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Abstract

For a constructible sheaf on a smooth scheme over a field of positive character-
istic, the singular support and the characteristic cycle are defined on the cotangent
bundle. We study if a construction using the microlocalization similar to that in
a transcendental setting due to Kashiwara–Schapira works in the algebraic setting
and prove partial positive results.

For a constructible sheaf F on a smooth scheme X over a field k of characteristic
p > 0, the singular support SSF and the characteristic cycle CCF are defined on the
cotangent bundle T ∗X [2], [16]. However, unlike modules over the ring of microdifferential
operators in the context of D-modules, a direct construction of an object on T ∗X giving
rise to them is not available. In a transcendental context, the singular supports and the
characteristic cycles allow a construction using the microlocalization µHom(F ,F) defined
on the cotangent bundle [11]. We study if a similar construction works in the algebraic
setting.

We define a closed conical subset SSµF ⊂ T ∗X in Definition 2.1.1 and a coho-
mology class CCµF supported on SSµF in Definition 2.1.4 using the microlocalization
µHom(F ,F). We state their possible relations with SSF and CCF as Question 2.1.9.
We give partial positive answers to the question. If dimX ≦ 1, we prove in Proposition
2.5.1 that CCµF equals the cycle class of CCF . For a general X, we prove a conditional
result in Proposition 2.5.2 that the inclusion SSµF ⊂ SSF implies the same equality
between CCµF and CCF as above.

We sketch an outline of the proof. First, we prove the equality in Corollary 2.2.5 for
a tamely ramified sheaf F on a curve by computing νHom(F ,F). Then, using a global
argument based on a theorem of Katz–Gabber [13], we prove Proposition 2.5.1 for curves.
For the proof, we use an index formula for CCµ proved in Corollary 2.3.4 and compare it
with the Grothendieck–Ogg–Shafarevich formula. The index formula Corollary 2.3.4 is a
special case of the compatibility of CCµ with proper push-forward Proposition 2.3.3.

To prove Proposition 2.5.2 in higher dimension, we prove that CCµF also satisfies
the characterization of CCF by the Milnor formula. By the assumption SSµF ⊂ SSF ,
the theorem of Beilinson dim SSF = dimX implies dimSSµF ≦ dimX. By the weak
cohomological purity, this makes it suffice to compare the coefficients in CCµF and in
CCF of irreducible components of dimension dimX. By the compatibility with push-
forward for a closed immersion, it is reduced to the case where X is projective. Then, by
taking a Lefschetz pencil and by the compatibility with proper push-forward Proposition
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2.3.3, the Milnor formula is reduced to the equality CCµ = clCC for the direct image on
P1 proved in Proposition 2.5.1.

We briefly sketch the contents of each section. We introduce in Section 1.2 the spe-
cialization functor following Verdier [19]. The specialization is defined by applying the
nearby cycles functor to the deformation to normal bundle. Since the microlocalization is
defined as the Fourier transform of the specialization, we recall basic properties of Fourier
transforms in Section 1.1.

In Section 2.1, we define SSµF and CCµF using the microlocalization µHom(F ,F)
and state their possible relations with SSF and CCF as Question 2.1.9. In Sections 2.3
and 2.4, we study the compatibilities with proper push-forward and with smooth pull-
back respectively. We prove some positive results on the relation between CCµ and CC
in Section 2.5 by reducing to a computation of CCµ in Section 2.2 for a tamely ramified
sheaf on a curve. We give an explicit and independent computation of CCµ for a wildly
ramified Artin–Schreier sheaf on a curve in Section 2.6.

When the author studied the question with Ahmed Abbes in 2004, we thought that it
would not work because another approach using the blow-up taken in [1] worked well. The
author recently computed the example in Section 2.6 and noticed that we had reached the
negative conclusion too quickly. The same question was also considered independently by
D. Cisinski, A. Khan and E. Yang.

In this article, k denotes a field of characteristic p > 0. If X is a smooth scheme over
k, TX and T ∗X denote the tangent and the cotangent bundle. Let Λ be a finite local
ring over Z/ℓnZ for a prime number ℓ 6= p and an integer n ≧ 1. For a noetherian scheme
X over k, Db

c(X,Λ) ⊃ Dctf(X,Λ) denote the derived category of bounded constructible
complexes of Λ-modules on X and its full-subcategory of complexes of finite tor-dimension.
The letters R and L to denote derived functors will be omitted. For a separated morphism
f : X → Spec k of finite type, let KX ∈ Dctf(X,Λ) denote f

!Λ.
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1 Fourier transforms and the specialization

1.1 Complements on Fourier transforms

Let k be a field of characteristic p > 0. Let Λ be a finite local ring over Z/ℓnZ for a
prime number ℓ 6= p and an integer n ≧ 1. Fix a non-trivial character ψ : Fp → Λ×. Let
ψ∨ : Fp → Λ× be the character defined by ψ∨(x) = ψ(−x) = ψ(x)−1.

Definition 1.1.1. Let k be a field of characteristic p > 0 and ψ : Fp → Λ× be a non-trivial
character.

1. Let A1 = Spec k[t] → A1 = Spec k[x] be the Artin–Schreier covering defined by
tp − t = x and identify the Galois group with Fp by the action of a ∈ Fp defined by
t 7→ t+ a. Let Lψ be the locally constant constructible sheaf of free Λ-modules of rank 1
on A1 = Spec k[x] trivialized by the Artin–Schreier covering A1 → A1 corresponding to
the character ψ : Fp → Λ×.

2. Let X be a noetherian scheme over k and let E be a vector bundle over X. Let E∨

be the dual vector bundle and

E
pr1←−−− E ×X E∨ pr2−−−→ E∨

µ

y
A1

be the projections and the canonical pairing. We define the (naive) Fourier transform

(1.1) F = Fψ : D
b
c(E,Λ)→ Db

c(E
∨,Λ)

by FψF = pr2!(pr
∗
1F ⊗ µ∗Lψ) and the (naive) dual Fourier transform

(1.2) F∨ = Fψ∨ : Db
c(E

∨,Λ)→ Db
c(E,Λ)

by Fψ∨G = pr2!(pr
∗
1G ⊗ µ∗Lψ∨).

Let 0 : X → E and 0∨ : X → E∨ be the 0-sections and let e : E → X and e∨ : E∨ → X
denote the canonical morphisms.

Lemma 1.1.2. Let e : E → X be a vector bundle of rank n over a noetherian scheme X
over k and let e∨ : E∨ → X be the dual vector bundle.

1. For G ∈ Dctf(E,Λ), we have a canonical isomorphism

(1.3) Fψ(e
∗(−)⊗ G)→ e∨∗(−)⊗ FψG

of functors Db
c(X,Λ)→ Db

c(E
∨,Λ).

2. We have canonical isomorphisms

Fψ0∗ → e∨∗,(1.4)

Fψe
∗ → 0∨∗ (−⊗ e!Λ)(1.5)

of functors Db
c(X,Λ) → Db

c(E
∨,Λ). The isomorphism (1.5) is equivalently formulated as

an isomorphism

(1.6) Fψe
! → 0∨∗ .
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3. Let adje : 0! → e! be the adjoint of e!0! → 1 and let rese∨ : e
∨∗ → 0∗ be the adjoint of

0∗e∗ → 1. Then the diagram

(1.7)

Fψe
! (1.6)−−−→ 0∨∗

adje

x xrese∨

Fψ0!
(1.4)−−−→ e∨∗

is commutative.

Proof. Let F ∈ Db
c(X,Λ).

1. We have an isomorphism Fψ(e
∗F⊗G) = pr2!(pr

∗
2e

∨∗F⊗pr∗1G⊗µ∗Lψ)→ e∨∗F⊗FψG
by the projection formula.

2. Since the restriction µ∗Lψ|X×XE∨ is canonically identified with Λ, we have an iso-
morphism Fψ0∗F = pr2!(pr

∗
10∗F ⊗ µ∗Lψ)→ e∨∗F .

We have an isomorphism FψΛ = pr2!µ
∗Lψ → 0∗e!Λ by the proper base change theorem.

Since e∨∗−⊗0∨∗ e!Λ = 0∨∗ (−⊗ e!Λ), (1.3) for G = Λ implies (1.5).
By the canonical isomorphism e∗(−)⊗e!Λ→ e! of Poincaré duality, (1.5) is equivalently

formulated as (1.6).
3. Let F ∈ Db

c(E,Λ) and we consider the commutative diagram

(1.8)

pr∗1e
!F res−−−→ e!F ⊠ 0∨! Λ

adje

x xadje⊠rese∨

pr∗10!F 0!F ⊠ Λ

on E×XE∨. The support supp 0∨! Λ = X ⊂ E∨ annihilates supp e!F ⊂ E and suppΛ = E∨

annihilates supp 0!F ⊂ X ⊂ E respectively. Hence by taking the tensor product ⊗µ∗L
and pr2!, we obtain the left commutative square in the diagram

(1.9)

Fe!F −−−→ e∨∗e!e
!F ⊗ 0∨! Λ −−−→ 0∨! F

adje

x xe∨∗e!(adje)⊗rese∨

xrese∨

F0!F
(1.4)−−−→ e∨∗e!0!F −−−→ e∨∗F .

The right horizontal arrows are induced by the canonical morphisms e!e
! → 1 and e!0! → 1

and the compositions of the horizontal arrows are the isomorphisms (1.6) and (1.4). Since
the diagram

e!e
! can // 1

e!0!

e!adja

OO

can

??~~~~~~~~

is commutative, the right square of (1.9) is commutative and the diagram (1.9) gives
(1.7).

The following is a fundamental result of Katz and Laumon.

Proposition 1.1.3. 1. ([12, Théorème (2.4.4)]). Let j : Gm×A1 → A1×P1 be the open
immersion over k and let Lψ(y/x) denote the pull-back of Lψ by the morphism y/x : Gm×
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A1 = Spec k[x±1, y]→ A1. Then, the projection pr1 : A
1 ×P1 → A1 is universally locally

acyclic relatively to j!Lψ(y/x).
2. ([12, (a) in the proof of Théorème (2.4.1)]). Let X be a noetherian scheme and

consider the cartesian diagram

A2
X

j2−−−→ P1
X ×X A1

X

pr1

y ypr1

A1
X

j−−−→ P1
X .

Then, the morphism j2!(pr
∗
1(−)⊗ µ∗L)→ j2∗(pr

∗
1(−)⊗ µ∗L) is an isomorphism.

Proof. 1. First, we show the universal local acyclicity on A2 = Spec k[x, y] ⊂ A1 ×P1. It
suffices to show the universal local acyclicity after the base change by the purely inseparable
morphism A1 → A1 sending x to xp. The normalization of the covering of A2 defined by
tp − t = y/xp is A2 = Spec k[x, s]→ A2 = Spec k[x, y] given by sp − xp−1s = y for s = xt
and the projection A2 = Spec k[x, s] → A1 = Spec k[x] is smooth. Hence the assertion
follows from the local acyclicity of smooth morphisms.

Next, we show the universal local acyclicity on A1× (P1 {0}). Changing the coordi-
nates and notation, it suffices to show that the projection A2 = Spec k[x, y] → A1 =
Spec k[x] is universally locally acyclic with respect to j!L(1/xy) for the open immer-
sion j : G2

m → A2. Let g : A1 × Gm = Spec k[x, u±1] → A2 = Spec k[x, u] be the
open immersion. By the generic universal local acyclicity [5, Corollaire 2.16], the pro-
jection p1 : A

2 = Spec k[x, u] → A1 = Spec k[x] is universally local acyclicity relatively
to g!Lψ(1/u). The blow-up q : P → A2 at the origin is the union of two affine planes
A = A2 = Spec k[x, y] and B = A2 = Spec k[u, v] where u = xy and x = uv. Since q is an
isomorphism outside the exceptional divisor E, the composition p1 ◦ q : P → A1 is locally
acyclicity on the complement P E. Further, by the first step above, the composition
p1 ◦ q : P → A1 is locally acyclicity relatively to q∗g!Lψ(1/u) except possibly at the origins
of A and B. Since q : P → A2 is proper, by proper base change theorem, the composi-
tion p1 ◦ q : P → A1 is everywhere locally acyclicity relatively to q∗g!Lψ(1/u). Since the
restriction of q∗g!Lψ(1/u) on A is the same as j!Lψ(1/xy), the assertion follows.

2. Let F ∈ Db
c(A

1
X ,Λ). By 1, the projection pr1 : P

1
X ×X A1

X → P1
X is locally acyclic

relatively to j2!µ
∗L. Hence by [9, Proposition 2.10], the morphism j2!(pr

∗
1F ⊗ µ∗L) =

pr∗1j∗F ⊗ j2!µ∗L → j2∗(pr
∗
1F ⊗ µ∗L) is an isomorphism.

Proposition 1.1.3.2 implies that the canonical morphism

(1.10) FψF = pr2!(pr
∗
1F ⊗ µ∗Lψ)→ pr2∗(pr

∗
1F ⊗ µ∗Lψ)

is an isomorphism [12, Théorème (2.4.1)].

Corollary 1.1.4. Let E be a line bundle on X and E∨ be the dual. Let g : E× = E X →
E and g∨ : E∨× = E∨ X → E∨ be the open immersions of the complements of the 0-
sections. Let 0: X → E be the 0-section and define a morphism 0∗ΛX → g!ΛE× [1] by the
exact sequence 0→ g!ΛE× → ΛE → 0∗ΛX → 0. Then, there exists a unique isomorphism

(1.11) Fψg!ΛE× [1]→ g∨∗ΛE∨×
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fitting in the commutative diagram

(1.12)

Fψ0∗ΛX
(1.4)−−−→ ΛE∨y y

Fψg!ΛE× [1]
(1.11)−−−→ g∨∗ΛE∨× .

Proof. By the isomorphism FψΛE → 0∨∗ΛX(−1)[−2], the exact sequence 0 → g!ΛE× →
ΛE → ΛX → 0 induces an isomorphism (Fψ0∗ΛX)|E∨× = ΛE∨× → Fψg!ΛE× [1]|E∨× . By
adjunction, there exists a unique morphism Fψg!ΛE× [1]→ g∨∗ΛE∨× making (1.12) commu-
tative. Its restriction on E∨× is an isomorphism.

It suffices to show that the morphism Fg!Λ → g∨∗ g
∨∗Fg!Λ is an isomorphism. We

consider the commutative diagram

Fg!Λ −−−→ pr2∗(pr
∗
1g!Λ⊗ µ∗L)y y

g∨∗ g
∨∗Fg!Λ −−−→ g∨∗ pr2∗((pr

∗
1g!Λ⊗ µ∗L)|E×XE∨×).

By the isomorphism (1.10), the horizontal arrows are isomorphisms. It suffices to show that
the right vertical arrow is an isomorphism. Since e∗g!Λ = 0, the morphism pr2∗(pr

∗
1g!Λ⊗

µ∗L) → pr2∗((g!Λ ⊠ g∨∗Λ) ⊗ µ∗L) is an isomorphism. Let g∨2 : E ×X E∨× → E ×X E∨ be
the open immersion. Then pr2∗((g!Λ⊠ g∨∗Λ)⊗ µ∗L)→ pr2∗g

∨
2∗((pr

∗
1g!Λ⊗ µ∗L)|E×XE∨×) is

an isomorphism and the assertion follows.

Proposition 1.1.5 ([15, Théorème (1.2.2.1)]). Let e : E → X be a vector bundle over a
noetherian scheme X over k and let e∨ : E∨ → X be the dual vector bundle. There exists
a canonical isomorphism

(1.13) i : FψFψ∨ → −⊗ e∨∗e!Λ

of functors Db
c(E

∨,Λ)→ Db
c(E

∨,Λ).

Proof. Let Lψ(x(y∨−x∨)) denote the pull-back of Lψ by the morphism E∨×XE×XE∨ →
A1 sending (x∨, x, y∨) to µ(x, y∨ − x∨). We consider the cartesian diagram

(1.14) E E ×X E∨ pr2 //pr1oo E∨

E∨ ×X E

pr2

OO

pr1
��

E∨ ×X E ×X E∨

pr23

OO

pr12oo pr13 //

pr1

vvlll
lll

lll
lll

lll

pr3

66lllllllllllllll
E∨ ×X E∨

pr2

OO

E∨ E∨ ×X E
pr1 //

δ×1

OO

E∨.

δ

OO

By the proper base change theorem applied to the lower right square, the pull-back by the
lower middle vertical arrow induces isomorphisms

(1.15) pr13!Lψ(x(y∨−x∨))→ pr13!(δ× 1)∗(δ× 1)∗Lψ(x(y∨−x∨))→ δ∗pr1!Λ→ δ∗e
∨∗e!Λ.
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By proper base change theorem, the projection formula and by (1.15), we obtain isomor-
phisms

FψFψ∨ → pr3!(pr
∗
1 −⊗Lψ(x(y∨ − x∨))) → pr2!(pr

∗
1 −⊗pr13!Lψ(x(y∨ − x∨)))

→ pr2!(δ∗(−⊗ e∨∗e!Λ))→ −⊗ e∨∗e!Λ.

In the following, we fix ψ and drop it from the notation. The isomorphism (1.13) is
equivalently reformulated as an isomorphism

(1.16) i : F (F∨(−)⊗ e!Λ)→ 1.

Proposition 1.1.6. Let e : E → X be a vector bundle of rank n over a noetherian scheme
X over k and let e∨ : E∨ → X be the dual vector bundle. The diagram

(1.17)

F (F∨e∨!(−)⊗ e!Λ) i−−−→ e∨!

(1.5)

y x(−1)ncan

F (0∗(−)⊗ e!Λ)
(1.4)−−−→ e∨∗(−)⊗ e∨∗0∗e!Λ

of functors Db
c(X,Λ) → Db

c(E,Λ) is commutative. The upper horizontal arrow is defined
by (1.16) and the right vertical arrow is (−1)n-times the morphism induced by the canonical
isomorphism e∨∗0∗e!Λ→ e∨!Λ.

Proof. We consider closed immersions

(1.18) E∨ ×X E∨ (1,0,1)−−−→ E∨ ×X E ×X E∨ δ×1←−−− E∨ ×X E

defined by (δ×1)(x∨, x) = (x∨, x, x∨). Let p1, p3 : E
∨×X E∨ → E∨ and q : E∨×X E → E∨

be the restrictions of the projections pr1, pr3 : E
∨ ×X E ×X E∨ → E∨. By the proof of

Proposition 1.1.5, the upper horizontal morphism i : F (F∨e∨!F ⊗ e!Λ)→ e∨!F is induced
by the composition via upper right in the diagram

(1.19) pr3!(pr
∗
1e

∨!F ⊗ L((y∨ − x∨)x)⊗ pr∗2e
!Λ) //

��

q!(e
∨!F ⊠ e!Λ)

��
p3!(pr

∗
1e

∨!F ⊗ (e∨ × e∨)∗0∗e!Λ) // e∨!F .

The upper horizontal arrow and the left vertical arrows are induced by the pull-back
by the immersions in (1.18) respectively. The left vertical arrow is induced by the iso-
morphism TrE/X : e!e

! → 1. The lower horizontal arrow is induced by the isomorphism
TrE∨/X : e∨! e

∨! → 1 for the first factor E∨ and the canonical isomorphism e∨∗0∗e!Λ→ e∨!Λ.
The arrows in (1.17) via lower left is induced by the corresponding arrows in (1.19). Hence
it suffices to show that (1.19) is (−1)n-commutative. Similarly as Lemma 1.1.2.1, we may
assume F = Λ.

After changing the coordinate (x∨, x, y∨) by (y∨ − x∨, x, y∨), the immersions in (1.18)
are the base change by E∨ → X of the immersions E∨ → E×XE∨ ← E and L((y∨−x∨)x)
is the pull-back of L(z∨x). Hence, it suffices to show Lemma 1.1.7.1 below.
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Lemma 1.1.7. 1. Let e : E → X be a vector bundle of rank n and e∨ : E∨ → X be the
dual. Then, the diagram

(1.20)

(e× e∨)!µ∗Lψ(n)[2n] e∨! Fψe
!Λ

(1.5)−−−→ e∨! 0
∨
∗Λ∥∥∥ y

e!F
∨
ψ e

∨!Λ
(1.5)−−−→ e!0∗Λ −−−→ Λ

of isomorphisms of sheaves on X is (−1)n-commutative.
2. Let µ : A2 = Spec k[x, y] → A1 = Spec k[t] be the morphism defined by t = xy and

let Φ0Λ denote the vanishing cycles complex at 0 ∈ A2 with respect to µ. Then, we have
an isomorphism R1µ!Λ → Λ, an exact sequence 0 → Φ1

0Λ → R2µ!Λ → Λ(−1) → 0 and
Rqµ!Λ = 0 for q 6= 1, 2.

3. Let k be an algebraically closed field and let σ be the involution of A2 = Spec k[x, y]
switching x and y. Then σ acts on H2

c(A
2,Lψ(xy)) by −1.

Proof. 1. Since the assertion is local on X, we may assume that E = An
X . By the Künneth

formula, we may assume that n = 1. Further, we may assume that X = Spec k for an
algebraically closed field k. Hence, the assertion is reduced to 3.

2. We construct a relative compactification µ : P → A1. The second projection P1 ×
A1 → A1 = Spec k[t] is proper. Let P → P1 × A1 be the blow-up at the origin of
A2 = Spec k[y, t] ⊂ P1 ×A1. Let L0 be the proper transform of (y = 0) ⊂ A2 and L∞ be
the inverse image of (P1 ×A1) A2. Then, the complement P (L0 ∪ L∞) is identified
with A2 = Spec k[x, y] by xy = t and hence P → P1 ×A1 → A1 = Spec k[t] is a relative
compactification of µ : A2 = Spec k[x, y]→ A1.

Let j : A2 = Spec k[x, y] → P be the open immersion. The morphism µ : P → A1

is smooth except at 0 ∈ A2 and L0 and L∞ are sections of µ : P → A1. Hence the
morphism P → A1 is locally acyclic relatively to j!Λ except at the origin 0 ∈ A2. Let η̄0
be the generic geometric point of the strict henselization at 0 ∈ A1 and let Φ0Λ denote
the vanishing cycles complex at 0 with respect to µ. By the Picard–Lefschetz formula, the
complex Φ0Λ is acyclic except at degree 1 and the Λ-module Φ1

0Λ is free of rank 1. Let
+ = A2 ×A1 0 and Gm,η̄0 = A2 ×A1 η̄0 be the fibers of µ : A2 → A1. Then, the assertion
follows from the distinguished triangle Γc(+,Λ)→ Γc(Gm,η̄0 ,Λ)→ Φ0Λ→.

3. By the projection formula, we have a canonical isomorphism µ!Lψ(xy)→ Lψ⊗µ!Λ.
Hence by 2. and Γc(A

1,Lψ) = 0, we have a canonical isomorphism Φ1
0Λ→ H0

c(A
1,Lψ(xy)⊗

R2µ!Λ) → H2
c(A

1,Lψ(xy)). Since σ acts on Φ1
0Λ by −1 by the Picard–Lefschetz formula,

the assertion follows.

We study relations of Fourier transforms with pull-back and push-forward by linear
morphisms of vector bundles.

Proposition 1.1.8 ([15, Théorème (1.2.2.4)]). Let a : E → E ′ be a linear morphism of
vector bundles on a noetherian scheme X over k and a∨ : E ′∨ → E∨ be the dual. Let F
and F ′ denote the Fourier transforms for E and E ′ respectively. We have a canonical
isomorphism

(1.21) d : F ′a! → a∨∗F

of functors Db
c(E,Λ)→ Db

c(E
′∨,Λ).
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The morphism (1.4) is the case where a : X → E is the 0-section.

Proof. By applying the proper base change theorem to the cartesian squares in the com-
mutative diagram

E ×X E∨ //

yyttt
ttt

ttt
tt

E∨

E

a
��

E ×X E ′∨oo //

OO

��

E ′∨

a∨

OO

E ′ E ′ ×X E ′∨oo

99ssssssssss

and by the projection formula, we obtain isomorphisms

F ′a! = pr′2!(pr
′∗
1 (a!−)⊗ Lψ(x′x′∨))→ pr′2!(a× 1E′∨)!(pr

′∗
1 (−)⊗ Lψ(a(x)x′∨))

→ pr′2!(1E × a∨)∗(pr∗1(−)⊗ Lψ(xx∨))→ a∨∗pr2!(pr
∗
1(−)⊗ Lψ(xx∨)) = a∨∗F.

Corollary 1.1.9. Let the notation be as in Proposition 1.1.8 and let F∨ and F ′∨ denote
the inverse Fourier transforms for E and E ′ respectively.

1. There exists a unique isomorphism

(1.22) d∨ : F (a∗(−)⊗ e!Λ)→ a∨! F
′(−⊗ e′!Λ)

of functors Db
c(E

′,Λ)→ Db
c(E

∨,Λ) such that the diagram

(1.23)

F (a∗F ′∨(−)⊗ e!Λ) d∨−−−→ a∨! F
′(F ′∨(−)⊗ e′!Λ)

d

x yiE′

F (F∨a∨! (−)⊗ e!Λ)
iE−−−→ a∨!

is commutative. The left vertical arrow is an isomorphism induced by the isomorphism d
for a∨ : E ′∨ → E∨.

If a : E → E ′ is smooth, (1.22) is equivalently reformulated as an isomorphism

(1.24) d∨ : Fa! → a∨∗F
′.

2. The isomorphism Fe! → 0∨! (1.6) is the special case of d∨ (1.24) where a : E → X
is the structure morphism.

Proof. 1. The functor F ′∨ : Db
c(E

′∨,Λ) → Db
c(E

′,Λ) is an equivalence of categories by
Proposition 1.1.5. Hence the commutative diagram (1.23) uniquely defines a functor d∨.

2. By the characterization of d∨, it suffices to show that iE : F (F
∨0∨! (−)⊗ e!Λ)→ 0∨!

equals the composition of d : F (F∨0∨! (−)⊗ e!Λ)→ F (e∗(−)⊗ e!Λ) and F (e∗(−)⊗ e!Λ)→
Fe! → 0∨! (1.6). By the proof of Proposition 1.1.6, iE : F (F

∨0∨! (−)⊗ e!Λ)→ 0∨! equals the
composition of the isomorphism F (F∨0∨! (−) ⊗ e!Λ) → pr1!(0

∨
! (−) ⊠ e!Λ) induced by the

pull-back by δ × 1: E∨ × E → E∨ × E × E∨ and the isomorphism pr1!(0
∨
! (−) ⊠ e!Λ) →

0∨! (−) ⊗ e!e!Λ → 0∨! induced by TrE/X . Since F (e∗(−) ⊗ e!Λ) → Fe! → 0∨! (1.6) is also
induced by TrE/X , we have the equality as required.

We show that the Fourier transforms of adjunction morphisms are identified with the
restriction morphisms

9



Lemma 1.1.10. Let a : E → E ′ be a linear morphism of vector bundles on a noetherian
scheme X over k and a∨ : E ′∨ → E∨ be the dual. Let F and F ′ denote the Fourier
transforms for E and E ′ respectively. Let adja : a!e

! → e′! be the adjoint of e! → a!e′! and
resa∨ : a

∨∗0∨∗ → 0′∨∗ be the adjoint of 0∨∗ → a∨∗ 0
′∨
∗ . Then the diagram

(1.25) F ′a!e
!

adja
��

d // a∨∗Fe!
(1.6)E // a∨∗0∨∗

resa∨
zzuuu

uu
uu
uu
u

F ′e′!
(1.6)E′ // 0′∨∗

is commutative.

Proof. Let F ∈ Db
c(X,Λ) and consider the commutative diagram

(1.26)

pr′∗1 a!e
!F res−−−→ a!e

!F ⊠ a∨∗0∨∗Λ

adja

y yadja⊠res

pr′∗1 e
′!F res−−−→ e′!F ⊠ 0′∨∗ Λ

on E ′×XE ′∨. The horizontal arrows are induced by the restriction morphisms Λ → a∨∗0∨∗Λ
and Λ → 0′∨∗ Λ. On the right column, the supports of a∨∗0∨∗Λ and 0′∨∗ Λ annihilate the
supports of a!e

!F and e′!F respectively. The canonical isomorphisms e′!a!e
!Λ → Λ and

e′!e
′!Λ→ Λ are compatible with the adja. Hence by taking the tensor product ⊗µ′∗L and

pr′2! = e′! ⊠ 1, we obtain (1.25) from (1.26).

We show an analogue of Lemma 1.1.10 for d∨ and determine the sign appearing.

Proposition 1.1.11. Let a : E → E ′ be a linear morphism of vector bundles on a noethe-
rian scheme X over k and a∨ : E ′∨ → E∨ be the dual. Let n = rankE, n′ = rankE ′ and
r = n− n′.

1. Let resa : a
∗0′∗ → 0∗ be the adjoint of the isomorphism 0′∗ → a∗0∗ and adja∨ : a

∨
! e

′∨! →
e∨! be the adjoint of e′∨! → a∨!e∨!. Then the diagram

(1.27) F (a∗0′∗(−)⊗ e!Λ)
d∨ //

resa
��

a∨! F
′(0′∗(−)⊗ e′!Λ)

(1.4)E′// a∨! e
′∨!

(−1)radja∨
vvnnn

nnn
nnn

nnn
nnn

F (0∗(−)⊗ e!Λ)
(1.4)E // e∨!

is commutative.
2. Assume that a is smooth. Let adja : 0! → a!0′! be the adjoint of a!0! → 0′! and

resa∨ : e
∨∗ → a∨∗ e

′∨∗ be the adjoint of a∨∗e∨∗ → e′∨∗. Then the diagram

(1.28) Fa!0′!
d∨ // a∨∗F

′0′!
(1.4)E′ // a∨∗ e

′∨∗

F0!

adja

OO

(1.4)E // e∨∗
resa∨

::uuuuuuuuuu

is commutative.
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Proof. 1. We consider the diagram

F (a∗0′∗(−)⊗ e!Λ)
d∨−−−→ a∨! F

′(0′∗(−)⊗ e′!Λ)

(1.6)E′∨

x x(1.6)E′∨

F (a∗F ′∨e′∨!(−)⊗ e!Λ) d∨−−−→ a∨! F
′(F ′∨e′∨!(−)⊗ e′!Λ)

d

y yiE′

F (F∨a∨! e
′∨!(−)⊗ e!Λ) iE−−−→ a∨! e

′∨!

adja∨

y yadja∨

F (F∨e∨!(−)⊗ e!Λ) iE−−−→ e∨!

(1.6)E∨

y y(−1)n

F (0∗(−)⊗ e!Λ)
(1.4)E−−−→ e∨!.

By Lemma 1.1.10, the composition of the left column is the left vertical arrow resa in
(1.27). The top vertical arrows are induced by the isomorphism F ′∨e′∨! → 0′∗ (1.6)E′ and
the top square is commutative by the functoriality of d∨. The second square is (1.23)
and is commutative by the definition of d∨. The vertical arrows in the third square are
induced by adja∨ : a

∨
! e

′∨! → e∨! and the square is commutative by the functoriality of iE.
The bottom square is (1.17) and is commutative by Proposition 1.1.6.

The upper two arrows in the right column are obtained by applying a∨! to the upper
left arrows in the commutative diagram (1.17)

F ′(F ′∨e′∨!(−)⊗ e′!Λ) iE′−−−→ e′∨!y y(−1)n
′

F ′(0′∗(−)⊗ e′!Λ)
(1.4)E′−−−−→ e′∨!

for E ′. Hence the diagram (1.27) is commutative.
2. Let b : E ′′ → E be the inclusion of the kernel E ′′ = Ker(a : E → E ′) and b∨ : E∨ →

E ′′∨ be the dual. We consider the diagram

(1.29) Fa!0′!
d∨ //

��

a∨∗F
′0′!

(1.4)E′ // a∨∗ e
′∨∗

��
Fb!e

′′! d // b∨∗F ′′e′′!
(1.6)E′′ // b∨∗0′′∨∗

Fb!0
′′
!

OO

d // b∨∗F ′′0′′!

OO

(1.4)E′′ // b∨∗e′′∨∗

res

OO

yyrrr
rrr

rrr
rrr

F0!

OO

(1.4)E // e∨∗

of functors Db
c(X,Λ) → Db

c(E
∨,Λ). The bottom pentagon is commutative by the transi-

tivity of the isomorphisms (1.21) and (1.4) and the remark after Proposition 1.1.8. The
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middle right square is obtained by applying b∨∗ to (1.7) for e′′ : E ′′ → X. The middle left
square is commutative by the functoriality of d. By the commutative diagram

a!0′!
bc−−−→ b!e

′′!

adja

x x
0!

bc−−−→ b!0
′′
! ,

the left vertical arrow in (1.28) equals the composition of the left column. Similarly, the
slant arrow in (1.28) equals the composition of the right column and the slant arrow. Since
the top line is the same as that of (1.28), it suffices to show that the upper rectangle is
commutative.

The morphism d∨ fits in the following commutative diagram

(1.30)

Fa!0′!
d∨−−−→ a∨∗F

′0′!

(1.5)E′

x x(1.5)E′

Fa!F ′∨e′∨!
d∨−−−→ a∨∗F

′F ′∨e′∨!

d

x yiE′

F (F∨a∨∗ e
′∨!(−)⊗ a!Λ) iE−−−→ a∨∗ e

′∨∗.

The upper square is commutative by the functoriality of d∨ and the lower square is (1.23).
The composition of the right column is (−1)n′

-times the upper right horizontal arrow
(1.4)E′ in (1.29) By Proposition 1.1.6. Hence, it suffices to show that the top rectangle
in (1.29) with the top line replaced by the composition Fa!0′! → a∨∗ e

′! in (1.30) via lower
right is (−1)n′

-commutative.
Let α and β denote the compositions

α : F∨a∨! e
′∨! d−−−→ a∗F ′∨e′∨!

(1.5)E′−−−−→ a∗0′∗
bc−−−→ b∗e

′′∗

β : Fb!e
′′! d−−−→ b∨∗F ′e′′!

(1.5)E′′−−−−→ b∨∗0′′∨∗
bc−−−→ a∨∗ e

′∨∗.

The left vertical arrows in (1.30) and the top left vertical arrow in (1.29) are induced by the
arrows in α and β is the same as the arrows in the top rectangle in (1.29) via lower right.
Hence it suffices to show that the bottom horizontal arrow iE : F (F

∨a∨∗ e
′!(−)⊗a!Λ)→ a∨∗ e

′∗

in (1.30) equals (−1)n′
-times β ◦ F (α⊗ a!Λ). We consider the commutative diagram

E
pr1←−−− E × E∨ pr2−−−→ E∨

b

x x xa∨
E ′′ pr′1←−−− E ′′ × E ′∨ pr′2−−−→ E ′∨.

The vertical arrows are closed immersions and the image of a∨ is the exact annihilator of
the image of b. Hence by the proper base change theorem, the pull-back by the middle
vertical immersion induces an isomorphism Fb!e

′′! → a∨∗pr
′
2!pr

′∗
1 e

′′!. Composing this with
the isomorphism induced by pr′2!pr

′∗
1 e

′′! → e′∨∗e′′! e
′′∗ → e′∨∗, we obtain an isomorphism
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Fb!e
′′! → a∨∗ e

′∨∗. This is equal to β by the definition of d. Using the same diagram from
the right to the left, we obtain a similar equality for α. We consider the immersions

(1.31) E ′∨ × E ′′ × E ′∨ 1×b×1−−−−→ E ′∨ × E × E ′∨ δ×1←−−− E ′∨ × E

defined by (δ × 1)(x∨, x) = (x∨, x, x∨). Let p1, p3 : E
′∨ ×E ′′ ×E ′∨ → E ′∨, p2 : E

′∨ ×E ′′ ×
E ′∨ → E ′′, and q : E ′∨×E → E ′∨ be the restrictions of the projections pr1, pr3 : E

′∨×E×
E ′∨ → E ′∨ and pr2 : E

′∨ × E × E ′∨ → E ′′. Then, by the descriptions of α and β above,
the composition β ◦ F (α⊗ a!Λ) equals the composition via upper right in the diagram

F (F∨a∨∗ e
′∨!(−)⊗ a!Λ) −−−→ a∨∗ p3!(p

∗
1e

′∨!(−)⊗ p∗2e′′!Λ)y y
a∨∗ q!(e

′∨∗(−)⊠ e!Λ) −−−→ a∨∗ e
′∨∗.

The upper horizontal arrow and the left vertical arrow are the isomorphisms induced by
the pull-back by the immersions in (1.31) respectively. By the proof of Proposition 1.1.5,
the morphism iE : F (F

∨a∨∗ e
′∨!(−) ⊗ a!Λ) → a∨∗ e

′∗ equals the composition via lower left.
Since the left vertical arrow is induced by TrE′∨/X ·TrE′′/X and the lower horizontal arrow
is induced by TrE/X , the diagram is (−1)n′

-commutative, similarly as in the proof of
Proposition 1.1.6.

In [14, Lemma 13.5], the diagram (1.27) is studied with an unspecified isomorphism.
Let X → Y be a separated morphism of finite type of noetherian schemes over k and

E be a vector bundle on Y . Let b : E ×Y X → E and b : E∨ ×Y X → E∨ be the base
change morphisms for E and for the dual vector bundle. Let FX and FY denote the Fourier
transform for E ×Y X and E respectively. Then we have canonical isomorphisms

b∨! FX → FY b!,(1.32)

b∨∗FY → FXb
∗(1.33)

by the proper base change theorem.

Let X be a smooth curve over a field k and 0 ∈ X be a k-rational point. We identify
R1j∗Λ(1) with Λ0 by the isomorphism

(1.34) Λ0 → R1j∗Λ(1)

defined by the image of a uniformizer by the boundary morphism j∗Gm → R1j∗Λ(1). Let
e : E → X be a line bundle over X and e∨ : E∨ → X be the dual. Let j : X {0} → X
be the open immersion and let E0 = E ×X 0 and E∨

0 = E∨ ×X 0 be the fibers. Let
jE : E E0 → E and jE∨ : E∨ E∨

0 → E∨ be the base change. Let E×
0 = E0 {0} and

E∨×
0 = E∨

0 {0} be the complement of the origin and let g0 : E
×
0 → E0 and g

∨
0 : E

∨×
0 → E∨

0

be the open immersions. We identify the non-trivial cohomology sheaf H−1(e∗j∗KU) =
e∗R1j∗Λ(1) at the top degree with ΛE0 by the isomorphism (1.34). Define a subcomplex
N = NΛ of e∗j∗KU on E by replacing H−1(e∗j∗KU) = e∗R1j∗Λ(1) = ΛE0 by the subsheaf
g0!ΛE×

0
. Here and in the following, by abuse of notation, we identify a sheaf on a closed

subscheme of E with its direct image on E and similarly for E∨. By the definition, we
have a canonical isomorphism

(1.35) 0∗NΛ = 0∗e∗R−2j∗K
∗
U → KX .
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Proposition 1.1.12. 1. We have a distinguished triangle

(1.36) NΛ → e∗j∗KU ⊕ g0!ΛE×
0
[1]→ ΛE0 [1]→ .

2. Let+: 0∨(X)∪E∨
0 → E∨ be the closed immersion of the union of the 0-section and

the fiber E∨
0 . Then, there exists a unique morphism

(1.37) FψNΛ → +! +
! e∨∗KX

fitting in the commutative diagram

(1.38)

FψNΛ
(1.37)−−−→ +! +

! e∨∗KXy yadj

Fψ0∗KX
(1.4)−−−→ e∨∗KX .

The left vertical arrow is induced by the adjoint of 0∗NΛ → KX (1.35) and the right vertical
arrow is the adjunction morphism.

3. Let i : E∨
0 → E∨ be the closed immersion and let Λ0(X) → 0!e∨∗KX and ΛE∨

0
→

i!e∨∗KX be the canonical isomorphisms defined by the cycle classes [0(X)] and [E∨
0 ]. Define

+!+
!e∨∗KX → 0∨∗ j∗Λ⊕g∗Λ to be that induced by the inverses of these isomorphisms. Then,

the diagram

(1.39)

FψNΛ
(1.37)−−−→ +! +

! e∨∗KX

(1.36)

y y
Fψ(e

∗j∗KU ⊕ g0!ΛE×
0
[1])

(1.5)⊕(1.11)−−−−−−−→ 0∨∗ j∗Λ⊕ g∗Λ

is (−1)-commutative and the morphism (1.37) is an isomorphism.

Proof. 1. We have a canonical morphism NΛ → e∗j∗KU ⊕ g0!ΛE×
0
[1] by construction. The

morphisms of cohomology sheaves are isomorphisms except for degree −1. For degree −1,
the morphism is an injection and the cokernel is ΛE0 . Hence, we obtain (1.36).

2. By abuse of notation, we identify a sheaf on a closed subscheme of E∨ with its direct
image on E∨. Applying Fourier transform to (1.36), we obtain a distinguished triangle

(1.40) FψNΛ → 0∨∗ j∗Λ⊕ g∨0∗Λ→ Λ0(−1)[−1]→ .

Hence FψNΛ is supported on the union + = 0∨(X) ∪ E∨
0 and the composition FψNΛ →

Fψ0∗KX → e∨∗KX of the arrows in (1.38) via lower left induces FψNΛ → +! +
! e∨∗KX

(1.37) making (1.38) commutative.
3. First, we show the (−1)-commutativity for the first component. It suffices to

consider the restriction on U = X {0}. The restriction of 0!Λ → NΛ → 0∗KX on U
equals that of the composition of the adjoint 0!Λ → e∗KX and the restriction e∗KX →
0∗KX . By Proposition 1.1.11.1, its Fourier transform is (−1)-times the composition of the
restriction Λ → 0∨∗Λ and the adjoint 0∨! Λ → e∨∗KX . Since the adjoint 0∨! Λ → e∨∗KX is
defined by the cycle class [0∨(X)], the (−1)-commutativity for the first component follows.

We show the (−1)-commutativity for the second component. Since the identification
Λ → R1j∗Λ(1) (1.34) is defined by sending 1 to the class of a uniformizer t, its image by
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the boundary map R1j∗Λ(1) → H2
0(X,Λ(1)) is the minus −[0] of the cycle class by [7,

2.1.3]. Thus, the (−1)-commutativity for the second component follows.
We show that (1.37) is an isomorphism. By cohomological purity, +!+

! e∨∗KX fits in a
distinguished triangle +!+

!e∨∗KX → 0∨∗ j∗Λ⊕g∨0∗Λ→ Λ0(−1)[−1]→. The lower horizontal
arrow is an isomorphism by Corollary 1.1.4. Since the diagram (1.39) is (−1)-commutative,
by comparing this with (1.40), we see that that (1.37) is an isomorphism.

By purity, the Λ-module H0
0∨(X)∪E∨

0
(E∨, e∨∗KX) is free of rank 2 generated by the cycle

classes [0∨(X)] and [E∨
0 ].

Corollary 1.1.13. Let I denote the inertia group at 0 ∈ E0.
1. We have a distinguished triangle

(1.41) 0!NΛ → j∗Λ⊕ Γ(I,Λ)0 → H1(I,Λ)0[−1]→ .

The last two terms are placed at 0 ∈ T ∩X ⊂ TX.
2. Let Λ → 0!NΛ be a morphism and let Λ → FψNΛ → +!e∨∗KX be the compo-

sition of the Fourier transform of its adjoint 0!Λ → NΛ and (1.37). If the composi-
tion Λ → 0!NΛ → j∗Λ ⊕ Γ(I,Λ)0 with the first arrow in (1.41) maps 1 ∈ Λ to (a, b) ∈
Λ⊕H0(I,Λ), then the composition Λ→ +!e∨∗KX defines an element −a[0∨(X)]− b[E∨

0 ] ∈
H0

0∨(X)∪E∨
0
(E∨, e∨∗KX).

Proof. 1. For terms in (1.36), we have canonical isomorphisms 0!e∗j∗KU → j∗Λ, 0
!g0!ΛE×

0
→

Γ(I,Λ)0[−1] and 0!ΛE0 → H1(I,Λ)0[−2]. Hence (1.36) induces (1.41).
2. Let g∨T ∗ : T ∗ {0} → T ∗ = T ∗

0X be the open immersion to the fiber at 0. Then the
Fourier transform of the first arrow in (1.41) defines the upper line in the commutative
diagram

Fψ0
!NΛ −−−→ Fψ(j∗Λ⊕ Γ(I,Λ)0)

(1.4)−−−→ e∨∗j∗Λ⊕ e∨∗Γ(I,Λ)0y y yres

FψNΛ −−−→ Fψ(e
∗j∗KU ⊕ g0!ΛE×

0
[1]) −−−→ 0∨∗ j∗Λ⊕ g∨0∗Λ.

The lower line is (1.39) via lower left. Thus the asserion follows from the (−1)-commutativity
of (1.39)

1.2 Deformation to normal bundle and the specialization functor

First, we study dilatations of schemes smooth over an affine line A1 = Spec k[u].

Definition 1.2.1. Let k be a field and let Z → X be a closed immersion of schemes
smooth over the affine line A1. Let {0} ⊂ A1 = Spec k[u] be the closed subscheme defined
by the ideal (u) and define closed subschemes Z0 = Z ×A1 {0} ⊂ X0 = X ×A1 {0} ⊂ X.
Let DZX → X be the blow-up at Z0 ⊂ X and define the dilatation DZX ⊂ DZX to be
the open subscheme obtained by removing the proper transform of X0 ⊂ X.

If X = SpecA is affine and Z ⊂ X is defined by an ideal I ⊂ A, then DZX =
SpecA[I/u] for the subring A[I/u] ⊂ A[1/u].
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Lemma 1.2.2. 1. The immersion Z → X is lifted uniquely to Z → DZX.
2. The closed fiber DZX ×A1 {0} is canonically identified with the normal bundle

TZ0X0.
3. The scheme DZX is smooth over A1.

Proof. 1. Since Z0 ⊂ Z is a Cartier divisor, the assertion follows from the universality of
dilatations.

2. The exceptional divisor of the blow-up DZX → X is canonically identified with the
projective space bundle P(TZ0X). Since TZ0X = TZ0X0⊕A1

Z0
, the intersection P(TZ0X)∩

DZX is identified with TZ0X0.
3. We may assume that X = SpecA and that Z ⊂ X is defined by an ideal I ⊂ A.

Then DZX = SpecA[I/u] for the subring A[I/u] ⊂ A[1/u] and is flat over A1. Since
DZX ×A1 0 = TZ0X0 is smooth over k, DZX is smooth over A1.

Let

(1.42)

Z −−−→ Xy y
W −−−→ Y

be a commutative diagram of smooth schemes over A1 such that the horizontal arrows are
closed immersions. Then, we have a canonical morphism DZX → DWY . We say that the
diagram (1.42) is transversal if it is cartesian and if the morphism OX ⊗LOY

OW → OZ is
an isomorphism. Further if the diagram (1.42) is transversal, then the diagram

(1.43)

DZX −−−→ Xy y
DWY −−−→ Y

is cartesian.

Lemma 1.2.3. Let

(1.44)

Z −−−→ Xy y
W −−−→ Y

be a commutative diagram of smooth schemes over A1 such that the horizontal arrows are
closed immersions.

1. Assume that X → Y is a closed immersion and that the diagram (1.44) is cartesian.
Then the morphism DZX → DWY is a closed immersion.

2. Assume that X → Y and Z → W are smooth. Then the morphism DZX → DWY
is smooth.

Proof. 1. We may assume that Y = SpecB and X = SpecA are affine and Z ⊂ X and
W ⊂ Y are defined by ideals I ⊂ A and J ⊂ B. By the assumption that the diagram
(1.42) is cartesian, the surjection B → A induces a surjection J → I. Hence the induced
morphism B[J/u]→ A[I/u] is a surjection.
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2. By the assumption that X → Y is smooth, the base change of the morphism
DZX → DWY by Gm → A1 is smooth. Further by the assumption that Z → W is
smooth, the morphism TZ0X0 → TW0Y0 is smooth. Hence the morphism DZX → DWY
of smooth schemes over A1 is smooth.

We apply the construction above to define the deformation to normal bundle.

Definition 1.2.4. Let k be a field and let i : Z → X be a closed immersion of smooth
schemes over k. Let TZX be the normal bundle. We define the deformation to the normal
bundle AZX to be the dilatationDZ×A1(X×A1) for the closed immersion Z×A1 → X×A1

of smooth schemes over the affine line A1 = Spec k[u].

The deformation to the normal bundle AZX fits in a cartesian diagram

TZX −−−→ AZX ←−−− X ×Gmy y y
0 −−−→ A1 ←−−− Gm.

We consider the diagonal immersion δ : ∆X = X → X × X. Then, the normal bundle
TX(X ×X) is the tangent bundle TX. Hence, we have a cartesian diagram

TX −−−→ AX(X ×X) ←−−− X ×X ×Gmy y y
0 −−−→ A1 ←−−− Gm.

If X → Y is a morphism of smooth schemes over k, we have a canonical morphism
AX(X ×X)→ AY (Y × Y ).

Lemma 1.2.5. Let X → Y be a morphism of smooth schemes over k.
1. Assume that X → Y is a closed immersion. Then the morphism AX(X × X) →

AY (Y × Y ) is a closed immersion.
2. Assume that X → Y is smooth. Then the morphism AX(X ×X)→ AY (Y × Y ) is

smooth.

Proof. 1. Since the diagram
X −−−→ X ×Xy y
Y −−−→ Y × Y

is cartesian, the assertion follows from Lemma 1.2.3.1.
2. The assertion follows from Lemma 1.2.3.2.

We briefly recall the definition and functorialities of nearby cycles functor. Let OK
be a henselian discrete valuation ring. Let Sur = SpecOKur be the maximal unramified
extension of S = SpecOK . Let s, η ∈ S be the closed point and the generic point. Let
s̄ ∈ Sur be the closed point and η̄ = SpecKsep → Sur be a geometric point above η. Let
Λ be a finite ring and assume that the cardinality is invertible in OK . For a scheme X of

17



finite type over S, let

Xs̄
ī−−−→ X ×S Sur j̄←−−− Xη̄

j−−−→ Xηy y y y
s̄ −−−→ Sur ←−−− η̄ −−−→ η

be a cartesian diagram. Let Db
c(Xs×sη,Λ) be the derived category of constructible sheaves

onXs̄ with continuous action of Gal(η̄/η) compatible with the action on Xs̄ as in [3, Exposé
XIII, Construction 1.2.4 (b)]. Then the nearby cycles functor

Ψ: Db
c(Xη,Λ)→ Db

c(Xs ×s η,Λ)

is defined by Ψ = ī∗j̄∗j
∗. Its composition Db

c(X,Λ) → Db
c(Xs ×s η,Λ) with the pull-back

is also denoted by Ψ.
Let f : X → Y be a morphism of schemes separated of finite type over S. Then the

base change morphisms define morphisms of functors

f ∗
sΨY → ΨXf

∗
η̄ ,(1.45)

ΨY fη̄∗ → fs∗ΨX ,(1.46)

fs!ΨX → ΨY fη̄!.(1.47)

The morphisms (1.45) and (1.46) are adjoint to each other. If f is proper, (1.46) and
(1.47) are isomorphisms inverse to each other by the proper base change theorem. If f
is smooth, (1.46) is an isomorphism by the smooth base change theorem. A canonical
morphism

(1.48) ΨXf
!
η̄ → f !

sΨY

is defined as the adjoint of (1.47).
We recall the definition of monodromic sheaves from [19, Définition 3.1].

Definition 1.2.6. Let X be a noetherian scheme over a field k and E be a vector bundle
over X. For a geometric point x of E, define a morphism wx : Gm,x → E by wx(t) = t · x.

We say that F ∈ Db
c(E,Λ) is monodromic if for every geometric point x of E and

for every integer q ∈ G, the cohomology sheaf Hq(w∗
xF) on Gm,x is locally constant and

tamely ramified along 0,∞.

We study a property of a locally constant sheaf on Gm tamely ramified along 0,∞.
Let k be a field of characteristic p > 0 and Λ be a finite ring such that the cardinality is
invertible in k.

Lemma 1.2.7. Let M be a locally constant constructible sheaf on Gm = Spec k[x±1]
tamely ramified along 0,∞ ∈ P1 and let j : Gm → A1 be the open immersion. Let k be a
separable closure of k.

1. The canonical morphism Γ(Gm,k,M)→ (j∗M)0 is an isomorphism.
2. Γc(A

1
k
, j∗M) = 0.

18



Proof. 1. Let It0 be the tame inertia group at 0 and let M be the stalk of M at the
generic geometric point of Gm. Then, the canonical morphism It0 → π1(Gm,k)

t to the
tame fundamental group is an isomorphism and we obtain a commutative diagram

Γ(Gm,k,M) −−−→ j∗M0x x
Γ(π1(Gm,k)

t,M) −−−→ Γ(It0,M)

of isomorphisms.
2. Let j∞ : A1 → P1 be the open immersion. Then, we have a distinguished triangle

Γc(A
1
k
, j∗M) → Γ(P1

k
, j∞∗j∗M) → j∞∗j∗M|∞ →. The second morphism is identified

with Γ(Gm,k,M) → j∞∗j∗M|∞ and is an isomorphism similarly as in 1. Hence we have
Γc(A

1
k
, j∗M) = 0.

We recall the definition of the specialization functor from [19]. Let i : Z → X be a
closed immersion of smooth schemes over a field k. We consider the cartesian diagram

(1.49)

TZX −−−→ AZX ←−−− X ×Gmy y y
0 −−−→ A1 ←−−− Gm.

Let η0 be the generic point of the henselization of A1 at 0. Let Ψ be the nearby cycles
functor with respect to the middle vertical arrow in (1.49) at 0 ∈ A1 and let p1 : X×Gm →
X denote the projection. We define the specialization functor

(1.50) νZ/X : Db
c(X,Λ)→ Db

c(TZX ×k η0,Λ)

by νZ = Ψ ◦ p∗1.
Let

(1.51)

Z −−−→ Xy yf
W −−−→ Y

be a commutative diagram of smooth schemes over k such that the horizontal arrows are
closed immersions. Then, we have a commutative diagram

(1.52)

TZX −−−→ AZX ←−−− X ×Gm

Tf

y Af

y y
TWY −−−→ AWY ←−−− X ×Gm

and the morphisms (1.45), (1.46), (1.47), (1.48) define morphisms

T ∗
f νW/Y → νZ/Xf

∗,(1.53)

νW/Y f∗ → Tf∗νZ/X ,(1.54)

Tf !νZ/X → νW/Y f!,(1.55)

νZ/Xf
! → T !

fνW/Y .(1.56)
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Proposition 1.2.8. Let i : Z → X be a closed immersion of smooth schemes over k and
F ∈ Db

c(X,Λ).
1 ([19, Section 8 (SP1)]). The specialization νZ/XF on TZX is monodromic.
2 (cf. [19, Section 8 (SP5)]). The morphisms 0∗νZ/XF → i∗F (1.53) and i!F →

0!νZ/XF (1.56) for the immersion AZZ = Z ×A1 → AZX are isomorphisms.

Proof. 2. The first isomorphism is [19, Section 8 (SP5)]. The following proof of the second
isomorphism is similar to the proof for the first isomorphism loc. cit. It suffices to show
that 0!νZ/XF = 0 assuming that i!F = 0. Let j : U = X Z → X be the open immersion
of the complement. Then, the assumption i!F = 0 means that the canonical morphism
F → j∗j

∗F is an isomorphism. By blow-up, we may assume that Z ⊂ X is a Cartier
divisor of X and that there exists a cartesian diagram

Z −−−→ Xy y
0 −−−→ A1

where the vertical arrows are smooth. We prove the assertion by induction on the dimen-
sion d of the support of F . If d = 0, then F = 0 on a neighborhood of Z and the assertion
holds. Assume d ≧ 1.

First, we show 0!νZ/XF = 0 generically on Z. By replacing X by an open neighborhood
of the generic point of Z, we may assume that j∗F is locally constant. By further replacing
X by a finite scheme over X and shrinking X and using the isomorphism (1.54) for finite
morphisms, we may assume that the cohomology sheaves of j∗F are constant and further
j∗F = H0j∗F [0]. Let j1 : U ×Gm → AZX AZZ be the open immersion. Then, since
AZX AZZ → A1 is smooth, the direct image R0j1∗pr

∗
1j

∗F is a constant sheaf. Let
j2 : AZX AZZ → AZX be the open immersion and let j2,0 : TZX Z → TZX be its
restriction on the closed fiber. Further, since AZX and AZZ are smooth over A1, we have
νZ/XF = (j2∗R

0j1∗pr
∗
1j

∗F)|TZX = j2,0∗((R
0j1∗pr

∗
1j

∗F)|TZX Z). Thus we have 0
!νZ/XF = 0

generically on Z.
We show 0!νZ/XF = 0. Since the assertion is local on X, we may take an étale

morphism X → An such that Z ⊂ X is the inverse image of An−1 ⊂ An. By considering
the normalization of An in X and the compatibility with finite direct image, we may
assume Z = An−1 ⊂ X = An. Since the support of 0!νZ/XF is of dimension < n − 1,
there exists a linear projection X = An → X ′ = An−1 such that Z = An−1 → Z ′ = An−2

is finite on the support S of 0!νZ/XF . Let X = X ′ ×P1 → X ′ and q : Z = Z ′ ×P1 → Z ′

be projective completions and let F = jX∗F for the open immersion jX : X → X. Then,
we have 0!νZ/XF = (0!νZ/XF)|Z and q : Z → Z ′ is finite on S ∪ Z containing the support

of 0!νZ/XF . By the induction hypothesis and the compatibility with finite direct images,

we have q∗0
!νZ/XF = 0 and hence 0!νZ/XF = 0. Thus, we obtain 0!νZ/XF = 0.

We compute the nearby cycles complex for certain tamely ramified sheaves.

Lemma 1.2.9. Let X be a scheme smooth over the semi-stable curve Spec k[s, t, u]/(st−u)
over A1 = Spec k[u] and let D1, D2 ⊂ X be the divisors defined by s and t respectively.
Let F be a locally constant constructible sheaf of Λ-modules on U = X (D1∪D2) tamely
ramified along D1∪D2 and let Ψ = ΨF be the nearby cycles complex on X×A1 0 = D1∪D2

with respect to the morphism X → A1 = Spec k[u] at u = 0. Let j1 : D
◦
1 = D1 (D1 ∩

D2)→ D1 and j2 : D
◦
2 = D2 (D1 ∩D2)→ D1 be the open immersions.
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1. The restrictions Ψ◦
1 = Ψ|D◦

1
and Ψ◦

2 = Ψ|D◦
2
are locally constant and tamely ramified

along D1 ∩D2.
2. The canonical morphisms Ψ|D1 → j1∗Ψ

◦
1 and Ψ|D2 → j2∗Ψ

◦
2 are isomorphisms.

Proof. 1. Let A1 t = Spec k[u1/n; p ∤ n] be the maximal tamely ramified covering and
jt : U ×A1 A1 t → X ×A1 A1 t be the base change of the open immersion j : U → X.
Then, by the assumption that F is tamely ramified along D1∪D2, the extension R

0jt∗F is
locally constant outside the inverse image of D1 ∩D2 and the restrictions (R0jt∗F)|D◦

1
and

(R0jt∗F)|D◦
2
are tamely ramified along D1 ∩D2. Since X (D1 ∩D2) is smooth over A1,

we have isomorphisms (R0jt∗F)|D◦
1
→ Ψ|D◦

1
and (R0jt∗F)|D◦

2
→ Ψ|D◦

2
of locally constant

sheaves of locally constant sheaves on D◦
1 and D◦

2.
2. It suffices to show the isomorphisms at each geometric point x of D1 ∩ D2. Let

Xx be the strict localization and Ux = Xx ×Spec k[u] Spec k(u) be the generic fiber. Let
U t
x = Ux ×Spec k[s,t,u]/(st−u) Spec lim−→p∤n

k[s1/n, t1/n, u1/n]/(s1/nt1/n − u1/n) be the universal

tamely ramified covering. By cohomological purity, the canonical morphism Λ → Γ(U t
x,Λ)

is an isomorphism (cf. [6, Théorème 3.3]). The canonical morphism U → A1 is lifted to
U t
x → A1 t.
We identify the Galois group Gal(U t

x/Ux) with the product Is×It of Is = It = lim←−p∤n µn
acting on s1/n, t1/n by multiplication respectively. The morphism U t

x → A1 t induces
Is × It → Iu = Gal(A1 t/A1). Let I0 = Ker(Is × It → Iu) be the kernel. The pull-
back of F on U t

x is a constant sheaf and the pull-back of F on Ux is the locally constant
sheaf corresponding to the representation M = H0(U t

x,F) of Is × It. The isomorphism
Λ→ Γ(U t

x,Λ) induces an isomorphism Γ(I0,M) = Γ(I0,Γ(U
t
x,F))→ Ψx.

For i = 1, 2, let Dix = Di×X Xx and Uix = Dix {x}. Let U t
ix be the maximal tamely

ramified covering. We identify Gal(U t
1x/U1x) = It and Gal(U t

2x/U1x) = Is with I0 by the
isomorphisms I0 → It and I0 → Is induced by the projections. The canonical morphisms
Λ → Γ(U t

ix,Λ) are also isomorphisms. The pull-backs of Ψ on U1x and U2x correspond
to the representation M of I0. The isomorphisms Λ → Γ(U t

ix,Λ) induce isomorphisms
Γ(I0,M) = Γ(I0,Γ(U

t
1x,Ψ

◦
1)) → (j1∗Ψ

◦
1)x and Γ(I0,M) = Γ(I0,Γ(U

t
2x,Ψ

◦
2)) → (j2∗Ψ

◦
2)x.

Hence we have canonical isomorphisms Ψx → (j1∗Ψ1)
◦
x and Ψx → (j2∗Ψ

◦
2)x.

Let X = A1 = Spec k[x] and Z = {0} ⊂ X be the reduced closed subscheme consisting
of the origin. Let (X×A1)′ → X×A1 = Spec k[x, u] be the blow-up at (0, 0) and E = P1

be the exceptional divisor. Let ({0}×A1)′, (X×{0})′ ⊂ (X×A1)′ be the proper transforms
of {0} × A1 and X × {0} respectively and let 0,∞ ∈ E be the intersection point with
({0} × A1)′, (X × {0})′. The complement (X × A1)′ (X × {0})′ is the deformation
to normal bundle AZX and E {∞} is canonically identified with the normal bundle
T = TZX.

Lemma 1.2.10. Let F be a locally constant sheaf on Gm = Spec k[x±1] tamely ramified at
0 and let j : Gm → X = A1 = Spec k[x] be the open immersion. Let pr1 : X×Gm → X be
the projection and Ψ = Ψpr∗1j!F be the nearby cycles complex with respect to the morphism
(X ×A1)′ → A1 = Spec k[u] at 0 ∈ A1. LetM be the restriction Ψ|T× on the Gm-torsor
T× = TZX {0} ⊂ TZX = Spec k[v].

1. Let ηx be the generic point of the henselization at 0 ∈ X and let M be the repre-
sentation of the tame decomposition group Gtame

x = Gal(ηx,tame/ηx). Let ηu be the generic
point of the henselization of A1 = Spec k[u] at 0 and define πtame

1 (T××k ηu) to be the fiber
product πtame

1 (T×)×Gal(ksep/k)Gal(ηu,tame/ηu). Define a morphism πtame
1 (T××k ηu)→ Gtame

x
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induced by T× × (A1 {0}) = Spec k[v±1, u±1] → Gm = Spec k[x±1] given by x = uv.
Then the restriction M of Ψ on T× ×k ηu = Gm ×k ηu is a monodromic sheaf defined by
the pull-back of M to πtame

1 (T× ×k ηu).
2. The restriction of Ψ on the proper transform (X × {0})′ is j∗F . Let j0 : T

× → T
and j∞ : T → E be the open immersion. Then, the restriction of Ψ on T is isomorphic to
M = j0!M. The restriction of Ψ on E is isomorphic to j∞∗M.

Proof. 1. By Proposition 1.2.8.1, M = Ψ|T× is monodromic. Let Spec k[u, v] = AZX ⊂
(X×A1)′ be the deformation to the normal bundle where v = x/u. Then, pr1 : X×Gm →
X is defined by x = uv. HenceM corresponds to the pull-back ofM by πtame

1 (T××kηu)→
Gtame

0 .
2. By Proposition 1.2.8.2, M = j0!M → Ψ|T is an isomorphism. The isomorphisms

Ψ|(X×{0})′ → j∗F and Ψ|E → j∞∗M follows from Lemma 1.2.9.2.

2 Characteristic cycles and microlocalization

In this section, let X be a separated smooth scheme of finite type over a field k of char-
acteristic p > 0 and Λ be a finite local ring with residue characteristic ℓ 6= p. We fix a
non-trivial character ψ : Fp → Λ×.

2.1 Construction

We identify the normal bundle TX(X ×X) and the conormal bundle T ∗
X(X ×X) for the

diagonal δ : X → X × X with the tangent bundle TX and the cotangent bundle T ∗X.
Let η denote the generic point of the henselization of A1 at 0. Let Fψ : Dctf(TX,Λ) →
Dctf(T

∗X,Λ) denote the Fourier transform, Definition 1.1.1.2. We define bifunctors

νHom : Dctf(X,Λ)
op ×Dctf(X,Λ)→ Dctf(TX ×k η,Λ),(2.1)

µHom : Dctf(X,Λ)
op ×Dctf(X,Λ)→ Dctf(T

∗X ×k η,Λ)

by νHom(F1,F2) = νX/X×XHom(pr∗1F1, pr
!
2F2) (1.50) and µHom = Fψ ◦ νHom.

Let a : X → Spec k be the canonical morphism and define KX = a!Λ ∈ Dctf(X,Λ). Let
e : TX → X and e∨ : T ∗X → X be the projections and let 0 : X → TX and 0∨ : X → T ∗X
denote the 0-sections. For F ∈ Dctf(X,Λ), we define a closed subset SSµF ⊂ T ∗X in
Definition 2.1.1 and an element CCµF ∈ H0

SSµF(T
∗X, e∨∗KX) in Definition 2.1.4.

Definition 2.1.1. Let F ∈ Dctf(X,Λ). We define a closed subset SSµF ⊂ T ∗X by

(2.2) SSµF = suppµHom(F ,F).

We say that F ∈ Db
c(X,Λ) is locally constant if every cohomology sheaf HqF is locally

constant.

Lemma 2.1.2. Let F ∈ Dctf(X,Λ).
1. The closed subset SSµF ⊂ T ∗X is conical.
2. Assume that F is locally constant and that X is irreducible. Then, we have SSµF =

T ∗
XX if F 6= 0 and SSµF = ∅ if F = 0.
3. Assume dimX = 1. Then, we have SSµF ⊂ SSF .
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Proof. 1. The specialization νHom(F ,F) and hence the microlocalization µHom(F ,F)
are monodromic by Proposition 1.2.8.1 and [20, Proposition 2.5 4)]. Thus its support
SSµF is conical.

2. Since Hom(pr∗1F , pr!2F) is locally constant, we have isomorphisms e∗(Hom(F ,F)⊗
KX)→ νHom(F ,F) and 0∨∗Hom(F ,F)→ µHom(F ,F) (1.5).

3. We may assume that X is irreducible. Let U ⊂ X be the maximal open subset
on which F|U is locally constant and identify T ∗U = T ∗X ×X U . Then by 2, we have
SSµF ∩ T ∗U = T ∗

UU or = ∅ according to F|U 6= 0 or = 0. Since SSF is the union of
SSµF ∩ T ∗U and fibers T ∗X T ∗U , the assertion follows.

Let H denote Hom(pr∗1F , pr!2F) ∈ Dctf(X×X,Λ). By [8, (3.2.1)], we have a canonical
isomorphism

(2.3) Hom(F ,F)→ δ!H.

Hence the identity 1F defines a canonical morphism

(2.4) Λ→ δ!H.

Let ⊠ : Dctf(X,Λ)×Dctf(X,Λ)→ Dctf(X ×X,Λ) denote the bifunctor pr∗1−⊗pr∗2−. The
canonical isomorphism DXF ⊠ F → H [8, (3.1.1)] on X ×X induces an isomorphism

(2.5) DXF ⊗ F → δ∗H.

Hence the evaluation morphism DXF ⊗ F → KX defines a canonical morphism

(2.6) δ∗H → KX .

The morphisms (2.4), (2.6) and the canonical morphism δ! → δ∗ define

(2.7) Λ→ δ!H → δ∗H → KX .

Definition 2.1.3 ([1, Definition 2.1.1]). The canonical class ccF ∈ H0(X,KX) is defined
by the composition (2.7).

The adjoint of (2.7) defines

(2.8) δ!Λ→ H→ δ∗KX .

The specialization and the microlocalization define

0!Λ→ νHom(F ,F)→ 0∗KX ,(2.9)

Λ→ µHom(F ,F)→ e∨∗KX .(2.10)

Alternatively, by Proposition 1.2.8.2, (2.4) and (2.6) define the first and the last arrows in

(2.11) Λ→ 0!νX/X×XH → 0∗νX/X×XH → KX

on T ∗X. The middle arrow is defined by the morphism 0! → 0∗ of functors. Taking the
adjoint, we obtain (2.9).

Let i : SSµF → T ∗X be the closed immersion. Since SSµF ⊂ T ∗X is defined as the
support of µHom(F ,F), (2.10) define

(2.12) Λ→ i∗µHom(F ,F)→ i!e∨∗KX

on SSµF by adjunction. This allows us to make the following definition.

23



Definition 2.1.4 (cf. [11, Definition 9.4.1]). Let F ∈ Dctf(X,Λ). We define

(2.13) CCµF ∈ H0(SSµF , i!e∨∗KX) = H0
SSµF(T

∗X, e∨∗KX)

to be the class of the composition of (2.12).

Lemma 2.1.5. Assume that F is locally constant of rank r = rankF and that X is of
dimension n. Then, we have

CCµF = (−1)n · rankF · cl(T ∗
XX).

Proof. SinceH = Hom(pr∗1F , pr!2F) is locally constant, we have an isomorphism e∗(Hom(F ,F)⊗
KX)→ νHom(F ,F). The morphisms (2.10) and (2.9) give a diagram

F0!Λ
Fadj−−−→ Fe!Hom(F ,F) F (res)−−−→ F0!(Hom(F ,F)⊗KX)

F (ev)−−−→ F0∗KX

(1.4)

y y(1.6)

y(1.4)

y(1.4)

Λ
res−−−→ 0∗Hom(F ,F) adj−−−→ e∨∗(Hom(F ,F)⊗KX)

Tr−−−→ e∨∗KX .

By Lemma 1.1.2.1, the left square is commutative. Since (1.6) is d∨ by Corollary 1.1.9.2,
the middle square is (−1)n-commutative by Proposition 1.1.11.1. The right square is
commutative by the functoriality of (1.4). Since the class of the composition of the lower
line is r · cl(T ∗

XX), the assertion follows.

Lemma 2.1.6. The pull-back of CCµF by the 0-section

0∗ : H0
SSµF(T

∗X, e∨∗KX)→ H0(X,KX)

equals the canonical class cc F .

Proof. The pull-back 0∗ : H0
SSµF(T

∗X, e∨∗KX) → H0(X,KX) is the same as the composi-

tion of the canonical morphism H0
SSµF(T

∗X, e∨∗KX) → H0(T ∗X, e∨∗KX) and the inverse

of the pull-back e∨∗ : H0(X,KX) → H0(T ∗X, e∨∗KX). Since the composition of (2.10) is
the pull-back by e∨ of that of (2.7), the assertion follows.

Proposition 2.1.7. Let F be a filtration on F ∈ Dctf(X,Λ) such that GrFF =
⊕

iGrFi F
is in Dctf(X,Λ) and let S = SSµGrFF . Then, we have an equality

(2.14) CCµF =
∑
i

CCµGrFi F

in H0
S(T

∗X, e∨∗KX).

Proof. The filtration F on F induces a filtration also denoted F on µHom(F ,F). Since the
identity 1F is in F 0µHom(F ,F), the class CCµF is the image of 1F ∈ H0

S(T
∗X,F 0µHom(F ,F))

by the evaluation morphism. Since the restriction of the evaluation morphism is the compo-
sition of F 0µHom(F ,F)→

⊕
i µHom(GrFi F ,GrFi F)→ e∨∗KX , the assertion follows.

Corollary 2.1.8. Let i : Z → X be a closed immersion and j : U = X Z → X be the
open immersion of the complement. Then, we have

(2.15) CCµF = CCµ(j!j
∗F) + CCµ(i∗i

∗F)

in H0
SSµ(j!j∗F⊕i∗i∗F)(T

∗X, e∨∗KX).
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Proof. We define a filtration F on F by F 0F = j!j∗F ⊂ F , F−1 = 0 and F 1 = F . Then
GrFF ∈ Dctf(X,Λ) and we obtain (2.15).

On the relations between SSµF and SSF and between CCµF and CCF , we raise the
following questions.

Question 2.1.9. 1. Do we have SSµF ⊂ SSF ?
2. Does CCµF equal the cycle class of CCF ?

If F is locally constant, Lemmas 2.1.2.2 and 2.1.5 mean that Questions 2.1.9 has a
positive answer. Lemma 2.1.2.3 means that if dimX = 1, Question 2.1.9.1 has a positive
answer.

2.2 Tamely ramified sheaves on curves

Let X be a smooth irreducible curve over k and let x ∈ X be a k-rational point. Let
j : U = X {x} → X be the open immersion and F be a locally constant constructible
sheaf of free Λ-modules of rank n on U . By Lemma 2.1.2.3, we know that SSµj!F ⊂ T ∗X
is a subset of the union of the 0-section T ∗

XX and the fiber T ∗
xX. By the semi-purity [7,

Rappel 2.2.8], we have H0
T ∗
XX∪T ∗

xX
(T ∗X, e∨∗KX) = Λ[T ∗

XX] ⊕ Λ[T ∗
xX]. By Lemma 2.1.5,

we have CCµj!F = −(n · [T ∗
XX]+a · [T ∗

xX]) for some a ∈ Λ. We give a method to compute
the coefficient a ∈ Λ in Lemma 2.2.3.

Let +: T ∗
XX ∪ T ∗

xX → T ∗X be the closed immersion. Since µHom(j!F , j!F) is sup-
ported on SSµj!F ⊂ T ∗

XX ∪T ∗
xX, the adjoint of the morphism µHom(j!F , j!F)→ e∨∗KX

(2.10) induced by ev defines µHom(j!F , j!F)→ +!e∨∗KX . Here and in the following, iden-
tify µHom(j!F , j!F) with its restriction to T ∗

XX∪T ∗
xX by abuse of notation. By the isomor-

phism FψNΛ → +!e∨∗KX (1.37), this is induced by a morphism νHom(j!F , j!F)→ NΛ.
We define a subcomplex NF of e∗(j∗EndF⊗KX) on TX similarly as NΛ and construct

a factorization

(2.16) νHom(j!F , j!F)→ NF → NΛ

such that the restriction on TU is νHom(F ,F) → e∗U(EndF ⊗KU) → e∗UKU where the
second arrow is induced by Tr: EndF → ΛU and eU : TU → U is the projection. The
cohomology sheaves of j∗EndF ⊗KX are H−2 = R0j∗EndF(1), H−1 = R1j∗EndF(1) and
vanish otherwise. Let Ix denote the inertia group at x ∈ X. The stalk (R1j∗EndF(1))|x
is canonically identified with the Galois cohomology H1(Ix,EndF (1)). Let P ⊂ Ix denote

the wild inertia subgroup. Since Ix/P is isomorphic to Ẑ′ = lim←−p∤n µn and P is a pro-p

group, the group H1(Ix,EndF (1)) is canonically identified with the coinvariant (End F )Ix .
Let T = TX×X x be the fiber at x and g : T× = T {0} → T be the open immersion.

Define a subcomplex NF of e∗(j∗EndFU ⊗KX) by replacing the cohomology sheaf H−1 =
e∗R1j∗EndF(1) = (EndF )Ix,T at the top degree by the subsheaf g!(EndF )Ix,T× . Here
and in the following (EndF )Ix,T denotes the geometrically constant sheaf on T with stalk
(EndF )Ix . The trace morphism e∗U(EndF ⊗KU) → e∗UKU induces e∗(j∗EndF ⊗KX) →
e∗(j∗Λ⊗KX). Define a morphism Tr: NF → NΛ to be the restriction.

Lemma 2.2.1. 1. The isomorphism νHom(j!F , j!F)|TU → e∗U(EndF ⊗KU) induces

(2.17) νHom(j!F , j!F)→ NF .

2. The morphism (2.17) induces a factorization (2.16).
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Proof. 1. The isomorphism νHom(j!F , j!F)|TU = νHom(F ,F) → e∗U(EndF ⊗ KU) in-
duces a morphism νHom(j!F , j!F) → e∗(j∗EndF ⊗ KX) by adjunction and the smooth
base change theorem. Since 0∗νHom(j!F , j!F) = δ∗(DX(j!F)⊠ j!F) = DX(j!F)⊗ j!F =
j!EndF ⊗ KX by Proposition 1.2.8.2, the stalk νHom(j!F , j!F)0 at 0 ∈ T ⊂ TX is 0.
Hence by adjunction, νHom(j!F , j!F)|TX {0} → e∗(j∗EndF ⊗ KX)|TX {0} = NF |TX {0}
induces (2.17).

2. The restriction on TU of νHom(j!F , j!F)→ NΛ is induced by the trace e∗U(EndF⊗
KU)→ e∗UKU . Hence the assertion follows by adjunction as in the proof of 1.

We have isomorphisms j∗EndF → End j!F → 0!νHom(j!F , j!F) by Proposition 1.2.8.2
and (2.3). This and the identity 1F define the first two arrows in

(2.18) Λ→ j∗EndF → 0!νHom(j!F , j!F)→ 0!NF → 0!NΛ.

The last two arrows are induced by (2.16). Since the Fourier transform of its adjoint

0!Λ→ 0!End j!F → νHom(j!F , j!F)→ NF → NΛ

defines Λ → µHom(j!F , j!F) → +!e∨∗KX defining CCµj!F , the composition of (2.18)
determines CCµj!F .

Similar computations as in Proposition 1.1.12.1 and Corollary 1.1.13.1 work for NF
and 0!NF .

Lemma 2.2.2. Let Ix denote the inertia group at x ∈ X and I0 denote the inertia group
at 0 ∈ T . Let F be the representation of Ix defined by F and consider the coinvariant
quotient (EndF )Ix as a trivial representation of I0.

1. The canonical morphism NF → e∗(j∗EndF ⊗KX) induces a distinguished triangle

(2.19) NF → e∗(j∗EndF ⊗KX)⊕ g!(EndF )Ix,T× [1]→ (EndF )Ix,T [1]→ .

2. The distinguished triangle (2.19) induces a distinguished triangle

(2.20) 0!NF → j∗EndF ⊕ Γ(I0, (EndF )Ix)0 → H1(I0, (EndF )Ix)0[−1]→ .

The last two terms are placed at 0 ∈ T ∩X ⊂ TX.

Proof. 1. The distinguished triangle (2.19) is clear from the construction of NF .
2. For the geometrically constant sheaf R = (EndF )Ix,T on T , we have canonical

isomorphisms 0!R → H1(I0,R)0[−2] and 0!g!g
∗R → Γ(I0,R)0[−1]. Hence (2.19) induces

(2.20).

Lemma 2.2.3. Suppose that the composition

(2.21) Λ→ j∗EndF → 0!νHom(j!F , j!F)→ 0!NF → Γ(I0, (EndF )Ix)0

of (2.18) and the second component of the first arrow of (2.20) maps 1 ∈ H0(X,Λ) to
a ∈ H0(I0, (EndF )Ix) = (EndF )Ix and let Tr: (EndF )Ix → Λ be the morphism induced
by the trace. Then, we have

(2.22) CCµj!F = −(rankF · [T ∗
XX] + Tr a · [T ∗

xX])

in H0
T ∗
XX∪T ∗

xX
(T ∗X, e∨∗KX).
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Proof. The trace morphism EndF → Λ induces a commutative diagram

0!NF −−−→ j∗EndF ⊕ Γ(I0, (EndF )Ix)0

Tr

y yTr⊕Tr

0!NΛ −−−→ j∗Λ⊕ Γ(I0,Λ)0.

The composition of (2.18) and the first component of the first arrow of (2.20) maps 1 ∈
H0(X,Λ) to 1F . The equality (2.22) follows from this and Corollary 1.1.13.2.

In this section, we prove the following.

Proposition 2.2.4. Let j : Gm → X = A1 be the open immersion and let F be a locally
constant constructible sheaf of free Λ-modules of rank n on Gm tamely ramified at 0 ∈ X.
Let Ix denote the inertia group at 0 ∈ X and I0 denote the inertia group at 0 ∈ T . Then,
the composition

(2.23) j∗EndF → 0!νHom(j!F , j!F)→ 0!NF → Γ(I0, (EndF )Ix)0.

of (2.18) and the second component of the first arrow of (2.20) induces the canonical
morphism H0(U, EndF)→ H0(I0, (EndF )Ix) = (EndF )Ix .

Proposition 2.2.4 implies the following equality by Lemma 2.2.3.

Corollary 2.2.5. We have

(2.24) CCµj!F = −n([T ∗
XX] + [T ∗

0X])

in H0
T ∗
XX∪T ∗

0X
(T ∗X, e∨∗KX).

As a preparation of the proof of Proposition 2.2.4, first we prove a lemma on cohomol-
ogy of a tame inertia group.

Lemma 2.2.6. Let Ẑ′ = lim←−p∤n Z/nZ and let I be a pro-finite group isomorphic to Ẑ′2.

Let σ, τ ∈ I be elements defining an isomorphism Ẑ′2 → I and let I1 = 〈σ〉, I2 = 〈τ〉 ⊂
I = I1 × I2 be the subgroups isomorphic to Ẑ′. Let M be a Λ-module with a continuous
action of I such that the action of τ ∈ I is trivial.

1. The restriction morphisms define an isomorphism

(2.25) H1(I,M)→ H1(I1,M)⊕ H1(I2,M)I1 .

2. Let ρ = στ and I3 = 〈ρ〉 ⊂ I = I3 × I2. Then, we have a commutative diagram

(2.26)

H1(I,M)
(2.25)−−−→ H1(I1,M)⊕ H1(I2,M)I1

1

y y(
i∗13 i∗23
0 1

)
H1(I,M)

(2.25)−−−→ H1(I3,M)⊕ H1(I2,M)I3

where i∗13 : H
1(I1,M) → H1(I3,M) and i∗23 : H

1(I2,M)I1 = H1(I2,M
I1) → H1(I3,M) are

induced by the projections I3 → I1 and I3 → I2.
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Proof. 1. Let A = Λ[[I]] be the completed group algebra and regard M as an A-module.

By the Koszul free resolution A
(τ−1,−(σ−1))−→ A2 (σ−1,τ−1)−→ A of the A-module Λ, the complex

M
(σ−1,τ−1)−→ M2 (τ−1,−(σ−1))−→ M computes the cohomology H∗(I,M). Since τ acts trivially

on M , we obtain an isomorphism H1(I,M) = Coker(σ − 1: M →M)⊕Ker(σ − 1: M →
M)→ H1(I1,M)⊕ H1(I2,M)I1 .

2. We have a commutative diagram

M
(σ−1,τ−1)−−−−−−→ M2 (τ−1,−(σ−1))−−−−−−−−→ M

1

y (
τ 1
0 1

)y yτ
M

(ρ−1,τ−1)−−−−−−→ M2 (τ−1,−(ρ−1))−−−−−−−−→ M

of complexes. The middle vertical arrow induces the right vertical arrow in (2.26).

To prove Proposition 2.2.4, we prepare a geometric construction. Let X denote A1 =
Spec k[x]. We define blow-ups

(X ×X ×A1)♯ → (X ×X ×A1)♮ → X ×X ×A1 = Spec k[x, y, u].

The right arrow is the blow-up at the closed point (0, 0, 0) and the left arrow is the blow-up
at the inverse image of δ(X)×{0}, in other words, at the pull-back of the ideal (y−x, u).
We define an open subscheme AX(X ×X)♯ ⊂ (X ×X ×A1)♯ by the cartesian diagram

(2.27)

AX(X ×X)♯ −−−→ (X ×X ×A1)♯

q

y y
AX(X ×X) −−−→ (X ×X ×A1)′.

The right vertical arrow is defined by the universality of blow-up and AX(X × X)♯ ⊂
(X×X×A1)♯ is the complement of the proper transform of the divisor (u) = X×X×{0} ⊂
X ×X ×A1.

The diagonal immersion δ : X ×A1 → X ×X ×A1 is lifted to the immersion 0: (X ×
A1)′ → AX(X×X)♯ from the blow-up (X×A1)′ → X×A1 at the closed point (0, 0). The
projections X×X×A1 → X×A1 are lifted to smooth morphisms p1, p2 : AX(X×X)♯ →
(X ×A1)′.

On AX(X ×X)♯0 = AX(X ×X)♯ ×A1 0, we have a cartesian diagram

(2.28)

A1 −−−→ E −−−→ (X ×A1)′0 ←−−− X

δ

y δ

y y0

y0

A0 =A2 −−−→ P −−−→ AX(X ×X)♯0 ←−−− TX

defined as follows. The immersion TX → AX(X × X) is lifted to a closed immersion
TX → AX(X ×X)♯0. The inverse image in AX(X ×X)♯ of the exceptional divisor of the
second blow-up (X ×X ×A1)♯ → (X ×X ×A1)♮ is the complement P = P2′ L′ in the
blow-up P2′ of P2 at (1, 1, 0) ∈ L = P2 A2 of the proper transform L′ of the line L at
infinity. In the middle cartesian square, (X ×A1)′0 → AX(X ×X)♯0 is the base change of
the lifting 0: (X ×A1)′ → AX(X ×X)♯ of the morphism δ : X ×A1 → X ×X ×A1. The
closed fiber AX(X ×X)♯0 equals the union P ∪ TX. The intersection P ∩ TX is the fiber
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T = TX ×X 0 ⊂ TX and is dense in the exceptional divisor of the blow-up P2′ → P2.
The inverse image of P is the exceptional divisor E of the blow-up (X ×A1)′ → X ×A1.
The immersion δ : E → P is an extension of the diagonal morphism δ : A1 → A2.

They are explicitly described as follows. The scheme AX(X ×X)♯ is the union A ∪B
of two affine spaces A = A3 = Spec k[x1, y1, u] and B = A3 = Spec k[x,w, v]. The second
morphism in

AX(X ×X)♯ = A ∪ B q−→ AX(X ×X) = Spec k[x, u, v]→ X ×X ×A1 = Spec k[x, y, u]

is given by y = x+uv and the first morphism is given by x = x1u, v = y1−x1 and u = xw.
The closed subscheme TX ⊂ AX(X ×X)♯0 is identified with Spec k[x, v] ⊂ B. The closed
fiber AX(X ×X)♯0 = AX(X ×X)♯ ×A1 0 is the union A0 ∪B0 of A0 = A2 = Spec k[x1, y1]
and B0 = Spec k[x,w, v]/(xw).

The blow-up (X×A1)′ is the union A1∪B1 of two affine planes A1 = A2 = Spec k[x1, u]
and B1 = A2 = Spec k[x,w]. The morphism

(X ×A1)′ = A1 ∪ B1 → X ×A1 = Spec k[x, u]

is given by x = x1u and u = xw. The immersion 0: (X×A1)′ = A1∪B1 → AX(X×X)♯ =
A ∪ B is given by y1 = x1 on A1 ⊂ A and by v = 0 on B1 ⊂ B. The morphism
p1 : AX(X × X)♯ → (X ×A1)′ is given by the projections A = Spec k[x1, y1, u] → A1 =
Spec k[x1, u] and B = Spec k[x,w, v]→ B1 = Spec k[x,w].

We fix notation for immersions of subschemes of AX(X ×X)♯0 as in the diagram

Gm
jA−−−→ A1 jE−−−→ E T× X

j←−−− U = X {0}

δ

y δ

y g

y y0

y0

A2 jP−−−→ P
iT←−−− T −−−→ TX

jTX←−−− TU

where T× = T {0} is the complement of the origin. The middle vertical arrow and
the labeled horizontal arrows except iT are open immersions. The other vertical arrows,
the unlabeled horizontal arrows and iT are closed immersions. We have A2 = P T ,
TU = TX T and T = P ∩ TX. Let e : TX → X be the canonical morphism.

Let F be a locally constant constructible sheaf of free Λ-modules on Gm tamely ramified
at 0 ∈ X = A1. Define H = Hom(pr∗1j!F , pr!2j!F) on X ×X and let H♯ be the pull-back
on AX(X ×X)♯. Let ΨH♯ on AX(X ×X)♯0 be the nearby cycles complex with respect to
AX(X ×X)♯ → A1 = Spec k[u] at 0. LetM be the restriction on the complement Gm =
E {0,∞} of the nearby cycles complex ΨF with respect to (X×A1)′ → A1 = Spec k[u]
at 0 as in Lemma 1.2.10 and define HM = Hom(pr∗1jA!M, pr!2jA!M) on A2.

Proposition 2.2.7. The distinguished triangle ΨH♯ → ΨH♯|TX ⊕ ΨH♯|P → ΨH♯|T →
defines a distinguished triangle

(2.29) ΨH♯ → e∗(j∗EndF ⊗KX)⊕ jP∗HM → (jP∗HM)T → .

We have a canonical isomorphism

(2.30) e∗(j∗EndF ⊗KX)|T → (jP∗HM)T .

29



Proof. The tensor product ΨH♯⊗ with the exact sequence 0→ ΛAX(X×X)♯0
→ ΛTX⊕ΛP →

ΛT → 0 defines a distinguished triangle ΨH♯ → ΨH♯|TX ⊕ ΨH♯|P → ΨH♯|T →. By
identifying A = Spec k[x1, y1, u] with the fiber product Spec k[x1, u] ×Spec k[u] Spec k[y1, u]
and by applying [10, Théorème 4.7], we obtain an isomorphism ΨH♯|A2 → HM. Since
p1, p2 : AX(X ×X)♯ → (X ×A1)′ are smooth, we obtain isomorphisms ΨH♯|P → jP∗HM,
ΨH♯|TX → jTX∗e

∗(EndF ⊗KU) = e∗(j∗EndF ⊗KX) and

(2.31) ΨH♯|T → (jP∗HM)|T → e∗(j∗EndF ⊗KX)|T

by Lemma 1.2.9. Hence we obtain (2.29) and (2.30).

The morphism q : AX(X×X)♯ → AX(X×X) induces a morphism q0 : AX(X×X)♯0 →
TX = Spec k[x, v] to the tangent bundle. On A0 = Spec k[x1, y1], it is given by v = y1−x1,
x = 0 and on B0 = Spec k[x,w, v]/(xw) by the injection k[x, v] → k[x,w, v]/(xw). The
restriction on TX ⊂ AX(X × X)♯0 is the identity. The restriction to A2 induces the
morphism v : A2 = A0 = Spec k[x1, y1] → T = Spec k[v] ⊂ TX defined by v = y1 − x1.
This is extended to a morphism v : P → T .

We rewrite the second component in (2.23) in terms ofM.

Corollary 2.2.8. 1. The direct image of (2.29) by q0 : AX(X × X)♯0 → TX defines a
distinguished triangle

(2.32) νHom(j!F , j!F)→ e∗(j∗EndF ⊗KX)⊕ v∗HM → (jP∗HM)T → .

The second component

(2.33) v∗HM → (jP∗HM)T

of (2.32) is given by the restriction v∗HM = v∗jP∗HM → (jP∗HM)T .
2. Taking 0! of (2.29) and (2.32), we obtain distinguished triangles

0!ΨH♯ → j∗EndF ⊕ (jEjA)∗EndM→ Γ(Gm,k, EndM)∞ →,(2.34)

0!νHom(j!F , j!F)→ j∗EndF ⊕ Γ(Gm,k, EndM)0 → Γ(Gm,k, EndM)0 → .(2.35)

The last terms denote the geometrically constant complexes placed at ∞ = E ∩ X ⊂
AX(X ×X)♯0 and at 0 = T ∩X ⊂ TX.

Proof. 1. Since q : AX(X×X)♯ → AX(X×X) is proper, we have a canonical isomorphism
νHom(j!F , j!F)→ q0∗ΨH♯. Since the restriction of q0 on TX is the identity and that on
A2 is v = v ◦ jP , the distinguished triangle (2.29) induces (2.32).

2. By the proper base change theorem and [8, (3.2.1)], we have isomorphisms

0!jP∗HM → jE∗0
!HM → jE∗End jA!M→ (jEjA)∗EndM,

0!v∗HM → Γ(A1, 0!HM)→ Γ(A1
k
, End jA!M)→ Γ(Gm,k, EndM).

Hence (2.34) and (2.35) are induced by (2.29) and (2.32) respectively.

Corollary 2.2.9. Let IE denote the tame inertia group at ∞ ∈ E. Let M be the repre-
sentation of IE defined byM and consider the coinvariant quotient (EndM)IE as a trivial
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representation of IT . The morphism νHom(j!F , j!F) → NF (2.17) and the isomorphism
e∗(j∗EndF ⊗KX)|T → (jP∗HM)T (2.30) induce commutative diagrams

νHom(j!F , j!F) −−−→ e∗(j∗EndF ⊗KX)⊕ v∗HM −−−→ (jP∗HM)T →y y y
NF −−−→ e∗(j∗EndF ⊗KX)⊕ g!g∗R−1jP∗HM[1] −−−→ R−1jP∗HM[1]→,

(2.36)

0!νHom(j!F , j!F) −−−→ j∗EndF ⊕ Γ(Gm,k, EndM)0 −−−→ Γ(Gm,k, EndM)0 →y y y
0!NF −−−→ j∗EndF ⊕ Γ(IT , (EndM)IE)0 −−−→ H1(IT , (EndM)IE)0[−1]→

(2.37)

of distinguished triangles (2.32), (2.19), (2.35) and (2.20). The last two terms in each line
of (2.37) are placed at 0 = T ∩X ⊂ TX.

Proof. By the isomorphism e∗(j∗EndF ⊗ KX)|T → (jP∗HM)T (2.30), the distinguished
triangles (2.19) and (2.20) are rewritten as the lower lines in (2.36) and (2.37) respec-
tively. Since the morphism νHom(j!F , j!F)→ NF (2.17) is induced by νHom(j!F , j!F)→
e∗(j∗EndF ⊗ KX) and since (v∗HM)0 = νHom(j!F , j!F)0 = 0, we obtain (2.36) by ad-
junction. By applying 0! to (2.36) we obtain (2.37).

We consider the morphism

(2.38) H0(Gm,k, EndM)→ H0(IT , (EndM)IE).

induced by the middle vertical arrow in the commutative diagram (2.37). We identify
0!HM = jA∗EndM by [8, (3.2.1)]. Then for the left hand side of (2.38), we obtain the
first equality in

(2.39) H0(Gm,k, EndM) = H0(A1
k
, 0!HM) = H0(IE,H

1(IT ,EndM(1)).

Let η∞ be the geometric generic point of the strict localization at ∞ ∈ E and identify the
stalk (0!HM)η∞ with H1(IT ,EndM(1)). Then we obtain the second equality. Since the
action of IT is trivial, the right hand side of (2.38) is identified as

(2.40) H0(IT , (EndM)IE) = (EndM)IE = H1(IE,EndM(1)).

Since we canonically identify (EndF )IX = (EndM)IE as in (2.30), Proposition 2.2.4 is
reduced to the following.

Proposition 2.2.10. We identify H0(IE,H
1(IT ,EndM(1)) with a direct summand of

H1(IE × IT ,EndM(1)) by the direct sum decomposition (2.25) and define a morphism

(2.41) H0(IE,H
1(IT ,EndM(1)) ⊂ H1(IE × IT ,EndM(1)) −−−→ H1(IE,EndM(1))

to be the pull-back by the diagonal morphism IE = Ẑ′(1) → IE × IT = Ẑ′(1)2. Then, the
diagram

(2.42)

H0(Gm,k, EndM)
(2.38)−−−→ H0(IT , (EndM)IE)

(2.39)

y y(2.40)

H0(IE,H
1(IT ,EndM(1)))

(2.41)−−−→ H1(IE,EndM(1))
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is commutative.

Proof. First, we construct a morphism

(2.43) Γ(Gm,k, EndM)→ Γ(IT ,H
1(IE,EndM(1)))

inducing the composition of (2.42) via upper right and give its characterization. Let P∞
be the strict localization of P at ∞ = E ∩ T and let V = P∞ ×P (A2 δ(A1)) ⊂ P . We
show that the diagram

(2.44)

Γ(A2
k

δ(A1
k
),HM) −−−→ Γ(V,HM)y y

(0!v∗HM)∞ −−−→ (0!g!g∗e
∗R1jP∗EndM(1))∞[1]y y

Γ(Gm,k, EndM)[1] −−−→ Γ(IT ,H
1(IE,EndM(1)))[1]

is commutative. The top horizontal arrow is the restriction morphism for V → A2 δ(A1)
and the middle horizontal arrow is induced by v∗HM → (jP∗HM)T (2.33). The upper
square is commutative by the functoriality of the boundary morphism j′∗ → 0![1] for the
open immersion j′ : A2 δ(A1) → A2. The lower vertical arrows are canonical isomor-
phisms and define the bottom horizontal arrow by the commutativity of the lower square.
By construction, the bottom horizontal arrow induces the composition of (2.42) via upper
right.

The distinguished triangle ΓA1
k
(A2

k
,−) → Γ(A2

k
,−) → Γ(A2

k
δ(A1

k
),−) → induces

an isomorphism Γ(A2
k

δ(A1
k
),HM) → Γ(A1

k
, 0!HM)[1] → Γ(Gm,k, EndM)[1] since we

have Γ(A2
k
,HM) = Γ(A1

k
, D(j!M)) ⊗ Γ(A1

k
, j!M) = 0 by Lemma 1.2.7.2. Hence the left

vertical arrows in (2.44) are isomorphisms. Thus, the bottom horizontal arrow in (2.44)
is uniquely determined by the commutativity of the large rectangle.

We identify the tame fundamental group π1(V )tame with IE × IT and Γ(V,HM) with
Γ(IE × IT ,EndM(1))[2] = Γ(IT ,Γ(IE,EndM(1)))[2] by the composition of the right ver-
tical arrows. Under this identification, the composition of right vertical arrows in (2.44)
is induced by Γ(IE,EndM(1))→ H1(IE,EndM(1))[−1]. We consider the diagram
(2.45)

H−1(A2
k

δ(A1
k
),HM) //

��

H−1(V,HM)

**VVV
VVVV

VVVV
VVVV

VVVV

H0(Gm,k, EndM)
(2.39) // H0(IE,H

1(IT ,EndM(1))
(2.25) // H1(IE × IT ,EndM(1))

��
H1(IE,EndM(1)).

By the characterization of (2.43), it suffices to show the following:
(a) the pentagon is commutative.
(b) the lower right vertical arrow is the pull-back by the diagonal IE → IE × IT .

Recall that the low right vertical arrow is defined by the condition that the composition
H−1(V,HM)→ H1(IE,EndM(1)) is the composition of right vertical arrows in (2.44).
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Let P2
1 be the strict localization of P2 at (1, 1, 0) ∈ L = P2 A2 and let U = P2

1 ×P2

(A2 δ(A1)) ⊂ P2
1. Let IL be the tame inertia group at (1, 1, 0) ∈ L and let IP1 be the

tame inertia group at (1, 1, 0) ∈ P1 in the closure P1 of δ(A1). We identify the tame
fundamental group π1(U)

tame with IP1 × IL. We regard EndM(1) as a representation of
IP1 × IL with the canonical action of IP1 and the trivial action of IL. Then we have an
identification

(2.46) Γ(U,HM) = Γ(IP1 × IL,EndM(1))[2].

The restriction P → P2 of the blow-up at (1, 1, 0) induces a morphism V → U . We have
a commutative diagram

(2.47)

π1(U)
tame ←−−− IP1 × ILx x(

1 0
1 1

)
π1(V )tame ←−−− IE × IT

of isomorphisms for the tame fundamental groups.
We consider the diagram

(2.48)
H−1(A2

k
δ(A1

k
),HM) −−−→ H−1(U,HM) −−−→ H−1(V,HM)y (2.46)

y y
H0(Gm, EndM) −−−→ H1(IP1 × IL,EndM(1)) −−−→ H1(IE × IT ,EndM(1))y

H1(IE,EndM(1)).

The upper horizontal arrows are induced by V → U → A2 δ(A1). Similarly as (2.39), we
identify H0(Gm,k, EndM) = H0(IP1 ,H1(IL,EndM(1)) and define the lower left horizontal
arrow to be the inclusion of the direct summand H0(IP1 ,H1(IL,EndM(1)) ⊂ H1(IP1 ×
IL,EndM(1)) in Lemma 2.2.6.1. Then, the left square is commutative by Lemma 2.2.11.2
below. The lower right horizontal arrow is induced by the left vertical arrow of (2.47)
and the right square is commutative. Hence the large rectangle and consequently (a) the
pentagon in (2.45) are commutative.

By the characterization of (2.43), this implies that the composition of the lower line
in (2.45) is the same as that in (2.48). The lower right vertical arrow is induced by
the inclusion IE → IE × IT . By Lemma 2.2.6.2 and (2.47), the composition H1(IP1 ×
IL,EndM(1)) → H1(IE,EndM(1)) is the morphism induced by the composition IE →
IE × IT → IP1 × IL that equals (b) the diagonal IE → IP1 × IL. Hence, it suffices to prove
Lemma 2.2.11 below.

Lemma 2.2.11. 1. Let jP2 : A2 → P2 and jA2 : A2 δ(A1)→ A2 be the open immersions
and let 1: (1, 1, 0) → L = P2 A2 be the immersion of the point (1, 1, 0) to the line at
infinity. We identify δ!HM = jA1∗EndM and Γ(U,HM) = Γ(IP1 × IL,EndM(1))[2].
Then the diagram
(2.49)
Γ(A2

k
δ(A1

k
),HM) −−−→ Γ(Lk, (jP2∗jA2∗j

∗
A2HM)|L) −−−→ Γ(U,HM)y y y

Γ(Gm,k, EndM)[1] −−−→ (1!(jP2∗HM|L))1[1] −−−→ Γ(IP1 ,H1(IL,EndM(1))[1])
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is commutative. The arrows in the left square and the lower horizontal arrows are isomor-
phisms.

2. The restriction morphism

H−1(A2
k

δ(A1
k
),HM)→ H−1(U,HM) = H0(IP1 ,H1(IL,EndM(1)))⊕ H1(IP1 ,EndM(1))

is the direct sum of the isomorphism to the first component induced by (2.49) and the
0-morphism to the second component.

Proof. 1. The commutativity is clear from the construction. We show the isomor-
phisms. We have Γ(A2

k
,HM) = Γ(A1

k
, Dj!M) ⊗ Γ(A1

k
, j!M) = 0 by Lemma 1.2.7.2.

Hence the left vertical arrow in (2.49) is an isomorphism. We have a canonical isomor-
phism Γ(A2

k
δ(A1

k
),HM) → Γ(A2

k
, jA2∗j

∗
A2HM) → Γ(P2

k
, jP2∗jA2∗j

∗
A2HM). We have

Γc(A
2
k
,HM) = Γc(A

1
k
, Dj!M) ⊗ Γc(A

1
k
, j!M) = Γc(A

1
k
, j∗DM) ⊗ Γc(A

1
k
, j!M) = 0 and

Γc(A
1
k
, δ!HM) = Γc(A

1
k
, jA1∗EndM) = 0 further by Lemma 1.2.7.2. Hence we have

Γc(A
2
k
, jA2∗j

∗
A2HM) = 0 and, for A = (jP2∗jA2∗j

∗
A2HM)|L), the restriction morphism

Γ(P2
k
, jP2∗jA2∗j

∗
A2HM) → Γ(Lk, A) is an isomorphism. By the proper base change theo-

rem, the lower left horizontal arrow is an isomorphism. Since the action of IL on EndM
is trivial, the composition of the lower line is an isomorphism.

2. By 1., it suffices to show that the morphism to the second component is 0. Let
0 = (0, 1, 0) ∈ L (resp. 1 = (1, 1, 0) ∈ L) be the intersection of the closures of 0 × A1

(resp. of δ(A1)) and L in P2 and let j0 : L {0} → L and let j1 : L {1} → L be
the open immersions. Then, the canonical morphisms (jP2∗HM)|L → j0∗j

∗
0(jP2∗HM)|L

and A = (jP2∗jA2∗j
∗
A2HM)|L → j1∗j

∗
1((jP2∗HM)|L) → j1∗j

∗
1Λ ⊗ ((jP2∗HM)|L) are isomor-

phisms. We consider the canonical filtration on j∗0(jP2∗HM)|L and the induced filtra-
tions on (jP2∗HM)|L and on A = (jP2∗jA2∗j

∗
A2HM)|L. Then we have GrqA = j1∗j

∗
1Λ ⊗

j0∗Hq(j∗0(jP2∗HM)|L)[−q]. Since Γ(L, j0∗Hq(j∗0(jP2∗HM)|L)) = 0 by Lemma 1.2.7.2, the
complex Γ(L,GrqA[q]) is acyclic except at degree 1. Since the composition H−1(Lk, A)→
H−1(U,HM) → H1(IP1 ,EndM(1)) factors through H−1(Lk,Gr−1A) = 0, the assertion
follows.

2.3 Proper pushforward

First, we show an equality for the direct image of singular support by closed immersions.

Lemma 2.3.1. Let i : X → Y be a closed immersion of smooth schemes over k. Then,
we have an equality

(2.50) SSµi∗F = i◦SSµF

of closed subsets of T ∗Y .

Proof. By Lemma 1.2.5.1, the morphism AX(X × X) → AY (Y × Y ) is a closed im-
mersion. Hence the base change morphism νHomY (i∗F , i∗F) → i∗νHomX(F ,F) is an
isomorphism. Let

T ∗X
a←−−− T ∗Y ×Y X

b−−−→ T ∗Y

be the canonical morphisms. Then the isomorphism νHomY (i∗F , i∗F)→ i∗νHomX(F ,F)
induces an isomorphism µHomY (i∗F , i∗F)→ b∗a

∗µHomX(F ,F) by Proposition 1.1.8.
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Lemma 2.3.2. Let

(2.51)

C
g−−−→ D

c

y yd
X

f−−−→ Y

be a commutative diagram of separated schemes of finite type over k.
1. Define f!c!c

! → d!d
!f! to be the adjoint of the composition of the canonical isomor-

phism f!c!c
!f ! → d!g!g

!d! and the morphism d!g!g
!d! → d!d

! induced by adjg. Then the
diagram

(2.52)

f!c!c
! −−−→ d!d

!f!

adjc

y yadjd

f! f!.

is commutative.
2. Define f ∗c∗c

∗ ← d∗d
∗f∗ to be the adjoint of the composition of the canonical iso-

morphism f∗c∗c
∗f ∗ → d∗g∗g

∗d∗ and the morphism d∗g∗g
∗d∗ → d∗d

∗ induced by adjg. Then
the diagram

(2.53)

f∗ f∗

adjc

y yadjd

f∗c∗c
∗ ←−−− d∗d

∗f∗

is commutative.

Proof. 1. By the commutative diagram (2.51), we have a commutative diagram

f!c!c
!f !

adjg−−−→ d!d
!

adjc

y yadjd

f!f
!

adjf−−−→ 1X .

By taking the adjoint, we obtain (2.52).
2. is proved similarly as 1.

Proposition 2.3.3. Let f : X → Y be a proper morphism of smooth schemes over k and
F ∈ Db

ctf(X,Λ).
1. ([1, Proposition 2.1.6], [8, Théorème 4.4, Corollaire 4.8]) We have

(2.54) ccY f∗F = f∗ccXF

in H0(Y,KY ).
2. We have

(2.55) CCµf∗F = f!CCµF

in H0
f◦(SSµF)∪SSµf∗F(T

∗Y, e∨∗Y KY ).
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Proof. We apply Lemma 2.3.2 to the commutative diagram

(2.56)

X
1X−−−→ X

f−−−→ Y

δX

y γf

y yδY
X ×X 1X×f−−−→ X × Y f×1Y−−−→ Y × Y

as follows. Set

HX = HomX×X(pr
∗
1F , pr!2F), Hf = HomX×Y (pr

∗
1F , pr!2f∗F),

HY = HomY×Y (pr
∗
1f∗F , pr!2f∗F)

and identify them with

⊠X = DX(F)⊠ F , ⊠f = DX(F)⊠ f∗F , ⊠Y = DY (f∗F)⊠ f∗F

by the canonical isomorphisms [8, (3.1.1)].
By applying Lemma 2.3.2.1 and by [8, (3.2.1)], we obtain commutative diagrams

(2.57)

(1X × f)!δX!HomX(F1,F2) −−−→ γf !HomX(F1, f
!f!F2)y y

(1X × f)!HX
≃−−−→ Hf ,

(2.58)

(f × 1Y )!γf !HomX(F1, f
!f!F2)

≃−−−→ δY !HomY (f!F1, f!F2)y y
(f × 1Y )!Hf

≃−−−→ HY .

Further if F = F1 = F2, defining vertical arrows by 1F , adj : F → f !f!F and 1f!F , we
obtain commutative diagrams

(2.59)

(1X × f)!δX!Λ
≃−−−→ γf !Λ

1F

y yadj

(1X × f)!δX!HomX(F ,F)
adj−−−→ γf !HomX(F , f !f!F),

(2.60)

(f × 1Y )!γf !Λ ←−−− δY !Λ

adj

y y1f!F

(f × 1Y )!γf !HomX(F , f !f!F)
≃−−−→ δY !HomY (f!F , f!F).

By applying Lemma 2.3.2.2, we obtain commutative diagrams

(2.61)

(1X × f)∗⊠X
≃−−−→ ⊠fy y

(1X × f)∗δX∗(DXF1 ⊗F2)
adj←−−− γf∗(DXF1 ⊗ f ∗f∗F2),
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(2.62)

(f × 1Y )∗⊠f
≃−−−→ ⊠Yy y

(f × 1Y )∗γf∗(DXF1 ⊗ f ∗f∗F2)
≃←−−− δY ∗(DY f∗F1 ⊗ f∗F2).

The lower line in (2.62) is induced by the isomorphism f∗(DXF1 ⊗ f ∗f∗F2)→ f∗DXF1 ⊗
f∗F2 of projection formula and the canonical isomorphism f∗DXF1 → DY f!F1 → DY f∗F1.

Further if F = F1 = F2, defining vertical arrows by evX : DXF ⊗ F → KX , evX ◦
(1 ⊗ adj) : DXF ⊗ f ∗f∗F → DXF ⊗ F → KX and evY : DY f∗F ⊗ f∗F → KY , we obtain
commutative diagrams

(2.63)

(1X × f)∗δX∗(DXF ⊗ F)
adj←−−− γf∗(DXF ⊗ f ∗f∗F)

ev

y yev◦(1⊗adj)

(1X × f)∗δX∗KX
≃−−−→ γf∗KX ,

(2.64)

(f × 1Y )∗γf∗(DXF ⊗ f ∗f∗F) −−−→ δY ∗(DY f∗F ⊗ f∗F)

ev◦adj
y yev

(f × 1Y )∗γf∗KX
adj−−−→ δY ∗KY .

The lower line in (2.64) is induced by the adjunction f∗KX = f!f
!KY → KY .

Commutative diagrams (2.57), (2.59), (2.61) and (2.63) define a commutative diagram

(2.65)

(1X × f)∗δX!Λ
≃−−−→ γf !Λ

1F

y yadj

(1X × f)∗HX
≃−−−→ Hf

ev

y yev◦adj

(1X × f)∗δX∗KX
≃−−−→ γf∗KX .

Similarly, commutative diagrams (2.58), (2.60), (2.62) and (2.64) define a commutative
diagram

(2.66)

(f × 1Y )∗γf !Λ ←−−− δY !Λ

adj

y y1f∗F

(f × 1Y )∗Hf
≃−−−→ HY

ev◦adj
y yev

(f × 1Y )∗γf∗KX −−−→ δY ∗KY .

The diagrams (2.65) and (2.66) imply (2.54).
The commutative diagram (2.56) induces a commutative diagram

(2.67)

X
1X−−−→ X

f−−−→ Y

0X

y 0f

y y0Y

TX
a−−−→ TY ×Y X

b−−−→ TY.
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The vertical arrows are the 0-sections. We apply νX/X×Y to (2.65) and apply the morphism
a!νX/X×X → νX/X×Y (1X × f)! of functors (1.55) to the left column. Then, we obtain a
commutative diagram

(2.68)

a!0X!Λ
≃−−−→ 0f !Λy y

a!νX/X×XHX −−−→ νX/X×YHfy y
a!0X∗KX

≃−−−→ 0f∗KX .

Since the arrows in (2.56) are proper and since the right square is cartesian, the base
change morphism νY/Y×Y (f×1Y )∗ → b∗νX/X×Y (1.54) is an isomorphism. Hence applying
the functor νY/Y×Y to (2.66) defines a commutative diagram

(2.69)

b∗0f !Λ ←−−− 0Y !Λy y
b∗νX/X×YHf

≃−−−→ νY/Y×YHYy y
b∗0f∗KX −−−→ 0Y ∗KY .

Let a∨ : T ∗Y ×Y X → T ∗X be the dual of a and b∨ : T ∗Y ×Y X → T ∗Y be the canonical
morphism. Let e∨X : T ∗X → X, e∨f : T

∗Y ×Y X → X and e∨Y : T
∗Y → Y be the projections.

By applying the Fourier transform to (2.68) and the isomorphism (1.21) to the left column
and using the isomorphisms (1.4), we obtain a commutative diagram

(2.70)

a∨∗Λ
≃←−−− Λy y

a∨∗µX/X×XHX −−−→ µX/X×YHfy y
a∨∗e∨∗X KX

≃←−−− e∨∗f KX .

Similarly by applying the Fourier transform to (2.69) and the isomorphism (1.32) to the
left column and using the isomorphisms (1.4),

(2.71)

b∨∗Λ ←−−− Λy y
b∨∗µX/X×YHf −−−→ µY/Y×YHYy y
b∨∗ e

∨∗
f KX −−−→ e∨∗Y KY .

Combining these diagrams, we obtain the equality (2.55).
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Corollary 2.3.4. Let X be a proper smooth scheme over k and F ∈ Dctf(X,Λ). Then,
we have

(2.72) χ(Xk̄,F) = (CCµF , T ∗
XX)T ∗X

in Λ. The right hand side denotes the image of CCµF by the composition

H0
SSµF(T

∗X, e∨∗KX)
0∗X−−−→ H0(X,KX)

TrX/k−−−→ Λ.

Proof. Let f : X → Y = Spec k be the canonical morphism. Then, we have χ(Xk̄,F) =
CCµf∗F . Since (CCµF , T ∗

XX)T ∗X = f!CCµF , the equality (2.72) follows from Proposition
2.3.3.2.

2.4 Smooth pullback

Lemma 2.4.1. Let h : W → X be a smooth morphism of smooth schemes over k. Then,
we have an equality

(2.73) SSµh
∗F = h◦SSµF

of closed subsets of T ∗W .

Proof. Let

(2.74) T ∗X
b←−−− T ∗X ×X W

a−−−→ T ∗W

be the canonical morphisms. By Lemma 1.2.5.2, the morphism AX(W×W )→ AX(X×X)
is smooth. Hence the base change morphism a!b∗νHomX(F ,F) → νHomW (h!F , h!F)
is an isomorphism by the smooth base change theorem. This induces an isomorphism
a∨! b

∨∗µHomX(F ,F) → µHomW (h!F , h!F) = µHomW (h∗F , h∗F) by Corollary 1.1.9.1.

Lemma 2.4.2. Let

(2.75)

C
g←−−− D

c

y yd
X

h←−−− W

be a commutative diagram of separated schemes of finite type over k.
1. Define h!c!c

! ← d!d
!h! to be the adjoint of the composition of the canonical iso-

morphism h!d!d
!h! → c!g!g

!c! and the morphism c!g!g
!c! → c!c

! induced by adjg. Then the
diagram

(2.76)

h!c!c
! ←−−− d!d

!h!

adjc

y yadjd

h! h!.

is commutative.
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2. Define h∗c∗c
∗ → d∗d

∗h∗ to be the adjoint of the composition of the canonical iso-
morphism c∗g∗g

∗c∗ → h∗d∗d
∗h∗ and the morphism c∗c

∗ → c∗g∗g
∗c∗ induced by adjg. Then

the diagram

(2.77)

h∗ h∗

adjc

y yadjd

h∗c∗c
∗ −−−→ d∗d

∗h∗

is commutative.

Proof. Similar to Lemma 2.3.2.

Let h : W → X be a smooth morphism of relative dimension r = dimW − dimX of
smooth schemes over k. Let (2.74) be the canonical morphisms of cotangent bundles and
let e∨X : T ∗X → X, e∨h : T

∗X ×X W → W and e∨W : T ∗W → W be the projections. For a
closed conical subset S ⊂ T ∗X, define a morphism

(2.78) h! : H0
S(T

∗X, e∗XKX)→ H0
h◦S(T

∗W, e∗WKW )

to be (−1)r-times the composition of b∨∗ : H0
S(T

∗X, e∨∗X KX)→ H0
b−1S(T

∗X×XW, b∗e∨∗X KX)
and a∨∗ : H

0
b−1S(T

∗X ×X W, b∗e∨∗X KX) → H0
a(b−1S)(T

∗W, e∨∗WKW ). Note that the definition

of h! involves the sign (−1)dimX−dimW .

Lemma 2.4.3. Let h : W → X be a smooth morphism of relative dimension r = dimW −
dimX of smooth schemes over k. Define a morphism

(2.79) h! : H0(X,KX)→ H0(W,KW )

to be the composition of h∗ : H0(X,KX)→ H0(W,h∗KX) and the cup-product with the top
Chern class cr(TW/X) = (−1)rcr(T ∗X/W ) ∈ H0(W,h∗Λ) of the relative tangent bundle.
Then, the diagram

(2.80)

H0
S(T

∗X, e∨∗X KX)
h!−−−→ H0

h◦S(T
∗W, e∨∗WKW )y y

H0(X,KX)
h!−−−→ H0(W,KW )

is commutative. The vertical arrows are defined by the pull-back by the 0-sections.

Proof. It suffices to show that the diagram

H0
S(T

∗X, e∨∗X KX)
b∨∗
−−−→ H0

b−1S(T
∗W, e∨∗h KX)

(−1)ra∨∗−−−−−→ H0
h◦S(T

∗W, e∨∗WKW )y y y
H0(X,KX)

h∗−−−→ H0(W,h∗KX)
cr(TY/X)−−−−−−→ H0(W,KW )

is commutative. The commutativity of the left square is clear from the functoriality. By the
exact sequence 0→ h∗Ω1

X → Ω1
W → Ω1

W/X → 0, the morphism a∗ : H
0
b−1S(T

∗W, e∨∗h KX)→
H0
h◦S(T

∗W, e∨∗WKW ) is compatible with the cup-product ∪ cr(T ∗Y/X) : H0(W,h∗KX) →
H0(W,KW ). Hence the assertion follows.
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Proposition 2.4.4. Let h : W → X be a smooth morphism of smooth schemes over k and
F ∈ Db

ctf(X,Λ). Then, we have

(2.81) CCµh
∗F = h!CCµF

in H0
h◦(SSµF)(T

∗W, e∨∗WKW ) and

(2.82) ccWh
∗F = h!ccXF

in H0(W,KW ).

Proof. We apply Lemma 2.4.2 to the commutative diagram

(2.83)

X
h←−−− W

1W←−−− W

δX

y γh

y yδW
X ×X h×1X←−−− W ×X 1W×h←−−− W ×W

as follows. Set

HX = HomX×X(pr
∗
1F , pr!2F), Hh = HomW×X(pr

∗
1h

!F , pr!2F),
HW = HomW×W (pr∗1h

!F , pr!2h!F)

and identify them with

⊠X = DX(F)⊠ F , ⊠h = DW (h!F)⊠ F , ⊠W = DW (h!F)⊠ h!F

by the canonical isomorphisms [8, (3.1.1)]. We have canonical isomorphisms (h×1X)∗HX →
Hh and (1X × h)!Hh → HW . We consider the commutative diagram

(2.84)

(1W × h)!Hh −−−→ HWx x
(1W × h)∗ ⊠h ⊗pr∗2h!Λ −−−→ ⊠W

where the upper horizontal arrow is an isomorphism.
By applying Lemma 2.4.2.1 and by [8, (3.2.1)], we obtain commutative diagrams

(2.85)

(h× 1X)
!δX!HomX(F1,F2) ←−−− γh!(HomW (h!F1, h

!F2)⊗ h!Λ)y y
(h× 1X)

!HX ←−−− Hh ⊗ pr∗1h
!Λ,

(2.86)

(1W × h)!γh!HomW (h!F1, h
!F2) ←−−− δW !HomW (h!F1, h

!F2)y y
(1W × h)!Hh

≃−−−→ HW .
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Since h is smooth, the canonical morphism (h× 1X)
∗(−)⊗pr∗1h

!Λ→ (h× 1X)
! of functors

is an isomorphism and (2.85) defines a commutative diagram

(2.87)

(h× 1X)
∗δX!HomX(F1,F2) ←−−− γh!HomW (h!F1, h

!F2)y y
(h× 1X)

∗HX ←−−− Hh

Since h is smooth, the canonical morphism (1X × h)∗(−) ⊗ pr∗2h
!Λ → (1X × h)! is an

isomorphism and (2.86) defines a commutative diagram

(2.88)

(1W × h)∗γh!HomW (h!F1, h
!F2)⊗ pr∗2h

!Λ ←−−− δW !HomW (h!F1, h
!F2)y y

(1W × h)∗Hh ⊗ pr∗2h
!Λ

≃−−−→ HW .

Further if F = F1 = F2, defining vertical arrows by 1F and 1h!F , we obtain commutative
diagrams

(2.89)

(h× 1X)
∗δX!Λ

≃−−−→ γh!Λ

1F

y y1
h!F

(h× 1X)
∗δX!HomX(F ,F)

≃−−−→ γh!HomW (h!F , h!F),

(2.90)

(1W × h)!γh!Λ
adj←−−− δW !Λ

1
h!F

y y1
h!F

(1W × h)!γh!HomW (h!F , h!F) ←−−− δW !HomW (h!F , h!F).

The upper horizontal arrow in (2.90) is the adjoint of the isomorphism γh! ← (1W ×h)!δW !.
By applying Lemma 2.4.2.3, we obtain commutative diagrams

(2.91)

(h× 1X)
∗⊠X

≃−−−→ ⊠hy y
(h× 1X)

∗δX∗(DXF1 ⊗F2)
≃−−−→ γh∗(DWh

!F1 ⊗ h∗F2),

(2.92)

(1W × h)∗ ⊠h ⊗pr∗2h!Λ
≃−−−→ ⊠Wy y

(1W × h)∗γh∗(DWh
!F1 ⊗ h∗F2 ⊗ h!Λ)

adj−−−→ δW∗(DWh
!F1 ⊗ h!F2).

The lower line is induced by the canonical morphism h∗⊗h!Λ→ h! and the adjoint of the
isomorphism γh∗ → (1W × h)∗δW∗.

Further if F = F1 = F2, defining vertical arrows by evX : DXF ⊗ F → KX , evX ◦
(1 ⊗ adj) : DXF ⊗ f ∗f∗F → DXF ⊗ F → KX and evY : DY f∗F ⊗ f∗F → KY , we obtain
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commutative diagrams

(2.93)

(h× 1X)
∗δX∗(DXF ⊗ F)

≃←−−− γh∗(DWh
!F ⊗ h∗F)

ev

y yev

(h× 1X)
∗δX∗KX

≃−−−→ γh∗h
∗KX ,

(2.94)

(1W × h)∗γh∗(DWh
!F ⊗ h∗F ⊗ h!Λ) adj−−−→ δW∗(DWh

!F ⊗ h!F)

ev

y yev

(1W × h)∗γh∗(h∗KX ⊗ h!Λ)
adj−−−→ δW∗KW .

The horizontal lines in (2.94) are induced by the morphism h∗⊗ h!Λ→ h!. The lower line
is further induced by the adjoint of the isomorphism γh∗ → (1W × h)∗δW∗ and h∗KX ⊗
h!Λ→ KW . Commutative diagrams (2.87), (2.89), (2.91) and (2.93) define a commutative
diagram

(2.95)

(h× 1X)
∗δX!Λ

≃−−−→ γh!Λ

1F

y y1
h!F

(h× 1X)
∗HX

≃−−−→ Hh

ev

y yev

(h× 1X)
∗δX∗KX

≃−−−→ γh∗h
∗KX .

Similarly, commutative diagrams (2.86), (2.90), (2.92) and (2.94) define a commutative
diagram

(2.96)

(1W × h)∗γh!h!Λ
adj←−−− δW !Λ

1
h!F

y y1
h!F

(1W × h)∗Hh ⊗ pr∗2h
!Λ

≃−−−→ HW

ev

y yev

(1W × h)∗γh∗(h∗KX ⊗ h!Λ) −−−→ δW∗KW .

The commutative diagram (2.83) induces a commutative diagram

(2.97)

X
h←−−− W

1W←−−− W

0X

y y0h

y0W

TX
b←−−− TX ×X W

a←−−− TW.

The vertical arrows are the 0-sections. Applying the functor νW/W×X to (2.95) and the
base change morphism b∗νX/X×X → νW/W×X(h×1X)

∗ (1.53) to the left column, we obtain
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a commutative diagram

(2.98)

b∗0X!Λ
≃−−−→ 0h!Λy y

b∗νX/X×XHX −−−→ νW/W×XHhy y
b∗0X∗KX

≃−−−→ 0h∗h
∗KX .

Applying the functor νW/W×X to (2.96) and the base change morphism a∗νW/W×W →
νW/W×X(1W × h)∗ (1.56) to the left column, we obtain a commutative diagram

(2.99)

a!0h!Λ
adja←−−− 0W !Λy y

a!νW/W×XHh −−−→ νW/W×WHWy y
a!0h∗h

∗KX
resa−−−→ 0W∗KW .

Let b∨ : T ∗X ×X W → T ∗X be the canonical morphism and a∨ : T ∗X ×X W → T ∗W
be the dual of a. Let e∨X : T ∗X → X, e∨h : T

∗X ×X W → W and e∨W : T ∗W → W be the
projections. By applying the Fourier transforms to (2.98) and the isomorphism (1.33) to
the left column and using the isomorphisms (1.4), we obtain a commutative diagram

(2.100)

b∨∗Λ
≃−−−→ Λy y

b∨∗µX/X×XHX −−−→ µW/W×XHhy y
b∨∗e∨∗X KX

≃−−−→ e∨∗h h
∗KX .

By applying the Fourier transforms to (2.99) and the isomorphism (1.22) to the left column
and using the isomorphism (1.4), we obtain a commutative diagram

(2.101)

a∨! Λ ←−−− Λy y
a∨! µW/W×XHh ←−−− µW/W×WHWy y
a∨! e

∨∗
h h

∗KX −−−→ e∨∗WKW .

By Proposition 1.1.11.2 and 1., the top and the bottom horizontal arrows in (2.101) are
resa∨ and (−1)radja∨ respectively. Hence (2.100) and (2.101) imply (2.81).

Corollary 2.4.5. Assume F is locally constant. Then, we have SSµF ⊂ T ∗
XX and

CCµF = (−1)dimXrankF [T ∗
XX].
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Proof. We may assume that F is locally constant and is the pull-back from Spec k. By
Proposition 2.4.4, we may assume that X = Spec k. Then, CCµF equals rankF = Tr 1F ∈
H0(Spec k,Λ).

2.5 Characteristic cycles

We prove that Question 2.1.9.2 has an affirmative answer for curves.

Proposition 2.5.1. If dimX = 1, Question 2.1.9.2 has a positive answer.

Proof. Let j : U → X be a dense open immersion such that j∗F is locally constant. Since
the assertion is local on X and since we may replace k by an algebraic closure, we may
assume that U = X {x} is the complement of a k-rational point x ∈ X. Let i : x→ X be
the closed immersion. Then, by Corollary 2.1.8, we have CCµF = CCµj!j

∗F +CCµi∗i
∗F .

Since CCµi∗i
∗F = rank i∗F · [T ∗

xX] by Corollary 2.4.5 and Proposition 2.3.3.2, we may
assume that j!j

∗F → F is an isomorphism.
Since j∗F ∈ Db

ctf(U,Λ), by [4, Lemme 4.5.1], there exist a finite complex L• of locally
constant sheaves of free Λ-modules of finite rank and a quasi-isomorphism L• → j∗F .
Hence by Proposition 2.1.7, we may further assume that j∗F is a locally constant sheaf of
free Λ-modules of finite rank.

In the case where X = A1, x = 0 and F is a locally constant constructible sheaf of free
Λ-module of rank n on U = Gm tamely ramified at x, we have CCµF = −n([T ∗

XX]+[T ∗
xX])

by Corollary 2.4.5 and hence CCµF = clCCF .
We show the general case by reducing to this case. Since the assertion is étale local on

X, by [13, Theorem 4.1], we may assume that X = P1 {0}, x =∞ and U = Gm and that
j∗F is a locally constant constructible sheaf of free Λ-modules of rank n tamely ramified
at 0. Let j : A1 → P1 be the open immersion. We have SSµj!F ⊂ T ∗

XX∪T ∗
0X∪T ∗

∞X. By
the tamely ramified case proved above and by the semi-purity [7, Rappel 2.2.8], we have
CCµj!F = −n([T ∗

XX]+ [T ∗
0X])−a∞[T ∗

∞X] for some a∞ ∈ Λ. We have χ(Xk,F) = n−a∞
by Corollary 2.3.4. Since χ(Xk,F) = n − a∞F by the Grothendieck–Ogg–Shafarevich
formula, we obtain a∞ = a∞F and CCµF = clCCF .

Proposition 2.5.2. Suppose that dimSSµF ≦ dimX for every X and F ∈ Db
ctf(X,Λ).

Then, CCµF is the cycle class of CCF .

It suffices to show that the coefficient ax of the fiber T ∗
xX in CCµF equals −ax(F).

Proof. The proof is similar to that of the functorial characterization of characteristic cycles
[18, Proposition 8]. Let C ⊂ T ∗X be the union SSµF ∪ SSF . By the assumption and [2,
1.3 Theorem (ii)], we have dimC ≦ dimX. Hence by the semi-purity [7, Rappel 2.2.8],
we have H0

C(T
∗X, e∨∗KX) =

⊕
a Λ[Ca] where Ca runs irreducible components of C of

dimension dimX and hence CCµF =
∑

a µa[Ca] for some µa ∈ Λ. Let CCF =
∑

ama[Ca].
It suffices to show the equality µa = ma in Λ for each irreducible component Ca.

Since the question is local on X, we may assume that X is affine. By applying Proposi-
tion 2.3.3 to an immersion X → An, we may assume X = An. Further, since the question
is local on X, we may assume that X is projective. We fix a closed immersion X → PN .

Let Ca be an irreducible component of C of dimension dimX. Then, there exists a
linear subvariety A ⊂ PN of codimension 2 and x ∈ X X ∩ A satisfying the following
conditions. The intersection X ∩ A is transversal. Let X ′ → X be the blow-up at X ∩ A
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and let f : X ′ → Y = P1 be the morphism to the projective line parametrizing hyperplanes
containing A such that the fibers are the intersections with hyperplanes. The point x is an
isolated characteristic point of f : X ′ → Y and x is the unique characteristic point in the
fiber f−1(y) for y = f(x). The component Ca ⊂ T ∗X is the unique irreducible component
of C meeting the section df at x. The intersection number (Ca, df)x equals 1, if necessary
replacing X by X ×A1 in the case p = 2 [16, Proposition 5.19].

Let ma be the coefficient of Ca in CCF and µa ∈ Λ be the coefficient of clCa in CCµF .
Then, we have (CCF , df)x = ma(Ca, df)x ∈ Z and (CCµF , df)x = µa(Ca, df)x ∈ Λ. By the
Milnor formula, for the complex of vanishing cycles Φx(F , f), we have dim totΦx(F , f) =
−(CCF , df)x = −ma(Ca, df)x. Since f!CCµF = CCµf∗F by Proposition 2.3.3, the in-
tersection product (CCµF , df)x = µa(Ca, df)x equals the coefficient −ayf∗F of clT ∗

y Y in
f!CCµF = CCµf∗F . By the distinguished triangle Γ(Xy,F) → Γ(Xη,F) → Φx(F , f) →
for a geometric generic point η of the strict localization at y, we have dim totΦx(F , f) =
ayf∗F . Thus we have dim totΦx(F , f) = −ma(Ca, df)x = −µa(Ca, df)x. Since (Ca, df)x =
1, we obtain ma = µa in Λ and hence CCµF = clCCF .

The assumption of Proposition 2.5.2 is satisfied if the following question has an affir-
mative answer.

Question 2.5.3 (cf. [11, Corollary 5.4.10 (i)]). Let Z → X be a closed immersion of
smooth schemes over k and F ∈ Dctf(X,Λ). Do we have

suppµZ(F) ⊂ SSF ∩ T ∗
ZX ?

Lemma 2.5.4. If Z ⊂ X is a divisor, then Question 2.5.3 has an affirmative answer.

Proof. We may assume that Z is defined by f . It suffices to show that νZF on TZX
is isomorphic to the pull-back e∗F|Z assuming that SSF ∩ T ∗

ZX is a subset of the 0-
section. We may assume that the morphism f : X → A1 is SSF -acyclic by the assumption.
Then, since the morphism AZX → A0A

1 is the base change of f : X → A1, it is locally
acyclic relatively to the pull-back of F . Since A0A

1 → A1 is smooth, the composition
AZX → A0A

1 → A1 is also locally acyclic relatively to the pull-back of F by [9, Corollaire
2.7]. Hence the assertion follows.

Lemma 2.5.5. If Question 2.5.3 has an affirmative answer, then the assumption in Propo-
sition 2.5.2 that dimSSµF ≦ dimX for every X and F ∈ Db

ctf(X,Λ) is satisifed.

Proof. By Question 2.5.3 applied to δ : X → X ×X and Hom(pr∗2F , pr!1F), we have

(2.102) SSµF = suppµHom(F ,F) ⊂ T ∗X ∩ SSHom(pr∗2F , pr!1F)

in T ∗(X ×X). Since

SSHom(pr∗2F , pr!1F) = SS(F ⊠DXF) = SSF × SSDXF = SSF × SSF

in T ∗X × T ∗X = T ∗(X × X) by [17, Theorem 2.2.3], the right hand side of (2.102) is
SSF ⊂ T ∗X.
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2.6 An Artin–Schreier sheaf

In this section, we compute CCµ for an Artin–Schreier sheaf with wild ramification, directly
without using Proposition 2.5.1.

Lemma 2.6.1. Let
C

g−−−→ D

c

y yd
X

q−−−→ A

be a cartesian diagram of separated schemes of finite type over k.
1. Assume that the vertical arrows are closed immersions and define a morphism

q∗d!d
! → c!c

!q∗ by q∗Hom(d∗Λ,−)→ Hom(c∗Λ, q
∗−). Then, the diagram

(2.103)

c!c
!q∗ ←−−− q∗d!d

!

adjc

y yadjd

q∗ q∗

is commutative.
2. The diagram

(2.104)

q∗
adjd−−−→ q∗d∗d

∗

adjc

y ybc

c∗c
∗q∗

can←−−− c∗g
∗d∗

is commutative.

Proof. 1. This follows from the commutative diagram

q∗Hom(d∗Λ,−) −−−→ Hom(c∗Λ, q
∗−)y y

q∗Hom(Λ,−) Hom(Λ, q∗−).

2. By adjunction and by the definition of q∗d∗ → c∗g
∗, this follows from the commu-

tative diagram

1
adjd−−−→ d∗d

∗

adjqc

y yadjg

q∗c∗c
∗q∗

can←−−− d∗g∗g
∗d∗.

Proposition 2.6.2. Let jX : X {0} = Spec k[x±1] → X = A1 = Spec k[x] be the open
immersion and let F = jX!Lψ(1/x). Then, we have

(2.105) CCµF = −cl([T ∗
XX] + 2 · [T ∗

0X])

in H0
T ∗
XX∪T ∗

0X
(T ∗X, e∨∗KX).
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Proof. Set X ×X = Spec k[x, y] and let

AX(X ×X) = A3 = Spec k[x, u, v]→ A1 = Spec k[u]

be the deformation to the normal bundle T = TX = Spec k[x, v] for v = (y − x)/u. Let
q : W = Spec k[w] → X be the morphism defined by k[w] → k[x] sending w to −x2. We
construct a commutative diagram
(2.106)

X ×A1 −−−→ W ×A1 = Spec k[w, u]
1←−−− W ×A1

δ

y y0A

y0B

AX(X ×X)
qA−−−→ A = Spec k[w, u, v]

g←−−− B ⊃ B = Spec k[w, u, s].

The left vertical arrow δ : X×A1 = Spec k[x, u]→ AX(X×X) = Spec k[x, u, v] is a lifting
of the diagonal X×A1 → X×X×A1 and is defined by the surjection k[x, u, v]→ k[x, u]
sending v to 0. The scheme A is a trivial line bundle over W × A1 and the morphism
0A : W×A1 → A is the 0-section also defined by the surjection k[w, u, v]→ k[w, u] sending
v to 0. The morphism qA : A = Spec k[w, u, v] → AX(X ×X) = Spec k[x, u, v] is defined
by w = −x(x + uv) and the left square is cartesian. The morphism g : B → A is the
blow-up at the ideal (w, v) and B ⊂ B is the complement of the proper transform of the
divisor w = 0. The restriction g : B → A of g is a morphism of line bundles over W ×A1

defined by v = ws and the vertical arrows in the left square are the 0-sections.
The base change of the lower line to the origin 0 → A1 gives a diagram

(2.107)

TX
qT−−−→ E= Spec k[w, v]

gF←−−− F ⊃F = Spec k[w, s]

e

y yeE yeF
X

q−−−→ W
1←−−− W

of line bundles.
We have an isomorphism

(jX × jX)!L(1/y − 1/x)⊗ pr∗1KX → Hom(pr∗1F , pr!2F).

on X×X. Let HX on X×X×Gm be the pull-back of Hom(pr∗1F , pr!2F). Let eA : A→ W
be the projection and jA : Spec k[w

±1, u, v]→ A be the open immersion. Define HA on A
by

HA = jA!Lψ(uv/w)⊗ e∗AKW

and let HA◦ be the restriction on A◦ = A E. We extend the canonical isomorphism
(q∗KW )|X {0} → KX |X {0} uniquely to an isomorphism q∗KW → KX and identify them
and let qA◦ : X ×X ×Gm → A◦ be the restriction of qA. Then, since

1/y − 1/x = −(y − x)/xy = −(y − x)/(x(x+ uv)) = uv/w,

we have a canonical isomorphism

(2.108) HX ← q∗A◦HA◦ .
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By Lemma 2.6.1 applied to qA◦ : X × X ×Gm → A◦, the isomorphism (2.108) defines a
commutative diagram

(2.109)

δ◦! δ
◦!HX ←−−− q∗A◦0A◦!0

!
A◦HAy y

HX ←−−− q∗A◦HA◦y y
δ◦∗δ

◦∗HX ←−−− q∗A◦0A◦∗0
∗
A◦HA◦ .

Here and in the following, the superscript ◦ indicates the base change by Gm → A1.
Let eB : B → W be the projection and let jB : B → B be the open immersion. Define

HB on B by
HB = Lψ(us)⊗ e∗BKW .

and set HB = jB!HB. Let g◦ : B◦ = B F → A◦ = A E be the restriction of g and
g◦ : B

◦
= B F → A◦ be the restriction of g. Let HB◦ and HB

◦ be the restrictions of HB

and HB. Then, since g
◦
! (L(us)|B◦) = L(uv/w)|A◦ , we have an isomorphism

(2.110) HA◦ → g◦∗HB
◦ = g◦!HB◦ .

We consider the cartesian diagram

A
g←−−− B

0A

x x+B

W ×A1 ←−−− g−1(W ×A1)

and the extension +B : g
−1(W ×A1)→ B of the right vertical arrow. Similarly as (2.109),

by Lemma 2.3.2 applied to g◦ : B
◦ → A◦, the isomorphism (2.110) defines a commutative

diagram

(2.111)

0A◦!0
!
A◦HA◦ −−−→ g◦∗ +

◦
B!

+◦!
B
HB

◦y y
HA◦

≃←−−− g◦∗HB
◦y y

0A◦∗0
∗
A◦HA◦ ←−−− g◦

B∗ +
◦
B∗ +

◦∗
B
HB

◦

on A◦. By proper base change theorem, the horizontal arrows are isomorphisms.
We compute the top and the bottom of the right column of (2.111). Let jW : Gm →

W be the open immersion. The canonical morphism +∗
B
HB

◦ ⊗ +!
B
Λ → +!

B
HB

◦ is an
isomorphism. Since g◦∗(L(us)|B◦) = L(uv/w)|A◦ , we have canonical isomorphisms
(2.112)
g◦∗+

◦
B!
+◦!
B
HB

◦ → 0A◦!jW∗Λ = g◦∗0B◦!jW∗Λ, g◦∗+
◦
B∗+

◦∗
B
HB

◦ → 0A◦∗jW !KW = g◦∗0B◦!jW !KW .

Let νA : Dctf(A
◦,Λ) → Dctf(E ×k η0,Λ) be the specialization functor. Let jF : F → F

be the open immersion. By Proposition 1.1.3.1, the projection B → W × A1 is locally
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acyclic relatively to HB. Hence by [9, Corollaire 2.7], the composition B → A1 = Spec k[u]
is locally acyclic relatively to HB and we have ΨHB = HB|F = jF !e

∗
FKW . Let gF : F → E

be the restriction of g : B → A. Then, by proper base change theorem, the isomorphisms
(2.112) induce isomorphisms

(2.113) νAg
◦
∗+

◦
!+

◦!HB
◦ → gF !0F !jW∗Λ, νAg

◦
∗ +

◦
B∗ +

◦∗
B
HB

◦ → gF !0F !jW !KW .

Hence the specialization of (2.111) defines a commutative diagram

(2.114)

νA0A◦!0
!
A◦HA◦ −−−→ gF !0F !jW∗Λy y

νAHA◦
≃←−−− gF !e

∗
FKWy y

νA0A◦∗0
∗
A◦HA◦ ←−−− gF !0F∗jW !KW

on E where the horizontal arrows are isomorphisms.
Let 0B◦ : W ×Gm → B

◦
be the 0-section and consider canonical morphisms

(2.115) 0B◦
!0

!
B

◦HB
◦ → +◦

B!
+◦!
B
HB

◦ → HB
◦ → +◦

B∗ +
◦∗
B
HB

◦ → 0B◦∗0
∗
B

◦HB
◦ .

where the middle arrows induce the right columns of (2.111) and (2.114). Then, the
specialization of compositions on (2.115) defines

(2.116) 0F !Λ→ e∗FKW → 0F∗KW

where the first arrow is the adjoint of the canonical isomorphism Λ → 0!F e
∗
FKW .

Let µA : Dctf(A,Λ)→ Dctf(E ×k η0,Λ) denote the composition of νA with the Fourier
transform Fψ. Let g

∨
F : E

∨ → F∨ be the dual of gF : F → E and define a cartesian diagram

g∨−1
F (W ) −−−→ W

+E∨

y y0F∨

E∨ g∨−−−→ F∨.

Let eE∨ : E∨ → W and eF∨ : F∨ → W be the canonical morphisms. Since FψgF !e
∗
FKW =

g∨∗F 0F∨∗Λ = +E∨∗Λ by Proposition 1.1.8, the Fourier transform of (2.114) gives

(2.117)

µA0A◦!0
!
A◦HA◦ −−−→ e∗E∨jW∗Λy y

µAHA◦
≃←−−− +E∨∗Λy y

µA0A◦∗0
∗
A◦HA◦ ←−−− e∗E∨jW !KW

on the dual E∨ where the horizontal arrows are isomorphisms (1.4) and (1.21). We consider
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the compositions with Λ→ jW∗Λ and jW !KW → KW and the commutative diagram

(2.118)

e∗E∨Λ ←−−− Fψ0E!Λ ←−−− g∨∗F Λy y y
+E∨∗Λ ←−−− FψgF !e

∗
FKW ←−−− g∨∗F 0F∨!Λy y y

e∗E∨KW ←−−− Fψ0E∗KW ←−−− g∨∗F e
∗
F∨KW .

The left column is obtained from the right column of (2.117) and the right half is obtained
by applying the isomorphism FψgF ! ← g∨∗F Fψ (1.21) to (2.116). By the description above
of (2.116) and Proposition 1.1.11.1, the composition of the right column is g∨∗F of −1-times
the cycle class of the 0-section. By the commutativity of the diagram, the left column is
−1-times the cycle class of g∨−1

F (W ).
Let νX : Dctf(X ×X ×Gm,Λ)→ Dctf(TX ×k η0,Λ) be the specialization functor and

let µX be the composition with the Fourier transform. Let 0X : X → TX be the 0-section.
The specialization of the commutative diagram (2.109) defines a commutative diagram

(2.119)

0X!0
!
XνXHX ←−−− q∗TνA0A!0

!
AHAy y

νXHX ←−−− q∗TνAHAy y
0X∗0

∗
XνXHX ←−−− q∗TνA0A∗0

∗
AHA.

Let qT ∗ : T ∗X → E∨ denote the morphism induced by qT on the dual. Then the Fourier
transform of (2.119) gives

(2.120)

e∨∗Λ ←−−− q∗T ∗µ0A!0
!
AHAy y

µXHX ←−−− q∗T ∗µAHAy y
e∨∗KX ←−−− q∗T ∗µ0A∗0

∗
AHA

on E∨. Since the ramification index of q : W → X is 2, the pull-back q∗T ∗ : H0
+(E

∨, e∨∗E KW )→
H0

+(T
∗X, e∨∗X KX) maps the class of of the composition of the left column in (2.118) to the

class −([T ∗
XX] + 2 · [T ∗

0X]). Thus, combining (2.117) and (2.120), we obtain (2.105).
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[19] J. L. Verdier, Spécialisation de faisceaux et monodromie modérée, Astérisque, tome
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