-Arf)
(2) Sw(F) e CHo(X —U).
Theorem 2 (Grothendieck-Ogg-Shafarevich)
Xe(U, F) = x(U) - rank F — deg Sw(F).

2.
We do not know if we have a smooth compactification. However, we may use an

alteration.
7 2 W

X — U
X,Y: compactifications.
Z proper smooth, W complement of a divisor with simple normal crossings.
g: Z — Y: alteration=proper, surjective and generically finite.

(Z x Z)": Blow-up of Z x Z at Dy X Dy,..., Dy X D,, where Dy, ..., D,, are the
irreducible components of D.

Ay Z — (Z x Z)': the log diagonal map.
(Z x Z)"is smooth and the immersion Z — (Z x Z)' a regular immersion of codimension
d.



Proposition 3 Let 0 € G,# 1. Let I" € Zy;(W xg W\ W xy W) be an arbitrary
extension of [I'|wx,w\wxyw] = (g X g)'T,. Then,

1
(W V]

g.(I", AZ)(ZXZ)/ =: (I'y, Av)log

€ CHy(Y \ V) ®7 Q depends only on U «—V CY and o.
Definition 4 For o € G,# 1, put
(3) svju(0) = —(Lq, Ay)®

sv(l) = — Zaec,;ﬂ svyu(0).
Define

Sw(F) = é S fasvu(o)Ta(o - M) € CHy(X \U) © Q.

ceG

In fact, Sw(F) is defined as an element of C'Hy(E)q where E C X — U is the wild
ramification locus.

Variant: We may also define Sw(F) in a mixed characteristic situation.

3. Results.

Integrality.

Theorem 5 Assume d = dimU < 2.
1. (T,, Ay)©8 is defined in CHy(Y — V).
2. SwF =1 is defined in CHy(X — U).

Proof. 1. Resolution.

2. By Brauer’s induction, it is reduce to the case rankF = 1. May assume X is
smooth and U is the complement of a divisor D = ). D; with simple normal crossings.
Then, one can define a divisor Dz = ), sw;(F)D;. Further after blowing-up, we prove

Swy(F) = (~1)" {e(Qx/p(10g D)) N (1~ D)™ 1 [D aimo.

Theorem 6
Xe(U, F) = x.(U) - rank F — deg Sw(F).

Proof. Suffices to show the trace formula

STeot HA(V,Q)) o £

deg syju (o) = {XC(U)[V tU] = xe(V) if 0 = 1.



for an open variety. Tr(o* : H:(V, Q) = S22 (=1)1Tr(c* : HI(V,Qy)).
deg (I", Ag) (zxzy = Te(I" = HX (W, Q).

4.

Changing the notations.

X: proper smooth scheme over F' of dimension d.

U C X: complement of a closed subscheme D C X.

' C U x U: a closed subscheme of dimension d.

p; : I' = U: the composition with the projections pr; : U x U — U.
{: a prime number different from the characterstic of F'.

'™ = pri.opry on HY(U,Qy) is defined if p, : I' — U is proper.
Write Tr(T* : H* (U, Qy)) = 322 (=1)9Te(I* : HI(U, Qy)).

q=0
Lemma 7 p, is proper if and only if
(4) I'n(DxX)cI'n(X x D).

To have a nice formula, we need more assumption. Assume D = Dy U---U D,, is
a divisor with simple normal crossings and define

p: (X x X) — X x X: the blow-up at Dy X Dy,...,D,, X D,

Ay = X — (X x X)": the log diagonal.

Theorem 8 Let I be the closure of ' in (X x X)' and assume
(5) I'n(DxX) cI'n(X x D)

where (D x X)) and (X x D) are the proper transforms of D x X and X x D. Then,
po : ' = U is proper and we have

Te(I" : HX(U,Qp)) = deg(I”, Ay ) (xxx-

The assumption is satisfied in our case: W xy WN(DxY) =W xg WN(Y xD)'.

Can not replace (5) I N DM c IV N D@ by (4) TN DM c TN DA,

Example 1. X =P U =A!', F:U — U Frobenius. I' = T'p

Then, Tr(F* : HX(U,Qp)) = p and (I', A)(xxxy = p. On the other hand, Tr(F} :
H:(U.Q))) = 1 and (T, )y = p.

Example 2. X =P, U=A', 0:U — U defined by 2 —~ a2+ 1. ' =T,.

Then, Tr(o* : H}(U,Q)) = 1 and (I', A)(xxxy = 1. There is an intersection at oo.
p—1 1t s g uz(tu)

c ﬁ T 14¢° 1+s T+ut
Proof of Theorem 8.
Classical case (X = U is proper).

" e @PEndHI(X,Q) —— H?* (X x X,Qq(d)) >[I

| [

Tr

Tr I € Qo ——  HYX,Qd) >3 A*T]

4



The isomorphism in the upper line is given by the Poincaré duality and Kiinneth
formula.

A*[[] = [(A,T)]: compatibility of the cup-product with the intersection product.

deg = Tr.
Our case.
I e @EndHIU,Q) —— HX(U x U,Qu(d)) 3 [T)
| [
Tr I* € Q L HX(U,Qu(d) > A*[I]

where HX(U x U,Qu(d)) = H*}(X x X, jnRjaQe(d)), jo : U x U — U x X,j; :
UxX — X xX. .
Need to relate A*[I'] with [(A,T")(xxxy]. We have a commutative diagram

[ € HX(U x U,Qu(d)) —— HE(U x U,Qq(d)) > [T

.| B |

AT e HMUQ(d) —— H*(X,Q(d)) > AT

where Hi (U x U, Qq(d)) = H*((X x X, juRj2Qe(d)), ks : (X x X)' — (D x X)'U
(X x D)) - (X xX)—(DxX),k : (X xX)—(DxX) — (X xX). The
assumption implies that [I'] € Hy (U x U,Q(d)) is defined. The key point is that the
upper horizontal map sends [['] — [[']. This follows from the fact that the map is an
isomorphism observed by Faltings and Pink. [ |

d.

Conjecture 9 Let A be a regular local ring with perfect residue field and G be a finite
group of automorphisms of A. Assume that, foro € G,# 1, A/(c(a) —a:a € A) is of
finite length. Then the function ag : G — Z defined by

ao(o) = —length A/(c(a) —a:a € A) ifo#1
¢ - ZTGG,;H &G(T) Zfo' = 1.

s a character of G.

Corollary 10 of Theorem 5.2 ([KSS]) Conjecture 9 is true if A is the local ring at a
closed point of a smooth surface over a perfect field.



