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Abstract

For a constructible sheaf on a smooth scheme over a field of positive character-
istic, the singular support and the characteristic cycle are defined on the cotangent
bundle. We study if a construction using the microlocalization similar to that in
a transcendental setting due to Kashiwara—Schapira works in the algebraic setting
and prove partial positive results.

For a constructible sheaf F on a smooth scheme X over a field k of characteristic
p > 0, the singular support SSF and the characteristic cycle CCF are defined on the
cotangent bundle 7* X [2], [16]. However, unlike modules over the ring of microdifferential
operators in the context of D-modules, a direct construction of an object on T*X giving
rise to them is not available. In a transcendental context, the singular supports and the
characteristic cycles allow a construction using the microlocalization uHom/(F, F) defined
on the cotangent bundle [11]. We study if a similar construction works in the algebraic
setting.

We define a closed conical subset SS,F C T*X in Definition 2.1.1 and a coho-
mology class C'C\,F supported on §5,F in Definition 2.1.4 using the microlocalization
uHom(F,F). We state their possible relations with SSF and CCF as Question 2.1.9.
We give partial positive answers to the question. If dim X < 1, we prove in Proposition
2.5.1 that CC,F equals the cycle class of CCF. For a general X, we prove a conditional
result in Proposition 2.5.2 that the inclusion SS,F C SSF implies the same equality
between CC,F and CCF as above.

We sketch an outline of the proof. First, we prove the equality in Corollary 2.2.5 for
a tamely ramified sheaf F on a curve by computing vHom(F,F). Then, using a global
argument based on a theorem of Katz—Gabber [13], we prove Proposition 2.5.1 for curves.
For the proof, we use an index formula for C'C), proved in Corollary 2.3.4 and compare it
with the Grothendieck—Ogg—Shafarevich formula. The index formula Corollary 2.3.4 is a
special case of the compatibility of CC), with proper push-forward Proposition 2.3.3.

To prove Proposition 2.5.2 in higher dimension, we prove that CC,F also satisfies
the characterization of CCF by the Milnor formula. By the assumption SS,F C SSF,
the theorem of Beilinson dim SSF = dim X implies dim SS,F < dim X. By the weak
cohomological purity, this makes it suffice to compare the coefficients in CC,F and in
CCF of irreducible components of dimension dim X. By the compatibility with push-
forward for a closed immersion, it is reduced to the case where X is projective. Then, by
taking a Lefschetz pencil and by the compatibility with proper push-forward Proposition

1



2.3.3, the Milnor formula is reduced to the equality CC), = cl1CC for the direct image on
P! proved in Proposition 2.5.1.

We briefly sketch the contents of each section. We introduce in Section 1.2 the spe-
cialization functor following Verdier [19]. The specialization is defined by applying the
nearby cycles functor to the deformation to normal bundle. Since the microlocalization is
defined as the Fourier transform of the specialization, we recall basic properties of Fourier
transforms in Section 1.1.

In Section 2.1, we define SS,F and C'C,F using the microlocalization pHom(F,F)
and state their possible relations with SSF and CCF as Question 2.1.9. In Sections 2.3
and 2.4, we study the compatibilities with proper push-forward and with smooth pull-
back respectively. We prove some positive results on the relation between C'C),, and C'C
in Section 2.5 by reducing to a computation of C'C), in Section 2.2 for a tamely ramified
sheaf on a curve. We give an explicit and independent computation of CC), for a wildly
ramified Artin—Schreier sheaf on a curve in Section 2.6.

When the author studied the question with Ahmed Abbes in 2004, we thought that it
would not work because another approach using the blow-up taken in [1] worked well. The
author recently computed the example in Section 2.6 and noticed that we had reached the
negative conclusion too quickly. The same question was also considered independently by
D. Cisinski, A. Khan and E. Yang.

In this article, k£ denotes a field of characteristic p > 0. If X is a smooth scheme over
k, TX and T*X denote the tangent and the cotangent bundle. Let A be a finite local
ring over Z/¢"Z for a prime number ¢ # p and an integer n = 1. For a noetherian scheme
X over k, D’(X,A) D D.s(X,A) denote the derived category of bounded constructible
complexes of A-modules on X and its full-subcategory of complexes of finite tor-dimension.
The letters R and L to denote derived functors will be omitted. For a separated morphism
f: X — Speck of finite type, let Kx € D(X,A) denote f'A.
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1 Fourier transforms and the specialization

1.1 Complements on Fourier transforms

Let k be a field of characteristic p > 0. Let A be a finite local ring over Z/¢("Z for a
prime number ¢ # p and an integer n = 1. Fix a non-trivial character ¢: F, — A*. Let

YV: F, = A* be the character defined by ¢"(z) = ¢ (—z) = ¢ (z)~ "

Definition 1.1.1. Let k be a field of characteristic p > 0 and ¢: F, = A* be a non-trivial
character.

1. Let A' = Speck[t] — A' = Speck[z]| be the Artin-Schreier covering defined by
t? —t = z and identify the Galois group with F, by the action of a € F, defined by
t—t+a. Let L, be the locally constant constructible sheaf of free A-modules of rank 1
on A! = Spec k[x] trivialized by the Artin—Schreier covering A — A! corresponding to
the character ¢: F, — A*.

2. Let X be a noetherian scheme over k and let E be a vector bundle over X. Let EV
be the dual vector bundle and

E & ExyEBY 225 BV

g

Al
be the projections and the canonical pairing. We define the (naive) Fourier transform
(1.1) F=F,: D)(E,A) — DYEY,A)
by FyF = pry(priF ® p*Ly) and the (naive) dual Fourier transform
(1.2) FY =F,: DY)EY,A) — D(E, \)
by FyvG = pry(prig @ p*Lyv).

Let 0: X — Fand 0V: X — EY be the 0-sections and let e: £ — X and e: EY — X
denote the canonical morphisms.

Lemma 1.1.2. Let e: E — X be a vector bundle of rank n over a noetherian scheme X
over k and let eV: EY — X be the dual vector bundle.
1. For G € D (E,\), we have a canonical isomorphism

(1.3) Fy(e(=)®G) = (=) ® FuG

of functors D°(X,A) — D(EY, A).

2. We have canonical isomorphisms

(1.4) Fy0, — e,
(1.5) Fue* = 0)(— ®eal)

of functors D°(X,\) — DY(EV,A). The isomorphism (1.5) is equivalently formulated as
an 1somorphism

(1.6) Fye' — 0.
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3. Let adj,: 0, — €' be the adjoint of 0y — 1 and let res,v: eV* — 0, be the adjoint of
0*e* — 1. Then the diagram

Fyet 22 oy

(17) adjeT Tresev
Fy0, 22, eve
15 commutative.

Proof. Let F € D%(X,A).

1. We have an isomorphism Fy(e*F®G) = pry(prie* FRpriGu*Ly) — e*FQF,G
by the projection formula.

2. Since the restriction p*Ly|xx,pv is canonically identified with A, we have an iso-
morphism Fy,0,F = pry (pri0.F @ u*Ly) — eV*F.

We have an isomorphism FyyA = pryu* Ly, — 0.e;A by the proper base change theorem.
Since e"*—®0)e;A = 0Y (—® eA), (1.3) for G = A implies (1.5).

By the canonical isomorphism e*(—)®e'A — €' of Poincaré duality, (1.5) is equivalently
formulated as (1.6).

3. Let F € DYE, A) and we consider the commutative diagram

prie’ F —== ¢ FX0YA
(1.8) adjeT Tadje&resev
pri0F —— O F XA
on Ex x EV. The support supp 0/ A = X C EY annihilates supp ¢'F C F and supp A = EV

annihilates supp 0,.F C X C F respectively. Hence by taking the tensor product ®@u*L
and pry, we obtain the left commutative square in the diagram

FeF —— e/l F@ 0N —— 0/ F
(19) adjeT Tevw!(adje)@resev Tresev
FOF {49, e*e O F  —— e*F.

The right horizontal arrows are induced by the canonical morphisms eie' — 1 and e,0; — 1
and the compositions of the horizontal arrows are the isomorphisms (1.6) and (1.4). Since

the diagram

| can
el —=1

e!adjaT A
610]

is commutative, the right square of (1.9) is commutative and the diagram (1.9) gives
(1.7). O

The following is a fundamental result of Katz and Laumon.

Proposition 1.1.3. 1. ([12, Théoréme (2.4.4)]). Let j: G, x A' — Al x P! be the open
immersion over k and let L (y/x) denote the pull-back of Ly, by the morphism y/x: G, X
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A' = Spec k[z*!,y] — Al. Then, the projection pry: At x P1 — Al is universally locally
acyclic relatively to j1Ly(y/x).

2. ([12, (a) in the proof of Théoreme (2.4.1)]). Let X be a noetherian scheme and
consider the cartesian diagram

2 J2 1 1
Ay — Py xx Ay

PHJ{ lﬁ1

AL, 24— Pl

Then, the morphism jo(pri(—) @ u*L) — jou(pri(—) @ p*L) is an isomorphism.

Proof. 1. First, we show the universal local acyclicity on A? = Spec k[x,y] C A! x PL. Tt
suffices to show the universal local acyclicity after the base change by the purely inseparable
morphism A! — A! sending z to 2. The normalization of the covering of A? defined by
tr —t =y/aP is A* = Speck[z, s] - A% = Spec k[z,y] given by s? — zP~1s =y for s = xt
and the projection A? = Speck[z,s] — A! = Speck|x] is smooth. Hence the assertion
follows from the local acyclicity of smooth morphisms.

Next, we show the universal local acyclicity on A! x (P = {0}). Changing the coordi-
nates and notation, it suffices to show that the projection A? = Speck[z,y] — Al =
Spec k[z] is universally locally acyclic with respect to j1£(1/zy) for the open immer-
sion j: G2, — A2 Let g: A' x G,, = Speck[z,u*!] — A% = Speck|z,u] be the
open immersion. By the generic universal local acyclicity [5, Corollaire 2.16], the pro-
jection p;: A% = Speck[z,u] — A' = Speck[z] is universally local acyclicity relatively
to gily(1/u). The blow-up ¢: P — A? at the origin is the union of two affine planes
A = A? = Speck|x,y] and B = A% = Spec k[u,v] where u = xy and x = uv. Since ¢ is an
isomorphism outside the exceptional divisor E, the composition p; o q: P — A! is locally
acyclicity on the complement P — E. Further, by the first step above, the composition
p1ogq: P — Al is locally acyclicity relatively to ¢* 1L, (1/u) except possibly at the origins
of A and B. Since q: P — A? is proper, by proper base change theorem, the composi-
tion p; o q: P — A! is everywhere locally acyclicity relatively to ¢*¢1L,(1/u). Since the
restriction of ¢*¢1Ly(1/u) on A is the same as j1Ly(1/zy), the assertion follows.

2. Let F € D5(A%,A). By 1, the projection pr;: Pk xx Al — PL is locally acyclic
relatively to jau*L. Hence by [9, Proposition 2.10], the morphism jo(priF @ pu*L) =
DI JeF @ Jap* L — jou(priF @ p*L) is an isomorphism. O

Proposition 1.1.3.2 implies that the canonical morphism
(1.10) FyF = proy(priF @ pLyy) = pra, (priF @ p*Ly)

is an isomorphism [12, Théoreme (2.4.1)].

Corollary 1.1.4. Let E be a line bundle on X and EY be the dual. Let g: E* = F = X —
E and g¥: EV* = EY = X — EY be the open immersions of the complements of the 0-
sections. Let 0: X — FE be the 0-section and define a morphism 0,Ax — gApx[1] by the
exact sequence 0 — giApx — Ag — 0,Ax — 0. Then, there exists a unique isomorphism



fitting in the commutative diagram

F0.Ay % Ap

(1.12) l l

(1.11)

ng]AEx [1] — g;/Ava .

Proof. By the isomorphism Fy,Ap — 0/Ax(—1)[—2], the exact sequence 0 — gApx —
A — Ax — 0 induces an isomorphism (Fy0.Ax)|pvx = Agvx — FygApx[1]|pvx. By
adjunction, there exists a unique morphism FygApx[1] — ¢/ Apvx making (1.12) commu-
tative. Its restriction on EV* is an isomorphism.

It suffices to show that the morphism FgA — ¢Y¢"*FgA is an isomorphism. We
consider the commutative diagram

FgA —— pry, (prigA @ p*L)

| l

9.9 Fg A —— g/pry, (PrigiA @ " L)|px x5v> ).

By the isomorphism (1.10), the horizontal arrows are isomorphisms. It suffices to show that
the right vertical arrow is an isomorphism. Since e,giA = 0, the morphism pr,, (prigA ®
wL) — pro, (A X g/A) ® p*L) is an isomorphism. Let ¢ : E xx EY* — E xx EY be
the open immersion. Then pr,, (A K g/ A) @ p*L) — pro, g5, (PrigA @ p L) px y pvx ) is
an isomorphism and the assertion follows. O]

Proposition 1.1.5 ([15, Théoreme (1.2.2.1)]). Let e: E — X be a vector bundle over a
noetherian scheme X over k and let e¥: EV — X be the dual vector bundle. There exists
a canonical tsomorphism

(113) 1 FT/JFTPV — - GV*GIA
of functors DY(EY,N) — Db(EY,A).

Proof. Let L,(z(y” —x")) denote the pull-back of £,, by the morphism EV Xy Ex x EY —
A sending (zV,z,y") to u(z,y’ — x¥). We consider the cartesian diagram

(1.14) E LY NS —— EY

prs
2] PT23 pro

pr pr
EY XxEéEV XxEXXEv41:;EV XxE\/

pl'
prll ! 6><1T T&

EVY EY xy E—1 EV.

By the proper base change theorem applied to the lower right square, the pull-back by the
lower middle vertical arrow induces isomorphisms

(1.15) prigLy(z(y’ —2")) = prig(0 x 1).(6 x 1)*Ly(z(y” — ")) = dupryA — d.e el



By proper base change theorem, the projection formula and by (1.15), we obtain isomor-
phisms

FyFyv — pry(pr] — @Ly(z(y” —27))) — pro(pr] — @prigLy(z(y’ — "))
= pry(du(— @ e eN)) = — ® e elA.

]

In the following, we fix ¢ and drop it from the notation. The isomorphism (1.13) is
equivalently reformulated as an isomorphism

(1.16) i: F(FY(=)®eA) — 1.

Proposition 1.1.6. Lete: E— X be a vector bundle of rank n over a noetherian scheme
X over k and let ¢¥: EY — X be the dual vector bundle. The diagram

F(FVe'' ()@ e'A) —— e”!

T(fl)”can
(1.4)

(1 )l
F0.(-)®e'A) — eV (=) ®e*0%e'A

(1.17)

of functors D%(X,A) — Db(E,A) is commutative. The upper horizontal arrow is defined
by (1.16) and the right vertical arrow is (—1)"-times the morphism induced by the canonical
isomorphism eV*0*e'A — eV'A.

Proof. We consider closed immersions

(1.18) EVxy BV 0N gy Exy BV XU Bk E

defined by (6 x 1)(z¥,z) = (z¥,x,2"). Let p1,p3: EY Xxx EY — EY and q: EY xx E — EY
be the restrictions of the projections pry,pry: EY Xx E xx EY — EY. By the proof of
Proposition 1.1.5, the upper horizontal morphism i: F(FVeV'F ® ¢'A) — eV'F is induced
by the composition via upper right in the diagram

(1.19) pry (prie’'F ® L((y" — 2")z) @ prze'A) —=q(e"' F K e'A)

| |

pa(prie"' F @ (e¥ x e¥)*0*e'A) ME

The upper horizontal arrow and the left vertical arrows are induced by the pull-back
by the immersions in (1.18) respectively. The left vertical arrow is induced by the iso-
morphism Trg/y: ere — 1. The lower horizontal arrow is induced by the isomorphism
Trev)x: e)'eVt — 1 for the first factor £V and the canonical isomorphism e"*0*e'A — e"'A.
The arrows in (1.17) via lower left is induced by the corresponding arrows in (1.19). Hence
it suffices to show that (1.19) is (—1)"-commutative. Similarly as Lemma 1.1.2.1, we may
assume JF = A.

After changing the coordinate (zV,z,y") by (y¥ — z¥, z,y"), the immersions in (1.18)
are the base change by EY — X of the immersions EY — Ex x EY + E and L((yY —z")z)
is the pull-back of L£(zVx). Hence, it suffices to show Lemma 1.1.7.1 below. [



Lemma 1.1.7. 1. Let e: E — X be a vector bundle of rank n and ¢": EY — X be the
dual. Then, the diagram

(e x eV Ly(n)[2n] e/ Fye'A U9, e’ 0/ A

| l

e!FleV!A (1.5)

(1.20)

€!O*A — A

of isomorphisms of sheaves on X is (—1)"-commutative.

2. Let u: A* = Speck[z,y] — A' = Speck[t] be the morphism defined by t = xy and
let ®gA denote the vanishing cycles complex at 0 € A% with respect to u. Then, we have
an isomorphism R'iA — A, an ezact sequence 0 — ®A — R* A — A(—1) — 0 and
RYyA =0 forq+#1,2.

3. Let k be an algebraically closed field and let o be the involution of A* = Spec k[z, 1]
switching © and y. Then o acts on H2(A?, L, (zy)) by —1.

Proof. 1. Since the assertion is local on X, we may assume that £ = A’;.. By the Kiinneth
formula, we may assume that n = 1. Further, we may assume that X = Speck for an
algebraically closed field k. Hence, the assertion is reduced to 3.

2. We construct a relative compactification zi: P — A!. The second projection P! x
A' — A' = Speck[t] is proper. Let P — P! x A! be the blow-up at the origin of
A% = Speckly,t] C P! x Al. Let Ly be the proper transform of (y = 0) C A? and L, be
the inverse image of (P* x A') = A2 Then, the complement P — (Lo U Ly,) is identified
with A2 = Speck[z,y] by zy =t and hence P — P! x A! — A = Speck]t] is a relative
compactification of u: A? = Spec klx,y] — Al

Let j: A% = Speck[z,y] — P be the open immersion. The morphism zz: P — Al
is smooth except at 0 € A? and Ly and L, are sections of zi: P — A!. Hence the
morphism P — A! is locally acyclic relatively to jiA except at the origin 0 € A2. Let 7,
be the generic geometric point of the strict henselization at 0 € A! and let ®;A denote
the vanishing cycles complex at 0 with respect to p. By the Picard-Lefschetz formula, the
complex ®yA is acyclic except at degree 1 and the A-module LA is free of rank 1. Let
+ = A? X1 0 and Gy, 5, = A? xa1 7y be the fibers of p: A% — A'. Then, the assertion
follows from the distinguished triangle I'.(4+,A) = T'.(Gpzy, A) = oA —.

3. By the projection formula, we have a canonical isomorphism uLy(zy) — Ly @ A.
Hence by 2. and I'.(A', L) = 0, we have a canonical isomorphism ®§A — HY(A!, Ly (ay)®
R*umA) — H2(AY, L,(zy)). Since o acts on ®JA by —1 by the Picard-Lefschetz formula,
the assertion follows. O

We study relations of Fourier transforms with pull-back and push-forward by linear
morphisms of vector bundles.

Proposition 1.1.8 ([15, Théoreme (1.2.2.4)]). Let a: E — E’ be a linear morphism of
vector bundles on a noetherian scheme X over k and a”: E"Y — EY be the dual. Let F
and F' denote the Fourier transforms for E and E' respectively. We have a canonical
1somorphism

(1.21) d: Flay = a"*F

of functors D°(E,\) — D(E", \).



The morphism (1.4) is the case where a: X — E is the 0-section.

Proof. By applying the proper base change theorem to the cartesian squares in the com-

mutative diagram
E xx BV ——FEY

E<~—Exx EY—sFE"Y

| 7

El - E/ X x E/v
and by the projection formula, we obtain isomorphisms

Flay = pry(pry’(a—) ® Ly (2'2")) = pry(a x 1ev)i(pry' (=) @ Ly(a(x)a™))
— priy(1e x a’)"(pri(=) @ Ly(xz”)) = a”"pryy(pri(=) @ Ly (xz”)) = o F.

~—

]

Corollary 1.1.9. Let the notation be as in Proposition 1.1.8 and let F¥ and F" denote
the inverse Fourier transforms for E and E' respectively.
1. There exists a unique isomorphism

(1.22) d': F(a*(—=) @ ¢'A) = a/F'(— @ ¢"A)
of functors DY(E', A) — Db(EY,A) such that the diagram
Fla*FY (=) @ e'\) 2 oV F'/(FY (=) ® ¢"A)
(1.23) dT -
F(FVa/(=)®€'A) AN a)
is commutative. The left vertical arrow is an isomorphism induced by the isomorphism d

fora¥: E"Y — EVY.
Ifa: E— E' is smooth, (1.22) is equivalently reformulated as an isomorphism

(1.24) d": Fa' — a)F'.

2. The isomorphism Fe' — 0 (1.6) is the special case of d¥ (1.24) where a: E — X
18 the structure morphism.

Proof. 1. The functor F'V: D%(E"™,A) — DPY(E’,A) is an equivalence of categories by
Proposition 1.1.5. Hence the commutative diagram (1.23) uniquely defines a functor d".
2. By the characterization of dV, it suffices to show that ip: F(FY0) (=) ® e'A) — 0Y
equals the composition of d: F(FY0/(=)®e'A) — F(e*(—=) ®e'A) and F(e*(—) ® e'A) —
Fe' — 0 (1.6). By the proof of Proposition 1.1.6, ip: F(FV0)(—)®e'A) — 0) equals the
composition of the isomorphism F(FV0)(—) ® ¢'A) — pry,(0Y(—) K e'A) induced by the
pull-back by § x 1: EY x E — EY x E x EV and the isomorphism pry,(0)(—) X e'A) —
0/(—) ® ere'A — 0 induced by Trg/x. Since F(e*(—) ® e'A) — Fe' — 0 (1.6) is also
induced by Trg,x, we have the equality as required. O

We show that the Fourier transforms of adjunction morphisms are identified with the
restriction morphisms



Lemma 1.1.10. Let a: E — E' be a linear morphism of vector bundles on a noetherian
scheme X over k and a": E"Y — EY be the dual. Let F and F’' denote the Fourier
transforms for E and E' respectively. Let adj,: aie' — €" be the adjoint of €' — a'e” and
res,v: a’*0Y — 0 be the adjoint of 0 — aY0)Y. Then the diagram

1.6
(1.25) Flaé’ *d>aV*Fe!(*)E>aV*0¥
adjal res,v

! (1.6) v N
Fle" =2

18 commutative.

Proof. Let F € D% X, A) and consider the commutative diagram

prifa e F —2 ae! F K a"*0Y A
(126) adjal ladjaﬁres
prive' F 2o S FROVA

on E'x x E"Y. The horizontal arrows are induced by the restriction morphisms A — a¥*0Y A
and A — 0YA. On the right column, the supports of a"*0yA and 0/YA annihilate the
supports of ae'F and e"F respectively. The canonical isomorphisms ejae'A — A and
10

eie” A — A are compatible with the adj,. Hence by taking the tensor product ®u*L and
pry, = e; X 1, we obtain (1.25) from (1.26). O

We show an analogue of Lemma 1.1.10 for d¥ and determine the sign appearing.

Proposition 1.1.11. Let a: E — E’ be a linear morphism of vector bundles on a noethe-
rian scheme X over k and a": E"Y — EY be the dual. Let n = rank E, n’ = rank E’ and
r=n-—n.

1. Letres,: a*0, — 0, be the adjoint of the isomorphism 0, — a,0, and adj,. : a)e’V" —
eV be the adjoint of V' — a¥'eV*. Then the diagram

(1.27) F(a*0.(=) ® ¢'A) —Z aV F/(0L(=) @ " A) B2 gy e

resal /
—1)"adj,v
(14)p !

F(0.(—) ®€'A) eV

18 commutative.
2. Assume that a is smooth. Let adj,: 0y — a'0; be the adjoint of a0y — 0] and
res,v: e’ — ale'V* be the adjoint of a¥*e¥* — ¢’V*. Then the diagram

(1.28) Fa!O{i>a¥F’0f(l'ﬁ>/a¥e’v*
adj“T A
FO! (1'4)E 6\/*

15 commutative.
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Proof. 1. We consider the diagram

Fa0(=)®eA) —2  aYF(0.(-) ®e'A)
(1.6) grv (1.6) grv
F(a'FYeV (=) @ eh) —T af FI(FVeV (<) @ ¢'A)
d Qg

F(FYaye™ (=) @ e'A) —E aye!
adj,v adj,v

F(FVeV'(-) ® e'A) e, eV
(1.6)pv (="

FlO.(m)oen) L eV,

By Lemma 1.1.10, the composition of the left column is the left vertical arrow res, in
(1.27). The top vertical arrows are induced by the isomorphism F"VeV' — 0’ (1.6)z and
the top square is commutative by the functoriality of d¥. The second square is (1.23)
and is commutative by the definition of d¥. The vertical arrows in the third square are
induced by adj,.: @’¢’"' — €Y' and the square is commutative by the functoriality of i.
The bottom square is (1.17) and is commutative by Proposition 1.1.6.

The upper two arrows in the right column are obtained by applying a)” to the upper
left arrows in the commutative diagram (1.17)

F/(F/ve/v!(_) ® e/!A) ip s !
l l(—l)"’
F’(O;(—) ® 6/!A) (14) g V!

for E'. Hence the diagram (1.27) is commutative.
2. Let b: E” — F be the inclusion of the kernel E”
E" be the dual. We consider the diagram

=Ker(a: E — E') and b": EY —

(1.29) Fa'0] —*— VF’O’( Ve a)eV*

d (1.6) g
Fbge”! b\/*F//e//! E bV*OZV

res

Fb!O// bv*F”O”(l A) gy INAPU%

(14)E e\/*

FO,

of functors D%(X,A) — DY(EY,A). The bottom pentagon is commutative by the transi-
tivity of the isomorphisms (1.21) and (1.4) and the remark after Proposition 1.1.8. The
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middle right square is obtained by applying b"* to (1.7) for ¢”: E” — X. The middle left
square is commutative by the functoriality of d. By the commutative diagram

| bc |
a0 —— be”

al ]

b
0, —== b0/,

the left vertical arrow in (1.28) equals the composition of the left column. Similarly, the
slant arrow in (1.28) equals the composition of the right column and the slant arrow. Since
the top line is the same as that of (1.28), it suffices to show that the upper rectangle is
commutative.

The morphism d¥ fits in the following commutative diagram

Fd0, N A
(1.5)E,T T(Ls)E,
(1.30) Fa' F'Ve'V! d’ ; CL:F/F/\/@,\/!

F(FVaYeV'(—-) @ a'A) B gYelVr,

The upper square is commutative by the functoriality of d* and the lower square is (1.23).
The composition of the right column is (—1)"-times the upper right horizontal arrow
(1.4)p in (1.29) By Proposition 1.1.6. Hence, it suffices to show that the top rectangle
in (1.29) with the top line replaced by the composition Fa'0] — aYe” in (1.30) via lower
right is (—1)" -commutative.

Let a and [ denote the compositions

| d o (1.5) g bc
o F vCL!\/elv' — a*F /\/6,\/' — CL*O; — b*e”*
| d | (1.5)gn bc
61 l:’ b!GII' e b\/* F 'e”' —>E bV*Ofk’V — (l:@lv*.

The left vertical arrows in (1.30) and the top left vertical arrow in (1.29) are induced by the
arrows in « and (3 is the same as the arrows in the top rectangle in (1.29) via lower right.
Hence it suffices to show that the bottom horizontal arrow ig: F(FVa)e"(—=)®a'A) — a)e*
in (1.30) equals (—1)"-times 8 o F(a ® a'A). We consider the commutative diagram

E <& ExEv 22, gV

| | [
B pr E" % B pry s IV

The vertical arrows are closed immersions and the image of a" is the exact annihilator of
the image of b. Hence by the proper base change theorem, the pull-back by the middle
vertical immersion induces an isomorphism Fbe™ — a)prhprie”. Composing this with

. . . 1 . . .
the isomorphism induced by pryprie” — €*el'e”* — €V*, we obtain an isomorphism
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Fbie"™ — aYe'V*. This is equal to B by the definition of d. Using the same diagram from
the right to the left, we obtain a similar equality for . We consider the immersions

(1.31) EYx E'x BV 24 EVx Ex BV <L BV X E

defined by (6 x 1)(z",z) = («¥,z,z"). Let p1,p3: E"Y X E" X E"Y — E"  py: E"Y X E" X
E"Y — E” and q: E"Y x E — E'" be the restrictions of the projections pry, pry: E"Y X E X
EY — E" and pry: E"Y x E x E"Y — E”. Then, by the descriptions of o and § above,
the composition 5o F(a ® a'A) equals the composition via upper right in the diagram

F(FVCLZGIV!(—) ® a!A) s Cll/pg!(]ffel\/!(—) ®p§€"!/\)

l |

alq(eV (=) XKe'A) —— aye’v*.

The upper horizontal arrow and the left vertical arrow are the isomorphisms induced by
the pull-back by the immersions in (1.31) respectively. By the proof of Proposition 1.1.5,
the morphism ip: F(FYaYeV' (=) ® a'A) — aYe™™ equals the composition via lower left.
Since the left vertical arrow is induced by Trgw,x - Trgr/x and the lower horizontal arrow
is induced by Trg,x, the diagram is (—1)"-commutative, similarly as in the proof of
Proposition 1.1.6. 0

In [14, Lemma 13.5], the diagram (1.27) is studied with an unspecified isomorphism.

Let X — Y be a separated morphism of finite type of noetherian schemes over k and
E be a vector bundle on Y. Let b: E xy X — E and b: EV xy X — EY be the base
change morphisms for £ and for the dual vector bundle. Let F'x and Fy denote the Fourier
transform for £ xy X and FE respectively. Then we have canonical isomorphisms

(132) b|\/FX — Fybg,
(133) bv*Fy — Fxb*

by the proper base change theorem.

Let X be a smooth curve over a field £ and 0 € X be a k-rational point. We identify
R'j,A(1) with Ag by the isomorphism

(1.34) Ao — R'j.A(1)

defined by the image of a uniformizer by the boundary morphism j.G,, — R'j,A(1). Let
e: E— X be a line bundle over X and e": EY — X be the dual. Let j: X = {0} — X
be the open immersion and let By = E xx 0 and Ej = EY xx 0 be the fibers. Let
je: E = FEy — E and jpv: EY = Ej — EY be the base change. Let Ej = Ey — {0} and
Ey* = Ey — {0} be the complement of the origin and let go: Fy — Ep and g: Ej* — Ey
be the open immersions. We identify the non-trivial cohomology sheaf H!(e*j.Ky) =
e*R'j,A(1) at the top degree with Ag, by the isomorphism (1.34). Define a subcomplex
N = N, of €*j.Ky on E by replacing H™(e*j.Ky) = e*R'j.A(1) = Ag, by the subsheaf
go A EX- Here and in the following, by abuse of notation, we identify a sheaf on a closed
subscheme of E with its direct image on E and similarly for EV. By the definition, we
have a canonical isomorphism

(1.35) 0*Ny = 0" e* R 2}, K}, — Kx.
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Proposition 1.1.12. 1. We have a distinguished triangle

2. Let+: 0Y(X)UEy — EY be the closed immersion of the union of the 0-section and
the fiber Ey. Then, there exists a unique morphism

(137) FwNA — +! GV*KX

fitting in the commutative diagram

FuNy 0 4 e Ry

(1.38) J ladj

FwO*KX ﬂ) €V*Kx.

The left vertical arrow is induced by the adjoint of 0* Ny — Kx (1.35) and the right vertical
arrow 18 the adjunction morphism.

3. Leti: Ey — EV be the closed immersion and let Aoixy — 0'¢"*Kx and Agy —
i‘eV*Kx be the canonical isomorphisms defined by the cycle classes [0(X)] and [EY]. Define
1+ eV Kx — 0Y5,A®g.A to be that induced by the inverses of these isomorphisms. Then,
the diagram

FyNa 3D e Ky

(1.39) (136)1 l

Fy(e"j Ko @ gah e [1]) P22 0vja @ g.A

is (—1)-commutative and the morphism (1.37) is an isomorphism.

Proof. 1. We have a canonical morphism Ny — e*7, Ky @ g A B [1] by construction. The
morphisms of cohomology sheaves are isomorphisms except for degree —1. For degree —1,
the morphism is an injection and the cokernel is Ag,. Hence, we obtain (1.36).

2. By abuse of notation, we identify a sheaf on a closed subscheme of EY with its direct
image on EV. Applying Fourier transform to (1.36), we obtain a distinguished triangle

(1.40) FyNy = 0 A & gy A — Ag(—=1)[—1] — .

Hence FyN, is supported on the union + = 0¥(X) U £y and the composition FyNy —
Fy0.Kx — e¢"*Kx of the arrows in (1.38) via lower left induces FyNy — + +' e"*Kx
(1.37) making (1.38) commutative.

3. First, we show the (—1)-commutativity for the first component. It suffices to
consider the restriction on U = X = {0}. The restriction of O)A — Ny — 0,Kx on U
equals that of the composition of the adjoint 0),A — e*Kx and the restriction e*Kx —
0.Kx. By Proposition 1.1.11.1, its Fourier transform is (—1)-times the composition of the
restriction A — 0YA and the adjoint 0'A — e"*Kx. Since the adjoint 0/A — e"*Kx is
defined by the cycle class [0Y(X)], the (—1)-commutativity for the first component follows.

We show the (—1)-commutativity for the second component. Since the identification
A — R'j,A(1) (1.34) is defined by sending 1 to the class of a uniformizer ¢, its image by

14



the boundary map R'j,A(1) — H2(X,A(1)) is the minus —[0] of the cycle class by [7,
2.1.3]. Thus, the (—1)-commutativity for the second component follows.

We show that (1.37) is an isomorphism. By cohomological purity, +; +' e"* K fits in a
distinguished triangle +,+'e"*Kx — 0Yj. A®gy, A — Ao(—1)[—1] —. The lower horizontal
arrow is an isomorphism by Corollary 1.1.4. Since the diagram (1.39) is (—1)-commutative,
by comparing this with (1.40), we see that that (1.37) is an isomorphism. O

By purity, the A-module Hgv( X)UBY (EY,eY*Kx) is free of rank 2 generated by the cycle
classes [0Y(X)] and [E{].

Corollary 1.1.13. Let I denote the inertia group at 0 € Ej.
1. We have a distinguished triangle

(1.41) 0Ny = G A T(I,A)g — HY (I, A)o[—1] — .

The last two terms are placed at 0 e TN X C TX.

2. Let A — 0'Ny be a morphism and let A — FyNy — +'¢V*Kx be the compo-
sition of the Fourier transform of its adjoint OOA — Ny and (1.37). If the composi-
tion A — 0'Ny — j.A ® T(I, )y with the first arrow in (1.41) maps 1 € A to (a,b) €
A@®HO(I,A), then the composition A — +'eV*Kx defines an element —a[0V(X)] —b[Ey] €
HY, )y (B, € Kx).

Proof. 1. For terms in (1.36), we have canonical isomorphisms 0'e*j, Ky — j.A, O!gggAEOx —
[(I,A)o[—1] and 0'Ag, — HY(I, A)g[—2]. Hence (1.36) induces (1.41).

2. Let gf.: T* = {0} — T* = T¢ X be the open immersion to the fiber at 0. Then the
Fourier transform of the first arrow in (1.41) defines the upper line in the commutative
diagram

FyONy ——  Fy(lA@T(LA)) 2 e, A @ eV T(I, A

l l J=

FyNy —— Fy(e*j. Ky @ gohpx[1]) ——  0JjA ® g A

The lower line is (1.39) via lower left. Thus the asserion follows from the (—1)-commutativity
of (1.39) O

1.2 Deformation to normal bundle and the specialization functor

First, we study dilatations of schemes smooth over an affine line A! = Spec k[u].

Definition 1.2.1. Let £ be a field and let Z — X be a closed immersion of schemes
smooth over the affine line A'. Let {0} C A! = Spec k[u] be the closed subscheme defined
by the ideal (u) and define closed subschemes Zy = Z x a1 {0} C Xy = X xa1 {0} C X.
Let D, X — X be the blow-up at Z; C X and define the dilatation DX C D;X to be
the open subscheme obtained by removing the proper transform of Xy C X.

If X = SpecA is affine and Z C X is defined by an ideal I C A, then Dz X =
Spec A[I /u] for the subring A[l/u] C A[1/u].

15



Lemma 1.2.2. 1. The immersion Z — X is lifted uniquely to Z — DzX.

2. The closed fiber Dz X xa1 {0} is canonically identified with the normal bundle
Ty, Xo.

3. The scheme Dz X is smooth over A'.

Proof. 1. Since Zy C Z is a Cartier divisor, the assertion follows from the universality of
dilatations.

2. The exceptional divisor of the blow-up DX — X is canonically identified with the
projective space bundle P (T, X). Since T X = Ty, Xo® A}, the intersection P (T, X)N
D, X is identified with 17, X.

3. We may assume that X = Spec A and that Z C X is defined by an ideal I C A.
Then DzX = Spec A[I/u] for the subring A[I/u] C A[l/u] and is flat over A'. Since

DzX xa1 0 =Ty Xy is smooth over k, Dz X is smooth over Al. O
Let
Z — X
(1.42) l l
W —— Y

be a commutative diagram of smooth schemes over A! such that the horizontal arrows are
closed immersions. Then, we have a canonical morphism Dz X — Dy Y. We say that the
diagram (1.42) is transversal if it is cartesian and if the morphism Ox ®g, Ow — Oy is
an isomorphism. Further if the diagram (1.42) is transversal, then the diagram

Dz; X — X

(1.43) l l

DyY —— Y

1S cartesian.
Lemma 1.2.3. Let

J —— X

(1.44) l l

W ——Y

be a commutative diagram of smooth schemes over A such that the horizontal arrows are
closed immersions.

1. Assume that X — Y is a closed immersion and that the diagram (1.44) is cartesian.
Then the morphism Dz X — DwY s a closed immersion.

2. Assume that X —Y and Z — W are smooth. Then the morphism DzX — DyY
15 smooth.

Proof. 1. We may assume that Y = Spec B and X = Spec A are affine and Z C X and
W C Y are defined by ideals I C A and J C B. By the assumption that the diagram
(1.42) is cartesian, the surjection B — A induces a surjection J — I. Hence the induced
morphism B[J/u] — A[I/u] is a surjection.
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2. By the assumption that X — Y is smooth, the base change of the morphism
Dy;X — DwY by G,, — A! is smooth. Further by the assumption that Z — W is
smooth, the morphism 77, Xy — Tw,Yo is smooth. Hence the morphism Dz X — DyY
of smooth schemes over A! is smooth. O]

We apply the construction above to define the deformation to normal bundle.

Definition 1.2.4. Let k£ be a field and let i: Z — X be a closed immersion of smooth
schemes over k. Let Tz X be the normal bundle. We define the deformation to the normal
bundle Az X to be the dilatation Dy, a1 (X x Al) for the closed immersion Zx A! — X x Al
of smooth schemes over the affine line A! = Spec k[u].

The deformation to the normal bundle Az X fits in a cartesian diagram

TzX—>AzX<—XXGm

| | l

0 —— Al «—— G,

We consider the diagonal immersion 6: Ay = X — X x X. Then, the normal bundle
Tx(X x X) is the tangent bundle 7X. Hence, we have a cartesian diagram

TX — Ax(X x X)) +— X x X x G,

| l !

0o —— Al — G,,.

If X — Y is a morphism of smooth schemes over k, we have a canonical morphism
Ax(X X X) — Ay(y X Y)

Lemma 1.2.5. Let X — Y be a morphism of smooth schemes over k.

1. Assume that X — Y 1is a closed immersion. Then the morphism Ax(X x X) —
Ay (Y xY) is a closed immersion.

2. Assume that X — 'Y is smooth. Then the morphism Ax(X x X) — Ay (Y xY) is
smooth.

Proof. 1. Since the diagram
X — X xX

| l

Y — Y xY

is cartesian, the assertion follows from Lemma 1.2.3.1.
2. The assertion follows from Lemma 1.2.3.2. O]

We briefly recall the definition and functorialities of nearby cycles functor. Let O
be a henselian discrete valuation ring. Let S"™ = Spec Ogw be the maximal unramified
extension of S = Spec Og. Let s,n € S be the closed point and the generic point. Let
5 € S" be the closed point and 7 = Spec K¢, — S™ be a geometric point above 7. Let
A be a finite ring and assume that the cardinality is invertible in Of. For a scheme X of
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finite type over S, let

—_— Sur 7l n

be a cartesian diagram. Let D%(X, x,n, A) be the derived category of constructible sheaves
on X; with continuous action of Gal(7/n) compatible with the action on X as in [3, Exposé
XIII, Construction 1.2.4 (b)]. Then the nearby cycles functor

W DY(X,,A) — DX, xsn,A)

is defined by ¥ = i*j,5*. Its composition D%(X,A) — D’(X, x,n, A) with the pull-back
is also denoted by W.

Let f: X — Y be a morphism of schemes separated of finite type over S. Then the
base change morphisms define morphisms of functors

(1.45) iUy = Ux fo,
(146) \Iijﬁ* — fs*\IlXa
(147) fs!\IJX — \I/yf,-]!.

The morphisms (1.45) and (1.46) are adjoint to each other. If f is proper, (1.46) and
(1.47) are isomorphisms inverse to each other by the proper base change theorem. If f
is smooth, (1.46) is an isomorphism by the smooth base change theorem. A canonical
morphism

is defined as the adjoint of (1.47).
We recall the definition of monodromic sheaves from [19, Définition 3.1].

Definition 1.2.6. Let X be a noetherian scheme over a field k£ and £ be a vector bundle
over X. For a geometric point x of E, define a morphism w,: G, , = E by w,(t) =1 - .

We say that F € D%(E,A) is monodromic if for every geometric point x of E and
for every integer ¢ € G, the cohomology sheaf H?(w!F) on Gy, is locally constant and
tamely ramified along 0, co.

We study a property of a locally constant sheaf on G,, tamely ramified along 0, co.
Let k be a field of characteristic p > 0 and A be a finite ring such that the cardinality is
invertible in k.

Lemma 1.2.7. Let M be a locally constant constructible sheaf on G,, = Speck[z*!]
tamely ramified along 0,00 € P! and let j: G,, — A be the open immersion. Let k be a
separable closure of k.

L. The canonical morphism I'(G,, 7, M) — (j.M)g is an isomorphism.

2. PC(A%, Jj«M) = 0.
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Proof. 1. Let I} be the tame inertia group at 0 and let M be the stalk of M at the
generic geometric point of Gy,. Then, the canonical morphism I§ — m(G,,7)" to the
tame fundamental group is an isomorphism and we obtain a commutative diagram

F(Gm7E,M) —_— ]*M5

T |

F(m(G,, 5" M) —— T(I§, M)

m,k

of isomorphisms.

2. Let joo: Al — P! be the open immersion. Then, we have a distinguished triangle
FC(A%, JjeM) — F(P%, JooxJsM) = JooxjxM|ss —. The second morphism is identified
with I'(G,, 7, M) — JoosjxM|s and is an isomorphism similarly as in 1. Hence we have
FC(A%, J:M) = 0. O

We recall the definition of the specialization functor from [19]. Let i: Z — X be a
closed immersion of smooth schemes over a field k. We consider the cartesian diagram

TzX—>AzX%XXGm

(1.49) l l l

0 — Al «——— G,

Let 7o be the generic point of the henselization of A! at 0. Let ¥ be the nearby cycles
functor with respect to the middle vertical arrow in (1.49) at 0 € Al and let p;: X xG,,, —
X denote the projection. We define the specialization functor

(1.50) vz x: DU(X,A) = DUTzX x5 o, \)
by vz = V¥ o pj.
Let
Z —— X
(1.51) l lf
W ——Y

be a commutative diagram of smooth schemes over k such that the horizontal arrows are
closed immersions. Then, we have a commutative diagram

Tz X —— AzX +— X x Gy,
(1.52) Tfl Afl l

TwY —— ApY «—— X x G,
and the morphisms (1.45), (1.46), (1.47), (1.48) define morphisms
(1.53) Tivwy = vzx ™,
(1.54) vy fo = Trvzx,
(1.55) Thvzix — vwyy fiy
(1.56)

VZ/Xf! — T}Vw/y.
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Proposition 1.2.8. Let i: Z — X be a closed immersion of smooth schemes over k and
F e DX, A).

1 ([19, Section 8 (SP1)]). The specialization vz xF on Tz X is monodromic.

2 (cf. [19, Section 8 (SP5)]). The morphisms 0*vy/xF — *F (1.53) and i'F —
0'vz/xF (1.56) for the immersion AzZ = Z x A' = Az X are isomorphisms.

Proof. 2. The first isomorphism is [19, Section 8 (SP5)]. The following proof of the second
isomorphism is similar to the proof for the first isomorphism loc. cit. It suffices to show
that Olyz/xf = 0 assuming that /7 = 0. Let j: U = X = Z — X be the open immersion
of the complement. Then, the assumption i'F = 0 means that the canonical morphism
F — Jij*F is an isomorphism. By blow-up, we may assume that Z C X is a Cartier
divisor of X and that there exists a cartesian diagram

J —— X

Lo

0 —— Al

where the vertical arrows are smooth. We prove the assertion by induction on the dimen-
sion d of the support of F. If d = 0, then F/ = 0 on a neighborhood of Z and the assertion
holds. Assume d = 1.

First, we show 0'vy /xF = 0 generically on Z. By replacing X by an open neighborhood
of the generic point of Z, we may assume that j*F is locally constant. By further replacing
X by a finite scheme over X and shrinking X and using the isomorphism (1.54) for finite
morphisms, we may assume that the cohomology sheaves of j*F are constant and further
J*F = HY*F[0]. Let ji: U x G,,, = AzX — AzZ be the open immersion. Then, since
AzX — AzZ — A' is smooth, the direct image R°ji,prij*F is a constant sheaf. Let
Jo: Az X = AzZ — AzX be the open immersion and let joo: 172X = Z — T7X be its
restriction on the closed fiber. Further, since A;X and A;Z are smooth over Al, we have
Vz/X]: = (jQ*Rojl*pI‘Tj*,F)lTZX = ‘]'270*((R0j1*p1‘>{j*‘/—")|TZ)(_Z). Thus we have Olyz/xf =0
generically on Z.

We show O!Vz/x./_" = 0. Since the assertion is local on X, we may take an étale
morphism X — A" such that Z C X is the inverse image of A"~! C A". By considering
the normalization of A™ in X and the compatibility with finite direct image, we may
assume Z = A"! € X = A" Since the support of O!VZ/X]: is of dimension < n — 1,
there exists a linear projection X = A™ — X’ = A" ! such that Z = A"! — 7/ = A"2
is finite on the support S of 0'vz/xF. Let X = X' x P! - X' and q: Z =Z' x P! = Z'
be projective completions and let F = jx,F for the open immersion jy: X — X. Then,
we have 0'vz xF = (O!Vg/y?ﬂz and g: Z — Z' is finite on S U Z containing the support
of 0'vy /y?. By the induction hypothesis and the compatibility with finite direct images,
we have Q*O!V?/y? = 0 and hence 0!1/7/}7: = 0. Thus, we obtain 0'vz/xF = 0. ]

We compute the nearby cycles complex for certain tamely ramified sheaves.

Lemma 1.2.9. Let X be a scheme smooth over the semi-stable curve Spec ks, t, u]/(st—u)
over A' = Speck[u] and let D1, Dy C X be the divisors defined by s and t respectively.
Let F be a locally constant constructible sheaf of A-modules on U = X = (DU D) tamely
ramified along D1UDs and let W = WF be the nearby cycles complexr on X X 410 = D1 UDs
with respect to the morphism X — A' = Speck[u] at w = 0. Let j;: D} = Dy = (D1 N
Dy) — Dy and jo: D3 = Dy = (Dy N Dy) — Dy be the open immersions.
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1. The restrictions V] = W|pe and W5 = V|pe are locally constant and tamely ramified
along D1 N Dsy.
2. The canonical morphisms V|p, — j1.¥§ and V|p, — j2. V5 are isomorphisms.

Proof. 1. Let A't = Speck[u'/™;p { n] be the maximal tamely ramified covering and
U U xa1 A — X x a1 At be the base change of the open immersion j: U — X.
Then, by the assumption that F is tamely ramified along D; U Ds, the extension R%jtF is
locally constant outside the inverse image of D; N D, and the restrictions (R"j{F)|pe and
(R°jLF) pg are tamely ramified along Dy N Dy. Since X — (D N Dy) is smooth over A,
we have isomorphisms (R°jiF)|pe — ¥|pe and (RjiF)|ps — V¥|pg of locally constant
sheaves of locally constant sheaves on D7 and Ds.

2. It suffices to show the isomorphisms at each geometric point z of Dy N Dy. Let
X, be the strict localization and U, = X, Xgpeck[s] SPEC k(u) be the generic fiber. Let
Uy = Uyp XSpeckfs,t,u]/(st—u) SPEC li_n%fnk:[sl/”,tl/”,ul/”]/(sl/"tl/” — u'/™) be the universal

tamely ramified covering. By cohomological purity, the canonical morphism A — T'(Uf, A)
is an isomorphism (cf. [6, Théoreme 3.3]). The canonical morphism U — A! is lifted to
U — Alt,

We identify the Galois group Gal(U/U,) with the product Iy x I, of I, = I; = I'anm fin
acting on s'/™ /" by multiplication respectively. The morphism U! — A!'® induces
I, x I; — I, = Gal(A'*/A'). Let I = Ker(I, x I; — I,) be the kernel. The pull-
back of F on U is a constant sheaf and the pull-back of F on U, is the locally constant
sheaf corresponding to the representation M = H°(U!, F) of I, x I;. The isomorphism
A — T'(UL, A) induces an isomorphism I'(ly, M) = T'(1y, (UL, F)) — U,.

For i =1,2, let D;, = D; xx X, and U, = D;, — {x}. Let U}, be the maximal tamely
ramified covering. We identify Gal(U{,/Uy,) = I; and Gal(Us,/Uy,) = I with Iy by the
isomorphisms Iy — I; and Iy — I, induced by the projections. The canonical morphisms
A — T(UL, A) are also isomorphisms. The pull-backs of ¥ on Uy, and Us, correspond

)

to the representation M of Iy. The isomorphisms A — T'(Uf,, A) induce isomorphisms

[(Io, M) = T (1o, I'(Uy,, ¥79)) = (j1:¥7)s and T'(Lo, M) = T(Lo, I'(Us,, ¥3)) = (j2x¥5)a-
Hence we have canonical isomorphisms ¥, — (j1.W1)S and U, — (52.V9),. O

Let X = A! = Speck[z] and Z = {0} C X be the reduced closed subscheme consisting
of the origin. Let (X x A') — X x A! = Spec k[, u] be the blow-up at (0,0) and F = P!
be the exceptional divisor. Let ({0} x A'), (X x{0})" C (X x A')" be the proper transforms
of {0} x A! and X x {0} respectively and let 0,00 € E be the intersection point with
({0} x A'), (X x {0})’. The complement (X x A') = (X x {0}) is the deformation
to normal bundle AzX and F — {oco} is canonically identified with the normal bundle
T=T;X.

Lemma 1.2.10. Let F be a locally constant sheaf on G, = Spec k[x*] tamely ramified at
0 and let j: G,, — X = A' = Spec k[z] be the open immersion. Let pry: X X G,, — X be
the projection and W = WprinF be the nearby cycles complex with respect to the morphism
(X x A'Y — A = Speck[u] at 0 € A'. Let M be the restriction W|px on the G,,-torsor
T =TzX - {0} C Tz X = Speck|v].

1. Let n, be the generic point of the henselization at 0 € X and let M be the repre-
sentation of the tame decomposition group G = Gal(ny tame/Nx). Let n, be the generic
point of the henselization of A' = Speck[u] at 0 and define w{™¢(T>* xn,) to be the fiber
product T (T™) X Gal(ksep /k) GAL(Tu tame /M) - Define a morphism wi*™ (T xn,) — G2™°
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induced by T* x (Al = {0}) = Speck[v*,u*] — G,, = Speck[z*!] given by v = uv.
Then the restriction M of W on T xgn, = G, Xg 1y 1S a monodromic sheaf defined by
the pull-back of M to 7™ (T Xy n,).

2. The restriction of U on the proper transform (X x {0})" is j.JF. Let jo: T — T
and joo: T — E be the open immersion. Then, the restriction of ¥ on T is isomorphic to
M = jaM. The restriction of ¥ on E is isomorphic to jeoeM.

Proof. 1. By Proposition 1.2.8.1, M = V¥|px is monodromic. Let Spec k[u,v] = AzX C
(X x A') be the deformation to the normal bundle where v = z/u. Then, pr: X X G,, —
X is defined by = uv. Hence M corresponds to the pull-back of M by 7{*™¢(T* x4 n,) —

Gi(;)ame.
2. By Proposition 1.2.8.2, M_: JjoM — VUlr is an isomorphism. The isomorphisms
U (xxoyy — JxF and ¥|g = joM follows from Lemma 1.2.9.2. O

2 Characteristic cycles and microlocalization

In this section, let X be a separated smooth scheme of finite type over a field k of char-
acteristic p > 0 and A be a finite local ring with residue characteristic ¢ # p. We fix a
non-trivial character ¢: F, — A*.

2.1 Construction

We identify the normal bundle Ty (X x X) and the conormal bundle T% (X x X) for the
diagonal 0: X — X x X with the tangent bundle 7T'X and the cotangent bundle 7*X.
Let n denote the generic point of the henselization of A at 0. Let Fy: De(TX,A) —
Dt (T*X, A) denote the Fourier transform, Definition 1.1.1.2. We define bifunctors

(2.1) vHom: De(X, A)P X Deye(X, A) = Do (T X Xim, A),
,u”;’-[om: Dctf(X, A)Op X Dctf(X, A) — Dctf(T*X X 1, A)

by vHom(Fi, F2) = vx/xxx Hom(priFi, pryFa) (1.50) and pHom = Fy o vHom.

Let a: X — Speck be the canonical morphism and define Kx = a'A € Dg(X, A). Let
e: TX — X and e: T*X — X be the projections and let 0: X — TX and 0¥: X — T*X
denote the 0-sections. For F € De(X,A), we define a closed subset SS,F C T*X in
Definition 2.1.1 and an element CC\,F € Hgg (7" X,e"*Kx) in Definition 2.1.4.

Definition 2.1.1. Let F € D (X, A). We define a closed subset SS,F C T*X by

(2.2) SS,F = supp pHom(F,F).

We say that F € D%(X, A) is locally constant if every cohomology sheaf HF is locally
constant.

Lemma 2.1.2. Let F € Dy (X, A).

1. The closed subset SS,F C T*X 1is conical.

2. Assume that F is locally constant and that X is irreducible. Then, we have SS,F =
TxX if F#0 and SS,F =@ if F = 0.

3. Assume dim X = 1. Then, we have SS,F C SSF.

22



Proof. 1. The specialization vHom(F,F) and hence the microlocalization puHom(F,F)
are monodromic by Proposition 1.2.8.1 and [20, Proposition 2.5 4)]. Thus its support
SS,F is conical.

2. Since Hom(priF, pryF) is locally constant, we have isomorphisms e*(Hom(F, F) ®
Kx) — vHom(F,F) and 0 Hom(F,F) — pHom(F,F) (1.5).

3. We may assume that X is irreducible. Let U C X be the maximal open subset
on which F|y is locally constant and identify T*U = T*X xx U. Then by 2, we have
SS,FNT*U = THU or = & according to Fly # 0 or = 0. Since SSF is the union of
SS,FNT*U and fibers T*X = T*U, the assertion follows. O

Let H denote Hom(priF,pryF) € Der(X x X, A). By [8, (3.2.1)], we have a canonical

isomorphism

(2.3) Hom(F,F) = 6"H.
Hence the identity 17 defines a canonical morphism
(2.4) A — §'H.

Let X: D (X, A) X Des (X, A) = Deyr(X x X, A) denote the bifunctor pri — ®@pri—. The
canonical isomorphism DxF K F — H [8, (3.1.1)] on X x X induces an isomorphism

(2.5) DxF®@F — §"H.

Hence the evaluation morphism DxF ® F — Kx defines a canonical morphism
(2.6) 0'H — Kx.

The morphisms (2.4), (2.6) and the canonical morphism §' — §* define

(2.7) A — 8'H — 0*H — Kx.

Definition 2.1.3 ([1, Definition 2.1.1]). The canonical class cc F € HY(X, Kx) is defined
by the composition (2.7).

The adjoint of (2.7) defines

(2.8) O — H — 6, Kx.

The specialization and the microlocalization define

(2.9) 0OA = vHom(F,F) — 0, Kx,
(2.10) A — pHom(F,F) — e Kx.

Alternatively, by Proposition 1.2.8.2, (2.4) and (2.6) define the first and the last arrows in
(2.11) A= 0'vx xxxH — 0'vx xoxH — Kx

on T*X. The middle arrow is defined by the morphism 0' — 0* of functors. Taking the
adjoint, we obtain (2.9).

Let ¢: SS,F — T*X be the closed immersion. Since SS,F C T*X is defined as the
support of uHom(F,F), (2.10) define

(2.12) A — i*pHom(F, F) = i'eV* Kx

on SS,F by adjunction. This allows us to make the following definition.
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Definition 2.1.4 (cf. [11, Definition 9.4.1]). Let F € Dy (X, A). We define
(2.13) CC,F € H'(SS,F,i'e"" Kx) = Hgg (T" X, e Kx)

to be the class of the composition of (2.12).

Lemma 2.1.5. Assume that F is locally constant of rank r = rank F and that X is of
dimension n. Then, we have

CC,F=(—-1)" -rank F - (T X).
Proof. Since H = Hom/(pr}F, pryF) is locally constant, we have an isomorphism e*(Hom/(F, F)®
Kx) — vHom(F,F). The morphisms (2.10) and (2.9) give a diagram

FOA 9 petom(F, F) 2% mo(Hom(F, F) © Kx) =% Fo, Ky

(1.4)1 l(m) 1(1.4) l(1.4)

A 0 Hom(F,F) U eV (Hom(F,F) @ Ky) —— "*Ky.

By Lemma 1.1.2.1, the left square is commutative. Since (1.6) is d¥ by Corollary 1.1.9.2,
the middle square is (—1)"-commutative by Proposition 1.1.11.1. The right square is
commutative by the functoriality of (1.4). Since the class of the composition of the lower
line is r - cl(7%X), the assertion follows. O

Lemma 2.1.6. The pull-back of CC\,F by the 0-section
0": Hgg, (T X, e Kx) — H(X, Kx)
equals the canonical class cc F.

Proof. The pull-back 0*: Hgg »(T*X,e"*Kx) — H°(X, Kx) is the same as the composi-
tion of the canonical morphism Hgg »(T*X,e"*Kx) — H*(T*X,e"*Kx) and the inverse
of the pull-back e¥*: HY(X, Kx) — H°(T*X,e"*Kx). Since the composition of (2.10) is
the pull-back by e" of that of (2.7), the assertion follows. O
Proposition 2.1.7. Let F be a filtration on F € Det(X, ) such that Gr"" F = @, Gr}' F
is in Dei(X, A) and let S = SS,Gr" F. Then, we have an equality

(2.14) CC,F =) CC,GrfF

in HY(T* X, e"" Kx).

Proof. The filtration F on F induces a filtration also denoted F on pHom(F, F). Since the
identity 17 is in FOuHom(F, F), the class CC,F is the image of 1 € HY(T* X, F°uHom(F, F))
by the evaluation morphism. Since the restriction of the evaluation morphism is the compo-
sition of FOuHom(F, F) — @, pHom(Gr; F,Gr] F) — e"*Kx, the assertion follows. [J

Corollary 2.1.8. Leti: Z — X be a closed immersion and j: U = X = Z — X be the
open immersion of the complement. Then, we have

(2.15) CC,F = CC,(j1j* F) + CC,(ii* F)

n H%SM(jgj*}'@i*i*}') (T X, e Kx).
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Proof. We define a filtration F on F by F°F = jij,F C F, F' =0 and F' = F. Then
Gr" F € D (X, A) and we obtain (2.15). O

On the relations between SS,F and SSF and between C'C\,F and CCF, we raise the
following questions.

Question 2.1.9. 1. Do we have SS,F C SSF 7
2. Does CC\,F equal the cycle class of CCF ?

If F is locally constant, Lemmas 2.1.2.2 and 2.1.5 mean that Questions 2.1.9 has a
positive answer. Lemma 2.1.2.3 means that if dim X = 1, Question 2.1.9.1 has a positive
answer.

2.2 Tamely ramified sheaves on curves

Let X be a smooth irreducible curve over k and let x € X be a k-rational point. Let
j: U =X —={x} — X be the open immersion and F be a locally constant constructible
sheaf of free A-modules of rank n on U. By Lemma 2.1.2.3, we know that SS,jiF C T*X
is a subset of the union of the 0-section 7% X and the fiber 7' X. By the semi-purity [7,
Rappel 2.2.8], we have HOT;(XUTHZKX(T*X7 e*Kx) = A[T%xX] ® AT X]. By Lemma 2.1.5,
we have CC 1\ F = —(n- [TxX]+a-[T;X]) for some a € A. We give a method to compute
the coefficient @ € A in Lemma 2.2.3.

Let +: T X UT;X — T*X be the closed immersion. Since pHom(jF, i F) is sup-
ported on SS, ) F C Tx X UT!X, the adjoint of the morphism pHom(jF, 71 F) = e Kx
(2.10) induced by ev defines uHom(j1.F, i F) — +'eV*Kx. Here and in the following, iden-
tify pHom(5F, j1F) with its restriction to T% X UT* X by abuse of notation. By the isomor-
phism Fy Ny — +'e"*Kx (1.37), this is induced by a morphism vHom(j1.F, jiF) — Ny.

We define a subcomplex Nz of e*(j,EndF @ Kx) on TX similarly as N, and construct
a factorization

(2.16) vHom(jiF, j)F) — Nz — Ny

such that the restriction on TU is vHom(F,F) — ef;(End F @ Ky) — ej; Ky where the
second arrow is induced by Tr: End F — Ay and ey: TU — U is the projection. The
cohomology sheaves of j,End F @ Kx are H™% = RYj,.EndF (1), H' = R'j.EndF (1) and
vanish otherwise. Let I, denote the inertia group at x € X. The stalk (R'j.EndF (1)),
is canonically identified with the Galois cohomology H'(I,, End F(1)). Let P C I, denote
the wild inertia subgroup. Since I,/P is isomorphic to 7 = 1&1 — and P is a pro-p
group, the group H!(I,, End F (1)) is canonically identified with the coinvariant (End F);, .

Let T'=TX X x « be the fiber at x and g: T* =T = {0} — T be the open immersion.
Define a subcomplex Nr of e*(j.EndFy @ Kx) by replacing the cohomology sheaf H™! =
e*R'j.EndF(1) = (End F);, r at the top degree by the subsheaf ¢(End F);, rx. Here
and in the following (End F');, 7 denotes the geometrically constant sheaf on 7" with stalk
(End F);,. The trace morphism e}, (EndF @ Ky) — e Ky induces e*(j.€ndF @ Kx) —
e*(j«A ® Kx). Define a morphism Tr: Nz — N, to be the restriction.

Lemma 2.2.1. 1. The isomorphism vHom(jiF, jiF)|rv — ef;(EndF @ Ky) induces
(2.17) vHom(jF, j)F) = Nx.
2. The morphism (2.17) induces a factorization (2.16).
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Proof. 1. The isomorphism vHom(jF, jiF)|rv = vHom(F,F) — e (EndF @ Ky) in-
duces a morphism vHom(j1F, )F) — e (j.EndF @ Kx) by adjunction and the smooth
base change theorem. Since 0*vHom(jiF, jiF) = 8*(Dx(HF) W jF) = Dx ()1 F) @ j)F =
Ji€ndF ® Kx by Proposition 1.2.8.2, the stalk vHom(jF, 7 F)o at 0 € T C TX is 0.
Hence by adjunction, vHom(jiF, i1 F)|rx - o3 = €*(j+€ndF @ Kx)|rx -0y = Nr|rx-{o0}
induces (2.17).

2. The restriction on TU of vHom(jF, j)F) — Ny is induced by the trace ej;(EndF @
Ky) — e}, Ky. Hence the assertion follows by adjunction as in the proof of 1. m

We have isomorphisms j,End F — End j1.F — 0'vHom(5.F, 51 F) by Proposition 1.2.8.2
and (2.3). This and the identity 17 define the first two arrows in

(2.18) A = j.End F = 0'vHom(jiF, jiF) — O'NF — 0'N,.
The last two arrows are induced by (2.16). Since the Fourier transform of its adjoint
OgA — Oggndjgf — I//HOm(jy./r, juf) — N]: — NA

defines A — pHom(jiF, jF) — +'e"*Kx defining CC,,jiF, the composition of (2.18)
determines CCy jF.
Similar computations as in Proposition 1.1.12.1 and Corollary 1.1.13.1 work for Nz

and O!N]:.

Lemma 2.2.2. Let I, denote the inertia group at x € X and Iy denote the inertia group
at 0 € T. Let F be the representation of I, defined by F and consider the coinvariant
quotient (End F')7, as a trivial representation of Iy.

1. The canonical morphism Nz — e*(j.EndF @ Kx) induces a distinguished triangle

(2.19) Nz = e (ju€ndF @ Kx) ® gi(End F), rx[1] = (End F)p, 7[1] — .
2. The distinguished triangle (2.19) induces a distinguished triangle

(2.20) 0'Nr = j.EndF @ T(Iy, (End F)1,)o — H' (I, (End F)p, )o[—1] — .

The last two terms are placed at 0 €e TN X C TX.

Proof. 1. The distinguished triangle (2.19) is clear from the construction of Nr.

2. For the geometrically constant sheaf R = (End F');, 7 on T', we have canonical
isomorphisms 0'R — H'(Iy, R)o[—2] and 0'gig*R — ['(Ip, R)o[—1]. Hence (2.19) induces
(2.20). O

Lemma 2.2.3. Suppose that the composition
(2.21) A — j.End F — 0'vHom(jiF, i1 F) — ONE — T'(Iy, (End F)y, )o

of (2.18) and the second component of the first arrow of (2.20) maps 1 € H°(X,A) to
a € H(Iy, (End F);,) = (End F);, and let Tr: (End F);, — A be the morphism induced
by the trace. Then, we have

(2.22) CCuHF = —(rank F - [T X]| + Tra - [T X])

: 0 * \V£3
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Proof. The trace morphism End F — A induces a commutative diagram

ONF —— j.EndF & T (1o, (End F)r, )o

| | mem

0Ny —— G\ ® T (Lo, A)o.
The composition of (2.18) and the first component of the first arrow of (2.20) maps 1 €
H°(X,A) to 1. The equality (2.22) follows from this and Corollary 1.1.13.2. O
In this section, we prove the following.

Proposition 2.2.4. Let j: G,, — X = Al be the open immersion and let F be a locally
constant constructible sheaf of free A-modules of rank n on G, tamely ramified at 0 € X.
Let I, denote the inertia group at 0 € X and Iy denote the inertia group at 0 € T'. Then,
the composition

(2.23) JeEnd F — 0'vHom (51 F, jF) — ONF — T'(Iy, (End F)y, )o.

of (2.18) and the second component of the first arrow of (2.20) induces the canonical
morphism H°(U, EndF) — H°(Iy, (End F);,) = (End F);, .

Proposition 2.2.4 implies the following equality by Lemma 2.2.3.
Corollary 2.2.5. We have

(2.24) COuF = —n([Tx X] + [T5X])

; 0 * Vk
m HT;;XuTgX(T X, e Kx).

As a preparation of the proof of Proposition 2.2.4, first we prove a lemma on cohomol-
ogy of a tame inertia group.

Lemma 2.2.6. Let Z' = mefn Z/nZ and let I be a pro-finite group isomorphic to 772

Let 0,7 € I be elements defining an isomorphism Z'*> — I and let I, = (o), I, = (1) C
I = I, x Iy be the subgroups isomorphic to Z'. Let M be a A-module with a continuous
action of I such that the action of T € I s trivial.

1. The restriction morphisms define an isomorphism

(2.25) HY(I, M) — H'(I;, M) & H* (15, M)™.
2. Let p=o71 and I3 = (p) C I = I3 x I. Then, we have a commutative diagram

HY(1, M) 22 Hy(1, M) @ HY (1, M)h
(2.26) % J(fgs )
(1, M) 22 H(Iy, M) @ H (I, M)"

where i}5: H (I}, M) — H' (I3, M) and i33: H (I, M) = H' (I, M) — H' (I3, M) are
induced by the projections Is — Iy and I3 — Is.
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Proof. 1. Let A = A[[I]] be the completed group algebra and regard M as an A-module.
By the Koszul free resolution A LG 42 OTLTED 4 of the A-module A, the complex
M D g2 TR gy computes the cohomology H*(I, M). Since 7 acts trivially
on M, we obtain an isomorphism H!(7, M) = Coker(c —1: M — M) @ Ker(oc —1: M —
M) — Hl(Il, M) © HI(IQ,M)Il.

2. We have a commutative diagram

(o—1,7—-1) (T—l,—((f—l))\

M > M? M
L6 I
A b e GoLmem D),
of complexes. The middle vertical arrow induces the right vertical arrow in (2.26). l

To prove Proposition 2.2.4, we prepare a geometric construction. Let X denote Al =
Spec k[z]. We define blow-ups

(X x X x AN = (X x X x A" = X x X x A = Speck[z, y, u).

The right arrow is the blow-up at the closed point (0,0, 0) and the left arrow is the blow-up
at the inverse image of 6(X) x {0}, in other words, at the pull-back of the ideal (y — z, u).
We define an open subscheme Ax (X x X)¥ C (X x X x Al)? by the cartesian diagram

Ax(X x X)f —— (X x X x Al)

(2.27) ql l

Ax(X x X) —— (X x X x AlY.

The right vertical arrow is defined by the universality of blow-up and Ax(X x X)* C
(X x X x A1)?is the complement of the proper transform of the divisor (u) = X x X x{0} C
X x X x AL

The diagonal immersion §: X x A! — X x X x Al is lifted to the immersion 0: (X x
AYY — Ax(X x X)* from the blow-up (X x A!)’ — X x A! at the closed point (0,0). The
projections X x X x A! — X x A! are lifted to smooth morphisms p;, py: Ax (X x X)* —
(X x AlY.

On Ax(X x X)) = Ax(X x X)! x 41 0, we have a cartesian diagram

Al » B y (X x AN «—— X

(2.28) i gl o o

Ay = A2 P » Ax(X x X))} «—— TX

defined as follows. The immersion 77X — Ax(X x X) is lifted to a closed immersion
TX — Ax(X x X)i. The inverse image in Ay (X x X)* of the exceptional divisor of the
second blow-up (X x X x AN — (X x X x Al)? is the complement P = P¥ = L' in the
blow-up P? of P? at (1,1,0) € L = P? = A? of the proper transform L’ of the line L at
infinity. In the middle cartesian square, (X x A1) — Ax (X x X)! is the base change of
the lifting 0: (X x A') — Ax(X x X)* of the morphism 6: X x A! = X x X x A'. The
closed fiber Ax(X x X) equals the union P UTX. The intersection P NTX is the fiber
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T =TX xx 0 C TX and is dense in the exceptional divisor of the blow-up P? — P2,
The inverse image of P is the exceptional divisor F of the blow-up (X x A') — X x Al
The immersion §: E — P is an extension of the diagonal morphism 6: A — AZ2.

They are explicitly described as follows. The scheme Ay (X x X)* is the union AU B
of two affine spaces A = A® = Spec k[, y;,u] and B = A3 = Spec k[z,w,v]. The second
morphism in

Ax(X x X)* = AUB -5 Ax(X x X) = Spec k[z,u,v] = X x X x A = Speck[z,y, u]

is given by y = x4+ v and the first morphism is given by x = x1u,v = y; —x; and u = zw.
The closed subscheme TX C Ax(X x X)? is identified with Spec k[z,v] C B. The closed
fiber Ax (X x X)} = Ax(X x X)! x a1 0 is the union Ay U By of Ay = A% = Spec k[z1, 1]
and By = Spec k[z, w, v]/(zw).

The blow-up (X x A')’is the union A;U B of two affine planes A; = A? = Spec k[z1, u]
and B; = A? = Spec k[x, w]. The morphism

(X x AYY = A|U B, — X x A' = Spec k[z, u]

is given by = xyu and u = xw. The immersion 0: (X x A') = AjUB; — Ax(X x X)f =
AUB is given by yy = 3 on 41 C A and by v = 0 on By C B. The morphism
pr: Ax(X x X)* — (X x A'Y is given by the projections A = Speck[zy,y1,u] — A =
Spec k[x1,u] and B = Spec k[z, w,v] — By = Spec k[z, w].

We fix notation for immersions of subschemes of Ax (X x X )g as in the diagram

G, 45 A 2, T X +1— U =Xx-{0}
ol sl b
A2 P, p it y TX <X TU

where T* = T = {0} is the complement of the origin. The middle vertical arrow and
the labeled horizontal arrows except ir are open immersions. The other vertical arrows,
the unlabeled horizontal arrows and i are closed immersions. We have A2 = P =T,
TU=TX =Tand T =PNTX. Let e: TX — X be the canonical morphism.

Let F be alocally constant constructible sheaf of free A-modules on G,,, tamely ramified
at 0 € X = AL, Define H = Hom(prijiF, pryjiF) on X x X and let H* be the pull-back
on Ax(X x X)!. Let UH! on Ax(X x X)! be the nearby cycles complex with respect to
Ax(X x X)* — A! = Speck|u] at 0. Let M be the restriction on the complement G,, =
E — {0, 00} of the nearby cycles complex W.F with respect to (X x A') — A! = Spec k[u]
at 0 as in Lemma 1.2.10 and define Hp = Hom(prijaM, pryjaM) on A2

Proposition 2.2.7. The distinguished triangle VH* — UH|prx & YH:p — UVH|r —
defines a distinguished triangle

(2.29) UH = e*(5.EndF @ Kx) @ jpiHat — (GoiHat)r — -
We have a canonical isomorphism

(2.30) 6*(j*gnd]:® KX)|T — (jp*HM)T
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Proof. The tensor product VH!® with the exact sequence 0 — Ay (Xxx), Arx®Ap —

A7 — 0 defines a distinguished triangle WH* — UH!|rx @ VH!|p — UH!r —. By
identifying A = Spec k[x1, y1, u] with the fiber product Spec k[x1, u] Xgpec k) Spec klyr, u]
and by applying [10, Théoréme 4.7], we obtain an isomorphism WH*|s> — H. Since
P, Dot Ax(X x X)F — (X x A') are smooth, we obtain isomorphisms WH*|p — jp.H,
UH |rx — jrx«e*(End F @ Ky) = e*(j.E€ndF @ Kx) and

(2.31) UH:p — (e Hod)|r — € (5.EndF @ Kx)|r

by Lemma 1.2.9. Hence we obtain (2.29) and (2.30). O

The morphism ¢: Ax (X x X)* = Ay (X x X) induces a morphism go: Ax (X x X)5 —
TX = Spec k[z,v] to the tangent bundle. On Ay = Spec k[x1, 31], it is given by v = y; — x4,
x = 0 and on By = Spec k[z,w,v]/(zw) by the injection k[z,v] — k[z,w,v]/(zw). The
restriction on TX C Ax(X x X)} is the identity. The restriction to A2 induces the
morphism v: A? = Ay = Speck[xy,y1] — T = Speck[v] C TX defined by v = y; — 1.
This is extended to a morphism v: P — T

We rewrite the second component in (2.23) in terms of M.

Corollary 2.2.8. 1. The direct image of (2.29) by qo: Ax(X X X)g — TX defines a
distinguished triangle

(2.32) I/HOm(j!./—", ]1]:> — 6*(j*5nd,/7® KX) ® v HMm — (]P*HM)T — .

The second component

(2.33) vHm = (GpHM)T

of (2.32) is given by the restriction v, Hy = VijpsHat — (GpsH)T-
2. Taking 0' of (2.29) and (2.32), we obtain distinguished triangles
(2.34)  OUH' — j.End F @ (jpja)End M — T(G,, 7, End M) s —,
(2.35)  O'wHom(jiF, jiF) = jEnd F & T(G,, 7. End M)y — [(G,, 7, End M) — .

m,k> m,k>

The last terms denote the geometrically constant complexes placed at o0 = EN X C
Ax(X x X), and at 0=TNX C TX.

Proof. 1. Since q: Ax(X x X)* — Ax(X x X) is proper, we have a canonical isomorphism
vHom(jH1F, i F) — qo.VH?. Since the restriction of gy on T'X is the identity and that on
A? is v =D o jp, the distinguished triangle (2.29) induces (2.32).
2. By the proper base change theorem and [8, (3.2.1)], we have isomorphisms
Oljp*/HM — jE*O!HM — jE*Snde;./\/l — (]EJA)*EndM,
0'vsHa — D(AY, 0'H ) = T(AL End jaM) = T(G,, 3, End M).

Hence (2.34) and (2.35) are induced by (2.29) and (2.32) respectively. O

Corollary 2.2.9. Let Ig denote the tame inertia group at oo € E. Let M be the repre-
sentation of Iy defined by M and consider the coinvariant quotient (End M), as a trivial
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representation of Ip. The morphism vHom(jiF, 1 F) — Nr (2.17) and the isomorphism
e*(juEndF @ Kx)|r — (jp«Ha)r (2.30) induce commutative diagrams

(2.36)

vHom(j F, j)F) —— e*(J.EndF @ Kx) @ v, H ——  (UpsHM)T —
Nz —— e*(j.EndF @ Kx) ® gig* R jp. Haa[l] —— R YjpHum[l]—,

(2.37)

0'vHom(jiF, jF) — jEnd F & T (G, 5,End M)y ——  D(G, 5. End M), —

l l |

0'NF —— j&ndF @ T(Ip, (End M);,)o — H'(Ip, (End M), )o[—1]—

of distinguished triangles (2.32), (2.19), (2.35) and (2.20). The last two terms in each line
of (2.37) are placed at 0 =TNX CTX.

Proof. By the isomorphism e*(j.E€ndF @ Kx)|r — (jp«Hm)r (2.30), the distinguished

triangles (2.19) and (2.20) are rewritten as the lower lines in (2.36) and (2.37) respec-

tively. Since the morphism vHom(jiF, jiF) — Nz (2.17) is induced by vHom(jF, ) F) —

e*(j.EndF @ Kx) and since (v,Ha)o = vHom(jiF, 1 F)o = 0, we obtain (2.36) by ad-

junction. By applying 0' to (2.36) we obtain (2.37). O
We consider the morphism

(2.38) H(G, ,End M) — H(I7, (End M);,.).

m,k>’

induced by the middle vertical arrow in the commutative diagram (2.37). We identify
0'Har = jaEnd M by [8, (3.2.1)]. Then for the left hand side of (2.38), we obtain the
first equality in

(2.39) HY(G,, 7, End M) = H (AL, 0H ) = H'(Ip, H (I, End M (1)).

m,k?

Let 17, be the geometric generic point of the strict localization at co € E and identify the
stalk (0'Haq)7_ with H' (I, End M(1)). Then we obtain the second equality. Since the
action of Ir is trivial, the right hand side of (2.38) is identified as

(2.40) H(I7, (End M);,) = (End M);, = H*(Ig, End M(1)).

Since we canonically identify (End F);, = (End M), as in (2.30), Proposition 2.2.4 is
reduced to the following.

Proposition 2.2.10. We identify H°(Ig, H (I, End M (1)) with a direct summand of
H'(Ig x I, End M (1)) by the direct sum decomposition (2.25) and define a morphism

(2.41)  HO(Ip, H'(Ir, End M(1)) € H'(Iy x Ir, End M(1)) —— H'(Ip, End M(1))
to be the pull-back by the diagonal morphism Ip = 2’(1) — Ip x Iy = 2’(1)2. Then, the
diagram

HO(G,, 5 End M) 22 HO(Iy, (End M),,)

(2.42) (2.39)l l(2.40)

(2.41)

HO(Ip, H! (I, End M(1))) H' (I, End M(1))
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15 commutative.

Proof. First, we construct a morphism

(2.43) (G, 5 End M) — T'(Ip,H' (Ip, End M (1)))

m,k>?

inducing the composition of (2.42) via upper right and give its characterization. Let Py,
be the strict localization of P at oo = ENT and let V = Py, xp (A2 = §(AY)) C P. We
show that the diagram

T(AZ = 6(AD), Hm) — LV, H)
(2.44) (0'v,H ) oo —— (0'gigee* R jp.End M(1))so[1]

| |

0(G, 7. End M)[1] —— D(Ir, H'(Iy, End M(1)))[1]

m,k?
is commutative. The top horizontal arrow is the restriction morphism for V- — A% = §(Al)
and the middle horizontal arrow is induced by v.Har — (jpeHm)r (2.33). The upper
square is commutative by the functoriality of the boundary morphism j. — 0'[1] for the
open immersion j': A% = §(A') — A2 The lower vertical arrows are canonical isomor-
phisms and define the bottom horizontal arrow by the commutativity of the lower square.
By construction, the bottom horizontal arrow induces the composition of (2.42) via upper
right.

The distinguished triangle FA%(A%, —) = (A2, —) = I'(AZ = 6(A}),—) — induces
an isomorphism T'(A2 = §(A2), Ha) — T(A, 0'HMm)[1] = T(G,, 5, End M)[1] since we
have T'(AZ, H ) = T(AL, D(iM)) @ T(AL, iM) = 0 by Lemma 1.2.7.2. Hence the left
vertical arrows in (2.44) are isomorphisms. Thus, the bottom horizontal arrow in (2.44)
is uniquely determined by the commutativity of the large rectangle.

We identify the tame fundamental group (V)™ with Ip x Iy and T'(V, H ) with
I'(Ig x I7,End M(1))[2] = T'(Ir,T'(Ig, End M(1)))[2] by the composition of the right ver-
tical arrows. Under this identification, the composition of right vertical arrows in (2.44)
is induced by I'(Ig, End M (1)) — H'(Ig, End M(1))[—1]. We consider the diagram
(2.45)

Hil(A% - 5(A%)7HM) Hil(va HM)

| D

HO(G, 5, End M) — 220 HO(1, HY (I, End M (1)) 225 HY(Iy x I, End M(1))

H'(Iz, End M(1)).

By the characterization of (2.43), it suffices to show the following:

(a) the pentagon is commutative.

(b) the lower right vertical arrow is the pull-back by the diagonal I — Ig X I7.
Recall that the low right vertical arrow is defined by the condition that the composition
H=Y(V,Hr) — HY(Ig, End M(1)) is the composition of right vertical arrows in (2.44).
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Let P? be the strict localization of P? at (1,1,0) € L = P? — A? and let U = P} xpe
(A% = §(A')) C P2. Let I;, be the tame inertia group at (1,1,0) € L and let Ip: be the
tame inertia group at (1,1,0) € P! in the closure P! of 6(A'). We identify the tame
fundamental group m(U)™™¢ with Ip1 x I;. We regard End M (1) as a representation of
Ip1 x I, with the canonical action of Ip1 and the trivial action of I;. Then we have an
identification

(2.46) T(U, Hat) = D(Ipr x I, End M(1))[2].

The restriction P — P? of the blow-up at (1,1,0) induces a morphism V — U. We have
a commutative diagram

7T1(U)tame — ]Pl x Iy

(2.47) T T(} 0)
m(V)eme «— [ox Ip

of isomorphisms for the tame fundamental groups.
We consider the diagram
(2.48)
H”(A%—(S(A%),’HM) e HYU, H) — HY(V, Hum)

l - l

HY(Gyn, End M)  ——s H'(Ips x I, End M(1)) —— H'(Ig x Iy, End M(1))

l

H!(I5, End M(1)).

The upper horizontal arrows are induced by V' — U — A? — §(A'). Similarly as (2.39), we
identify H(G,,, z, End M) = HO(Ip1, H'(I1, End M (1)) and define the lower left horizontal
arrow to be the inclusion of the direct summand H(Ip:, H (I, End M (1)) C H!(Ip: X
I, End M(1)) in Lemma 2.2.6.1. Then, the left square is commutative by Lemma 2.2.11.2
below. The lower right horizontal arrow is induced by the left vertical arrow of (2.47)
and the right square is commutative. Hence the large rectangle and consequently (a) the
pentagon in (2.45) are commutative.

By the characterization of (2.43), this implies that the composition of the lower line
n (2.45) is the same as that in (2.48). The lower right vertical arrow is induced by
the inclusion Ip — I x Ip. By Lemma 2.2.6.2 and (2.47), the composition H!(/p1 x
Iy, End M (1)) — H'(Ig,End M(1)) is the morphism induced by the composition I —
Ip X I — Ip1 x I, that equals (b) the diagonal Ip — Ip: x I1. Hence, it suffices to prove
Lemma 2.2.11 below. [l

Lemma 2.2.11. 1. Let jp2: A% — P? and ja2: A% = 5(A') — A? be the open immersions
and let 1: (1,1,0) — L = P% = A? be the immersion of the point (1,1,0) to the line at
infinity. We identify 0'Hp = jarsEnd M and T(U,Hp) = T(Ipr x I, End M(1))[2].
Then the diagram

(2.49)
(A2 - ( %) HM) — F(LE7 (jP2*jA2*j22HM)|L) — F(U7 HM)
NG5 End M)[1] ——  (P(eaHul))ill]  —— (e, H'(I, End M(1))[1])
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1s commutative. The arrows in the left square and the lower horizontal arrows are isomor-
phisms.
2. The restriction morphism

H™' (A2 = 6(AL), Hp) = H (U, Hp) = HO(Ipr, H' (11, End M (1)) ® H' (Ipr, End M (1))

is the direct sum of the isomorphism to the first component induced by (2.49) and the
0-morphism to the second component.

Proof. 1. The commutativity is clear from the construction. We show the isomor-
phisms. We have I'(AZ, Hy) = [(AL, DiM) @ T'(AL, iM) = 0 by Lemma 1.2.7.2.
Hence the left vertical arrow in (2.49) is an isomorphism. We have a canonical isomor-
phism F(A%—cS(A%),HM) — F(A%,jAQ*jZQHM> — F(P%,jp2*jA2*j22HM). We have
T(A2, Hpp) = To(AL, DIM) @ To(AL, M) = Te(AL, juDM) @ Te(AL, jiM) = 0 and
L(AL 8'Hy) = Te(AL, jar.End M) = 0 further by Lemma 1.2.7.2. Hence we have
Fc(ég,‘jAz,ﬁjZQﬂM) = 0 and, for A = ‘(jPQ*jAQ*:j*AgHM”L), the restriction morphism
(P2, jpeajazeip-Hm) — I'(Lg, A) is an isomorphism. By the proper base change theo-
rem, the lower left horizontal arrow is an isomorphism. Since the action of I;, on End M
is trivial, the composition of the lower line is an isomorphism.

2. By 1., it suffices to show that the morphism to the second component is 0. Let
0 =(0,1,0) € L (resp. 1 = (1,1,0) € L) be the intersection of the closures of 0 x Al
(resp. of §(A')) and L in P? and let jo: L —{0} — L and let j;: L - {1} — L be
the open immersions. Then, the canonical morphisms (jpz.Hm)lr — Jowdo(Jp2«Ha)|L
and A = (Jpe.jazadpMa)le = judi ((p2Ha)|L) = J1giA ® ((Jp2cHa)|L) are isomor-
phisms. We consider the canonical filtration on ji(jp2.H )| and the induced filtra-
tions on (jp2.H )|z and on A = (jp2.jaz.jazHa)|. Then we have GriA = ji,jiA ®
Jos H(jo (Jp2eHa) ) [—q]. Since I'(L, jo. H(j5(Gp24Hrm)|L)) = 0 by Lemma 1.2.7.2, the
complex T'(L, Gr?Alq]) is acyclic except at degree 1. Since the composition H™!(Ly, A) —
H=Y(U, Hp) — H'(Ip1,End M (1)) factors through H™'(Lz, Gr™'A) = 0, the assertion
follows. l

2.3 Proper pushforward

First, we show an equality for the direct image of singular support by closed immersions.

Lemma 2.3.1. Leti: X — Y be a closed immersion of smooth schemes over k. Then,
we have an equality

(2.50) S8 F =155, F
of closed subsets of T*Y .

Proof. By Lemma 1.2.5.1, the morphism Ayx(X x X) — Ay (Y xY) is a closed im-
mersion. Hence the base change morphism vHomy (i.F, i F) — ixwHomx(F,F) is an
isomorphism. Let

T*X «2— T*Y xy X —— T*Y
be the canonical morphisms. Then the isomorphism vHomy (i, F, ixF) — i.vHomx (F, F)
induces an isomorphism pHomy (i,.F,i.F) — bua*uHomx (F, F) by Proposition 1.1.8. I
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Lemma 2.3.2. Let

(2.51) l ld

X — Y

be a commutative diagram of separated schemes of finite type over k.

1. Define fiecid — did' fy to be the adjoint of the composition of the canonical isomor-
phism fiac'f' — digg'd and the morphism digig'd — did' induced by adj,. Then the
diagram

fiadt —— dd' f,
(2.52) wai, | [
fii =— N

18 commutative.

2. Define f*c,c* + d.d*f, to be the adjoint of the composition of the canonical iso-
morphism f.c.c* f* — d.g.g*d" and the morphism d.g.g*d* — d.d* induced by adj,. Then
the diagram

fo == L
(2.53) adjcl ladjd
freic® —— d.d* f.
18 commutative.

Proof. 1. By the commutative diagram (2.51), we have a commutative diagram

g adig !
fgCgC f — dvd
adjcl ladjd

f'f' adjf

By taking the adjoint, we obtain (2.52).
2. is proved similarly as 1. O

1x.

Proposition 2.3.3. Let f: X — Y be a proper morphism of smooth schemes over k and
F e DlL(X,N).
1. ([1, Proposition 2.1.6], [8, Théoreme 4.4, Corollaire 4.8]) We have

(2.54) cey foF = focex F
m HO(Y, ICy) .

2. We have
(2.55) COLfuF = HCCF

i H(}O(SS#}')USSMf*]-'(T*Y’ ey Ky).
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Proof. We apply Lemma 2.3.2 to the commutative diagram

x >y x S vy

(2.56) 5% ”l l(sy

XxX XY xxy DYy gy

as follows. Set

Hx = Homx,x(priF,pryF), Hj = Homxyy (priF, pryfiF),
HY = HomeY(prTf*‘F7 pr;f*]:)

and identify them with
Ny =Dx(F)XF, Ky =Dx(F)X f. F, Ry = Dy (f. F)X f.F

by the canonical isomorphisms [8, (3.1.1)].
By applying Lemma 2.3.2.1 and by [8, (3.2.1)], we obtain commutative diagrams

(1x x fhidxiHomx (Fi, Fo) —— ypHomx (Fi, f'[iFs)

(2.57) l l

(1X X f);HX i> Hf,

(f x y)ypHomx (Fi, f' fiF2) —— dyHomy (iiF1, fF)

(2.58) l l

~

(f x Iy ) Hy — Hy .

Further if F = F, = F,, defining vertical arrows by 1z, adj: F — f'fAiF and 157, we
obtain commutative diagrams

(1x x flioxiA — v
(2.59) 1]{ ladj
(1x % fliéxHomx(F,F) =% ypHomx (F, f HF),
1
(f X 1Y)!F)/f!A — (SygA
(2.60) adjl llfyf

(f X 1y)g7f§%0mx(F, f'flf-) é 5y1H0my<fg./T", fu.F)

By applying Lemma 2.3.2.2, we obtain commutative diagrams

(1X X f)*&X ; &f

(2.61) l l

(1x % f)ubxs(DxF1 @ F) 22 1 (DxFi @ f* £ T),
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(f X 1y)*&f i) @Y

(2.62) l l

(f X Iy)pe(DxFi @ f* [ F3) «—— Oyu(Dy fuFFL @ [uFs).

The lower line in (2.62) is induced by the isomorphism f,(DxF ® f*f.F2) = fiDxF1 ®
f«F2 of projection formula and the canonical isomorphism f,DxF; — Dy fiF; — Dy f.F1.
Further if 7 = F; = JF5, defining vertical arrows by evx: DxF ® F — Kx, evy o
(l®adj): DxF® f*foF = DxF @ F = Kx and evy: Dy fo.F @ f.F — Ky, we obtain
commutative diagrams
adj
(1x X [)ubx+(DxF @ F) === v7.(DxF @ f*f.F)
(263) evJ/ levo(l@adj)

(1x x f)dx:Kx e V1 Kx,

(264) evoadjl lev
adj
(f X 1y )wyp:Kx X, Sy Ky
The lower line in (2.64) is induced by the adjunction f,Kx = fif'Ky — Ky
Commutative diagrams (2.57), (2.59), (2.61) and (2.63) define a commutative diagram

(Ix X fludxiA ——  ypA

1% ladj

(2.65) (Ix x f)uHx ——  Hy

evJ/ Jevoadj

(1x X [dxKx —— 71.Kx.

Similarly, commutative diagrams (2.58), (2.60), (2.62) and (2.64) define a commutative
diagram

(f X Iy)sypA  —— A

adjl llf*f

(2.66) (f X 1y)*7'[f é Hy

evoade( J{ev

(f X 1Y)*’7f*ICX E— 5Y*,CY'

The diagrams (2.65) and (2.66) imply (2.54).
The commutative diagram (2.56) induces a commutative diagram

x =2, x Ly

(2.67) Oxl ofl JOY

TX —“ 5 TY xy X —2 TY.
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The vertical arrows are the 0-sections. We apply vx/xxy to (2.65) and apply the morphism
avx/xxx — Vx/xxy(lx x f)i of functors (1.55) to the left column. Then, we obtain a
commutative diagram

a0x1A — 0pA

l l

(2.68) avx/xxxHx — Ux/xxyHy

| |

G'IOX*’CX —>2 Of*ICX

Since the arrows in (2.56) are proper and since the right square is cartesian, the base
change morphism vy/y xy (f X 1y )s = b.vx/xxy (1.54) is an isomorphism. Hence applying
the functor vy,yxy to (2.66) defines a commutative diagram

b*Of!A — Oy!A

l l

(2.69) bovx/xxyHy —— Vyjyxy Hy

l l

b*Of*’CX E— OY*,CY-

Let aV: T*Y xy X — T*X be the dual of a and b¥: T*Y xy X — T*Y be the canonical
morphism. Let e : T*X — X, ef: T"Y xy X — X and ey : T*Y — Y be the projections.
By applying the Fourier transform to (2.68) and the isomorphism (1.21) to the left column
and using the isomorphisms (1.4), we obtain a commutative diagram

a’* A — A
(2.70) GV*MX/XxXHX — px/xxyHy

l l

a*ei Ky  +—— e Kx.

Similarly by applying the Fourier transform to (2.69) and the isomorphism (1.32) to the
left column and using the isomorphisms (1.4),

bY A S A
(2.71) bl pxyxxyHy — pyyyxyHy

| |

bfe}/*lCX —_— €¥*’Cy.
Combining these diagrams, we obtain the equality (2.55). O
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Corollary 2.3.4. Let X be a proper smooth scheme over k and F € De(X,A). Then,
we have

(2.72) X(Xi, F) = (COWF, Tx X)r-x
in A. The right hand side denotes the image of CC,F by the composition

Trx/k
e

HYg #(T*X, eV K ) — HO(X, Ky) A.

Proof. Let f: X — Y = Speck be the canonical morphism. Then, we have x(Xz, F) =
CC,f.F. Since (CC,F,TxX)r-x = fiICC,F, the equality (2.72) follows from Proposition
2.3.3.2. O

2.4 Smooth pullback

Lemma 2.4.1. Let h: W — X be a smooth morphism of smooth schemes over k. Then,
we have an equality

(2.73) SS,h*F =h°SS,F
of closed subsets of T*W .
Proof. Let

(2.74) T*X <2 T*X xx W —% T*W

be the canonical morphisms. By Lemma 1.2.5.2; the morphism Ax (W xW) — Ax (X x X)
is smooth. Hence the base change morphism a'b*vHomx (F,F) — vHomy (h'F,h'F)
is an isomorphism by the smooth base change theorem. This induces an isomorphism
aybV*uHomx (F, F) — pHomw (W' F,h'F) = pHomy (h*F,h*F) by Corollary 1.1.9.1.

O

Lemma 2.4.2. Let

(2.75) J ld
X 2w
be a commutative diagram of separated schemes of finite type over k.
1. Define h'aic' + did'h' to be the adjoint of the composition of the canonical iso-
morphism hdd'h' — cigig'c’ and the morphism cigig'c’ — ac' induced by adjg. Then the
diagram

h!C!C! — dyd!h!

(2.76) adjcl ladjd
18 commutative.
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2. Define h*c,c® — d.d*h* to be the adjoint of the composition of the canonical iso-
morphism ¢.g.g*c* — h.d.d*h* and the morphism c.c* — c.g.g*c* induced by adj,. Then
the diagram

h* —— A"
(2.77) adjcl ladjd
h*c.c* —— d.d*h*
18 commutative.

Proof. Similar to Lemma 2.3.2. O

Let h: W — X be a smooth morphism of relative dimension » = dim W — dim X of
smooth schemes over k. Let (2.74) be the canonical morphisms of cotangent bundles and
let e : T*X — X, e : T*"X xx W — W and ey}, : T*W — W be the projections. For a
closed conical subset S C T* X, define a morphism

(2.78) h HYT*X, e Kx) — HYog(T*W, €5 Kw)

to be (—1)"-times the composition of b¥*: HY(T*X, e Kx) — H)_, o(T* X x x W, b*e* Kx)
and a): H)_1g(T*X xx Wb*e¥ Kx) — Hy) 1) (T*W, ey Kw). Note that the definition

b1
of h' involves the sign (—1)dimX-dimW,

Lemma 2.4.3. Let h: W — X be a smooth morphism of relative dimension r = dim W —
dim X of smooth schemes over k. Define a morphism

(2.79) h': HY(X, Kx) — HY(W, Kyw)

to be the composition of h*: H*(X, Kx) — HY(W, h*Kx) and the cup-product with the top
Chern class ¢,(TW/X) = (=1)"¢,(T*X/W) € HY (W, h*A) of the relative tangent bundle.
Then, the diagram

HY(T*X, e Ky) —s HOuo(T*W, el Kuy)

(2.80) l l

X, Kx) —  HUW, Kw)

1s commutative. The vertical arrows are defined by the pull-back by the 0-sections.
Proof. 1t suffices to show that the diagram

HY(T*X, e Ky) — HO, ("W, e)*Ky) 2% HO, o(T*W, el Ky)

l l l

HOX, Kyx) —  HOW,h*Ky) 7% qow, k)

is commutative. The commutativity of the left square is clear from the functoriality. By the
exact sequence 0 — h*Qy — Qyy — Q. — 0, the morphism a..: H) 1 o(T*W, e} *Kx) —
H.o(T*W, e Kyw) is compatible with the cup-product Uc,(T*Y/X): HO(W,h*Kx) —
HY(W, Ky). Hence the assertion follows. O
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Proposition 2.4.4. Let h: W — X be a smooth morphism of smooth schemes over k and
F € DVy(X,N). Then, we have

(2.81) CC,h*F = hCO,F

in HZO(SSH}‘)<T*W7 ewKw) and

(2.82) cewh*F = hlcex F

in HO(W, Ky ).

Proof. We apply Lemma 2.4.2 to the commutative diagram

X < w & ow

(2.83) 5XJ vhl l(sw

thX 1w><h

XxX & WxX &~ WxW

as follows. Set

Hx = Homxx(priF,pryF),  Hp = Homyx (prih' F, pryF),
Hw = ’HomWXW(pr”fh!]:, pr;h!}")

and identify them with
Xy = Dx(F)X F, K, = Dy (h'F) X F, Ry = Dy (h'F) X h'F

by the canonical isomorphisms [8, (3.1.1)]. We have canonical isomorphisms (hx1x)*Hx —
Hy, and (1x x h)'Hy — Hw. We consider the commutative diagram

(1w x h)'Hy, — s Hy

(2.84) T T

(1W X h,)* X, ®p1‘;h'A — |EW

where the upper horizontal arrow is an isomorphism.
By applying Lemma 2.4.2.1 and by [8, (3.2.1)], we obtain commutative diagrams

(h X 1x)!5X!H0mX(.F1,JT"2) — ’)/h!(Homw(h!fl, h!.Fg) ® h'A)

(2.85) l l

(h x 1x)'Hx — Hy, ® prih'A,

<1W X h)!vthomW(h!}], h!fg) <— 5W[H0mw(h!f1, h!fg)

(2.86) l l

(1W X h)!'Hh —_— HW
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Since h is smooth, the canonical morphism (h x 1x)*(—) ®@ prih'A — (h x 1x)" of functors
is an isomorphism and (2.85) defines a commutative diagram

(h X 1X)*6X!Homx(}"1,]-"2) <— ’Yh!HOmW(h!Fl,h!fQ)

(2.87) l l

(h x 1x)"Hx PR 1y

Since h is smooth, the canonical morphism (1y % h)*(—) ® prih'A — (1x x h)' is an
isomorphism and (2.86) defines a commutative diagram

(1w x h)*ymHomw (h' Fi, h'Fy) @ prih'A «—— dynHomw (W' Fi, h'F)

(2.88) l l

(Lw x h)*Hp ® prsh'A — Hyy .

Further if F = F| = JF,, defining vertical arrows by 17 and 1,7, we obtain commutative
diagrams

(]’L X 1X)*5X!A é /Yh!A

(2.89) 1Fl th!f
(h x 1x)*0x1Homx(F,F) —— ymHomw (W' F,h'F),

adj

(1W X h)!’yh!A 5W|A
(2.90) 1’”% llh,f
(1w x h)'yHomyw (B F R F) +—— Sy Homw (h'F, h'F).

The upper horizontal arrow in (2.90) is the adjoint of the isomorphism 1 < (1w X h)1dw1.
By applying Lemma 2.4.2.3, we obtain commutative diagrams

(h, X 1X)*X’X i) &h

(2.91) l J

(h x 1x)*6x(DxF1 @ Fa) —— Y Dwh'Fy @ h*F),

(1w x h)* X, @prih'A — Xy

(2.92) l l

(Lw % h) e (D Fy @ 0 Fy @ hA) = Sro (D h'Fy @ W F).

The lower line is induced by the canonical morphism h* ® h'A — h' and the adjoint of the
isomorphism Yp. — (I X ) O

Further if F = F; = F5, defining vertical arrows by evy: DxF @ F — Kx, evx o
(l®adj): DxFQ f*foF = DxF @ F = Kx and evy: Dy foF @ f.F — Ky, we obtain
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commutative diagrams

(2.93) evl lev

(h X 1X)*5X*ICX é ’Vh*h*’CXa

(Iw % 1) Yo (Dwh'F @ B*F @ B'A) —25 5y (D h'F @ B\ F)
(2.94) evl lev

adj

The horizontal lines in (2.94) are induced by the morphism h* ® h'A — h'. The lower line
is further induced by the adjoint of the isomorphism 7, — (1 X h)dw. and A*Cx &
h'A — K. Commutative diagrams (2.87), (2.89), (2.91) and (2.93) define a commutative
diagram

(h X 1)()*(5)(!/\ ; ’yh!A

| [

~

(2.95) (hx1x)*Hx ——  Hi

(h X 1x)*0x: Kx —— Ymh*Kx.

Similarly, commutative diagrams (2.86), (2.90), (2.92) and (2.94) define a commutative
diagram

(1W X h)*’yhlh!A (i 5WIA
1h1fl J/lh!]-'
(2.96) (L X h)*Hp @ prh!A  ——  Hy

The commutative diagram (2.83) induces a commutative diagram

X <« 9w  Aow

(2.97) oxl loh low

TX 2 TX xx W «“— TW.

The vertical arrows are the 0-sections. Applying the functor vy w.x to (2.95) and the
base change morphism b*vx/x«x — vwywxx(hx1x)* (1.53) to the left column, we obtain
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a commutative diagram

b*OX!A i) Oh!./\

! l

(2.98) V'vx/xxxHx — vwywxxHn
b*OX*ICX i) Oh*h*]C)(.

Applying the functor vy w.x to (2.96) and the base change morphism a*vy/ww —
vwywxx (Iw x h)* (1.56) to the left column, we obtain a commutative diagram

a'Op A 2l Opni A
(299) a!VW/WxXHh — VW/WXWHW

| |

G!Oh*h*lcx &) OW*’CW

Let bV: T*X xx W — T*X be the canonical morphism and a": T*X xx W — T*W
be the dual of a. Let e%: T"°X — X, e/: T*X xx W — W and e}},: T*W — W be the
projections. By applying the Fourier transforms to (2.98) and the isomorphism (1.33) to
the left column and using the isomorphisms (1.4), we obtain a commutative diagram

A — A
(2.100) VWuxxxxHx —— pwywxxHn

! !

bv*e}*lCX i) €X*h*]cx.

By applying the Fourier transforms to (2.99) and the isomorphism (1.22) to the left column
and using the isomorphism (1.4), we obtain a commutative diagram

a’ A — A
(2.101) ay pwywxx Ha —— pwywxwHw

l |

a'e Ky ——  efKw.

By Proposition 1.1.11.2 and 1., the top and the bottom horizontal arrows in (2.101) are
res,v and (—1)"adj,v respectively. Hence (2.100) and (2.101) imply (2.81). O
Corollary 2.4.5. Assume F is locally constant. Then, we have SS,F C TxX and
CC,F = (—1)¥mXrank F[T% X].
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Proof. We may assume that F is locally constant and is the pull-back from Spec k. By
Proposition 2.4.4, we may assume that X = Spec k. Then, CC,F equals rank F = Tr 17 €
H(Speck, A). O

2.5 Characteristic cycles

We prove that Question 2.1.9.2 has an affirmative answer for curves.

Proposition 2.5.1. If dim X =1, Question 2.1.9.2 has a positive answer.

Proof. Let j: U — X be a dense open immersion such that j*F is locally constant. Since
the assertion is local on X and since we may replace k by an algebraic closure, we may
assume that U = X — {z} is the complement of a k-rational point z € X. Let i: © — X be
the closed immersion. Then, by Corollary 2.1.8, we have CC,F = CC\j1j*F +CCi,i* F.
Since CC,i,i*F = rank ¢*F - [T X] by Corollary 2.4.5 and Proposition 2.3.3.2, we may
assume that 77*F — F is an isomorphism.

Since j*F € Db.(U,A), by [4, Lemme 4.5.1], there exist a finite complex L, of locally
constant sheaves of free A-modules of finite rank and a quasi-isomorphism L, — j*F.
Hence by Proposition 2.1.7, we may further assume that j*F is a locally constant sheaf of
free A-modules of finite rank.

In the case where X = A', # = 0 and F is a locally constant constructible sheaf of free
A-module of rank n on U = G, tamely ramified at x, we have CC,F = —n([Tx X|+[T; X])
by Corollary 2.4.5 and hence CC,F = clCCF.

We show the general case by reducing to this case. Since the assertion is étale local on
X, by [13, Theorem 4.1], we may assume that X = P! = {0}, 2 = oo and U = G,, and that
j*F is a locally constant constructible sheaf of free A-modules of rank n tamely ramified
at 0. Let j: A — P! be the open immersion. We have S5,j,F C Tx XUT; XUT%X. By
the tamely ramified case proved above and by the semi-purity [7, Rappel 2.2.8], we have
CCHF = —n([TX]+ T3 X)) — ax [T X] for some ao, € A. We have x (X7, F) = n—aoo
by Corollary 2.3.4. Since x(Xz, F) = n — axF by the Grothendieck—-Ogg—Shafarevich
formula, we obtain a, = axF and CC,F = clCCF. O

Proposition 2.5.2. Suppose that dim SS,F < dim X for every X and F € D5 (X, A).
Then, CC,F is the cycle class of CCF.

It suffices to show that the coefficient a, of the fiber 7)) X in CC,F equals —a,(F).

Proof. The proof is similar to that of the functorial characterization of characteristic cycles
[18, Proposition 8. Let C' C T*X be the union SS,F U SSF. By the assumption and [2,
1.3 Theorem (ii)], we have dim C' £ dim X. Hence by the semi-purity [7, Rappel 2.2.8],
we have HY(T*X,e"*Kx) = @, A[C,] where C, runs irreducible components of C of
dimension dim X and hence CC,F = " ,[C,] for some p, € A. Let CCF = )" m,[C,].
It suffices to show the equality p, = m, in A for each irreducible component C,.

Since the question is local on X, we may assume that X is affine. By applying Proposi-
tion 2.3.3 to an immersion X — A", we may assume X = A". Further, since the question
is local on X, we may assume that X is projective. We fix a closed immersion X — P,

Let C, be an irreducible component of C' of dimension dim X. Then, there exists a
linear subvariety A C P of codimension 2 and x € X — X N A satisfying the following
conditions. The intersection X N A is transversal. Let X’ — X be the blow-up at X N A
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and let f: X’ — Y = P! be the morphism to the projective line parametrizing hyperplanes
containing A such that the fibers are the intersections with hyperplanes. The point z is an
isolated characteristic point of f: X’ — Y and x is the unique characteristic point in the
fiber f~1(y) for y = f(z). The component C, C T*X is the unique irreducible component
of C' meeting the section df at z. The intersection number (C,, df), equals 1, if necessary
replacing X by X x A' in the case p = 2 [16, Proposition 5.19].

Let m, be the coefficient of C,, in CCF and i, € A be the coefficient of cl C, in CC,F.
Then, we have (CCF, df ), = ma(Co, df ), € Z and (CC,F,df )y = p1a(Cy, df ), € A. By the
Milnor formula, for the complex of vanishing cycles ®,(F, f), we have dim tot ®,(F, f) =
—(CCF,df)y = —mu(Cy, df),. Since fiCC,F = CC,f.F by Proposition 2.3.3, the in-
tersection product (CC,F,df ), = f1a(Ca,df ). equals the coefficient —a, f.F of cIT;Y in
HCC,F = CC, f.F. By the distinguished triangle I'( Xy, F) — ['(X57, F) — ©,(F, f) —
for a geometric generic point 77 of the strict localization at F, we have dim tot ®,.(F, f) =
a, f«F. Thus we have dim tot @, (F, f) = —ma(Ca, df )z = —ta(Ca, df ). Since (C,,df ), =
1, we obtain m, = 4, in A and hence CC,F = clCCF. O

The assumption of Proposition 2.5.2 is satisfied if the following question has an affir-
mative answer.

Question 2.5.3 (cf. [11, Corollary 5.4.10 (i)]). Let Z — X be a closed immersion of
smooth schemes over k and F € D (X, A). Do we have

supp pz(F) C SSFNT,X 7

Lemma 2.5.4. If Z C X s a divisor, then Question 2.5.3 has an affirmative answer.

Proof. We may assume that Z is defined by f. It suffices to show that vz F on T;X
is isomorphic to the pull-back e*F|; assuming that SSF N T4 X is a subset of the 0-
section. We may assume that the morphism f: X — Alis SSF-acyclic by the assumption.
Then, since the morphism A, X — AgA! is the base change of f: X — Al, it is locally
acyclic relatively to the pull-back of F. Since AgA! — A! is smooth, the composition
AzX — ApA' — Al is also locally acyclic relatively to the pull-back of F by [9, Corollaire
2.7]. Hence the assertion follows. l

Lemma 2.5.5. If Question 2.5.3 has an affirmative answer, then the assumption in Propo-
sition 2.5.2 that dim SS,F < dim X for every X and F € DY;(X,A) is satisifed.

Proof. By Question 2.5.3 applied to §: X — X x X and Hom(pr}F,pri.F), we have
(2.102) SS,F = supp pHom(F,F) C T*X N SSHom(pryF,priF)
in 7*(X x X). Since

SSHom (pryF,priF) = SS(F X DxF) = SSF x SSDxF = SSF x SSF

in 7*X x T*X = T*(X x X) by [17, Theorem 2.2.3], the right hand side of (2.102) is
SSFCT*X. O
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2.6 An Artin—Schreier sheaf

In this section, we compute C'C), for an Artin—Schreier sheaf with wild ramification, directly
without using Proposition 2.5.1.

Lemma 2.6.1. Let

X 25 A
be a cartesian diagram of separated schemes of finite type over k.

1. Assume that the vertical arrows are closed immersions and define a morphism
¢dd — ac'q* by ¢*Hom(d, A\, —) — Hom(c. A, q*—). Then, the diagram

acqt —— ¢ dd

(2.103) adjcl ladjd

¢ =
15 commutative.
2. The diagram
¢ 2 gdd
(2.104) adjcl lbc
CCt g 2 e gtd”

18 commutative.
Proof. 1. This follows from the commutative diagram
¢ Hom(d A\, —) —— Hom(c,\,q" —)
¢Hom(A, —) —— Hom(A,¢*—).

2. By adjunction and by the definition of ¢*d, — c.g*, this follows from the commu-

tative diagram
adjy

1 d.d*

adquJ( j/adjg

qC:C*q* P d.g.g*d*.
O

Proposition 2.6.2. Let jx: X — {0} = Speck[z*!] — X = A = Speck[z] be the open
immersion and let F = jx1Ly(1/x). Then, we have

(2.105) CO,F = —([TEX] +2- [TrX])

; 0 * Vk
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Proof. Set X x X = Speck[z,y] and let
Ax(X x X) = A® = Spec k[z,u,v] = A" = Spec k[u]

be the deformation to the normal bundle T = T'X = Spec k[z,v] for v = (y — x)/u. Let
q: W = Spec k[w] — X be the morphism defined by k[w] — k[z] sending w to —z%. We
construct a commutative diagram

(2.106)

X xA' —— W x A" =Speck[w,u] +—— W x Al

I -
Ay(X x X) =% A =Specklw,u,v] +2— B> B = Specklw,u, s

The left vertical arrow §: X x A! = Spec k[z,u] — Ax(X x X) = Spec k[z, u, v] is a lifting
of the diagonal X x A — X x X x A! and is defined by the surjection k[z,u,v] — k[x,u]
sending v to 0. The scheme A is a trivial line bundle over W x A! and the morphism
04: Wx A — Ais the 0-section also defined by the surjection k[w, u, v] — k[w, u| sending
v to 0. The morphism g4: A = Spec k[w, u,v] = Ax(X x X) = Spec k[z,u,v] is defined
by w = —z(z + uv) and the left square is cartesian. The morphism g: B — A is the
blow-up at the ideal (w,v) and B C B is the complement of the proper transform of the
divisor w = 0. The restriction g: B — A of g is a morphism of line bundles over W x Al
defined by v = ws and the vertical arrows in the left square are the 0-sections.
The base change of the lower line to the origin 0 — A! gives a diagram

TX —2 E=Speck[w,] 2 FoF= Spec k[w, s]
(2.107) l lE leF
X 4w — W

of line bundles.
We have an isomorphism

(Jx x jxnL(1/y — 1/z) @ pri Kx — Hom(priF, prlz]:).

on X x X. Let Hx on X x X x G,, be the pull-back of Hom (priF,pryF). Let e4: A — W
be the projection and j4: Spec k[w*!, u,v] — A be the open immersion. Define H4 on A
by

Ha = jaly(uv/w) ® ey Ky

and let H 4o be the restriction on A° = A - E. We extend the canonical isomorphism
(¢*Kw)|x -10p = Kx|x_oy uniquely to an isomorphism ¢*Ky — Kx and identify them
and let gq0: X X X x G,, — A° be the restriction of ¢4. Then, since

y—1/z=—(y—a)/zy = —(y — 2)/(z(z + w)) = wv/w,
we have a canonical isomorphism

(2.108) Hy < qoHoae.
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By Lemma 2.6.1 applied to g4o: X x X x G, — A°, the isomorphism (2.108) defines a
commutative diagram

5!050!7'[)( — qzoOAoyole/HA

| |

(2.109) Hy —  qoHa

| |

020 Hx +—— 5004005 H 4o

Here and in the following, the superscript © indicates the base change by G,, — Al
Let eg: B — W be the projection and let jp: B — B be the open immersion. Define
‘Hp on B by
Hp = £¢(US) X G*BKW.

and_set H_§ :_jB;’HB. Let ¢°: B° = B—=F — A° = A — E be the restriction of g and
7°: B' = B = F — A° be the restriction of g. Let Hpo and Hpe be the restrictions of Hp
and Hg. Then, since gf (L(us)|pe) = L(uv/w)| 40, we have an isomorphism

(2.110) Hao = GHge = gPHpe.

We consider the cartesian diagram

A L B

s [+

W x Al «—— g7 1(W x A')

and the extension +5: §~' (W x A') — B of the right vertical arrow. Similarly as (2.109),
by Lemma 2.3.2 applied to g°: B — A°, the isomorphism (2.110) defines a commutative
diagram

OAolO!AoHAo — 52 +O§! —|—%H§°

! l

(2111) HAO é g:%EO

| l

OAO*OZO'HAO — g%* —f-%* —f—%k,HEO

on A°. By proper base change theorem, the horizontal arrows are isomorphisms.

We compute the top and the bottom of the right column of (2.111). Let jw: G,, —
W be the open immersion. The canonical morphism +3ZHge ® —|—!§A — +!§H§o is an
isomorphism. Since g3 (L(us)|pe) = L(uv/w)| 40, we have canonical isomorphisms
(2.112)
GoA% o Hge — Onerfivs A = G0poriws A, G545, +2Hge — Oaofii Kw = G0pe1jwi K.

Let v4: Degs(A°, A) — Dot (E X5 1m0, A) be the specialization functor. Let jp: F — F
be the open immersion. By Proposition 1.1.3.1, the projection B — W x Al is locally
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acyclic relatively to Hz. Hence by [9, Corollaire 2.7], the composition B — A! = Spec k[u]
is locally acyclic relatively to Hg and we have VHg = Hglg = jmepKw. Let gp: FF — E
be the restriction of g: B — A. Then, by proper base change theorem, the isomorphisms
(2.112) induce isomorphisms

(2.113) VA§i$T¢O!'H§° — gr0pwe\,  vag, +%, +5Hge — gr0p w1 Kw.
Hence the specialization of (2.111) defines a commutative diagram

va040104Hae ——  gp0pjwA

! l

(2.114) vatlae  ——  gmepKw
VA040,.0% Hao +—— gr0p.Jwi1 Kw

on E where the horizontal arrows are isomorphisms.
Let Ogo: W x G, — B’ be the 0-section and consider canonical morphisms

(2.115) Oge, 0o Hpe — +% +5 Hpe = Hpe — +5, +5 Hge — 050, 05 Hpe.

o
*

where the middle arrows induce the right columns of (2.111) and (2.114). Then, the
specialization of compositions on (2.115) defines

(2116) OF[A — e*FKW — OF*KW

where the first arrow is the adjoint of the canonical isomorphism A — 0%k Ky .
Let pa: Detg(A,A) = Deye(E Xg 1o, A) denote the composition of v4 with the Fourier
transform Fy. Let gf.: EY — F be the dual of gr: F' — E and define a cartesian diagram

g (W) — W
+EVJ/ lOFV
By 2, pv,

Let egv: EY — W and epv: FY — W be the canonical morphisms. Since Fygmern Ky =
9r 0pviA = 4+ pv.A by Proposition 1.1.8, the Fourier transform of (2.114) gives

(404010 Hae —— €5 iwsA

| |

(2.117) piaH 40 ——  4puA

l l

$A040. 0% Hao —— epvimBKw

on the dual EY where the horizontal arrows are isomorphisms (1.4) and (1.21). We consider
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the compositions with A — jw.A and jy Ky — Ky and the commutative diagram

B*EVA — FwOE!A — g}fw*A

l l l

(2118) +EV*A — ngF!B}KW — g}/y*OFVIA

l l |

e*E‘VKW — FwOE*KW — g}/r*e}\/KW.

The left column is obtained from the right column of (2.117) and the right half is obtained
by applying the isomorphism Fygm < g5*Fy (1.21) to (2.116). By the description above
of (2.116) and Proposition 1.1.11.1, the composition of the right column is g/* of —1-times
the cycle class of the 0-section. By the commutativity of the diagram, the left column is
—1-times the cycle class of g *(W).

Let vx: Deyr(X X X X Gy A) = Do (T X Xy 1m0, A) be the specialization functor and
let px be the composition with the Fourier transform. Let Ox: X — T'X be the 0-section.
The specialization of the commutative diagram (2.109) defines a commutative diagram

OX!O{XVX,HX — q;ﬂI/AOA!OL{HA

| |

(2.119) vxHx  ——  qrvaHa
Ox0%5vxHx <—— qrra04.05H .

Let g7«: T*X — EY denote the morphism induced by g7 on the dual. Then the Fourier
transform of (2.119) gives

eV*A —— q:fp* MOA!OIA'HA

l l

(2.120) [LXHX <— q}*,uAHA

l l

e*Kx <— @005 Ha

on EV. Since the ramification index of ¢: W — X is 2, the pull-back g5 : HY (EV, e} Kw) —
HY (T* X, eX* K x) maps the class of of the composition of the left column in (2.118) to the
class —([T%X] + 2 - [Tg X]). Thus, combining (2.117) and (2.120), we obtain (2.105). O
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