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ABSTRACT

In [6], S. Bloch conjectures a formula for the Artin conductor of the ¢-adic etale cohomology of a regular
model of a variety over a local field and proves it for a curve. The formula, which we call the conductor formula of
Bloch, enables us to compute the conductor that measures the wild ramification by using the sheaf of differential
1-forms. In this paper, we prove the formula in arbitrary dimension under the assumption that the reduced closed
fiber has normal crossings.

0. Introduction

Let K be a discrete valuation field with perfect residue field F and
let Xx be a proper smooth scheme over K of dimension d. We briefly re-
call the definition of the conductor. We give a detailed account in Section
6.1. The Swan conductor Sw(Xg/K) of X is defined to be the alternating
sum Sw(Xg/K) = ZZiO(—l)qSWHq(XR,Qg) of the Swan conductor of the
(-adic etale cohomology for a prime ¢ different from the characteristic p of
F. The Swan conductor of an f-adic representation V is defined to be the
intertwining number

1
[L: K]

Sw(V) = Z swr i (0)Tr(o: V)

UEPL/K

by taking a sufficiently large finite Galois extension L of K, where swy k(o)

denotes the Swan character and Pp/x denotes the wild inertia subgroup of

Gal(L/K). For a proper flat and regular scheme X over S = Spec Ok such

that X ®p, K = Xk, the Artin conductor Art(X/Ok) is defined by
Art(X/Ok) = x(Xi) — x(X7) + Sw(Xg/K).

In the right hand side, x denotes the f-adic Euler number.
To state the conductor formula, Bloch introduces in [6] the localized
self-intersection class

(Ax, Ax)s = (=)™ ey, (2xj0,) N [X] € CHy(Xr)

where Cd+1§p(0%(/01() N [X] denotes the localized Chern class of the coherent
Ox-module Q}(/OK and dimX = d+ 1. We give an explicit computation in
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Proposition 5.1.6. Let deg : CHy(Xp) — CHy(F) = Z be the degree map.
Bloch formulates the following in [6].

Conjgecture 6.2.1. — Let K be a discrete valuation field with perfect
residue field F' and let X be a proper flat and reqular scheme over Ok with
smooth generic fiber. Then we have

Art(X/OK) = —deg(AX, Ax)g.

If dim Xk =1, it is proved by him in the same paper [6]. If dim X =
0, it is nothing but the classical conductor-discriminant formula in algebraic
number theory. For an elliptic curve, the formula is known in [38] Corollary 2
of Theorem 1 to be equivalent to the Tate-Ogg formula [31] for the relation
between the conductor and the discriminant. The Milnor formula ([10] Exp.
XVI Conjecture 1.9) for isolated singularities is shown to follow from the
conductor formula in [33].

The main result of this paper is the following.

Theorem 6.2.3. — Let K and X be as in Conjecture 6.2.1. Assume
that the reduced closed fiber (Xp)iea is a divisor of X with normal crossings.
Then Conjecture 6.2.1 is true.

Under the stronger assumption that the multiplicities ; in Xp =), ;D;
are prime to the residue characteristic, Theorem 6.2.3 is proved in [4] and
[7] independently. In a geometric equi-characteristic situation, the conductor
formula is studied in [22] (cf. [13] Example 14.1.5).

If we could assume an embedded resolution in a strong sense for the
reduced closed fiber, Conjecture 6.2.1 would be a consequence of Theorem
6.2.3. Let X be as in Conjecture 6.2.1 and assume that there exists a se-
quence of blowing-ups X' = X,, — -+ — Xy = X at regular closed sub-
schemes supported in the closed fibers such that the reduced closed fiber
(X )rea has normal crossings. Then Theorem 6.2.3 applied to X’ together
with Proposition 6.2.2 implies Conjecture 6.2.1 for X.

We also prove a generalization involving an algebraic correspondence.
Let Xx be a proper smooth scheme of dimension d over K and ¢ be a prime
number different from the characteristic of the residue field F' as above. For
an algebraic correspondence I' € CHy(X i X Xg), its cycle class defines an
endomorphism I of H*(Xj, Q). We put Sw(I, Xg/K) = szzo(—l)qSW(F* :
HY(X%,Q)). For an endomorphism f of an f-adic representation V', its Swan
conductor is defined by

1

Sw(f:V)= T K

Z swr i (0)Tr(foo: V)

UEPL/K
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by taking a sufficiently large finite Galois extension L of K.

Let X be a proper and flat regular scheme over S = Spec Ok such that
X ®o, K = Xk and that the reduced closed fiber (Xp)eeq has simple nor-
mal crossings. In Section 5.4, we define the logarithmic localized intersection
product [[X, |] : GrlG(Xg xx Xg) — Grl ,G(XF) (5.4.2.4) on the graded
quotients of the Grothendieck groups of coherent sheaves with respect to the
topological filtration F,.

Theorem 6.3.1. — Let K be as above and ¢ be a prime number differ-
ent from the characteristic of the residue field. Let Xy be a proper smooth
scheme of dimension d = dim Xg and I' € CHY Xy xx Xk) be an algebraic
correspondence on Xg.

1. The Swan conductor Sw(I', Xy /K) is a rational number independent
of L.

2. Let X be a proper and flat regqular scheme over Ok such that X ®o,
K = Xy and that the reduced closed fiber (Xg)wea is a divisor with simple
normal crossings. Let [[X,I']] € Gr§G(XF) be the image of I' by the compo-

sition map CHy(Xx X Xg) — GriG(Xg xx Xi) %, 1 GrlG(XF). Then we
have an equality of integers

Sw(l, Xk /K) = —deg[[ X, I']].

Theorem 6.3.1.1 is a consequence of Theorem 1 of [41]. We will give an
independent proof. Theorem 6.3.1.2 is a generalization to higher dimension of
a logarithmic version of the formulas in [26] and [1]. The localized product
in the right hand side is studied in an unpublished preprint [24] when I is
the graph of an “admissible” automorphism (cf. Corollary 6.3.3).

The main ingredients of the proof of the two theorems are the following.

1. Equivalence of the conductor formula with its log version.
2. K-theoretic localized intersection theory.
3. Log Lefschetz trace formula.

An outline of the proof, completed in Sections 6.4 and 6.5, of the conductor
formula is summarized as follows. We show that Theorem 6.2.3 is equivalent
to its log version

SW(XK/K) = —deg(AX, Ax)?g

Theorem 6.2.5. The logarithmic self-intersection class (Ax, Ax)'® € CHo(Xr)
is defined by replacing Q}(/OK in the definition of (Ax,Ax)s by the sheaf
Q}(/OK(log/log) of differential 1-forms with log poles. We define the loga-
rithmic K-theoretic localized intersection product [[X, || : G(Xk xx Xk) —
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G(Xp) with the log diagonal map X — (X xg X)~ in Definition 5.4.2. It is
defined as the difference of the classes of higher 7 or-sheaves of even degree
and odd degree. We show the equality

(Ax, Ax)$E = [[X, Ax]]

in Lemma 5.4.5.1. The log version, Theorem 6.2.5, is the special case of
Theorem 6.3.1 where I is the diagonal Ax.

To prove Theorem 6.3.1, we take an alteration W — X where W is a
projective and strictly semi-stable scheme over the integer ring 7' = Spec Op
of a finite normal extension L of K. Using this alteration, we compute the
Swan conductor as

(W X|Sw([, Xk /K) =q Z sw(o)Tr (I oo, : H' (Wz,Qy))

JEPL/K

in Corollary 6.4.5 where [, denotes the pull-back of I' by W, x;, W7 —
Xk X Xg, W7 denotes the conjugate of W by o, and ¢ is the inseparable
degree of L over K. On the other hand, we compute the localized intersection
product as

(6.4.6.1) (W X)degy [[X, I = —q- > sw(o)-degy, Ay, (Isy)

UGPL/K

in Proposition 6.4.6. In the right hand side, ¢t denotes the closed point of T,
I,y € G(WxpW)7) denotes the reduction of I, and Ay, : G(W xpW)7) —
G(W;) denotes the pull-back by the log diagonal map. For the proof of the
equality (6.4.6.1), we use associativity, Propositions 3.3.2 and 3.3.3 of the
localized intersection product and an interpretation, Lemma 6.1.1.2, of the
Swan character as the localized intersection product. Finally, we complete
the proof of Theorem 6.3.1 by showing a log Lefschetz trace formula

Tr (I o0, : H(Wp,Qp)) = degy, Ay, (1)

in Theorem 6.5.1.
The proof outlined above is compared to Bloch’s original proof in [6]
as follows. In the original proof, the main steps are the following.

1’. Computation of the Euler characteristic of the closed fiber.
2'. Projection formula for localized intersection product.
3'. Computation of the trace on etale cohomology.

Each of items 1’-3’ corresponds to each of items 1-3 above, respectively. In
the original proof, the step 1’ is carried out by a detailed combinatorial anal-
ysis peculiar to the intersection product on surfaces. In this paper, by intro-
ducing the log version, we avoid the difficulty in this step. The idea is that
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putting the log structure defined by the boundary has an effect similar to
cutting off the boundary, the closed fiber in our case. A prototype of this
idea is the Lefschetz trace formula for an open variety, Lemma 6.2.6. In
this paper, it is realized as Theorem 5.4.3 which asserts that the logarith-
mic localized intersection product in fact depends only on the generic fiber.
Non-logarithmic localized intersection product does not share this property
in general. The step 2’ is generalized to the theory of localized intersection
product using K-theory. An advantage of the use of K-theory lies in that the
crucial associativity formulas, Propositions 3.3.2 and 3.3.3, are derived from
the associativity of derived tensor product. The log Lefschetz trace formula,
Theorem 6.5.1, replaces the computation in the step 3’ in higher dimension.

The idea behind the definition of the localized intersection product is
as follows. If X is a smooth scheme over a field F', the intersection product
of cycles V and W on X is defined to be the pull-back of VxW in X xzp X
by the diagonal embedding X — X xp X. Our aim is to generalize it to a
regular flat scheme X over a discrete valuation ring Og. The difficulty here
is that, contrary to the case over a field, the immersion X — X Xxp, X is
not a regular immersion unless X is smooth over Ok. If we had a base field
F of Ok, the fiber product X xp, X should be a divisor of a regular scheme
X xp X. If D is a divisor of a regular scheme P, one can almost recover
the intersection product of cycles on D with respect to P using 7 or-sheaves
on D, as in Proposition 3.2.3. Although the product X xp, X may not be
globally a divisor of a regular scheme, we can make a suitable definition of
product using 7 or-sheaves, based on the fact that it is locally a divisor of a
smooth scheme over X with respect to a projection. The product thus defined
is in fact supported in the nonsmooth locus of X and is called the localized
intersection product. A relation with the localized intersection product in the
setting of Chow groups defined by Abbes in [1] is given in Theorem 3.4.3.

In the classical case, the Lefschetz trace formula is rather a formal con-
sequence of the Poincaré duality, the Kiinneth formula, the cycle map and
the compatibility of trace map with degree map. For log etale cohomology,
the Poincaré duality and the Kiinneth formula are already established in [28].
We consider the Chern character map to log etale cohomology in place of the
cycle map. The required compatibility is reduced to that for the usual etale
cohomology.

The content of each section is as follows. In Section 1, we recall basic
facts on derived exterior powers, cotangent complexes and on the Atiyah class
map following [19]. We also introduce in 1.6 a spectral sequence computing
Tor(?x (Oy,Ow) under a certain hypothesis and study its relation with the
Atiyah class map in 1.7. We recall some basic facts on K-theoretic inter-
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section product and localized Chern classes and relate the derived exterior
power to the localized Chern class in a certain case in Section 2. In Sec-
tion 3, we develop generality on localized K-theoretic intersection product.
In Section 4, we develop generality on logarithmic product and its applica-
tions. In Section 5, we study localized intersection product on schemes over
a discrete valuation ring using the results in Sections 3 and 4. In the final
Section 6, we state the main result, Theorem 6.2.3, and its log version, The-
orem 6.2.5, and prove their equivalence. We formulate Theorem 6.3.1, which
contains Theorem 6.2.5 as a special case, in terms of logarithmic intersec-
tion product. In the final subsection 6.5, we also state and prove logarithmic
Lefschetz trace formula, Theorem 6.5.1 and prove Theorem 6.3.1 and thus
complete the proof of Theorems 6.2.3 and 6.2.5.

The results in subsections 1.3, 1.6, 1.7, 2.3, 2.4 and 3.4 are used to
prove the equivalence of Theorems 6.2.3 and 6.2.5 and to show that Theorem
6.2.5 is a special case of Theorem 6.3.1. A reader only interested in the proof
of Theorem 6.3.1 may skip them.

Some results in this paper are closely related to those in the paper [39].
In [39], there are mistakes in Definition (1.1), proof of Proposition (3.1), and
Proposition (4.1). Definition (1.1) is corrected as Definition 1.2.1 and Lemma
1.2.6. Proposition (3.1) is reproved as Lemma 5.1.3. A corrected statement of
Proposition (4.1) is given in Proposition 5.1.4. The author of [39] apologizes
for the mistakes and inconvenience.
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1. Derived exterior powers and cotangent complexes

We recall generalities on derived exterior powers and cotangent com-
plexes. A basic reference is [19].

After recalling standard notations on simplicial modules in 1.1, we re-
call the definitions and some basic properties of derived exterior powers and
symmetric powers in 1.2. We introduce Koszul simplicial algebras in 1.3. We
recall briefly the definition of cotangent complexes and the Atiyah classes in
1.4 and the associativity and the projection formula for 7or in 1.5. We de-
fine the excess conormal complex and a spectral sequence computing 7 or in
1.6. We study its relation with the Atiyah class in 1.7.



8 KAZUYA KATO, TAKESHI SAITO

1.1. Simplicial modules and chain compleres. — As a preliminary, we
recall the standard notations on simplicial objects. Basic references are [19]

Chap. I 1 and [42] Chap. 8.

For an integer n > 0, let [0,n] denote the finite ordered set {0,1,... ,n}.
Let A denote the category whose objects are [0,n],n =0,1,2,... and mor-
phisms are increasing maps. For 0 < i < n, let §; : [0,n — 1] — [0,n] be the
increasing injection skipping i and let o; : [0,n + 1] — [0,n] be the increasing
surjection repeating i. For a category C, a simplicial object of C is a con-
travariant functor A° — C. A simplicial object X : A° — C is determined by
the objects X, = X([0,n]) for n =0,1,2,..., the maps d;,, = : X,, = X,
and s;, =07 X,, = X,41 for 0 <7 <n. For an object X of C, the constant
simplicial object defined by X, = X for all n > 0 and d;,, = s;, = idx
is denoted by KX. If there is no fear of confusion, we drop K and write
simply X. Let Simpl(C) denote the category of simplicial objects of C.

For a category C, a bisimplicial object of C is a contravariant functor
(Ax A)° — C. Let Bisimpl(C) denote the category of bisimplicial objects of C.
The diagonal functor A : Bisimpl(C) — Simpl(C) is defined as the pull-back
by the diagonal functor A — A x A. For a bisimplicial object X, we let
X4 = AX denote the associated simplicial object. We identify a bisimplicial
object (Xyun)mn with a simplicial simplicial object ((X,)m)mn. The functor
Bisimpl(C) — Simpl(Simpl(C)) is an isomorphism of categories.

Let A be an abelian category. A chain complex is a complex C =
(Cp,dy = Cp, — Cp_q),, satistying C,, =0 for n < 0. Let Co4(A) denote the full-
subcategory of the category C(A) of complexes of A consisting of chain com-
plexes. For an simplicial object C' = (C,,,d; n, Sin)in of A, the normal complex
NC = (NC,,d,), is the chain complex defined by NC, = ),..., Ker(d;, :
Cn, — Ch_1) and d,, = don|nc,. We say a map C' — C’ of simplicial object
is a quasi-isomorphism if the map NC — NC’ of normal complexes is a
quasi-isomorphism. We define a functor N : Simpl(A) — C,(A) by sending a
simplicial object to its normal complex.

The Dold-Kan transform K : C,(A) — Simpl(A) gives a quasi-inverse of
the functor N : Simpl(A) — Ce(A) ([19] Chap. I 1.3.1, [42] 8.4). Further, the
functors N and K are compatible with homotopies and induce quasi-inverse
functors between the corresponding categories up to homotopy [42] Theorem
8.4.1.

A double chain complex is a mnaive double complex C = (Cypn,d;,,, :

Cmn — Crin,dl 0 Cryy — Crye1)mp satistying C,,, = 0 for n < 0 or

m <0 and d,,, ,dy . =d ,.d. .. Let C,.(A) denote the category of dou-
ble chain complexes. For a double chain complex C' = (Cyn,d,, ,,dy, ), the

associated simple chain complex [ C is defined by (@n:p +q Opas Zn:p N q(d;7q+
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(—=1)Pd; ))n- We have a functor [ : C,.(A) — Cuo(A). We identify a double
chain complex (C,)mn With a chain complex of chain complexes ((Cy)m)m.n-
The functor C,e(A) — Co(Ce(A)) is an isomorphism of categories.

For a bisimplicial object C' of A, the normal complex NC' is the double
chain complex consisting of NCp, = (;<,, Ker &, ) N[<jc, Ker d
and d;, , = di () [N @iy = A5 () [NCro- The normal complexes define a
functor N : Bisimpl(A) — C.+(A).

The diagram

Bisimpl(A) —— C,.(A)

(1.1.0.1) a| |
(A

Simpl(.A) — )

is commutative up to homotopy. Namely there exist a morphism N o A —
f oN of functors called the Alexander-Whitney map and its inverse up to
homotopy ([42] 8.5.4 and [19] I 1.2.2, 1.3.5). It induces an isomorphism of
functors to the derived category.

The functor N for the abelian category Simpl(.A) defines a functor N’ :
Bisimpl(.A) = Simpl(Simpl(A)) — Ce(Simpl(.A)). The functor N : Simpl(A) —
CeA induces a functor N” : Co(Simpl(A)) — Co(CeA) = CooA. We have
N = N"oN’. Similarly, the partial Dold-Kan transforms K’ : C,(Simpl(A)) —
Simpl(Simpl(.A)) = Bisimpl(A) and K" : CeeA = Co(CoA) — C,(Simpl(.A))
are defined and the composition K = K’ o K" gives a quasi-inverse of N.

1.2. Derwed exterior powers and derived symmetric powers. — We re-
call generalities on derived exterior power complexes and derived symmetric
power complexes. For a chain complex of the form [£ — M] where M is
put on degree 0, we give an explicit description of the exterior powers and
the symmetric powers in Corollary 1.2.7. A basic reference is [19] Chapitre I
1.3 and 4.2.

In this section, (X, Ax) denotes a ringed topos. In practice, we consider
the following two cases. Let (T, Ar) be a ringed space. Besides (T, Ar) itself,
we also consider the topos X = Simpl(7") of simplicial sheaves of sets on T
with the constant simplicial ring Ay = K Ar. In the second case, the category
(Ax-modules) is naturally identified with the category Simpl(Az-modules) of
simplicial Apr-modules.

We say a simplicial Ax-module M is flat if each component M, is
flat. We also say a chain complex of Ay-modules K is flat if each component
K, is flat. For simplicial Ax-modules M and N, let M ®4, N denote the
simplicial module defined by (M ®4, N), = M, @, N, and let M &% N
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denote the bisimplicial module defined by (M ®ay N)mn = My, ®ay N,. For
chain complexes of Ax-modules K and XK', let K ®?4X K’ denote the double
chain complex defined by (K®% K')mn = Kn®a, Kl and let K4, K" be the
associated simple complex [(K®% K'). Since M®, N = AM@4 N) and
NM@Y N)=NM®% NN, the Alexander-Whitney map No A — [oN
induces a quasi-isomorphism N(M ®4, N) — [(NM @4, NN). Hence, we
have quasi-isomorphisms

K®a, K = [(Ke4, K)
(1.1.0.1) —— [(NKK ®%, NKK)=[ N(KK &%  KK')
—— NA(KK ®% KK') = N(KK ®a4, KK').

We briefly describe the idea of the definition of derived exterior powers
and derived symmetric powers for chain complexes on a ringed topos (X, Ax)
([19] Chap. I 4.2.2.2, Definition 1.2.1 below) before recalling it precisely. In

1.1, we have recalled an equivalence

K
Co(Ax-modules) — Simpl(Ax-modules)
N

of the categories of chain complexes of Ay-modules and of simplicial Ax-
modules. For simplicial Ax-modules, the exterior power and symmetric power
are defined by simply taking the exterior powers and the symmetric powers
componentwise. For chain complexes, the definitions are given by transferring
the definitions for simplicial modules by using the functors N and K.

Let (X,Ax) be a ringed topos and M be a simplicial Ax-module.
For an integer p > 0, the p-th symmetric power SPM is defined as the

composition A° 24 (Ax-modules) = (Ax-modules) with the functor S? :
(Ax-modules) — (Ax-modules) sending an Ay-module to its p-th symmet-
ric power. Similarly, for an integer ¢ > 0, the ¢-th exterior power AIM is

defined as the composition A° 24 (Ax-modules) A (Ax-modules) with the
functor A7 : (Ax-modules) — (Ax-modules) sending an Ay-module to its g-th
exterior power. The simplicial module F AAXM associated to the standard free
resolution Fy M ([19] Chap. I (1.5.5.2)) has a canonical quasi-isomorphism
F2 M — M of simplicial modules.

Definition 1.2.1 ([19] Chap. I 4.2.2.2). — Let (X, Ax) be a ringed topos
and K be a chain complexr of Ax-modules.

1. For an integer p > 0, the p-th derived symmetric power LSPK 1is
defined to be NSPF{ KK.
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2. For an integer ¢ > 0, the g-th derived exterior power LAIC is defined
to be NA'FZ KK.

For an integer ¢ > 0, we put LYSPK = H,LSPK. For an integer r > 0,
we also put L"AYC = H,.LAIK. If K' — K is a homotopy equivalence of chain
complexes, the induced maps LSPK’ — LSPK and LAIK' — LAY are also
homotopy equivalences. If each component of K is flat, the canonical maps
LSPK — NSPKK and LAIK — NAYKK are quasi-isomorphisms. For an Ax-
module F, we have canonical isomorphisms L°SPF — SPF and LYAF —
AIF. If F is flat, the canonical maps LSPF — SPF and LALF — ALF are
quasi-isomorphisms.

For a simplicial Ay-module M and an integer p > 0, the diagonal map
M — M@ M induces a map

(1.2.1.1) FM— SPMEM) —— B, " M®a, 7M.
For a chain complex K and integers p = p’ + p”, it induces a canonical map
(1.2.1.2) LSPK —— LSPK % LSP'K.

Similarly, canonical maps

(1.2.1.3) NM —— By AT M @4y AT M
and
(1.2.1.4) LAIK —— LATK @K LATK

for ¢ = ¢’ + ¢" are defined. The following elementary lemma is useful in the
sequel.

Lemma 1.2.2. — Let 0 — L — M — N — 0 be an exact sequence
of flat Ax-modules. Then, the canonical maps (1.2.1.1) and (1.2.1.3) define
commutative diagrams of exact sequences

0— LRSPIN — SPM/(S?L-SP2M)—  SPN =0
(1.2.2.1) I ! !
0—LRSPIN — M@ SPIN — N ® SPIN — 0,

0— LR NN — APMJ(A2L - NP2 M) —  APN — 0
(1.2.2.2) I l |
0— LR AN — M@ APIN — N @ AN — 0.
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Proof. — 1t suffices to show the exactness. By localization and a limit
argument (cf. [19] T 4.2.1), it is reduced to the case where £, M and N are
free of finite rank and the sequence 0 — £L — M — N — 0 splits. Then the
assertion is clear. O

For chain complexes M and N, we naturally identify the complexes

M[A]®N and (M N)[1].

Corollary 1.2.3. — 1. Let 0 = L - M — N — 0 be an ezxact sequence
of flat simplicial Ax-modules. Then, for p > 0, the upper exact sequence in
(1.2.2.1) defines a distinguished triangle

(12.31)  — NL®L NSPT'N — N(SPM/(S’L - SP7*M)) — NSPN — .
The boundary map NSPN — NL®% NSP~'NT1] is the composition

NoeN 2 N gL NSPIN —— NL[1] @b, NSPIN.

2. Let L be an invertible Ax-module, £ be a flat Ax-module and — L —
E — K — be a distinguished triangle of chain complexes of Ax-modules. For
q >0, the upper exact sequence in (1.2.2.2) defines a distinguished triangle

(1.2.3.2) S LRLAK —— AP L LA
The boundary map LAY — L ® LAYUC[1] is the composition

LA U2 e pae —— 1] ® LAK.
It induces an isomorphism LPTIAITC — L @ LPAIK either if p > 0 or if €
1s locally free of rank n <q.

Proof. — 1. It is sufficient to apply Lemma 1.2.2.

2. We may assume K is the mapping cone of £ — &£. Let C be the
mapping cylinder of £ — &. Then, for the distinguished triangle (1.2.3.2)
and the description of the boundary map, it is sufficient to apply Lemma
1.2.2 to the exact sequence 0 — KL — KC — KK — 0 of simplicial modules.
The last assertion is clear from the distinguished triangle (1.2.3.2). O

To study explicitly the derived exterior power complex, we recall the
divided power modules "M, see e.g. [16] Exp. XVII 5.5.2. Let A be a com-
mutative ring and M be an A-module. We regard M as a functor attaching
to a commutative A-algebra A’ the set A’ ®4 M. For an integer r > 0 and
for A-modules M and N, a morphism f : M — N of functors is called r-
ic if f(ax) = a"f(x) for an A-algebra A, a € A" and z € A ®4 M. For
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an A-module M, the r-th divided power I"M represents the functor at-
taching to an A-module N the set of r-ic morphisms M — N. The uni-
versal r-ic morphism is denoted by 4" : M — I"M. We have I''M = A
and the map M — I''M : 2z — ~'z is an isomorphism. If r = r; + ry,
the r-ic map M — I"™M ® ™M sending x to 7" (r) ® v"2(z) induces
a map ["M — I'"M @ I'M. Ift M = M; ® M,, the r-ic map M —
D, sy [T Mi @I M, sending (w1, 3) to (77 (21) ®7"%(22)) defines an iso-
morphism I'"M — @, ,,,_, "My @I M, ([16] Exp. XVII 5.5.2.6). If M is
a free (resp. flat) A-module, its r-th power I"M is also a free (resp. flat)
A-module. More precisely, if M is a free A-module and eq,... e, is a basis
of M, I'"M is also a free A-module and v"e; ® -+ @ y™e,, (r1+ -+ +71, =
T,T1, ..., > 0) is a basis of I'"M. Similarly as (1.2.1.1) and (1.2.1.3), we
have a canonical map

(1.2.4.1) "M —— @ ST M @4 T M.

r=r/+r
The definition of I'™ and the properties as above are generalized to modules

on a ringed topos.

Definition 1.2.4. — Let (X, Ax) be a ringed topos and v : L — M be
a morphism of Ax-modules.
1. For an integer p > 0, we define a chain complex

SP(L 5 M) = (SPIM® AL, d,)
by putting d, to be the composition

19(1.2.1.3)
—_—

ST I M@ AL SPIM® L AL
(1.2.4.2) l@”@l
SPIM@ AL e SPTIM M@ AL
2. For an integer ¢ > 0, we define a chain complex
AL DB M) = (AT ML, d,)
by putting d, to be the composition

19(1.2.4.1)
—_—

AqfrflM ® FrJrlE AqfrflM ® ,C ® Frﬁ
(1'2'4'3) ll@v@l

A®1
%

NT"MRQITTL NTTTIMQIMRSITL
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The complex SP(L£ > M) is the same as the total degree p-part of the

Koszul complex Kos,(v) and the complex A9(L - M) is the total degree
g-part of the Koszul complex Kos®(v) defined in [19] T 4.3.1.3.

Lemma 1.2.5. — Let L and & be locally free Ax-modules of rank 1 and
n. Let u: L — & be an Ax-linear map and u* : E* — L* be its dual. Let

A"PE R L ——— Homa, (APE @ L P AME @ LOM)

LD @ APE* @ AME @ LE

be the isomorphism sending x @y to the map ¥’ @y — x AN’ QyRy' and the
canonical isomorphism. Then they induce an isomorphism

(1.2.5.1) AL — E) —— SE* — L5) @ A"E ® L

of chain complexes.

Proof. — The squares
A PlE @ LOPT] N AV PE R LOP

| l

Hom(APTIE @ LOPTLAME @ LO) —— Hom(APE @ LOP A"E @ LE™)

£*®n—p—1 ® Ap+15>k ® AnE ® E@n - E*@n—p ® NPE* ® AnE ® £®n
are commutative up to (—1)? and the assertion follows. O

Lemma 1.2.6 (cf. [34] 7.34, [19] 1 4.3.2). — Let 0 > L > M — N — 0
be an exact sequence of flat Ax-modules. Then, the natural maps

(1.2.6.1) SP(L 5 M) —— SPN,

(1.2.6.2) AL S M) —— NN

are quasi-isomorphisms.

Proof. — Tt is proved for the symmetric power in [19] T 4.3.2. The proof
for the exterior power is similar. We briefly skecth it. For the direct sum,
we have a canonical isomorphism

(vv')

NLeL " MEM) —— By AL M) © A (L5 M),
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Similarly as loc. cit., it is reduced to the case where £, M and N are free

of finite rank and the sequence 0 — £ — M — N — 0 splits. Hence, we

may identify £ — M with £ & 0 59 p @ N. By induction on rank of L,

we see that A7(L R L) is acyclic except for ¢ = 0. Thus we obtain a
quasi-isomorphism A9(L£ > M) — AN and the assertion follows. O

Corollary 1.2.7. — Let u: L — M be a map of flat Ax-modules and
let K =[L % M)] be the mapping cone. Then, the maps (1.2.6.1) and (1.2.6.2)
mduce 1somorphisms

(1.2.7.1) SP(L = M) —— LSPK,

(1.2.7.2) AL 5 M) —— LAK

in the derived category.

Proof. — Let C = [L () M @ L] be the mapping cylinder. The exact
sequence of chain complexes 0 — L — C — K — 0 induces an exact sequence
of simplicial modules 0 - KL — KC — KK — 0. By Lemma 1.2.6, we ob-
tain a quasi-isomorphism SP(KL — KC) — SPKK of complexes of simplicial
modules. It induces a quasi-isomorphism [N"SP(KL — KC) — NSPKK of
chain complexes. Since the canonical map M — C is a quasi-isomorphism,
it induces a quasi-isomorphism KM — KC of simplicial modules. It fur-
ther induces a quasi-isomorphism SP(£L — M) = [N"SP(KL — KM) —
[N"SP(KL — KC). Thus we obtain an isomorphism (1.2.7.1). It is similar
for the exterior power. O

Proposition 1.2.8 ([34] 7.21, [19] Chap. I Proposition 4.3.2.1). — Let K
be a chain complex of Ax-modules and p > 0 be an integer. Then, the map
(1.2.6.1) induces an isomorphism

(1.2.8.1) (LAPK)[p] —— LSP(K[1])

in the derived category.

Proof. — We briefly recall the proof of loc. cit. Replacing I by a flat
resolution, we may assume K is flat. Let C be the mapping cone of the
identity K — K. Then, we have an exact sequence 0 — K — C — K[1] — 0.
Applying Lemma 1.2.6 to the exact sequence 0 — KK — KC — KK[1] — 0
of simplicial modules, we obtain a quasi-isomorphism of complexes of sim-
plicial modules SP(KK — KC) — SP(KK][1]). Since C is acyclic, the map of
associated simple complexes [N"SP(KK — KC) — NAP(KK)[p] is a quasi-
isomorphism. Thus the assertion follows. a
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Lemma 1.2.9. — The isomorphism (1.2.8.1) and the maps (1.2.1.2) and
(1.2.1.4) form a commutative diagram

LAPK]p] —— LAK[p]®%, LA K[p"]

(1.2.9.1) l l

LSP(K[1]) —— LS (K[1]) ®%, LS (K[1]).

Proof. — We use the notation in the proof of Proposition 1.2.8. As in
the proof of Lemma 1.2.6, we obtain maps

SP(KK — KC) — SP(KK®? — KC%?) — S¥ (KK — KC) ® S (KK — KC)

of complexes of simplicial modules. The composition is compatible with the
map APKK[p] — AP KK[p'| @ A" KK[p"]. Hence the assertion follows. 0

1.3. Koszul algebras. — We introduce Koszul simplicial algebras. We
will use them in the proof of the degeneration, Proposition 1.6.7, of a spectral
sequence computing 7 or.

Let (X,Ax) be a ringed topos and u : M — Ay be a morphism of
Ax-modules. Let [M 5 Ax] denote the chain complex where Ay is put on
degree 0. The Dold-Kan transform K[M - Ax] of the chain complex [M -
Ax] is a simplicial Ax-module. Let S(K[M % Ax]) denote the symmetric
algebra of the simplicial Ax-module K[M - Ax]. The n-th component of
S(K[M % Ax]) is the symmetric algebra over Ax of the n-th component
K,[M = Ax]. The simplicial algebra S(K[M = Ax]) is naturally an algebra
over the constant simplicial Ax-algebra S(K[0 — Ax]|) = S(KAx) = KS(Ax).

Definition 1.3.1. — Let (X, Ax) be a ringed topos and u: M — Ax be
a morphism of Ax-modules.
1. We define a simplicial Ax-algebra A(M = Ax) by

(1.3.1.1) AM = Ax) = S(K[M = Ax]) sy KAx

with respect to the map S(KAx) — KAx induced by id: KAx — KAx. We
call the simplicial Ax-algebra A(M 2 Ax) the Koszul simplicial algebra of
u: M — Ax.

2. The chain complex K(M = Ax) = (A"M,u,) defined by putting u,
to be the composition

MM —— M A IM _uel | A1 M
1s called the Koszul complex of u: M — Ax.
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If A" M =0, we have
(1.3.1.2) KM 5 Ax) = S"(M = Ax).

In general, we have K(M = Ay) = lim,S"(M = Ax) with respect to the
natural maps.

Lemma 1.3.2. — Let (X, Ax) be a ringed topos and u: M — Ax be a
morphism of Ax-modules. We define an increasing filtration F, on A(M =5
Ax) by putting F, to be the image of @p,gpsp’(K[M = Ax]). Then, we
have a canonical isomorphism SPK(M1]) — GrEA(M = Ax) of simplicial
modules.

Assume M is flat. Then, the spectral sequence

E;,q = p+qNGT5A(M = Ay) = H,  JNA(M = Ax)

satisfies E;’q = 0 except for ¢ = 0. The complex E}’O 1s naturally identified
with the Koszul compler K(M = Ax).

Proof. — The exact sequence 0 - A — [M — A] — M[1] — 0 of chain
complexes induces an exact sequence 0 — KA — KM — A] - K(M[1]) — 0
of simplicial A-modules. By definition, we have a commutative diagram of
exact sequences

0 0
KA®ga SilK(M[l]) — GrglA(lM — A)
(1.32.1)  SPK[M — A] /SQKlA SP2K (M — A] — F[P’P—”A%M — A)
SPK(lM[l]) - Gr%A(/{/l — A)
; ;

Since the map S(KAx) — KAx in Definition 1.3.1.1 is induced by the iden-
tity KAx — KAy, the upper horizontal arrow maps 1® a to the class of a.
Thus, it is easy to see that the horizontal arrows are isomorphisms.
Assume M is flat. Then, the bottom horizontal map in (1.3.2.1) induces
an isomorphism A’ M[p] — LS?(M[1]) — NGriA(M — A) by Proposition
1.2.8. By the diagram (1.3.2.1) and Corollary 1.2.3.1, we have a commutative
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diagram
LSP(M[1]) ——  NGriAM — A)
(1.3.2.2) M[1] ®% LY (M[1]) l
u®1l
Al ®4 LSPY(M(1]) —— NGri 'A(M — A)[1].
Thus the assertion follows from Lemma 1.2.9. a
Lemma 1.33. — Let 0 — £ L M % N — 0 be an evact sequence

of flat Ax-modules and uw : N — Ax be a map of Ax-modules. We put
Ar = AL S Ay), Ay = AM XY Ay) and Ay = AN % Ay) and we
identify Ax = A(0 — Ax). The commutative diagram

M — N

[

L —— 0

mduces an isomorphism

(1.3.3.1) Ay KA, Ax —— Ap.

Proof. — We have an exact sequence 0 — K[L — 0] - KM — Ax] —
KN — Ax] — 0 of flat simplicial modules. Hence, we obtain an isomorphism
S(KM — Ax]) ®skie—o) Ax — S(KN — Ax]) of simplicial algebras. It
induces the isomorphism (1.3.3.1). 0

We define a generalization for chain complexes.

Definition 1.3.4. — Let (X, Ax) be a ringed topos and u: K — Ax be a
map of chain complexes. We regard KK — KAx be a map of KAx-modules
on the topos Simpl(X) and define the Koszul bisimplicial algebra A(K —
Ax) to be the simplicial simplicial algebra A(KK — KAx) regarded as a
bisimplicial Ax-algebra. Let A2(KK — KAyx) = AA(KK — KAx) denote

the diagonal simplicial Ax-algebra.

Lemma 1.3.5. — Let v: K' — K be a quasi-isomorphism of flat chain
complexes of Ax-modules and u : KK — Ax be a map of chain complexes of

Ax-modules. We put v' = uov:K' — Ax. Then the natural map A2 (K' —
Ax) — AA(K 5 Ax) is a quasi-isomorphism of simplicial Ax-algebras.
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Proof. — Let KK' — KK be the map of the Dold-Kan transforms. Let
F* denote the filtrations on A(K = Ax) and A(K' 5 Ax) in Lemma 1.3.2.

u’

It is sufficient to show that [ NGriA(K' — Ax) — [ NGrpA(K
is a quasi-isomorphism for each m > 0. By Lemma 1.3.2, Gr?,A(IC = Ay

and GriA(K' , Ay) are isomorphic to S"K'((KK)[1]) and S"K'((KK')[1]
respectively. By Proposition 1.2.8, N'S"K'((KK)[1]) and N'S"K'((KK')[1]
are quasi-isomorphic to A"KK[n] and A"KK'[n] respectively, as complexes
of simplicial modules. Hence [ NS"K'((KK)[1]) and [ NS"K'((KK')[1]) are
isomorphic to LA"K[n| and LA"K'[n] respectively. Thus the assertion follows.
O

Ax)
)
)
)

Corollary 1.3.6. — Let M and L be flat Ax-modules and let u: M —
Ax and v : L — /\/l be Ax-linear maps. Let K = [£ = M] be the mapping

cone and C = [L Nany M @ L] be the mapping cylinder. We define a map
c:C— Ax by (u,uov).

1. The natural map M — C induces a quasi-isomorphism
of simplicial Ax-algebras.

2. Assume the composition uov : L — Ax is the 0-map and let w : K —
Ax be the map of chain complexes defined by u. We put Ar = A(L R Ax)
and Ax = A2(K = Ax). Then the commutative diagram

C — K

[

L —— 0

mduces an isomorphism
(1.3.6.2) Ac®a, Ax — Ag

of simplicial Ax-algebras.

Proof. — 1. Since the map M — C is a quasi-isomorphism, the assertion
follows from Lemma 1.3.5.

2. We have an exact sequence 0 — KL — KC — KK — 0 of simplicial
Ax-modules. By applying Lemma 1.3.3, we obtain an isomorphism

of bisimplicial Ax-algebras. Taking the diagonals, we obtain the isomorphism
(1.3.6.2). O
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1.4. Cotangent complexes and the Atiyah classes. — We recall some
definitions and facts on cotangent complexes and the Atiyah classes. A basic
reference is [19] Chapitres II and IV.

Let (X,A) be a ringed topos. For an A-algebra B, a standard reso-
lution P4(B) — B by a free simplicial A-algebra P4(B) is constructed in
[19] T 1.5.5.6. The cotangent complex Lpg /4 is defined as the normal complex
N(2p, (34 @pas) KB) ([19] Chapitre II 1.2). There is a canonical isomor-
phism HoLp/a — 9113/,4 (loc.cit. Proposition 1.2.4.2). If A — B is surjective
and I = Ker(A — B), we have HoLg/a = 0 and a canonical isomorphism
HiLpja — I/1* (loc.cit. Corollaire 1.2.8.1).

Let (X, A) be a ringed topos. We say a simplicial A-algebra P is weakly
free if, for each m > 0, there exist a flat A-module L, such that the n-th
component P, of P is isomorphic to the symmetric algebra SsL,. For an
A-algebra B, we say a morphism of simplicial A-algebra P — KB is a reso-
lution P — B by a weakly free simplicial A-algebra if P is weakly free and
P — B is a quasi-isomorphism in the sense that the map NP — NKB =B
of normal complexes is a quasi-isomorphism. A resolution P — B by a weakly
free simplicial A-algebra induces an isomorphism Lp/ja — !2]13/ 4, in the de-

rived category as follows. Let P{(P) — P be the diagonal of the stan-
dard resolution by free bisimplicial A-algebras as in loc.cit (1.2.2.1). Then
the quasi-isomorphisms P4(B) « P£(P) — P induce quasi-isomorphisms
25 Pa(B)jA < ‘QPA(P A QP/A Composing them with the quasi-isomorphism
(21 ByjA QPA(B)/A ®p,(p) B, we obtain an isomorphism Lpg 4 — (ZP/A

For a map f: X — S of ringed toposes, the cotangent complex Lx/gs
is defined as L, p-144 = Q}Df L (Ax)/f-1As ®pf_1AS(AX)AX. We will recall an
explicit computation of the cotangent complex in Lemma 1.6.2 for some mor-
phisms of schemes. For maps X Ly %8 of ringed toposes, a distinguished
triangle

(1.4.0.1) —— Lf*Ly;s —— Lx;s —— Lx)y ——

is constructed as follows (loc.cit. Proposition 2.1.2). Let Ps(Ay) — Ay be the
standard resolution by a free simplicial g~!Ag-algebra and Pﬁs ( Ay)(AX) — Ax

be the diagonal of the standard resolution by a free bisimplicial f~!Pg(Ay)-
algebra as in loc.cit (1.2.2.1). Then, we have quasi-isomorphisms

1 1
QPﬁg(Ay)(AX)/(gof)*lAs = pyax)/(gon) 145
1 1
Ppa a0/ 1Pstay) — iy ax) 1Ay

Pg(Ay)
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and the distinguished triangle (1.4.0.1) is defined by the exact sequence

0 — 7' Dboayy1as ®11psay) Phgar)(Ax)

—>QPA — 0! — 0.

Psay) (Ax)/ (90D As PE. 4, (Ax)/f 71 Ps(Ay)

Let f: X — S be a map of ringed toposes and F be an Ax-module.
The Atiyah class map is a map

(1.4.0.2) atx/s(F) : F —— Lxss ®%, Fl1]

in the derived category defined in [19] Chapitre IV 2.3.6. We briefly recall the
definition. We consider the graded Ax-algebra Ax & F such that Ay is put
on degree 0 and F is put on degree 1. Then, for the maps (X, Ay & F) —
(X, Ax) — (S, Ag) of ringed toposes, the distinguished triangle (1.4.0.1) gives

(1403) — Lx/s ®£X (AX @F) — L(X,Ax@]:)/s — L(X,Ax@]'—)/x — .

The degree 1-part of the map Lix.ayer)/x — Lx/s ®%, (Ax ®F)[1] gives the
Atiyah class map atx;s(F): F — Lxs @5 F[1].

We recall another description of the Atiyah class map. Let Pg(Ax) =
Pr-144(Ax) — Ax be the standard resolution of Ax by free f~'Ag-algebra
and I be the kernel of the surjection PS(AX) ®p-1a4 Ps(Ax) — Ps(Ax).
We have 2p 4 v/1a, = I/I% We put Pp iy )14, = (Ps(Ax) @p-1a4
Ps(Ax))/I?. The exact sequence

(1.4.04) 0= Dpaypras — Prgayypias — Ps(Ax) =0

of P} < (Ax)/f-14g-modules splits as an exact sequence of Ps(Ax)-module with
respect to the ring homomorphism Ps(Ay) — PPs(AX)/f 14, sending a to

1 ® a. We regard the Ayxy-module F as a Ps(Ax)-module by the quasi-
isomorphism Pg(Ax) — Ax. By applying ®pya,)F, we obtain an exact se-
quence

(1405) 0— QIIJS(AX)/f—lAS ®PS(AX F — P Ps(Ax)/f1As ®PS(AX F—=F—0

We regard it as an exact sequence of Pg(Ax)-modules by the ring homomor-
phism Ps(Ax) — Pp, (Ax)/f-14s Sending a to a®1 (cf. [19] III (1.2.6.3)). Since
Lxjs = N(2py(arysr-1a5 Opsiax) Ax), we have N(2p 4 ) 145 Opsiax) F) =
Lx/s ®4 F. Thus the exact sequence (1.4.0.5) gives a distinguished triangle

(1.4.0.6) — Lx/s ®%, F — N(Pp, (Ax)/f-14g OPsiax) F) = F —

of complexes of Ax = N(Ps(Ax))-modules (cf. [19] I Corollaire 3.3.4.6). By
[19] IV Proposition 2.3.7.3, the Atiyah class map F — Lxg ®%  F[1] is
defined by the distinguished triangle (1.4.0.6).



22 KAZUYA KATO, TAKESHI SAITO

Let i : X — P be a map of ringed toposes such that i 'Ap — Ax
is a surjection. We put Ix = Ker(i"'!Ap — Ayx). By the long exact se-
quence defined by the short exact sequence 0 — Ix — i 'Ap — Ax — 0,
Tor’flAP (Ax,Ax) is canonically identified with the conormal sheaf Ny/p =
Ix/1% = Ix ®;-14, Ax. More generally, for an Ax-module F, the Ax-module
Tor’flAP(AX,j’:) is canonically identified with Iy ®;-14, F = Nx/p ®a, F.
We consider the distinguished triangle

(1.4.1.1) — Nx/p ®ay F[1] = 110/(Ax @y, F) — F —

of Ax-modules. Here and in the following, 7jqyK = 7>,7<)K = 7475, de-
notes the canonical truncation for a complex K. In the middle, Ax®%, A 18
regarded as a complex of Ay-modules with respect to the Ax-module struc-
ture of Ax and is computed by taking a resolution of F by flat i~ !Ap-
modules. Note that it can be different from that with respect to the Ax-
module structure of F computed by taking a resolution of Ay by flat i~*Ap-
modules. The distinguished triangle (1.4.1.1) defines a canonical map F —
Nx/p ®ax F[2].

Lemma 1.4.1 ([19] IV Corollary 3.1.9). — Let i : X — P be a map
of ringed toposes over a ringed topos S and F be an Ax-module. Assume
itAp — Ax and i7'i,F — F are surjective. Let Lx;s — Lx;p — Nx,p[1] be
the canonical map. Then the composition

at can
(1.4.1.2) F 285 Lyys %, Fl1] 222 Nyyp ®ay F2

is the same as the map defined by the distinguished triangle (1.4.1.1).

Proof. — We reproduce the proof of loc.cit. Replacing S by P, we
may assume S = P. Let £ be the free Ap-module Agi*f). The natural map
i — A()?li*f) — F is surjective. Let Sa,(L) = Ap[i.F] be the free Ap-
algebra generated by i.F. Let Xz denote the graded ringed topos (X, Ax &
F) and P denote (P,Sa,(L)). We put J = Ker(i 'S4,(L£) — Ax,) and
G = Ker(i"'L — F). Since the canonical map Lp,/p — 2p_p = L @4, Sa,(L)
is an isomorphism ([19] II Proposition 1.2.4.4), we obtain an isomorphism
Te1r0Lxyp — [J/J? — i7'L ®;-14, Ax,]. Since J/J?> = Nx/p & (G ®-14,
Ax) @ (deg > 2), by taking the degree l-part, we see that the Atiyah class
map atx/p : F — Nx/p @a, F[2] is induced by the distinguished triangle

- NX/P ®AX f[l] — [AX ®i_1Ap g — AX ®i_1Ap Z'ilﬁ] — F —.

Since the isomorphism [G — i7'L] — F induces an isomorphism [Ay ®;-14,
G — Ax ®i14, 1 L] = T10(Ax ®]1,, F) in the derived category of Ax-
modules, the assertion follows. O
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1.5. Associativity, projection formula and the Atiyah class. — We recall
spectral sequences for 7or arising from the associativity and the projection
formula. We show that a map induced by the Atiyah class map is the same
as the boundary map of a spectral sequence in Lemma 1.5.4. First, we in-
troduce notations on tensor products.

For a scheme X, let D=(X) (resp. D°(X)) denote the derived cate-
gory of complexes of Ox-modules bounded above (resp. bounded above and
below). Let D~ (X)qon denote the full subcategory consisting of complexes
whose cohomology sheaves are quasi-coherent Ox-modules. If X is locally
noetherian, let D~ (X)en and D°(X)en denote the full subcategories con-
sisting of complexes whose cohomology sheaves are coherent (Ox-modules.
Let f: W — X be a morphism of schemes. For F € D (X) and G €
D=(W), we put F b G = Lf*F @b, G € D (W) (cf [17] Exp. III No-
tation 1.6). For an integer ¢, let Tor{*(F,G) denote the homology sheaf
Hy(F ®5, G). If Fi — F is a flat resolution, we obtain an isomorphism
J’:®éx G — [*F1 ®p,, G. Locally, the sheaf Tor(?x (F,G) is computed as fol-
lows. If X = Spec A and W = Spec B are affine and if 7 = M~,G = N~ are
quasi-coherent sheaves associated to an A-module M and to a B-module N
respectively, then Torfx (F,G) is the quasi-coherent sheaf associated to the
B-module Tory(M,N).

Let 7 : V — X be a closed immersion and F be an Oy-module. By
abuse of notation, we identify ,F = F and regard F as an Ox-module. We
put T'=V xx W. Then, Torfx (F,G) is an Op-module for each ¢. If X and
W are locally noetherian, if F is a coherent Op-module and if G € D™ (W )con,
then the Op-modules 7. orfx (F,G) are coherent for all g.

Lemma 1.5.1. — Let X & W & W' pe morphisms of schemes and
FeD (X),Ge D= (W) and H € D= (W') respectively. Then,
1. The associativity isomorphism

(1.5.1.1) (F ®6, ) ©5, H— F @5, (G265, H)
in D= (W') induces an isomorphism
(1.5.1.2) TordW(F @6, G, H) — Tordx(F,G @5, H)

of Ow-modules.
2. The canonical filtrations on ]-®(L9X G and G ®(L9W H define spectral
sequences

(1.5.1.3) E;q = Torfw(’]'orfx(]:, G),H) = TOTOW(}" ®éx G.H),

p+q
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(1.5.1.4) El, =Tord*(F, Tord™" (G, H)) = Torojil(}", G ®5, H)

p

of Owr-modules, respectively. If V is a closed subscheme of X and if F 1is
an Oy -module, then they are spectral sequences of Or-modules where T =
|4 Xx W’

Proof. — 1. We recall the definition of the isomorphism (1.5.1.1). It
suffices to consider the case where each component of F and G are flat
over Ox and over Oy respectively. Then, we have isomorphisms ¢*(f*F ®o,,
G)®o,, H— (F®5,G)26, H and (fog)* FRo,, (9*G®0,, H) = F&p, (G,
H). Hence the canonical isomorphism g*(f*F ®o,, G) ®o,,, H — (9" f*F ®o,,,
9°G) ®o,,, H = (fo9)*F ®o,,, (9°G ®o,,, H) defines an isomorphism (1.5.1.1).

Clearly, the isomorphism (1.5.1.1) induces an isomorphism (1.5.1.2).

2. The canonical filtration on F ®5Xg defines a spectral sequence E;,q =

Torg (Tor%(F,G), H) = Tory" (F ®%_G,H). We obtain the spectral se-

p+q

quence (1.5.1.3) by decalage. The spectral sequence (1.5.1.3) is defined simi-
larly. O
Lemma 1.5.2. — Let X «— W — X' be morphisms of schemes and

FeD (X),Ge D-(W) and F' € D= (X') respectively. Then,
1. The composition
F @5, (F @6, 9) = F @6, (G0, F) = (F®, 9) @6, F
(1.5.2.1)
— F' ®éxl (f ®éx g)

of the commutativity and the associativity isomorphisms in D~ (W) induces
an isomorphism

(1.5.2.2) TordX(F,F @b, G) — Tor{x(F,F @4, G)

of Ow-modules.
2. The canonical filtrations define spectral sequences

(1.5.2.3) B2, =Tordx(F, Tordx (F',G)) = Tor X (F, F @b, G),
(1.5.2.4) E},=Torgx' (F, Tor{*(F,G)) = Torfjij(f’,f@éx g)

of Ow-modules. If V' and V' are closed subschemes of X and X' and if F
is an Oy-module and F' is an Oy.-module respectively, then they are spectral
sequences of Op-modules where T' =V Xx W xx: V',

Proof. — The proof is similar to Lemma 1.5.1 and left to the reader.
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We also recall the projection formula.

Lemma 1.5.3. — Let X be a quasi-compact scheme and f : W' — W
be a quasi-compact and quasi-separated morphism of quasi-compact schemes
over X. Let F € D™(X)qeon and G € D=(W'). We assume that either of the

following condition is satisfied.

(1) ([17] Exp. III Proposition 3.7) The complex F is a perfect complex
of Ox-modules and G € D*(W')qcon-

(11) ([18] II Proposition 5.6) The schemes W and W' are noetherian
schemes of finite dimensions.

1. There exists a canonical and functorial isomorphism
(1.5.3.1) F %, Rf.G — Rf(F ®6, G)
in D=(W). The isomorphism (1.5.3.1) induces an isomorphism
(1.5.3.2) TordX(F,Rf.G) — Rf(F ®4, G)

of Ow-modules.
2. The canonical filtrations define spectral sequences

(1.5.3.3) B} =TordX(F,R1.G) = Tory¥(F,Rf.G),
(1.5.3.4) El =R7PfTordX(F,G) = RPf(F®p, G)

of Ow-modules. If V is a closed subschemes of X and if F is an Oy -module,
then they are spectral sequences of Oy -modules.

Let X — P be an immersion of schemes and F be an Ox-module. Let
W — X be a morphism of schemes and G € D™ (W). Then the composition
of F — Lx/p @4, F[1] = Nx/p ®, F[2] (1.4.1.2) induces a map
(1541) OZ]:,g,)(/P . f@éx Q —_— NX/p ®éx f@éx Q[Q]
in D= (W). It further induces a map
(1.5.4.2) AFGX/P TOTI(?X(.F, g — Torfj(Q(NX/p ®oy F,G)

of Oy -modules for p > 0.
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Lemma 1.5.4. — Let X — P be an immersion of schemes and F be
an Ox-module. Let W — X be a morphism of schemes and G € D~(W). Let

(1.5.4.3) Ei,q = TOTI(;)X (TO?“(?P(}-, 0x),G) = E,, = Tordk (F,9)

pt+q
be the spectral sequence (1.5.1.3) combined with the isomorphism (1.5.1.2). We
identify Nx/p Qo F with F oy Nx/p = TOT?P (F,Ox) by the multiplication
by —1. Then, the map argx/p @ TorgX(F,G) — Torfj‘Q(NX/p ®oy F,G)
(1.5.4.2) is equal to the boundary map E2, = Tor$X(F,G) — E’ , =
Torfo(Tor?P(f, Ox),G) of (1.5.4.3).

Proof. — The boundary map Tor$*(F,G) — Torfj(Q(Tor?P (F,0x),G)
is the boundary map defined by the distinguished triangle

—_— TOT?P(f, OX)[]_] —_— T[,l’g](:/t ®ép OX) F

of complexes of Ox-modules where F ®ép Ox in the middle is regarded as a
complex of Ox-modules by the Ox-module structure of Ox. Under the iden-
tification TOT?P (F,O0x) = F ®o Nx/p and the commutativity isomorphism
F @p, Ox — Ox ®p, F, it is identified with (1.4.1.1). Thus it follows from
Lemma 1.4.1. O

If the Ox-module Ny,p is flat, we identify Torfj‘Q(NX/p ®oyx F,G) =
Nx/p ®oy TOTS_XQ(}", G) and the map (1.5.4.2) defines a map

(1.5.4.4) argxp: TorO%(F,G) —— Nx/p ©oy TorS%(F,G).

For a spectral sequence E = (Ez’q = E,,), let E[0,2] denote the spectral
sequence E2 o = Epiq .

Lemma 1.5.5. — Let X — P be an immersion of schemes and F be an
Ox-module. We assume that the conormal sheaf Nx/p is flat over Ox. Let
f:W'—W be a map of schemes over X.

1. Let G € D= (W) and H € D~ (W') respectively. Let

p+q

(15.5.1) E=(E2, =Tord"(Tord*(F,G), H) = TorP% (F,(G ®6,, H)))

be the spectral sequence (1.5.1.3) combined with the isomorphism (1.5.1.2).
Then the map argx/p : F ®%, G — Nxp ®oy F ®%, G[2] (1.5.4.1)
mduces a map

(1.5.5.2) E —— Nx/p Qo4 E[0,2]
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of spectral sequences. The maps on Es-terms are induced by
AFgx/P " Torfx(}", G) — Nx/p @0y Tor(?_’é(]:, g)
and the maps on the abutments are

2. Let f:W'— W be a morphism of schemes over X and G € D~ (W').
Assume either of the condition (i) or (ii) in Lemma 1.5.8 is satisfied. Let

(1.5.5.3) E = (B}, =RP{Tor{*(F,G) = ToryX(F,Rf.G))

p

be the spectral sequence (1.5.3.4) combined with the isomorphism (1.5.3.2).
Then the map argx/p - F ®%, G — Nxp @0, F @5, G[2] (1.5.4.1)
mduces a map

(1.5.5.4) E —— Nx/p ®o, E[0,2]

of spectral sequences. The maps on Es-terms are induced by
aFrgx/p: TOT(?X(.F, G) — Nx/p ®0x Torf_’é(]:, g)

and the maps on the abutments are

QF Rf.G,X/P ' TOT’SX (f, Rf*g) — NX/p ®(9X TOT’Sj{Q(:F, Rf*g)

Proof. — 1. We consider the map argx/p : ]—"®éx G — (Nx/p ®ox
Fl2]) ®5, G as a map of filtered complexes with respect to the canonical
filtrations on F ®p, G and on Nx,p ®o, F @5, G[2]. It induces a map of
filtered complexes F ®p, G ®%, H — Nx/p Qoy F 6, G@p,, H[2]. By identi-
fying Torp (Nx/p @0y F ®5, G[2],H) with Nx/p @0y TorsX _o(F,Gok H)
by using the isomorphism (1.5.1.2), we obtain a map F — Nx/p ®o, £[0,2]
of spectral sequences. It is clear from the construction that the maps on
the FEs-terms are induced by arg x/p and the maps on the abutments are
AFGeb, HX/P:

2. Proof is similar to 1 and left to the reader. O

Lemma 1.5.6. — Let X — S be a flat morphism of schemes and F
and G be complexes of Ox-modules bounded above. We define f®és G to be
LpriF ®éXXSX LpriG. Then the adjunction induces an isomorphism (F ®és
g) ®éXXSX Ox = F®p, G. It induces a spectral sequence

(1.5.6.1). E;q = TO?‘SXXSX(TOT(?S (F,G),0x) = Tor®%(F,G)

p+q
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Proof. — The proof is similar to Lemma 1.5.1 and left to the reader.

Corollary 1.5.7. — Let X — S be a smooth morphism of relative di-
mension n and F be an Ox-module. Assume F is of tor-dimension < m as
an Og-module. Then F is of tor-dimension < m+n as an Ox-module.

Proof. — The diagonal map X — X xg X is a section of the smooth
map X xg X — X of relative dimension n and hence is of tor-dimension n,
We consider the spectral sequence (1.5.6.1). Then, we have E;q =0if p>n
or ¢ > m. Hence the assertion follows. a

1.6. FExcess conormal complex and Tor. — We construct a spectral
sequence computing 7 or9x(Oy, Oy ) for certain morphisms V — X « W of
schemes in Proposition 1.6.4.

Definition 1.6.1. — 1. ([17] Exp. VII Definition 1.4) We say an im-
mersion X — P of schemes is a reqular immersion if the following condition
15 satisfied.

For x € X, there exist an open neighborhood U of x in P, a locally free
Ou-module &y of finite rank and an Oy-linear map Ey — Oy such that the
Koszul complex K(Ey — Oy) is a resolution of Oxny.

2. ([17] Exp. VIII Definition 1.1) Let X — S be a morphism locally of
finite presentation of schemes. We say X s locally of complete intersection
over S if, for each x € X, there exist an open neighborhood U of x in X, a
smooth scheme P over S and a reqular immersion U — P over S.

We do not require flatness in the definition of locally of complete in-
tersection as in [15] (19.3.6). By Lemma 1.3.2, the condition that the Koszul
complex K(&y — Op) is a resolution of Oxny is equivalent to that the
canonical surjection A(Ey — Opy) — Oxnqy is a resolution by a weakly free
simplicial Op-algebra. The quasi-isomorphism K(&y — Op) — Oxny induces
an isomorphism &y ®o, Oxnv — Nxnu/u to the conormal sheaf. If P is a
noetherian scheme, the condition that K(&y — Oy) is a resolution of Oxny
is equivalent to that the image of a local basis of &y is a regular sequence
of Opy. A map of finite type of regular noetherian schemes is locally of com-
plete intersection. If X — S is locally of complete intersection and if P — S
is smooth, then an immersion X — P over S is a regular immersion.

Lemma 1.6.2. — 1. ([19] III Proposition 3.1.2) Let X — S be a smooth
morphism of schemes. Then, the canonical map Lx/s — Q%(/s s an 1Somor-
phism.
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2. (loc.cit. Proposition 3.2.4) Let X — P be a regular immersion. Then,
the canonical map Lx/p — Nx,p[l] is an isomorphism.

3. (loc.cit. Proposition 3.2.6) Let X — P be a regular immersion and
P — S be a smooth morphism. Then, we have a distinguished triangle —
Nx/p — £2pg ®0p Ox — Lxys — .

Let i: V — X be an immersion of schemes and let

T#W

L

be a cartesian diagram of schemes. Assume that the immersion ¢ : T — W
is a regular immersion. We define the conormal complex My, x, the excess
conormal complex M{,/ x.w and the excess conormal sheaf N",/ x.w- Recall that
the standard resolution Px(Oy) = Pi-10,(0Oy) — Oy is a resolution of Oy
by a free simplicial i~*Ox-algebra and that the cotangent complex Ly, x is
defined as the normal complex N(2p o) /105 @Px(0v) OV)-

Definition 1.6.3. — Let i : V — X be an immersion of schemes.
1. We call
(1.6.3.1) Myx = Lyyx[~1] = N(2p 0,105 @Px(0v) Ov)[~1]
the conormal complex of the immersion 1 :V — X.
2. Let §
T —— W
AL
V — X

be a cartesian diagram of schemes and assume i : T — W is a regular
immersion. We put

Avixw = g Px(Ov) Qiog-105 i Ow

and define an ideal Iv/;xw C Av/xw by the exact sequence

0 — Iyyxw —— Avxw Or 0.
We call the chain complex

(1.6.3.2) My xw = Nvyxw /T3 xw) [—1]
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the excess conormal complex. We call the map
M\///X,W > Lg*Myx

induced by d : IV/X,W/I‘Q,/XW — {2 @Ay x.w Or the canonical map.

1
Ay xw /10w
We define the excess conormal sheaf N"//XW by the exact sequence

(1.6.3.3) 0 — Nyxw —— " Nyyx —— Nyyw —— 0
where g*Ny;x — Npyw is the canonical surjection of conormal sheaves.

The cohomology sheaf Ho(My)x) = Hi(Ly,x) is canonically isomorphic
to the conormal sheaf Ny, x. If the immersion V' — X is a regular immersion,
the canonical map My,x — Ny x is an isomorphism.

Proposition 1.6.4 (cf. [19] III Proposition 3.3.6, [35] Theorem 6.3). —
Let i :V — X be an immersion of schemes and let

TLW

o |7

be a cartesian diagram of schemes. Assume that the immersion i : T — W

is a regular immersion. We put Ay/xw = g ' Px(Oy) ®(iog)-10x "~ 1Ow and

Iv/;xw = Ker(Ay, xw — Or) as in Definition 1.6.3.2. We define a decreasing

filtration F* on Av)xw by FPAy/xw = [XI;/XW'
1. For p > 0, the canonical map SP(IV/XW/I‘Q,/X’W) — Grip(Av/xw) =

Ie/X’W/IeJ/F)l(’W 15 an isomorphism and induces an isomorphism

(1.6.4.1) LMy, wlp] —— NGri(Av/xw)

in D—(T).
2. We have a distinguished triangle

(1.6.4.2) — My,xw —— Lg"My)x —— Npyw —— .

In particular, if W =T is a scheme over V', the canonical map M"//X’W —
Lg*Myx is an isomorphism. If V. — X s a regular immersion, the canonical
map M"//XW — "//X’W is an isomorphism.

3. The filtration F* defines a spectral sequence
(1.6.4.3) E) = LPAPM = Tory) 5, (Ov, Ow)

p+q

of Or-modules.
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Proof. — 1. Since i’ : T'— W is a regular immersion, the ideal Iy =
Ker(i 'Oy — Or) of i/ 'Oy is weakly regular in the sense of [19] IIT 3.3.1.
Hence by loc.cit. Proposition 3.3.6, the i'~!Oys-algebra Or is weakly of com-
plete intersection in the sense of loc.cit. 3.3.4. Further, the ideal Iy, xw of
Ay/xw is weakly regular and the map Sp(IV/X,W/I‘Q,/X’W) — GripAv/xw
is an isomorphism by loc.cit. Proposition 3.3.6. It induces an isomorphism
NSP(IV/XW/I\?//X,W) = NSP My, wll]) — N(IS/X,W/I\eJ/F)l(,W)- Hence we ob-
tain an isomorphism (1.6.4.1) by Proposition 1.2.8.

2. By the canonical isomorphism Ly /w[—1] — Npw, it suffices to apply
further loc.cit. Proposition 3.3.6 to the surjection Ay xw — Op. If W =T,
we have Npjy = 0. If V' — X is a regular immersion, the canonical map
My,x — Ny,x is an isomorphism.

3. We consider the spectral sequence E} = HpioN(Grp"Ay/xw) =
HypsqN(Av)x,w) defined by F°. The quasi-isomorphism Px(Oy) — Oy in-
duces an isomorphism H,N(Ay,xw) — Tor®x(Oy,Ow). The isomorphism
(1.6.4.1) induces an isomorphism L**9A™PMY, . — E, . Thus the assertion
follows. O

Corollary 1.6.5. — Assume further that the immersion i : V — X s
a regular immersion. Then, the spectral sequence (1.6.4.3) degenerates at E'-
terms and gives an isomorphism

(1.6.5.1) ANy w — Torg*(Oy, Ow)
of locally free Or-modules. In particular, if W =T, we have an isomorphism

(1652) Arg*Nv/X —_— TOT?X(Ov,Ow).

Proof. — By Proposition 1.6.4.2, the canonical map M"//XW — N"//X’W
is an isomorphism. Since the conormal sheaf N"//X’W is a locally free Orp-

module under the assumption, the assertion follows. O

In Proposition 1.6.4, we may replace the resolution Px(Oy) — Oy by
any resolution by a weakly free simplicial i~'Ox-algebra.

Lemma 1.6.6. — Let the notation be as in Proposition 1.6.4. Let A —
Oy be a resolution by a weakly free simplicial i~'Ox-algebra. We put Ay =
9 A ®og-10x VT 'Ow and I = Ker(Aw — Or). We define filtrations F* on
Aw by FPAy = IP. Let Er be the spectral sequence (1.6.4.3) and Ea be the
spectral sequence B}, = Hy (NGr"Aw = Hy(NAw defined by the filtered

complex (NAw, F*).
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Then, the canonical map
(1.6.6.1) SP(I)1?) —— I?/IPT = Grh Ay
is an isomorphism. The quasi-isomorphism A — Oy induces an isomorphism
of distinguished triangles

- M\///X,W - 9" My x — Npyyw—

(1.6.6.2) | | |

—N(I/1*)[-1] — N(Qixw/ow)[_l] — Npyw—

and an isomorphism of spectral sequences

(1.6.6.3) Ey —— Er.

Proof. — Recall Iy/;xw = Ker(Ay,xw = Px(Ov) ®o, Ow — Or) and
N(Iv/xw/Ty xw) = My xwll] in the notation of Definition 1.6.3.2. In the
notation of [19] II 1.2.2, we have quasi-isomorphisms Px(Oy) « PZ(A) — A.
They induce a map

_)N(IV/X,W/I?//X,W)[_H - N(Qixv/x,w/ow)[_l] — Npyw—
— N(I/1*)[-1] — N2, 0,1 —— New—

of distinguished triangles. Since A — Oy is a resolution by weakly free simpi-
cial Ox-algebra, the middle vertical arrow is an isomorphism. Thus, the left
vertical map N(]V/X,W/I‘Q,/X’W) = My wll] — N(I/I?) is also an isomor-
phism and we obtain an isomorphism (1.6.6.2).

By [19] Proposition 3.3.6, the ideals I C Ay and Iy, xw C Ay/xw are
weakly regular. Thus by loc.cit. 3.3.1, the maps SP(I/I?) — I?/IP*1 (1.6.6.1)
and SP(IV/X’W/I‘Q//X,W) — I‘I;/X,W/Ie;r)l(’w are isomorphism.

We consider the maps Py (Oy) « P#(A) — A. For p > 0, they induce
an isomorphism GriAy/;xw = N(I‘Ij/X’W/I‘I;J/F)l(’W) — Gr Ay = N(I?/IP*1)
by the isomorphisms N(IV/X’W/I‘Q//X’W) — N(I/I?), SP(IV/X,W/I‘Q//X’W) —
I";/X’W/I";J/F)I(’W and SP(I/I*) — I?/IP*!. Hence they define an isomorphism
N(Av xw, F*) — N(Aw, F*) in the derived category of filtered complexes. It
defines an isomorphism E4 — E7 (1.6.6.3) of the spectral sequences. O

The following result will be used only in the proof of Proposition 5.1.4
and will not be used in the proof of the main result, Theorem 6.3.1.
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Proposition 1.6.7 (cf. [5] Theorem 8). — Let i : V — X be an immer-
sion. Assume that, for each x € X, there is an open neighborhood U and a
reqular immersion U — P such that the composition V "U — U — P is also
a regular immersion. Then for a scheme W over V, the spectral sequence
(1.6.4.3) degenerates at E'-terms.

Proof. — We give a proof using the Koszul simplicial algebra defined
in Section 1.3. Since the question is local, we may assume that there exist
locally free Op-modules Mp and Lp of finite rank and Op-linear maps vp :
Lp — Mp and up : Mp — Op such that the Koszul complexes K(Mp =
Op) and K(Lp weogP Op) are resolutions of the Op-modules Oy and Oy
respectively. By Lemma 1.3.2, Ay, = AMp 5 Op) — Op and Ap, =
A(Lp weogP Op) — Ox are quasi-isomorphisms.

Let Cp = [Lp (op 1) Mp @ Lp] be the mapping cylinder and define a
map cp : Cp — Op by (up,upovp). By Corollary 1.3.6.1, the natural map
Mp — Cp induces a quasi-isomorphism A, — Ac, = A%(Cp 5 Op). Thus,
in the commutative diagram

Ac, — Oy
| |
Ay, — Oy,

the horizontal arrows are quasi-isomorphisms. Since A¢, is flat over A.,, the
map Ac, = Ac, ®a,, Az, = Ac, ®a,, Ox is a quasi-isomorphism by [19] I
Lemme 3.3.2.1. Thus we obtain a quasi-isomorphism A¢, DA, Ox — Oy.

We put £ = Lp ®o, Ox, M = Mp ®o, Ox and C = Cp ®Rp, Ox.
Let K = [£ — M] be the mapping cone and w : K — Ox be the map
defined by v = up ® 1. We put Ay = A(L ™% Ox), Ac = A(C 5 Ox) and
Ax = A(K 5 Oy). Then, we have Ac, ®a., Ox = Ac ®a, Ox. Since the
composition £ — Oy is the 0-map, we have an isomorphism A¢ ®a, Ox —
A by Corollary 1.3.6.2. Thus we obtain a resolution A = Ax — Oy by
weakly free simplicial Ox-algebra.

We consider the filtration F* on Ay = A®e, Ow defined by the powers
of the kernel of the surjection Ay — Or = Oy,. By the assumption that W
is a scheme over V, the map wy : Ky — O defining Ay = A(Ky =% Ow)
is the 0-map. Hence the filtration F'®* on Ay splits. Thus the assertion follows
by Lemma 1.6.6. g

The relation of Proposition 1.6.7 with [5] Theorem 8 is as follows. We
keep the notation in the proof of Proposition 1.6.7. Since the Koszul complex
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K(Mp L Op) is a resolution of the Op-modules Oy, the Koszul complex
E =K(M 5% Ox) is isomorphic to Ox ®éP Oy . Hence, by Corollary 1.6.5,
the Op-module H;(E) is isomorphic to Tor{?(Ox,Oy) and is locally free.
Further, the canonical map A?H,(E) — H,(E) is an isomorphism for p > 0.
Thus the ideal of Ox defining Oy has locally Free Exterior Koszul Homology
property in the sense of [5]. Therefore loc.cit. Theorem 8 together with the
remark following its proof implies Proposition 1.6.7.

1.7. Spectral sequence for Tor and the Atiyah class. — We give a
relation between the spectral sequence (1.6.4.3) and the Atiyah class map in
Proposition 1.7.2.

In this subsection, we consider a commutative diagram

T LW
(1.7.0.1) o |7
vV s X P

of schemes. We assume that the square is cartesian, the horizontal arrows
are immersions and that the immersions ¢ : T — W and X — P are regular
immersions. Shifting the distinguished triangle (1.4.0.1) for the lower line in
the diagram (1.7.0.1), we obtain a distinguished triangle

(1.7.0.2) —— (i0g)*"Nxp —— My;p —— My;x —— .

Throughout this subsection, we use the following notation. We consider
the standard resolution P = Pp(Ox) = Pj-10,(0Ox) — Ox by free simplicial
j~'Op-algebra and the diagonal of the standard resolution Q = P5'(Oy) —
Oy by free bisimplicial i~ 'P-algebra. We put J = Ker(P ®j-10, P — P).
Further, we put

B = iilox Q(joi)-10p Q,
A=i"'0x ®;-1p Q=B Qi-1(pg,
JB = Ker(B — A) = Q ®Z‘71('p®j

,1OP'P) iilpa
P) it

We put AW =A ®OX Ow, BW = B@OX OW and JBW = Ker(BW — Aw)
Further we put I = Ker(Ayw — Or), I = Ker(By — Or).

For each n, there exist flat (j o ¢)"'!Op-modules L, and M, and iso-
morphisms S(jes 10, Ln — Pp and Sgjen-10, (Ln © My) — Q. We put L, x =
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L, ®joiy-10p 1 'Ox and M, x = M, ®(jon-10, i 'Ox. Then we obtain a com-
mutative diagram
Si*1(9X (Ln,X ¥ Mn,X) — Bn

l |

Sifloan,X EE— An
where the horizontal arrows are isomorphisms. The left vertical arrow is in-
duced by an i~'Ox-linear form L, x — i~'Ox. Thus, by modifying the iso-
morphism S;-10, (L, x ® M, x) — B, by the linear form L,y — i 'Ox, we
may assume that the left vertical arrow is induced by the O0-map L, x —
i~1Ox. Thus, we obtain an isomorphism

(1.7.0.3) Sa,(An ®i-10y Lnx) —— Bn
of A,-algebras.
Lemma 1.7.1. — We keep the notation above. Then, the canonical maps

defines a map

— (I Og)*NX/P ’ M\///P,W ’ \///X,W ’

! |

E— (iog)*NX/P —_— MV/P —_— MV/X _—

(1.7.1.1) ‘

of distinguished triangles, where the lower line is the distinguished triangle
(1.7.0.2). In particular, if the composition V- — P is a reqular immersion, the
upper line gives a distinguished triangle

(1.7.1.2) —— (10g)"Nx/p —— Nyjpy —— My xyw — -
Proof. — We consider the commutative diagram
0 0
JBW/J%W ®AW OT > Q;P(OX)/j—lop ®Pp(@x) OT

(1.7.1.3) I/1? — 2% 10w @Bw Or

WP 20, @, Or
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Using the isomorphism (1.7.0.3), it is easy to see that the left column of
(1.7.1.3) is exact. It follows from the construction of the distinguished triangle
(1.4.0.1) recalled in Section 1.4 that the right exact sequence gives the lower
distinguished triangle in (1.7.1.1). By Lemma 1.6.6, the horizontal arrows in
(1.7.1.3) induce the vertical arrows in (1.7.1.1). Thus, we obtain a map of
distinguished triangles (1.7.1.1).

If V— P is a regular immersion, the canonical map M"//P’W — Ny/pw
is an isomorphism by Proposition 1.6.4.2. Thus the upper line of (1.7.1.1)

implies (1.7.1.2). O
Let M",/X’W — Nx/p ®o, Or[l] be the map defining the distinguished

triangle — Nx/p ®o, Or — N"//RW — "//X,W —. We define a map
(1.7.2.1) Avyxspw t LPATIMY,  yy —— Nx/p oy LI ATTIMY,
to be that induced by the composition

LAqu///X,W - \,//X,W Koy LAq_lM\,//X,W — Nx/p Qox LAq_lM\,//X,W[l]‘

For a spectral sequence E = (E, = Epy,) and integers a and b, let Efa,b]
denote the spectral sequence (E,_, ., = Epiq—(a+b))-

The following result will be used in the proof of the excess intersection
formula, Proposition 3.4.2.

Proposition 1.7.2. — Let

T#W

D

v 4 x L. p
be a diagram of schemes. We assume that the square is cartesian, the horizon-
tal arrows are immersions and that the immersions X — P and i’ : T — W

are regqular immersions. Let Er denote the spectral sequence (1.6.4.3).
Then, there exists a map

(1.7.2.2) a: Er —— Nx/p Qo Er[-1,3]

of spectral sequences such that the maps on the abutments are o, oy x/p :
Tor®x(Oy,Ow) — Nx/p ® TorS%(Ov,Ow) (1.5.4.4) and the maps on the
E'-terms are the maps \v/x/pw Lp/lqM"//XW — Nx/p®oy Lp_lAq_lM"//XW.

Proof. — Proof is divided into the following three steps.
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1. Define a map E7 — Nx/p ®o, Er[—1,3] of spectral sequences.
2. Compute the map on abutments.
3. Compute the map on E'-terms.

1. We keep the notation

B = iilOX ®(joi)*1(9p Qa
A=i"'Ox ®-1p Q=B ®i-1(P®; 10, P) PP,
Jp=Ker(B — A) = Q@i-1(pg,_,, p)i /.

AW =A ®OX Ow, BW =B ®OX Ow, JBW = Ker(BW — Aw), I = Ker(AW —
Or), I = Ker(By — Or) above. We define filtrations F* on Ay, Iy /T8,
and on Bw/J%W by FpAW = IpAw, Fp(JBW/J%W) = Ip(JBW/J%W) and
by F?(Bw/J% ) = I?(Bw/J%,). Let E4 and E; be the spectral sequences
El, = HyoNGri?(Aw) = HyooN(Aw) and EL, = H,  NGri?(Js,, /J3,) =
HpgN(Jpy, /Jp,,) defined by the filtered complexes (N(Aw/Ajy), F*) and
(N(JBy /T3, ), F*) respectively

The construction of Er — Nx/p ®o, Er[—1,3] is divided into the fol-
lowing three substeps.

i. Define an isomorphism (3 : Er — E4 of spectral sequences.
ii. Define a map v : Ey — E;[—1,2] of spectral sequences.
iii. Define an isomorphism 0 : Nx/p ®0, E£al0,1] — Ej.

Transporting the composition §=' o+ by the isomorphism 3 : By — E4, we
will define a map o : Er — Nx/p ®o, Er[—1,3].

i. We define an isomorphism FE; — E,4 of spectral sequences. In the
commutative diagram

Q —— Oy

(1.7.2.3) T T

TP — Z.ilox,

the horizontal arrows are quasi-isomorphisms. We show that the induced map
A — Oy is a resolution by weakly free simplicial i~!Ox-algebra. Since Q is a
free simplicial i~!P-algebra, the tensor product A = Q®;-1p i 'Oy is a free
simplicial i~!Ox-algebra. Further, the quasi-isomorphism P — Ox induces a
quasi-isomorphism Q = Q ®;-1pi P — A= Q®;-1pi 'Ox by [19] I Lemme
3.3.2.1. Thus the quasi-isomorphism @ — Oy induces a quasi-isomorphism
A — Oy. By applying Lemma 1.6.6, we obtain an isomorphism 3 : Er — Ej4
of spectral sequences.
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ii. We define v: E4 — E;[—1,2]. Using the isomorphism (1.7.0.3), it is
easy to see that the the sequence

(1.7.24) 0— Gr%_l(JBW/J%W) —— Gri(Bw/J3,,) —— GripAw — 0

is exact for each p > 0. Namely, the exact sequence 0 — Jp,, /J%W —
Bw/J, — Aw — 0 defines an exact sequence

(1.7.25) 0 — (Jpy /T3, F*Y) —— (Bw/J% ,F*) —— (Aw,F*) =0

of filtered simplicial modules. The exact sequence (1.7.2.5) defines a map
(NAw, F*) — (N(Jgy, [ J3,, ), F*~1)[1] of filtered complexes in the derived cat-
egory and hence a map E4 — E;[1,—2] of spectral sequences.

iii. We define an isomorphism 6 : Nx/p ®o, £4[0,1] — E;. The natural
map Aw ®;-1p i~ '(J/J?) — Jp, /Jp, is an isomorphism. Since .J/J* is flat
over P, it defines an isomorphism

(1.7.2.6) iN(J)T?) @i1p (Aw, F*) —— (Jpy, /I3, F*)

of filtered modules. By the assumption that X — P is a regular immersion,
we have a canonical isomorphism Lx,p — Nx/p[l]. Since Lx,p = N(J/J* @p
Ox), we have an isomorphism

(1.7.2.7) NG ~Y(J/J?) @1p (Aw, F*)) —— Ny/p @0, N(Aw, F*)[1]

of filtered complexes in the derived category. The isomorphisms (1.7.2.6) and
(1.7.2.7) induce an isomorphism 6 : Nx/p ®o, Eal0,1] — E;.

2. We show that the maps on the abutments are induced by the map
Qoy 0w, X/P - OV ®éx OW — Nx/p (%9 OV ®éX Ow[Q] (1541) Applylng the
functors 171 )®;-1p0y, i )®-1pQ and OxR;-1pi ! ( )®;-1pQ to the exact
sequence 0 — J/J? — (P ®j-10, P)/J* — P — 0, we obtain a commutative
diagram

0 — i (J/J2) @-1p Oy — i (P @10, P)/J> @i-1p Oy — Oy — 0

1 ! !

0— i (J/J%) @i1p Q — i (P ®j10, P)/ 2 @i1p Q — Q —0
! ! !

0 — JB/J12B N B/J]% — A —0.

of exact sequences. We regard the upper two lines as exact sequences of
i~'P-modules with respect to the map P — P ®;-10, P sending a to a ® 1.
The lower vertical arrows are compatible with the surjction i~'P — Oy.
Since Ly/p = N(Q%,/j,lop ®p Ox) = N(J/J?> @p Ox), we may identify
Lx/p @0y Oy = N(i7'(J/J?) @-1p Oy) for the upper left term. Then, by
the second description of the Atiyah class map recalled in Section 1.4, the
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Atiyah class map Oy — Lx/p ®o, Oy[l] is defined by the boundary map of
the top sequence. Since the vertical arrows are quasi-isomorphisms, we obtain
a commutative diagram

at
0, 2 Lx/p ®o, Ovll]

I T

NA ——  N(Js/J3)[]

in the derived category of Ox-modules. Thus, applying ®o,Ow, we obtain
a commutative diagram

QO , 0y, X/ P

Oy ®, Ow Nx/p ®oy Ov @, Ow(2]

I [

N Ay — N(Jgy /T3, )[1]

in the derived category of Op-modules. Thus the assertion follows from the
definition of the identifications §: Er — E4 and 0 : Nx/p ®oy Eal0,1] — E;
in i and iii above.

3. We show that the maps on the E'-terms are given by Av/x/pw
LpAqM"//XW — Nx/p @0y Lp_lAq_lM"/ X By the assumption that T"— W
is a regular immersion, the kernel of the surjection By — Or is weakly
regular. By the isomorphism (1.7.0.3), it is easy to see that the isomorphism

SP(I/I?) — I?/IP*! induces an isomorphism

0 0
l !
SPYI/1?) ® Iy, /T3, —— Gr% N (Jpy /T%,)

| l

SP(L/ 1) (S*(Tpy [ T,,) - SP2(I/1%) ——  Grip(Bw/J3,,)
Sp(]/]Q) — GT’I}AW
l l
0 0
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of exact sequences. The right column is the exact sequence (1.7.2.4). Hence
by Corollary 1.2.3.1, we obtain a commutative diagram

NSP(I/12) — NG Ay
N(I/1?) ® NSP=H(I/T?) NGr " (Tpy [ T3, 1]

! I

N(Jsy /5, ©ay Or)[] @ NSPHI/I?) —— N(J/J* ®o, Grh Aw)[1].

The upper left vertical arrow is induced by the map (1.2.1.1) and the lower
left and the upper right vertical arrows are defined by the exact sequence
(1.7.2.4). The rest are the natural maps. Recall that the distinguished triangle
— (i09)"Nx/p — Nyjpyw — My xyw — (1.7.1.2) is defined by the exact
sequence 0 — Jp,, /J3 ®a, Op — I/I* - I/I> — 0 in the proof of Lemma
1.7.1. Thus, by Lemmas 1.2.9 and 1.6.6, we have a commutative diagram

LAPM, 5 [p] — NGrb Ay

| !

Nx/p ®ox LA My ylp) —— NGy (Jpy /T3, 1]

and the assertion follows. O

2. K-theory and localized Chern classes

We briefly recall generalities on K-groups, Chow groups and Chern
classes in 2.1. We interpret intersection theory a la Fulton-MacPherson in
terms of K-theory in 2.2. We briefly recall generalities on localized Chern
classes in 2.3. We compare the localized Chern class and the class of the
derived exterior power complex in 2.4 for a complex satisfying a certain con-
dition.

2.1. K-theory and Chow groups. — We recall generalities on K-theo-
retic intersection theory. Basic references are [17] and [14].

For a scheme X, let K(X) be the Grothendieck group of the cate-
gory of locally free Ox-modules of finite rank. It is the quotient of the free
abelian group generated by the isomorphism classes [E] of locally free Ox-
modules of finite rank divided by the relations [£] = [E'] + [E”] for exact
sequences 0 — & — & — &” — 0. For a noetherian scheme X, let G(X) be
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the Grothendieck group of the category of coherent Ox-modules. It is the
quotient of the free abelian group generated by the isomorphism classes [F]
of coherent Ox-modules divided by the relations [F] = [F'] 4+ [F"] for exact
sequences 0 — F' — F — F” — 0. For G € D*(X)can, its class [G] € G(X) is
defined as the alternating sum » (—1)?[H,(G)]. For a distinguished triangle
— G —G—G"— in D°(X)cn, we have [G] = [G'] + [G"].

We have a canonical map K(X) — G(X) sending the class [£] of a
locally free Ox-module &£ to [£]. If X is regular, noetherian and separated,
then the canonical map K(X) — G(X) is an isomorphism by the following
Lemma.

Lemma 2.1.1 ([17] Exp. II Corollary 2.2.7.1). — Let X be a separated
reqular noetherian scheme of dimension n and F be a coherent Ox-module.
Then there exists a resolution 0 — &, — -+ — & — F — 0 of F by locally
free Ox-modules of finite rank.

In this case, we identify G(X) = K(X). For a coherent Ox-module F,
the inverse image of [F] in K(X) is >_/ ((=1)7[&,] for a resolution (&,) as
in Lemma 2.1.1.

The multiplication on K(X) is defined by the tensor product [£]-[E'] =
€ R0y E']. If X is noetherian, G(X) is a K(X)-module by the multiplication
€] - [F] = [€ ®o, F]. More generally, if f: W — X is a map of schemes
and W is noetherian, a bilinear map ( , )x : K(X) x G(W) — G(W) is
defined by ([F],[G])x = [F ®p, G). If X is separated, regular and noetherian
of dimension n, the multiplication on G(X) = K(X) is given by [F]-[F'] =
Sy (A (Tord (7. 7).

The ~-filtration F"K(X) on K(X) is defined as follows. There is a
canonical map A, @ K(X) — 1+ tK(X)[[t]] € K(X)[[t]]* sending the class
(€] of a locally free Ox-module & to ) [A9€]t%. For z € K(X), we put
N(w) =A e (x) =143, 0m(x)t". For a locally free Ox-module & of rank
n, we have

21.01) p(lE] =) = YLl = 00 =SSy e

r —
q=0 r=0 ¢=0 q

For r =n, we have
(2.1.1.2) Yu([E] = n) = (—=1)"1Ag].

If £ is invertible, we have ~,([L] — ) =1+ ([£] - 1)t For n =1, F'K(X)
is defined to be the kernel of the map K( ) — Z7™X) sending £ to rank &.
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For n > 1, F"K(X) is defined as the subgroup generated by the elements
of the form ~,,(z1)-- -y, (x,) where z; € F'K(X) and > ,n; > n. We put
F'K(X)=K(X). We have F'K(X) - F"K(X) C F""K(X).

In the rest of this section, S denotes an equidimensional regular noethe-
rian scheme of finite dimension. For a scheme X of finite type over S, the
topological filtration F,G(X) on G(X) is defined as follows. It is called the
lower filtration in [14] Chapter VI §5. We recall that the dimension dim.S
is defined as the supremum of the dimensions of the local rings dim Og.
For a point s of S, we put dimgs = dimS — dim Og,. Let X be a scheme
of finite type over S and f : X — S denote the structural map. We put
dimgz = tr.deg, () r(z) + dimg f(z) for * € X as in [16] Exp. XIV 2. If
S is the spectrum of a regular local noetherian ring and X is proper over
S, we have an equality dimgx = dim {s} for x € X by loc.cit. Proposition
2.3. For a closed subset V' C X, we put dimgV = sup,y dimgxz. Note that
the function dim depends on the base scheme S. For an integer n > 0, let
F,G(X) be the subgroup of G(X) generated by the classes [F] of coherent
Ox-modules F such that the dimension of the support of F is at most n.

The ~v-filtration and the topological filtration are related as follows.

Lemma 2.1.2. — Let S be an equidimensional reqular noetherian scheme
of finite dimension and X be a scheme of finite type over S.

1. ([14] Chapter V Theorem 3.9, Chapter VI Proposition 5.2) We have
FrK(X) - F,G(X) C FenG(X). In particular, if X is of dimension d, the
canonical map K(X) — G(X) sends F"K(X) into Fy_,G(X).

2. ([14] Chapter VI Proposition 5.5) If X is reqular and equidimensional
of dimension d and if there exists an ample invertible Ox-module, the induced
map GrirK(X)q — Grl ,G(X)q is an isomorphism.

Let f: X — Y be a morphism of schemes. The pull-back of locally
free sheaves defines a ring homomorphism f* : K(Y) — K(X). We have
[F"K(Y) C F'"K(X). Assume X and Y are noetherian. If f is proper,
there is a map f. : G(X) — G(Y) sending the class of a coherent Ox-
module F to the class of the complex Rf,F. If f is flat, there is a map
[*:G(Y) — G(X) sending the class of a coherent Oy-module F to the class
of the complex f*F.

Lemma 2.1.3. — Let f: X — Y be a morphism of schemes of finite
type over a regular noetherian scheme S of finite dimension.

1. ([14] Chapter VI Proposition 5.6) If f is proper, we have f.F,G(X) C
F.G(Y).

2. ([14] Chapter VI Proposition 6.3) If f is flat of relative dimension
m, we have f*EF,G(Y) C F,1mG(X).
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We recall the definition of Chow groups and bivariant Chow groups. Let
S be an equidimensional regular noetherian scheme of finite dimension, X be
a scheme of finite type over S and i > 0 be an integer. Let X; denote the
set {z € X|dimgx =i}. The Chow group CH;(X) is defined as the cokernel
Coker(B,cx,,, £(y)* <, D.cx, Z). The (z,y)-component d,, : k(y)* — Z of
d is characterized as follows. Let Y be the closure of {y} with the reduced
subscheme structure. If z € Y, the map d,, satisfies d,,f = lengthOy,/(f)
for f€ Oy,,#0 and, if x ¢ Y, it is the O-map.

Let S be an equidimensional regular noetherian scheme of finite dimen-
sion. Let X be a scheme of finite type over S and Z be a closed subscheme
of X. An element of the bivariant Chow cohomology group CH(Z — X) is
a collection of maps CH;(W) — CH,;_;(Z xx W) defined for schemes W of
finite type over X and for integers j > i, satisfying certain natural functorial
properties ([13] Chapter 17 and 20). If Z = X, let CH*(X) denote the bi-
variant Chow ring CH*(X — X). If X is equidimensional of dimension d, a
canonical map N[X]|: CHY(X) — CHy_4(X) is defined. It is an isomorphism
if X is smooth and S = Spec k for a field k [13] Corollary 17.4.

The filtrations on K-groups and Chow groups are related as follows.
The map ch : K(X) — CH*(X)q sending the class [£] of a locally free
Ox-module & to its Chern character (ch;(€)); € CH*(X)q is a ring homo-
morphism.

Lemma 2.1.4. — Let S be an equidimensional regular noetherian scheme
of finite dimension and X be a scheme of finite type over S.

1. The Chern character map ch : K(X) — CH*(X)q is compatible with
the ~y-filtration and induces a homomorphism ch : GrpK(X) — CH*(X)q of
graded rings.

2. (cf. [13] Example 15.1.5) The map CH.(X) — GrfG(X) sending
the class [V] of an integral subscheme V to [Oy| is well-defined and is a
surjection.

3. Assume X s equidimensional of dimension n. Let € be a locally free
Ox-module of rank r. Then for an integer i > 0, the class in Grf .G(X) of
the image of v;([E]—r) € F'K(X) is equal to the image of ¢;(€) € CH(X). In
particular, for i =r, the image of v ([€]—r) = (=1)">_ (—=1)![AI€] € F'K(X)
is equal to the image of ¢.(£) € CH"(X).

4. Assume X is equidimensional of dimension n. Then the composition

GriK(X)q 2= CH*(X)q L CH, (X)q — Grf_G(X)q

n—x*

is equal to the map induced by the canonical map K(X) — G(X).
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5. Assume X is quasi-projective and smooth of dimension n over a field.
Then the three maps in 4 are isomorphisms.

By Lemma 2.1.4, the intersection product on C'H,(X)q for a smooth
quasi-projective scheme X over a field may be computed by the product on
K(X)q.

Proof. — 1. It follows from the splitting principle and the equality
Y ([£] —1) =1+ ([£] = 1)t for an invertible sheaf L.

2. Let W be a closed subscheme of P and let 7 : P, — X be the
projection. Then we have [Ow,]—[Ow.. ] = m.(([O(1)—0]-[0(1)-0))-[Ow]) =
0 in G(X).

3. It follows from the splitting principle and the equality (2.1.1.1).

4. It follows from the splitting principle and the equality chi([O(D)] —
1)N[X] = [D] for a Cartier divisor D.

5. The second arrow is an isomorphism by [13] Corollary 17.4. The
composition is an isomorphism by 4 and by [14] Chapter VI Proposition
5.5. By Riemann-Roch for the immersion V — X, we have ch;[Oy]| = [V]
for a closed subscheme V of codimension ¢. Hence the composition map
CH, i(X)q — Grl_ G(X)q — GriK(X)q — CH,_i(X)q is the identity.
Thus the assertion follows. O

2.2. K-theory and intersection theory. — The intersection theory a la
Fulton-MacPherson is translated in terms of K-theory as follows. We intro-
duce some notation. Let ¢ : V — X be a regular closed immersion of codi-
mension c¢. Then the Ox-module Oy is of finite tor-dimension. Let W be a

noetherian scheme and
T — W

| |7

be a cartesian diagram of schemes. For a coherent Oy-module G, the 7T or-
sheaves 7 OTC?X(OV, G) are coherent Op-modules and are 0 except for 0 < ¢ <
¢ since Oy is of finite tor-dimension. We define a map (V, )x : G(W) — G(T)
by

(V,[6) = > _(=1)[Tor*(Ov, 9)]

q=0

for a coherent Oy -module G.
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Lemma 2.2.1. — Let 1 : V — X be a regular closed immersion of
codimension ¢ and f: W — X be a map of schemes. We put T'=V xx W
and assume the closed immersion i : T — W is a regular immersion of
codimension ¢'. Assume W is noetherian. Then, for the intersection product

(V,W)x € G(T) defined as Y (=1)![Tord*(Oy, Ow)], we have an equality

c—c’

(22.1.1) (V,W)x =) (~D)UA Ny xw] = (—1) el [Ny x ] = (¢ =€)

q=0

If W =T and g: W — V s the induced map, we have

[

(2.2.1.2) (V,W)x =Y (=1)1[A%" Nyyx] = (=1)7e([g"Nvyx] = ©).

q=0

Proof. — Tt follows from Corollary 1.6.5 and the equality (2.1.1.2). O

We study the relation of the K-theoretic intersection product with the
intersection product using Chow groups. We recall the definition of the Segre
class. Let S be an equidimensional regular noetherian scheme of finite dimen-
sion. Let W be an integral scheme of finite type over S and T'C W be a
closed subscheme. If T'=W, we put s(T, W) = [W] e CH,(W) = @, CH;(W)
Assume T # W. Let m: W' — W be the blow-up at 7" and 7" = W' xy T be
the inverse image of 7. The subscheme 7" is a Cartier divisor of W’. Then,
the total Segre class is defined by

S(TW) = s(T,W) =Y (-1)"'m.(T" ' n[T))

>0 >0

€ CH(T)=@,CH;(T) (cf. [13] Corollary 4.2.2).

Let S be a regular scheme of finite equidimension as above. Let X
be a scheme of finite type over S and V — X be a regular immersion of
codimension c¢. The intersection product (V, )x is defined as an element of
the bivariant Chow cohomology group CH¢(V — X) as follows. Let W be
an integral scheme of finite type over S and W — X be a morphism over
S. We put T=V xx W and let g : T"— V be the projection. Then the
intersection product (V,W)x € CHaimw—(T) is defined by

(2221) (V, W)X = {C(g*NV/X)* N S(T, W)}dimW—c'

Here c¢(g*Ny/x)* denotes Y .(—1)'c;(¢*Ny/x) and the subscript dimW — ¢
means taking the dimension dim W — c-part. If the closed immersion T — W
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is a regular immersion of codimension ¢ and N{//XW denotes the excess
conormal sheaf, we have

(2.2.2.2) (V,W)x = (1) e (N ) O [T

The equality (2.2.2.2) is called the excess intersection formula. Thus we ob-
tain a collection of maps (V, )x : CH;(W) — CH,;_.(T) sending the class
of a closed integral subscheme W’ to (V,W')x for a morphism W — X of
schemes of finite type over S. They define an element [V] € CHY(V — X) of
the bivariant Chow group. The bivariant class [V] € CH¢(V — X) is charac-
terized by the excess intersection formula (2.2.2.2) and the projection formula
(V,mW)x = m(V, W) x.

Proposition 2.2.2. — Let S be an equidimensional reqular noetherian
scheme of finite dimension and f: W — X be a morphism of schemes of fi-
nite type over S. Let i : V — X be a reqular closed immersion of codimension
c and we put T =V xx W.

Then the map (V, )x : G(W) — G(T) sends the topological filtration
F,G(W) to F,_.G(T). For the induced map, the diagram

ca,w) Y2X om, (1)

(2.2.2.3) | |

Gr,G(W) —— Gr,_.G(T)
V, )x
1s commutative. In particular, if W is equidimensional of dimension p and if
the immersion T — W is a regular immersion of codimension ¢, we have an
equality

(2.2.24) (V] W) = (=) ceeer (M) N [T]
in Gr,—.G(T).

The equality (2.2.2.4) is also called the excess intersection formula. We
will later show a localized version, Theorem 3.4.3.

Proof. — The topological filtration F,G(W) is generated by the classes
[Oy] for integral closed subschemes Y C W of dimension < p. We put Z =
VxxY. It Y=Z we put Y=Y and Z' = Z. If otherwise, let 7:Y' =Y
be the blow-up of Y at Z and put Z' = Z xy Y. In the latter case Z C Y,
the exceptional divisor Z’ is a Cartier divisor of Y'. Let 7z : Z/ — Z denote
the induced map.
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We show an equality (V,[Rm.Oy/])x = mz.(V,[Oy/])x in G(Z). Since
Oy is of finite tor-dimension and 7 is quasi-compact, we have a projection
formula Oy ®§, Rm,Oyr = R, (Oy @%, Oys) (1.5.3.1) in D°(X)con. Thus, by
the spectral sequences (1.5.3.3) and by the isomorphism (1.5.3.2), we have

(V. [Rm.Oy])x = Y _(=1)"T[Tor{*(Oy, R, Oy)]

p+q

= Z ) [Tord*(Ov, Rm.0y)] = > (~1)[R'7.(Oy ®5, Oy)]

q

= Z p+q Rq’ﬂ' TOTOX (Ov, Oy/)] = WZ*(‘/, [Oy/])

The topological filtration F,G(W) is generated by the classes m,[Oy/] =
[Rm.Oy] for integral closed subschemes Y C W of dimension < p. Hence it
is reduced to showing that (V,[Oy/])x is in F,_,G(Z') and that its class in
Gr) ,G(Z') is equal to the image of (V,Y’) € CH,_.(Z') assuming dimg} =
p. Replacing W by Y and further by Y’, we may assume W =Y =Y’ and
T=7=27" Thus we may assume Y =W is of dimension p and either T is
equal to W or T is a Cartier divisor of W. Let g:T — V be the canonical
map.

If W =T, we have (V,[Ow])x = (=1)*7e([¢" Nv/x] — ¢) by Lemma
2.2.1. Hence (V,[Ow])x is in F,_.G(T) and its class is equal to the image
of (V,W)x = (=1)%:g*Ny,x) by Lemma 2.1.4.3. If T is a Cartier divisor of
W, we have (V;[Ow])x = (=1)°"e-1([Ny)xw] — (¢ = 1)) by Lemma 2.2.1.
Hence (V,[Ow])x is in Flp_1)—-1G(T) and its class is equal to the image
of (—1)Cflcc_1(N",/X7W) by Lemma 2.1.4.3.

The excess intersection formula (2.2.2.4) follows from (2.2.2.2) and the
commutative diagram (2.2.2.3). 0

Let f : X — Y be a morphism locally of complete intersection of
noetherian schemes. For a subscheme Z of Y, the pull-back map f*:G(Z) —
G(Z xy X) is defined by sending the class of a coherent Oz-module G to
>, (D) UTord"(Ox,G)] since the map f: X — Y is of finite tor-dimension.

Corollary 2.2.3. — Let S be an affine, equidimensional regular noethe-
rian scheme of finite dimension and X and Y be regular schemes of finite
type over S. Let f: X — Y be a morphism over S. Let Z C'Y be a sub-
scheme and put Z' = Z xy X. Assume X is quasi-projective over S.

1. Assume that X is equidimensional of dimension n and Y is equidi-
mensional of dimension m. Then the map f*: G(Z) — G(Z') sends F,G(Z)
into Fpin-mG(Z').
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2. Assume further that f : X — Y s proper, surjective, generically
finite of constant rank [X :Y]. Then, we have n = m and the composition

fof*:GrlG(Z) — Gr[G(Z) is the multiplication by [X : Y.

Proof. — 1. Take an immersion X — P%. The map X — Y is factorized
as X — PY xgY — Y. Since X and Y are regular, the immersion X —
PY x5V is regular of codimension m + N —n. Hence it follows from Lemma
2.1.3.2 and Proposition 2.2.2.

2. The direct image Rf.Ox is a perfect complex of Oy-modules of rank
[X :Y]. Hence we have [Rf,Ox|=[X : Y] mod F1K(Y). Thus, for a coherent
Oz-module F such that dimgsuppF = p, we have [Rf.Lf*F|] = [F Qo,
Rf.Ox] = [X:Y] [F]mod F,_1G(Z). O

For a scheme over a discrete valuation ring, we have a reduction map.
Let S = Spec Ok be the spectrum of a discrete valuation ring and X be a
scheme of finite type over S. Then, since the immersion s — S of the closed
point is a regular immersion, the intersection product (s, )s: G(X) — G(Xj)
is defined.

Corollary 2.2.4. — Let X be a scheme of finite type over a discrete
valuation ring S = Spec Og. Then

1. The map (s, )s: G(X) — G(Xs) induces a map (s, )s: G(Xg) —
G(Xy).

2. The induced map (s, )s: G(Xk) — G(Xs) sends the topological fil-
tration F,G(Xk) into F,G(Xj).

Proof. — 1. We have an exact sequence G(X;) — G(X) — G(Xk) — 0.
It is sufficient to show that the composition G(X;) — G(X) — G(X;) is the
O-map. By (2.2.1.2), for a closed subscheme W C X, we have (s,W)g =
—([Ns/s ® Ow] —1) =0 and the assertion follows.

2. The map F,1G(X) — F,G(Xk) is surjective. By Proposition 2.2.2,
the map (s, )s : G(X) — G(X;) sends F,.1G(X) to F,G(X;). Thus the
assertion follows. O

2.3. Localized Chern classes. — We recall the definition and basic
properties of localized Chern classes. Basic references are [13] Chapters 18
and 20 and [6] Section 1.

Let S be an equidimensional regular noetherian scheme of finite dimen-
sion, X be a scheme of finite type over S and Z be a closed subscheme
of X. Let £ = (K,,d,); be a bounded complex of locally free Ox-modules
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of finite ranks. Assume that on the complement U = X — Z, the restriction
K|y is acyclic except at degree 0 and the cohomology sheaf Ho(K)|y is lo-
cally free of rank n — 1. Then for i > n, the localized Chern class ¢;5 (K) €
CH'(Z — X) is defined in [6] Section 1. We define a ring CH*(Z — X)™
to be [[,_,CH'(X — X) x[],~, CH'(Z — X) and regard the total localized
Chern class cp (K) = ((¢;(K))i<n, (ciy (K))i>n) as an invertible element of the
ring CH*(Z — X)™,
The localized Chern classes satisfy the following properties.

Proposition 2.3.1 ([6] Proposition (1.1)). — Let Z be a closed subscheme
of X and IC be a bounded complex of locally free Ox-modules of finite ranks.
Assume that on the complement U = X — Z, the restriction K|y is acyclic
except at degree 0 and the cohomology sheaf Ho(KC)|y is locally free of rank
n—1.

1. The image of ¢y (K) in CH*(X) is [], c(IC,) V",

2. For a quasi-isomorphism K — K', we have c (K) = c3 (K').

3. Let £ be a locally free Ox-module of finite rank. Then for 1 > n
and for an integer i', we have ciy (K)cy(E) = cy(E|z)cin (K). Let K' be an-
other bounded complex of locally free Ox-modules of finite ranks such that
the restriction K'|y is acyclic except at degree 0 and the cohomology sheaf
Ho(K")|y is locally free of rank n' — 1. Then for i > n and i' > n', we have
ciy (K)ew(K') = cuy (K')ei(K).

4. ([2]) Let K' and K" be bounded complexes of locally free Ox-modules
of finite ranks such that the restriction K'|y and K"|y are acyclic except at
degree 0 and the cohomology sheaves Ho(K')|y and Ho(K")|y are locally free of
rank n' —1 and n” —1 respectively and let K' — K — K" — be a distinguished
triangle. Then we have cy (K) = cx (K')eX (K") in CH*(Z — X)™.

5. Let Z & 7' € X be closed tmmersions. Let 1, denote the collection
of the induced maps i, : CH.(Z xx X') — CH.(Z' xx X') for schemes X' of
finite type over X. Then we have i, o cy(K) = c3/(K).

Let f: X" — X' be a morphism of finite type over X and let g: Z" —
Z' be the base change by Z — X.

6. Assume [ is proper and let f, : CH(X") — CH.(X') and g. :
CH.(Z") — CH.(Z'") be the induced maps. Then we have cx (K)o f. =
g« © C)Z( (K).

7. Assume f is flat of relative dimension n and let f* : CH.(X') —
CHon(X") and g* : CH.(Z') — CH,,(Z") be the induced maps. Then we
have c3 (K)o f* = g* o cx (K).

Let F be an Ox-module such that the restriction F|y is locally free of
rank n. If F has a finite resolution & — F by locally free Ox-modules &; of
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finite rank, the localized Chern class ¢ (F) for i > n is defined as c;3 ().
By Proposition 2.3.1.2, it is independent of the choice of a resolution.

For a locally free sheaf on a divisor, its localized Chern class is com-
puted as a special case of Riemann-Roch without denominator as follows.

Lemma 2.3.2 (cf. [13] Theorem 15.3). — Let D be a Cartier divisor of
a scheme X and i : D — X be the immersion. Let £ be a locally free Op-
module of rank n. Assume there exist a locally free Ox-module £ of finite
rank and a surjection €& — i.E so that the localized Chern class cp(i.E(D)) €
CH*(D — X)W is defined. We put a;(€) =Y _, (?)cn,k(é') € CH*(D — D).

Then we have Y75 ci(E€ @ L) =377 ga;(E)er(L) for an invertible Op-
module L and we have equalities

(ep(B:E(D)) = 1) N [X] = (€)™ Zaj(é’)Dj_l n[D]

in CH.(D).

Proof. — We have

Salew )= >+ a@)taE) = X3 (¢)awraae
=3 @)Ly

By deformation to the normal bundle, we may assume X is a P!-bundle over
D and the immersion ¢ : D — X is a section. Then &£ is the restriction to
D of the pull-back Ex of £ to X. Since the map i, : CH. (D) — CH,(X) is
injective, it is reduced to the equality for the usual Chern class c¢(i.E(D)).
By the locally free resolution 0 — Ex — Ex(D) — i.E(D) — 0, we have
c(i:E(D)) = 1 = c(Ex) " c(Ex(D)) — c(Ex)) = e(Ex)H(X2)=p a;(E)D? — ao(E)).
O

Similarly as Lemma 2.3.2, the following formula is proved.

Corollary 2.3.3. — Let D be a Cartier divisor of X. Then we have
(cp(Op)~ = 1) N [X] = —[D].

We compute the localized Chern class of a blowing-up.
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Lemma 2.3.4. — Let X be a regular noetherian scheme of finite equidi-
mension, C' be a regular closed subscheme of codimension ¢ and i : C — X
be the immersion. Let © : X' — X be the blowing-up at C' and 7g : B =
C xx X' — C be the induced map. Then, we have an equality

(e (2xx) = D N[X]) = (=1)(c = De(Neyx) N [C]
in CH,(C).

Proof. — The canonical map 2%, x 25 Jc is an isomorphism. Since

E is a P¢!-bundle P(N¢,x) associated to the conormal sheaf Ng/x, we
have an exact sequence 0 — Q;J/c — m5Ne/x(—=1) — Op — 0. Hence,

we have C)E(/(_Q;(,/X) = ¢ (15 No/x(=1))ex (Op)~t. By Corollary 2.3.3 and
Lemma 2.3.2, we have
(i (TpNeyx (=1))e (Op) ™' = 1) N [X]
=(ci (mpNeyx(B)) = 1) N [X'] = ep(mpNoyx) ™ en(mpNeyx (B)) N [E]

o

—=cp(myNoyx)~ (Z a;j(TpNe/x)E N [E] =) aj(mNoyx)E' N [E]) :
7j=1 7=0

We have E® = —37°  mpci(No/x)E since c.(Ke T(WENC/X — 0(1))) = 0.

Substituting this and using 7g.(E' N[E]) = (=1)7Y[C] if j =c—1 and is 0

for j < c—1, we have

me((ci (2%yx) — 1 N X))
=(=1)"""e(Neyx) ™ ae(Neyx) = a1 (Neyx) + ac(Neyx)er(Noyx)) N [C).
Since a.(N¢yx) =1 and ac_1(Neyx) = ¢+ c1(Neyx), the assertion follows. O

2.4. Localized Chern class and derived exterior power. — Let K be a
complex of Ox-modules and n > 0 be an integer. In this subsection, we com-
pute the class of the derived exterior power LA™K assuming that K satisfies
the following condition:

(L(n)) For each x € X, there exist an open neighborhood U of z, a
locally free Op-module &, of rank n, an invertible Op-module Ly, and a
distinguished triangle — Ly — &y — K|y — in D*(U).

We put F = HoK and let i: Z — X be the closed immersion defined by the
annihilater ideal Ann A"F. We also relate the class [LA"K] to the localized
Chern class ¢,5(K) € CH"(Z — X) in Proposition 2.4.4 assuming K further
satisfies the condition:
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(G) There exist a locally free Ox-module £ of finite rank and a map
& — K in D*(X) such that the induced map & — F = HyK is a surjection.

Lemma 2.4.1. — Let X be a scheme, n > 1 be an integer and K
be a complex of Ox-modules satisfying the condition (L(n)) above. We put
F =HoK and let i : Z — X be the closed immersion defined by the annihilater
ideal Ann A"F. Then,

1. The restriction F|x_z is locally free of rank n —1. The Oz-module
L, = LYK is invertible.

2. For an Ox-module G, the Tor-sheaves Tordx (LAK,G) are Oz-mod-
ules for all q and are 0 except for 0 < q < n. In particular, LIA"K are
Oz-modules for all q and are 0 except for 0 < g <n.

3. Let T be an Oz-module. Then the canonical map Lz[l] — Li*K
mduces an ismorphism

(2.4.1.1) Ly Q0, T —— Tor%%(Li*K,T) = TorP*(K,T).

For locally free Ox-modules L and £ of finite rank and a distinguished tri-
angle — L — & — K —, we have a commutative diagram

Ly R0, T — TorP*(K,T)

(2.4.1.2) l l

LR, T —— Tor?*(L[1],T).

The wvertical maps are induced by the map K — L[1]. If L is invertible, the
vertical arrows are isomorphisms.

4. If K further satisfies the condition (G) above, then there exist a locally
free Ox-module L of finite rank and a distingushed triangle — L — & — K —
in DY(X).

Proof. — 1. Since the question is local on X, we may assume that
there is an distinguished triangle — £ — & — K — where £ = Ox and
E = 0%. Let (a,...,a,) € € = O% be the image of 1 € L = Ox. Then
the closed subscheme Z C X is defined by the ideal (ayq,...,a,). Hence, on
the complement X \ Z, the map £ — & is a locally splitting injection. The
natural map L'©*K — L ®0, Oz is an isomorphism.

2. The question is local on X and we keep the notation in the proof
of 1. By Lemma 1.2.5 and by the isomorphism (1.3.1.2), we have an iso-
morphism A"(L — &) — S"(&* — L*) — K(E* ® L — Ox). It induces
an isomorphism Tord¥(LAMK,G) — Hy(K(E* ® L — Ox) ®o, G). Since
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H(K(E*® L — Ox) oy G) is an HK(E* ® L — Ox) = Oz-module, the
assertion follows.

3. It is clear that the diagram (2.4.1.2) is commutative. It is clear from
the definition of Z that the vertical arrows are isomorphisms if £ is invert-
ible. For the isomorphism (2.4.1.1), the question is local on X and hence the
assertion follows from (2.4.1.2).

4. There exists a distinguished triangle — K" — & — K — of complexes
of Ox-modules. By the condition (L(n)), K’ is acyclic except at degree 0
and hence is identified with an Ox-module £. In the notation of (L(n)), the
restriction L|y is isomorphic to the kernel of a surjection E|y & Ly — &y of
locally free Op-modules of finite rank and the assertion follows. O

Lemma 2.4.2. — Let the notation be as in Lemma 2.4.1.

1. The homology sheaf LPAIC = H,(LAIK) is an Oz-module except for
p=0 and 0 < g<n and is 0 except for max(0,q —n) < p <q.

2. Assume either q >n, p>0 or Z = X. Then the composition

(2.421) Mgt LPHLATC —— Tor) X (K, LAYK) —— ToryX (K, LPAIK)
o L, ®0, LPAIK.

is an isomorphism. The first map is induced by the map LA — IC®éX
LAY, the second map is the boundary map of the spectral sequence Eit =
Tor9x (K, L' AIK) = TorCX (K, LAIK) and the last map is the inverse of the
isomorphism (2.4.1.1).

3. Assume Z = X. Then the Ox-module & = HoK is locally free of rank
n and L = HK is invertible. An iteration of the isomorphism A (2.4.2.1)
defines an isomorphism LPAUC — LZ @ AIPE.

4. Assume Z is a Cartier divisor of X. Then F = HoK is an extension
of a locally free Ox-module & of rank n — 1 by an invertible Oz-module
L) =Ly(7) =Ly R0, Ox(Z). The canonical map K — F is an isomorphism
i the derived category.

For q > 0, the composition

(2.4.2.2) LA —— Tor?* (K, LAIK) —— TorP*(K, AYF)
o s Tor® (K, L5(Z) @ A7) —— LEX(Z) @ A1

1s an isomorphism of Oz-modules. The first map is induced by the map
LA — K ®(L9X LAIC, the second map is induced by the canonical map
LA — AYF, the third map is the inverse of the isomorphism induced by
the map Lz(Z) @ A171E" — ALF and the last map is the inverse of the iso-
morphism (2.4.1.1).
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Proof. — Since the questions are local on X, we may assume that there
is an distinguished triangle — £ — & — K — where £ = Ox and & = O%
as in the proof of Lemma 2.4.1. We put F = HyK. By Corollary 1.2.3.2, we
have an exact sequence

(24.23) 00— LA —— LR AF —— AHE —— NHF 50
and isomorphism
(2.4.2.4) LPHAIKC — L @ LPAIKC

for ¢ >0 and p > 0. If X = Z, we have an isomorphism (2.4.2.4) also for
p=0.

1. By the isomorphisms (2.4.2.4), it is reduced to the case ¢ = n. Hence
it follows from Lemma 2.4.1.2.

2. The composition of A\ : LPHAITIK — L, ®p, LPAIK with the iso-
morphism Lz ®p, LPAIK — L Rp, LPAIK is the isomorphism (2.4.2.4) either
if g>n, p>1or X =27. Hence the assertion follows.

3. If X =27, we have an isomorphism K — £ @ L[1] and the assertion
follows.

4. We show that F is an extension of a locally free Ox-module & of
rank n —1 by an invertible Oz-module £/, and K — F is an isomorphism.
Let (ai,...,a,) € €= 0% be the image of 1 € L = Ox. Shrinking further
X and changing the isomorphism O% — £, we may assume a; is a non-zero
divisor and a9 = ... =a, = 0. The assertion is clear from this.

We have a canonical isomorphism L, = Tor¥(0yz F) — Ker(F ®
Ox(=Z2) — F) — Homp,(0z,F) @0, Ox(—2Z) = L ®o, Ox(—Z). Thus
we obtain an isomorphism L7 ® Ox(Z) — L.

We show that the map (2.4.2.2) is an isomorphism. By the exact se-
quence 0 — Lz(Z) — F — & — 0, we obtain an exact sequence 0 —
L7(Z)@ NI — NF — A€ — 0. From this, we see that the kernel of the
map L ® AUF — A€ in (2.4.2.3) is L5*(Z)® A971E and obtain an isomor-
phism LA™ — £52(Z) @ AT71E". Tt is easy to see that this isomorphism
is the same as the map (2.4.2.2). O

We compute the class of the exterior derived power LA™K in the K-
group.

Corollary 2.4.3. — Let the notation be as in Lemma 2.4.1.
1. Assume Z = X. Let & = HoK be the locally free Ox-module of rank
n and L = HK be the invertible Ox-module in Lemma 2.4.2.3. Then, we
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have an equality
(2.4.3.1) [LA"K] = (=1)" Y (—=1)P[AP(ERLY NRLE"] = 1 ([ERLY ] —n)[L]"
p=0
in K(X).
2. Assume X is a noetherian scheme and Z is a Cartier divisor of X.

Let £ be the locally free Ox-module of rank n —1 and Lz be the invertible
Oz-module as in Lemma 2.4.2.4. Then, we have an equality

(2.4.3.2) (11T - (_1)”_12_:(—1)%”(5' ®oy L77) ® LZ(Z)]
: = anl([glgox L7 = (n=1)[LA]"[02(2)]
in G(Z).

Proof. — 1. We have an isomorphism LPA"K — A"PERL® by Lemma
2.4.2.3. Thus the first equality of (2.4.3.1) follows. The second equality in
(2.4.3.1) follows from (2.1.1.2).

2. By the composition of an iteration of the isomorphisms (2.4.2.1) and
the isomorphism (2.4.2.2), we obtain an isomorphism LPA"K — A" 17P&' @
LEPTY(Z). Thus the first equality in (2.4.3.2) follows. The second equality in
(2.4.3.2) follows from (2.1.1.2). O

We compare the localized Chern class and the class of the exterior
derived power. We introduce some notations. Let S be an equidimensional
regular noetherian scheme of finite dimension and X be a scheme of finite
type over S. Let K be a complex of Ox-modules satisfying the condition
(L(n)). Let Z be the closed subscheme of X as in Lemma 2.4.1. For a
coherent Ox-module G, the 7 or-sheaves 7T orfx (LA™K, G) are coherent Oy-
modules and are 0 except for 0 < g < n by Lemma 2.4.1.2. Hence the map
([LA™K], )x : G(X) — G(Z) sending the class [G] of a coherent Ox-module
G to Yo _o(=1)[Tordx(LAMK,G)] is defined. If K further satisfies the condi-
tion (G) above, the localized Chern class ¢,3 (K) € CH™(Z — X) is defined
by Lemma 2.4.1.4.

Proposition 2.4.4. — Let S be an equidimensional regular noetherian
scheme of finite dimension and X be a scheme of finite type over S. Let n > 1
be an integer and K be a complexr of Ox-modules satisfying the condition
(L(n)) above. Let i: Z — X be the closed immersion defined by the annihilater
ideal Ann A"HoK and Ly be the invertible Oz-module L'i*KC.
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Then the map ([LA™K], )x : G(X) — G(Z) sends the topological filtra-
tion F,G(X) to the topological filtration F,_,G(Z). If K further satisfies the
condition (G), the induced map makes a commutative diagram

eng (K)N
-

CH,(X) CH,_.(Z)

| l

GryG(X) ———— Gr] ,G(Z).
(LA™K, )x

Proof. — The proof is similar to that of Proposition 2.2.2. The topo-
logical filtration F,G(X) is generated by the classes [Ow]| for integral closed
subschemes W C X of dimension < p. We put T=W xx Z. f W =T C Z,
we put W' = W. If otherwise, let © : W/ — W be the blow-up of W at T
and put 7" = W' xy T. Then, the topological filtration F,G(X) is generated
by the classes 7.[Oy/| = [Rm.Oy-| for integral closed subschemes W C X of
dimension < p.

Let Ky and Ky denote K ®éx Ow and K ®éx Oy respectively. We
show the equality ([LA"K], 7. [Ow])x = m[LA"Ky/] in G(T). Since LA™Ky
is a perfect complex of Op-modules and 7 is quasi-compact, we have a
projection formula LA™Ky ®@F Rr,Ow ~ Rr,LA"Ky (1.5.3.1) in D°(X)con.
Thus, by the spectral sequences (1.5.3.3) and (1.5.3.4) and by the isomor-
phism (1.5.3.2), we have

([LA"K], [Rm.Ow))x = Y (=P [Tord* (LA"K, RO, Ow)]
p,q
- Z P[Tor* (LA'K, Rm,Ow:)] = > (=17 [RPm.LA" K]
p

= Z p+q Rp’ﬂ' LqATLICW/] = T [LA”ICW/]

Hence it is reduced to showing that [LA"KCy-] is in F,_,,G(T") and
its class in Gr)_, G(T") is equal to the image of ¢,z (K) N [W’] assuming
dimg W = p. Replacing X by W and further by W’ and K by Ky, we may
assume X =W =W’ and Z =T =T'. Thus we may assume X = W is of
dimension p and Z =T is either equal to X or is a Cartier divisor of X.

First, we assume Z = X. In the notation of Corollary 2.4.3.1, we have

([LA"K], [Ox])x = w([€ ® L77'] = n)[L]"
=7,([€ ® L&' —n) mod F,_,,_1G(X).
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Hence it is contained in F,_,G(X) and its class in Gr]_,G(X) is equal to
the image of ¢,(£ ® L2 1) N[X] by Lemma 2.1.4.3. Further, we have

Cny; (K) NX] = (e(€)e(L)™ N [X])aeg n

(2.4.4.1) =3 (1Y E(E)en (L) N [X] = en(E @ L7 N [X]

in CHy_,,(W). Thus the assertion is proved in the case Z = X.
Next, we assume Z is a Cartier divisor of X. In the notation of Corol-
lary 2.4.3.2, we have

(LA™K, [Ox])x = Y ([€' @ LG = (n = 1))[L2]"[0z(2)]
=7, 1 ([ ® LS~ (n—1)) mod F,_, 1G(2).

Hence by Lemma 2.1.4.3, it is contained in F,_,G(Z) and its image in
Grl .G(Z) is equal to the image of c¢,—1(€'|z ® L") N [Z]. We show the
equality

(2.4.4.2) ey ()N [X] = o1&z LS N[Z]

in CHy—,(Z). By the exact sequence 0 — Lz ®p, Oz(Z) — F — & — 0,
we have ¢ (K) N [X] = ¢(&)ey(Ly ®o, Oz(Z)) N [X]. By Lemma 2.3.2, we
have ¢y (K) N [X] = ¢(&)([X] + ¢(Lz)"' N [Z]). Tts degree n-part is equal
t0 D igen 1 (—1)c(E'2)c1(L2)? N [Z] and further to the right hand side of
(2.4.4.2). Thus the assertion is also proved in the case Z is a Cartier divisor
of X. O

Corollary 2.4.5. — Let X be a separated reqular noetherian scheme of
finite dimension and F be a coherent Ox-modules such that I = F satisfies
the condition (L(n)) for an integer n > 0. Let i : Z — X be the closed
immersion defined by the annihilator ideal of A"F. Assume F is locally free
of rank n — 1 on a dense open subscheme of X. Let m : X' — X be the
blow-up at Z, D = Z xx X' be the exceptional divisor and wp : D — Z be
the restriction of w. Let £, be the locally free quotient of rank n — 1 of the
Ox/-module ™ F by the invertible Op-module m5HL; ®o, Op(D). Then, we
have

cnz (F) N [X] = mpu(ea1(Ex/|p @ mpL571) N [D])

m CHd_n(Z)

Proof. — The complex F satisfies the condition (G) by Lemma 2.1.1.
Since the cohomology sheaves L%*IC are locally free Oz-modules for all ¢,
the Op-module L'(mpoi)*K is the pull-back 75 L;. Thus it follows from the
equality (2.4.4.2) for L7*F. O



58 KAZUYA KATO, TAKESHI SAITO

3. K-theoretic localized intersection product

In this section, we define and study K-theoretic localized intersection
product, which plays an essential role in the proof of the conductor for-
mula. To define the localized intersection product in Section 3.2, we prove
a periodicity of 7 or-sheaves in Theorem 3.1.3 using the Atiyah class map
recalled in Section 1.4. We establish basic properties of the localized inter-
section product including the associativity formulas, Proposition 3.3.2 and
3.3.3, the projection formula, Proposition 3.3.5 and the excess intersection
formula, Theorem 3.4.3. The excess intersection formula gives a relation with
the localized Chern class introduced in Section 2.3 and also with the local-
ized intersection theory defined by Abbes [1]. We prove the formula by using
the map (1.7.2.2) of the spectral sequence (1.6.4.3).

3.1. Periodicity. —

Definition 3.1.1. — Let S be a scheme. We say a scheme X locally of
finite presentation over S 1is locally a hypersurface of virtual relative dimen-
ston n — 1 if, for each v € X, there exist an open neighborhood U of x in
X and a regular itmmersion U — P of codimension 1 over S into a smooth
scheme P over S of relative dimension n.

Clearly, if a scheme is locally a hypersurface, it is locally of complete
intersection. In this section, for a scheme X over S that is locally a hy-
persurface of virtual relative dimension n — 1, let ¢ : Z — X denote the
closed immersion defined by the annihilator ideal Ann Q}/S and let Ly
denote the Oz-module Lli*LX/S. Locally on X, the closed subscheme Z
is described as follows. Let the notation be as in Definition 3.1.1. Further
let P — A% be an etale map defined by a coordinate t;,...,%¢, and as-
sume U is defined by g € I'(P,Op). Then we have a distinguished triangle
— NU/p — QIIJ/S ®(9P OU — LX/S|U — and the map NU/P — Qllg/s ®OP OU
sends the basis g to dg = %dtl + e+ %dtn. Thus the closed subscheme
ZNU CU is defined by the ideal (22, ... 99,

Bty ? Dtn

Lemma 3.1.2. — Let X be a scheme over S that is locally a hypersur-
face of virtual relative dimension n—1. Let i : Z — X be the closed immersion
defined by the annihilator ideal Ann Q?(/s' We put Lz = L'i*Lx/s.

1. The wunderlying set of Z is equal to the closed subset {x € X :
X is not smooth at x over S}.
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2. The cotangent complexr Lx;s satisfies the condition (L(n)) in Section
2.4. For (2%(/5 = HoLx/s, the restriction Q}(/S|X\Z to the complement of Z is
locally free of rank n—1. The Oz-module L; = L'i*Lx,s is invertible.

3. Let P be a smooth scheme over S and X — P be a reqular immersion
over S. Then the canonical map Lx;s — Lx/p — NX/p[l] induces a locally
splitting injection

(3.1.2.1) vx/pys Lz — Nx/p Qoy Oz.

If P — S is smooth of relative dimension n and X — P is a regular immer-
sion of codimension 1, the map vx,p;s : Lz — Nx/p @oy Oz is an isomor-
phism.

Proof. — 1. Clear from the local description above.

2. The condition (L(n)) is also clear from the local description above.
The rest follows from this and Lemma 2.4.1.1.

3. By the distinguished triangle — Nx/p — 9113/5 ®op Ox — Lx/s —,
we have an exact sequence 0 — L; — Nx/p ®o, Oz — Qzla/s Rop Oz —
Q}(/S ®oy Oz — 0. Since Q}(/s ®oy Oz is locally free of rank n, the assertion
follows. O

In the following, for a scheme W over X, we put Zy = Z xx W. By
Lemma 3.1.2.2, for an Oy, -module 7, the isomorphism (2.4.1.1) defines an
isomorphism

(3.1.2.2) Trx/S TOT?X(LX/S,T) — Ly ®0, T

of Oy, -modules.
The following periodicity result is crucial in the definition of the local-
ized intersection product.

Theorem 3.1.3. — Let S be a scheme and X be a scheme over S that
1s locally a hypersurface over S of virtual relative dimension n—1. Let W be
a scheme over X, F be an Ox-module and G be a complex of Ow-modules.
Assume that F is of tor-dimension < m as an Og-module and that H,(G) =0
except for a < qg<b. We put gg=m+n-+0>.

Then we have the following.

1. The Oy -module Torfx(}", G) is an Og,, -module for q > qq.

2. For q —2 > qo, the composition

(3.1.3.1) argxss: TorOx(F.G) —— Ly o, Tord%(F,G)
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of the maps
o
Tory*(F,G)
| Lz ®o, Tor%(F,G)

Tor$x(Lxss ®%, F1],G) T
= Tor (Lxys, F @b, G) —— Tor{™(Lxss, Tor{%(F.,G))

(3.1.3.2)

is an isomorphism of Oy, -modules. The first map is induced by the Atiyah
class map atxssr : F — Lx;s @b, F[1] (1.4.0.2), the second map is the
boundary map of the spectral sequence E;q = TOTSX(LX/S,TOT(?X(:F, g)) =
Torfx (Lx/s, F @4, G) (1.5.1.4) and the last upward map is the isomorphism

o 3.1.2.2
TTorOX(7,9),x/5 (3.1.2.2).

3. Let P be a smooth scheme over S and X — P be a regqular immersion
over S. Let argx/p : Tor{X(F,G) — Nx/p ®o, Torfjg(}", G) be the map
(1.5.4.4). Then the diagram

XF.G,X/S
—_

Tordx(F,G) Ly R0, Torfjg(}", g)

(3.1.3.3) H lVX/P/s®1
Tordx(F,9) Nx/p ®oy TO?”;{XQ(}-, g)

AFr.G,X/P
18 commutative.
Proof. — 1 and 2. The assertions are local on X. Shrinking X, we

take a smooth scheme P over S and a regular immersion X — P over S.
We consider the diagram

2}/5 ®op Torg%(F,G)

I

Tordx(F,G) Nx/p ®0y Tor(?_’g(]:, g)

(3.1.3.4) l T

Tord*(Lxss ®b, F1],G)
=TorX(Lxs, F @5, G) —— Tor{*(Lxys, Tor%(F.G))

[

0

oXF G X/P
_—
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The right column is the exact sequence defined by the distinguished triangle
— Nx/p — 2ps ®op, Ox — Lxss —. The lower left part is the same as
in (3.1.3.2). Since the map argx/p is induced by the composition of the
Atiyah class map F — Lx,s®F[1] and the map Lx,s — Nx/p[l], the square
Is commutative.

Now we assume X — P is a regular immersion of codimension 1. We
show that the map arg x/p : Tord*(F,G) — Nx/p Qoy Tor;{XQ(}", g) is an
isomorphism for ¢ — 2 > ¢o. By Lemma 1.5.4, the map is the same as the
boundary map d2, : Tor$X(F,G) — Nx/p ®o, Torfjé(}", G) of the spectral
sequence 2, = Tor9x(TorO%(F,0x),G) = Eyyq = Toryhy(F,G) (1.5.4.3).
Since X — P is a regular immersion of codimension 1, the E?-term vanishes
for ¢ > 1. By Corollary 1.5.7, the Op-module F is of tor-dimension < m+n.
Hence we have Tor®?(F,G) = 0 for r > qy = b+ n + m. Therefore the
map aggx/p: Tor$(F,G) — Nx/p ®o, Torf_XQ(}", G) is an isomorphism if
q—22 qo.

Since agg x/p : TordX(F,G) — Nx/p ®ox ’]'orfjg(]:, G) is an isomor-
phism, the top vertical map Nx/p®op, Torf_XQ(}", g) — Q}J/S R0, TOTC?_XQ(}-, g)
in (3.1.3.4) is the O-map. Hence the assertion 1 follows by the definition of Z.
Further, since vx/p/s: Lz — Nx/p ®o, Oz is an isomorphism, the assertion
2 follows.

3. Clear from the commutative diagram (3.1.3.4). O

3.2. K-theoretic localized intersection product. — In this subsection, we
keep the notation in Theorem 3.1.3. Namely, X is locally a hypersurface of
virtual relative dimension n — 1 over a scheme S, Z is the closed subscheme
defined by Ann Q?(/s and L7 be the invertible Oz-module Lli*LX/S. For a
noetherian scheme Y over Z, let G(Y),z, denote the cokernel of the endo-
morphism 1 — Lz : G(Y) — G(Y) sending [G] to [G] — [Lz ®o, G].

Theorem 3.1.3.2 has the following consequence.

Theorem 3.2.1. — Let S be a noetherian scheme and X be a scheme
over S that is locally a hypersurface of virtual relative dimension n—1 over S.
Let Z be the closed subscheme defined by Ann Q?(/s and Ly be the invertible
Oz-module Lli*LX/S. Let V' be a closed subscheme of X and F be a coherent
Ovy-module. Let W be a noetherian scheme over X and G € D*(W)eon. As-
sume that F is of tor-dimension < m as an Og-module and that H,(G) =0
except for a < q<b. We put qg=m+n+b and T =V xx W. Then,

1. For q > qo, Torfx(]:, G) is a coherent Oz.-module and the class
[Torfx(}", 9)] € G(Zr)z, depends only on the parity of ¢ modulo 2. The
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class
(3.2.1.1) [[F,Gllx = (—1)TorP*(F,G)] + (-1)" [T ordX (F. G)]

€ G(Zr))z, is independent of q.
2. For an exact sequence 0 — F' — F — F" — 0 of coherent Oy -
modules, we have

17, Gl = [IF7, 6l + [[7", G1].

3. Let F' be an increasing filtration on G. Assume that F,G is acyclic
for sufficiently small q, G/F,G is acyclic for sufficiently large q and that
GryG € D*(W)eon for all q. Then we have

7, G)lx = _[[F. Grl GlIx.

q

In particular, for an exact sequence 0 — G' — G — G” — 0 of coherent
Ow -modules, we have

17,61l = [I7. 9N + [I7, 6"]l.

4. If W is also a closed subscheme of X, G is a coherent Oy -module
and if G is of finite tor-dimension as an Og-module, we have [[F,G]lx =

G, Fllx-

Proof. — 1. Clear from Theorem 3.1.3.
2. We have a long exact sequence

— Torfx(]:’,g) LN Tor(?x(}", g) — Torfx(]:”,g)
— Torfj(l(]:’,g) — Torfj‘l(]:, g) — T or®x (F",G)

R Torf_’é(}-’,g) SN TOTC?_XQ(}-, g) —

Since the canonical map azg x/s is functorial, it induces an isomorphism
Im a - Im b® L. Hence the equality follows.

3. Assume FYG is acyclic for ¢ < a and G/F9G is acyclic for ¢ > b. By
induction on b — a, it is reduced to the case where a = —1 and b = 1. In
other words, it is sufficient to show an equality [[F,G]] = [[F,G']] + [[F,G"]]
for an exact sequence 0 — G — G — G” — 0 of complexes. It is proved
similarly as in 2.

4. Clear from the definition. O
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Definition 3.2.2. — Let S be a reqular noetherian scheme of finite di-
mension and X be a scheme over S that is locally a hypersurface of virtual
relative dimension n — 1 over S. Let Z be the closed subscheme defined by
Ann Q?(/s and Lz 1s the invertible Oz-module Lli*LX/S. Let 'V be a closed
subscheme of X and W be a noetherian scheme over X and put T =V xxW.

We call the bilinear map

sending ([F1,[G]) to [[F,Gl|lx (3.2.1.1) the localized intersection product on
X. W@ put [[‘/, W]]X = [[O\MOW]]X

The localized product is related to the usual intersection product in the
following way.

Proposition 3.2.3. — Let the notation be the same as in Definition
3.2.2. Let P be a smooth scheme over S and X — P be a regular immer-
sion of codimension 1. Let G(T)/ny,, denote the cokernel Coker(1 — [Nx/p] :
G(T) — G(T)).

Then, the canonical map G(Zr) — G(T) induces a map G(Zr);z, —
G(T) Ny, p- Further we have a commutative diagram

Gy x ) L% Gz .,
GV) x GW) 20 (1) ny

Proof. — By the isomorphism vx/ps : Lz — Nx/p Qo Oz (3.1.2.1),
the canonical map G(Zr) — G(T) induces a map G(Zr)/c, — G(T) Ny p-

We show the equality (F,G)p = [[F,Gllx in G(T)/ny,, for a coher-
ent Op-module F and a coherent Op-module G. We consider the spectral

sequence B2, = TorQx(Tor97(F,0x),G) = TorSf,(F.G) (1.5.4.3). Since

Eiq =0 for ¢ # 0,1, we have a long exact sequence
— TOTI?P(]:, g)— TOTEX(]:, g)— Torfjg(}", G)® Nx/p — .

For p >m =n+dim S, we have Tor{?(F,G) = 0. Hence we have (F,G)p =
Z;Lo(—l)p[TorfP(f, G)] is equal to

S (CAP[Tor 9% (F.G)] — S (~1P[Tor%* (F.G) © N

=(=1)"[Torg*(F.G)] + (1) [Tor, %, (F,G) ® Nxyp] = [[F, Gllx
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in G(T) /Ny p- 0

For a flat hypersurface, the localized intersection product commutes
with base change in the following sense.

Lemma 3.2.4. — Let X be locally a flat hypersurface of virtual relative
dimension n — 1 over a scheme S and V be a closed subscheme of X. Let
1 : 4 — X be the closed immersion defined by the ideal Aan}/S and Ly
be the invertible Oz-module Lli*LX/S as in Theorem 3.1.3. Let 8" — S be a
map of schemes.

1. The base change X' = X xg 5" is a flat hypersurface over S'. The
closed immersion i’ . Z' — X' defined by the ideal Aan”,/S/ is the base
change of i : Z — X and the invertible Oz -module Lli’*Q}(,/S, 1s the pull-
back of L.

2. Assume S and S’ are regular noetherian of finite dimension. Let V
be a closed subscheme of X and F be a coherent Oy-module and assume F
is flat as an Og-module, We put V' =V xx X' and let F' be the Oy -module
F ®ogs Ogr. Let W be a noetherian scheme over X' and put T =V xx W.
Then the two maps

[F, N [ N s GW) —— G(Zr) e,

are equal.

Proof. — 1. Clear.
2. Since F' = F@p, Ox, we have F®5 G = F'@p G and the assertion
follows. O

Corollary 3.2.5. — Let the notation be as in Lemma 3.2.4.2. Assume
further that W = X', the map S" — S is a closed immersion and that F = Oy
is flat as an Og-module. Then, we have T =V' and the diagram

V, llx
cx) Bl G(Zv) e,

I I

GX) ——— G(Zv)/e,
v, N

18 commutative.

Proof. — Clear from Lemma 3.2.4.2. g
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Lemma 3.2.6. — Let S be a reqular noetherian scheme and N > 1 be
an integer. Then X = pun g 15 a flat hypersurface over S of virtual relative di-
mension 0. The invertible Oz-module L; = Lli*LX/S on the closed subscheme
1: 74 — X defined by Aan}(/S s triwial. We regard S as a closed subscheme
of X = un,s by the unit section i, : S — X. Then, the composition

(1S Nx ‘
e

G(X) G(Zs) e, = G(Zs) —— G(9)

1s the 0-map.

Proof. — The closed subscheme Z is defined by the ideal (N). To show
Lz is trivial, we may assume S = Spec Z by Lemma 3.2.4.1. The assertion
is clear in this case.

We show that the composition [[S, |]x : G(X) — G(S) is equal to

the composition G(X) — G(Gpn.s) — G(S) where i, : S — G, s is the
unit section. It is sufficient to apply Proposition 3.2.3 by taking S — X —
G,s—SaV-X=W-=P—=2_5.

We show that the composition G(X) — G(Gy,s) — G(S) is the 0-map.
Let ¢ be the coordinate of G,,s. Let F be a coherent Ox-module. Since

0 — Oag,.s o Og,.s — Os — 0 is a resolution of Og by free Og,, ;-

modules, we have a quasi-isomorphism [F e F] — F Qb . Os. Hence

the class i*[F] € G(S) is equal to the image of 0 = [F] — [F] € G(X) by the
push-forward map G(X) — G(S). Thus the assertion follows. 0

Ezxample. — Let G be a finite cyclic group of order N and let Z[G]
be the group algebra. We put S = Spec Z and X = Spec Z[G|. Then we
have X = unys = Spec Z[T]/(TN — 1). The unit section S — X is de-
fined by the augmentation Z[G] — Z. By Theorem 3.1.3, for a G-module
M, there is an isomorphism TorZ“N(z, M) — Torqz_[g](Z,M) for ¢ —2 > 0.
Since TorqZ [G](Z,M ) is equal to the homology group H,(G, M), the isomor-
phism is equivalent to the periodicity of the homology of cyclic group [36]
Chapitre VIII Section 4.

The Grothendieck group G(Zs) = G(Z/NZ) ~ @,y Z is naturally iden-
tified with the subgroup of Q* generated by the prime divisors of N. Then
the localized intersection product [[Z,M]]speczic) € Q* is identified with the

Herbrand quotient #Hy(G, M)/#H, (G, M).

3.3. Associativity and projection formula. — We prepare a technical
lemma for the proof of the associativity formula and the projection formula.
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For a spectral sequence E = (Efo’q = E,.,), let Els,t] denote the spectral
sequence E ., = Epiq 4.

Lemma 3.3.1. — Let W be a noetherian scheme, T be a closed sub-
scheme of W and Ly be an invertible Op-module. Let E = (E! , = E,.,)
be a spectral sequence of coherent Oy -modules. Let rq and t be integers. We
assume that Ezlzq are Op-modules for p+q > rq and E, are Op-modules for
r > rog. We also assume that there exist integers a < b such that Eévq =0
unless a < (t—i— 2)p+tqg <b.

Let 04 : E}w — L7 ®po, E},Hq v—o and o, 1 B, — Lo o, E._o be iso-
morphisms of Or-modules defined for p+q—2 > ro and r—2 > ry respectively.
Assume that, for each x € W, there exist an open neighborhood U C W of x,
an invertible Oy-module Ly, an isomorphism Ly @0, Orov — Lr|rou and a
map oy Ely — £U®OUE\U[ t,t+2] of spectral sequences compatible with the
restrictions of the maps a |T0U and o|rau for p+q—2>rg and r—2 > 1.

Then, we have

(33.1.1) S (CUPMIEL ] = (1B + (—1) By

p+q=r,r+1
for v > ry in the cokernel G(T),z, = Coker(1 — Ly : G(T') — G(T)) of the
map sending [F| to [F|— [Lr ®op F].

Proof. — By the isomorphisms 04 and «,, the both sides of (3.3.1.1)
are independent of r > rq and we may replace r by a larger integer if nec-
essary. The difference of the both sides is the sum for m > 1 of

> (e — B

p+q=r,r+1
= Z (_1)p+q([1m d;:bq] [Im d;n+mq m+1])
p+q=r,r+1
= (-1) ( d [mdrl— > [m d;jq]> .
p+q=r pt+g=r+2

Hence it suffices to show that the isomorphisms o/ v

Im d, — Lr ® Im d+tq v_o for p+qg—2>m—1+ry.
The assertion is local on W. Hence, replacing W by U, we may drop
the subscript U and identify Lo = L®o,, OT By induction on m > [, the map
CEN — LOET, 5 is an isomorphism for p+q—2 > (m—1[)+r. Hence
the map Im dy, — Lr®@Im d, , o is an isomorphism if p+q > m—1+7g
as required. O

induces isomorphisms
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Proposition 3.3.2. — Let X be locally a hypersurface of wirtual rela-
tive dimension n — 1 over a noetherian scheme S and 1 : Z — X be the
closed immersion defined by Ann Q?(/s and let L be the invertible Oz-module

L%’*(Z}(/S. Let V' be a closed subscheme of X and F be a coherent Oy -module.
Assume F is of finite tor-dimension as an Og-module.
Let

V — T —— T

b

X — W — W

be a cartesian diagram of noetherian schemes over S and G € Db(W)coh and
H € DY(W')eon. Assume H is of finite tor-dimension as a complex of Oy -
modules. Then the map ( ,H)w : G(Z7) — G(Z7+) induces a map ( ,H)w :
G(Zr))e, — G(Zr) )z, and we have an equality

(3.3.2.1) ([[F, Gllx. H)w = [[F, (G, H)wl]x
m G(ZT’)/EZ

Proof. — We have a canonical isomorphism Lz ®c, Tor{" (T, H) —
Tor%(Lz®0, T, H) of Og,-modules for an Oz,-module 7. Hence the map
( ,H)W : G(ZT)/LZ — G(ZT’)/EZ is well-defined.

We show the equality (3.3.2.1). We consider the spectral sequence F =
(B2, =Tor§w(TorPx(F,G),H) = Eprq = Torfjfl(}", G®6, H)) (1.5.5.1). We
have ([[F,G]]x, H)w = >, (=1)PTUE2 4> (=P E2 L] for a sufficiently
large integer ¢. Since [E} | = [E?_, | for a sufficiently large p, it is further
equal to » . . (=1)PTE? | for sufficiently large r. For the left hand
side, we have [[F,G ®p, Hllx = (=1)'[E,] 4+ (=1)""'[E,44] for a sufficiently
large integer r. Hence it is sufficient to verify that the assumption of Lemma
3.3.1 is satisfied with ¢t = 0.

By the assumption that H is of finite tor-dimension, there exists an in-
teger b such that Eﬁ,q =0 except for 0 < p <b. By Theorem 3.1.3.1, Ez’q are
Oz,,-modules for sufficiently large ¢ and E, are Oz ,-modules for sufficiently
large 7. We consider the maps arg x/s.: B2, = TorSW(Tordx(F,G), H)) —
Lz ®o, Equ_g induced by the Atiyah class maps and the Atiyah class maps
OFgel, HX/S E, =Tor%*(F,G®%, H) = Lz ®0, E,—s themselves. Let U C
X be an open subscheme, P be a smooth scheme of relative dimension n over
S and U — P be a regular immersion of codimension 1. Then, by Lemma
1.5.5.1, the Atiyah class map defines a map ay/p : Ely — Ny/p ® E|v]0,2]
(1.5.5.2) of spectral sequences. By the commutative diagram (3.1.3.3), the
map ay/p is compatible with the maps arg x/s+ : Ez’q — Lz ®o, Ez%,qu and
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OF Gl HX/S E, — L;®0, E._s. Thus, it suffices to apply Lemma 3.3.1 to
w
show the equality (3.3.2.2). 0

Proposition 3.3.3. — Let

Vv X w X' Vv’
| !
S S’

be a diagram of noetherian schemes. Assume that V — X and V' — X' are
closed immersions. Assume further that X is locally a hypersurface of virtual
relative dimension n — 1 over S and X' is locally a hypersurface of wvirtual
relative dimension n' — 1 over S'. Let i : Z — X be the closed subscheme of
X defined by Ann Q?(/s and Lz be the invertible Oz-module Lli*Qﬁqs. Let
i 7' — X' be the closed subscheme of X' defined by Ann _Q?(/,/S, and L', be
the invertible Oz -module L'¢*$2%, g .

Let Zy be a closed subset of W. Assume that the underlying sets of
Zr = ZXx VxxW and Zl,, = 7' xXx: V' Xx: W are subsets of Z; and let
G(Z1)/24,c;, be the cokernel of the map (cano ([Lz] —1),cano ([L}] — 1)) :
G(Zr) ® G(Z,) — G(Z1) so that the canonical maps induce G(Zr)/z, —
G(Zl)/LZvL/Z/ cmd G(ZT/)/ﬁ/Z, — G(Zl)/LZVC/Z/'

Let F be a coherent Oy-module and F' be a coherent Oy:-module. As-
sume F is of finite tor-dimension as an Og-module and F' is of finite tor-
dimension as an Og-module. Let G € Db(W)COh. Assume that the complex G
1s of finite tor-dimension as a compler of Ox-modules and as a complex of
Ox:-modules so that the maps ( ,G)x : G(X') = G(W) and ( ,G)x : G(X) —
G(W) are defined. Then we have an equality

7, (F, @)xllx = [[F (F, G)xllx
m G(Zl)/EZvL/Z/'
Proof. — By Theorem 3.2.1.3, we have [[F, (F,G)x/]|x = [[F, G5, Fl|

and [[F', (F,9)x|]x = [[f’,]—"@éx Gl]. Hence it follows from the isomorphism
Torox(F,F ®6,,9) — TOT’?X/(}-,:}—@éX g) (1.5.2.2). a

In the proof of conductor formula, we will use the following special
cases of Propositions 3.3.2 and 3.3.3.

Corollary 3.3.4. — Let S be a reqular noetherian scheme of finite di-
mension and X be a scheme of finite type over S that is locally a hypersurface
over S. Let f: W — X be a morphism of noetherian schemes.
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1. Let g: W' — W be a morphism of finite tor-dimension of noetherian
schemes over X. Then, for I' € G(X), we have an equality

g ([0 W]]x = [[I, W)k
Here [ \Wllx : G(X) — G(Zw)/z, and [ ,W]lx : G(X) — G(Zw),z,

denotes the localized intersection product respectively and g* : G(Zw)/c, —
G(Zw) )z, in the left hand side denotes the pull-back defined by Lg*.

2. Let g : W' — W be a morphism of noetherian scheme and V be a
closed subscheme of X. Assume W is regular of finite dimension so that the
functor ®p  induces an intersection product ( , )w : G(Zr)jc, x G(W') —
G(Zp1) )z, Then, for I'e G(W'), we have

[V, Ilx = ([V, Wllx, Dw

In each side, [[V, ||x : GOW') — G(Zp) )z, and [[V, ||x : GW) — G(Zr) .,
denotes the localized intersection product respectively and ([[V,W]lx, )w :
GW') — G(Zr))z, in the right hand side denotes the intersection product
above.

3. Let S" be another reqular noetherian scheme and X' be locally a hy-
persurface over S'. Let g : W — X' be a flat morphism, V' be a closed
subscheme of X' and put W' = W xx. V'. Assume that f : W — X s
a morphism of finite tor-dimension, that the closed subset Zyy = Z xx W'
of W' is set-theoretically a subset of Z'yyy = Z' xx: W' and that we have
G(Zw)e, = G(Zwr) and G(Z'w')e, = G(Z'wr). Then, for I' € G(X), we
have

Wl = V', £ T

In each side, [[ ,W']]x : G(X) — G(Zw)z, and [[V', Jlx : GIW) —
G(Z/W/)/c’z/ denotes the localized intersection product respectively and f* :

G(X) — G(W) in the right hand side denotes the pull-back.

Proof. — 1. It is sufficient to show the equality ¢*[[F, W]]x = [[F, W']]x
for a coherent Ox-module F. This is the special case of Proposition 3.3.2
where g = OW and H = OW/.

2. Tt is sufficient to show the equality [[V,H]]lx = ([[V,W]]x, H)w for a
coherent Oy -module H. This is the special case of Proposition 3.3.2 where
F =0y and G = Ow.

3. It is sufficient to show the equality [[F,W'||x = [[V', Lf*F]]x for a
coherent Ox-module F. By the flatness of W — X', we have Lg*Oy» = Oyp.
By the assumption, G(Z/W/)/Ez,ﬁ/z, in the notation Proposition 3.3.3 is equal
to G(Z'w). Hence this is the special case of Proposition 3.3.3 where G = Oy,
and F' = Ovl. g
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Proposition 3.3.5. — Let X be locally a hypersurface over a moetherian
scheme S of wvirtual relative dimension n—1. Let F be a coherent Oy -module
on a closed subscheme V of X. Assume F is of finite tor-dimension as an
Og-module. Let i : Z — X be the closed subscheme of X defined by Ann Q?(/s

and put Ly = Lli*Qﬁf/S.

Let w: W' — W be a proper morphism of noetherian schemes of finite
dimension over X and G € D*(W')eon. We put T =V xx W and T' =
VxxW'. Then the map m, : G(Zp) — G(Zr) induces a map m, : G(Zg/) /2, —
G(Zr))z, and we have an equality

(3.3.5.1) [[F, Rm.Gllx = 7| F, G]|x
m G(ZT)/ﬁZ.

Proof. — For an Ogz,-module 7, we have a canonical isomorphism
Lz ®o, Rm, T — Rim.(Lz ®o, T) of Oz.-modules. Hence the map m, :
G(Zr) e, — G(Zr))c, is well-defined.

We show the equality (3.3.5.1). The proof is similar to that of (3.3.2.1).
By the assumption that W is a noetherian scheme of finite dimension, the
condition (i) in Lemma 1.5.3 is satisfied. Applying Lemma 1.5.5.2, we obtain
a spectral sequence E? = R Pm,Tordx(F,G) = Torf@(]—", Rm.G) (1.5.5.3).
We have [[F, Rm.G]lx = (—1)"[E,]+ (—1)""[E, 1] for a sufficiently large inte-
ger 7. We also have 7.[[F,Gl|x = > (=1)P*[E} J+3° (—1)PFHHE2 ] for a
sufficiently large integer ¢. Similarly as in the proof of (3.3.2.1) it is sufficient
to verify the assumption of Lemma 3.3.1.

We consider arg x/s+ : Ez’q = R*pm’]’orfx (F,G) — Lz ®o, Ez’q,Q and
QaF Rr.G.x/s : Er = Tor?x(]:, Rm.G) — L; ®o, Er—5. Let U C X be an open
subscheme, P be a smooth scheme of relative dimension n over S and U —
P be a regular immersion of codimension 1. Then, by Lemma 1.5.5.2; the
Atiyah class map defines a map ay/p : Ely — Ny/p @ E|y[0,2] (1.5.5.4) of
spectral sequence. By the commutative diagram (3.1.3.3), the map ay/p is
compatible with the maps arg x/gx : E;q — Lz R0, E;q_Q and ar pr,g x/s
E. — L7 ®o, E,—5. Thus, it suffices to apply Lemma 3.3.1 to show the
equality (3.3.5.1). 0

3.4. Fxcess intersection formula. — We prove the excess intersection
formula Theorem 3.4.3 and the self-intersection formula Corollary 3.4.4. First,
we study the excess conormal complex.
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Lemma 3.4.1. — Let V — X be a closed immersion of schemes over S
and

Ti—T>W

ol b
(A%
be a cartesian diagram of schemes over S. Assume that X is locally a hyper-
surface of virtual relative dimension n—1, V is locally of complete intersection
of virtual relative dimension n — c and that the immersion ip : T — W s a
reqular immersion of codimension .

Let 1 : Z — X be the closed subscheme defined by the ideal Aan;}/S
and put Lz = Lli*LX/S. Let M",/X’W be the excess conormal complex. Then,

1. The complex My, y, of Or-modules satisfies the condition (L(c—c'))
in Section 2.4.

2. On the complement T — Zp of Zy = T xXx Z, the canonical map
M\///X,W|T—ZT — \//—ZV/X—Z,W—ZW is an isomorphism and the excess conormal
sheaf N"/_ZV/X_ZW_ZW is a locally free Or_z.-module of rank ¢ —c — 1.

3. Assume p>0 or g >c—c. Then, the Or-module LpAqM"//X,W is an
Oyz,.-module and the map AVl (2.4.2.1) defines an isomorphism

(3.4.1.1) Avixssaw @ LPFLATEIMG, » Lz ®o, LPAIMy,x vy

of Og,.-modules. Let P be a smooth scheme over S and X — P be a reg-
ular immersion over S. Then, the isomorphisms Ay/x/sw and Av/x/pw -
Lp“/lq“M"//X,W — Nx/p ®oyx LPATMy, oy, (1.7.2.1) form a commutative di-
agram

A
LPHATM = Lz @0, LPATM 4y
(3.4.1.2) ’ lVX/P/s
Lp+1Aq+1M‘,//XW _—> NX/P ®0X LPAC]M‘///X w*
’ Av)x/P,Ww ’
Proof. — 1. The assertion is local on T. Hence, we may assume there

exists a smooth scheme P of relative dimension n over S and a regular
immersion X — P of codimension 1 over S. Then, we have a distinguished
triangle — (i 0 g)"Nx/p — Ny py — My xy — (1.7.1.2). Since the excess
conormal sheaf N"//PW is locally free of rank ¢ — ¢, the complex M"//X’W
satisfies the condition (L(c—¢)).



72 KAZUYA KATO, TAKESHI SAITO

2. The map X — S is smooth on the complement of Z. Hence the
immersion V' — X is a regular immersion of codimension ¢ —1 on the com-
plement of Zy,. Thus the assertion follows from Proposition 1.6.4.2.

3. Let i’ : Z' — T be the closed immersion defined by AnnAC_C'N"//ij.
We show that Z’ is a closed subscheme of Zr and that the canonical map
My, w — Lg*Myx — L(iyog)*Lx/s induces an isomorphism Lli’*M{//XW —
L;®0,0z of invertible Oz-modules. The question is local on 7. The inverse
image Zp C T is defined by the ideal Ann(iy o g)*/l”(?}(/s. Let the notation
be as in the proof of 1. Then, the claim follows from the map

—— Nx/p ®ox Op —— N\///P7W - M\///X,W

H l l

—— Nx/p ®oy Or —— b3 ®0, Or —— (iv0g)'Lx/s ——

of distinguished triangles.

By Lemma 2.4.2.1, LpAqM",/X’W is an Oz-module and hence is an Og,.-
module for p > 0. By the isomorphism le”*M"//X,W — L7 ®o, Oy, the iso-
morphism )\M(//X,W : Lp“/lq“M"//X,W — Lli’*M"//X’W ®o,, LPATM, « y, defines
an isomorphism Ay,x/sw. The commutative diagram (3.4.1.2) is clear from
the commutative diagram (2.4.1.2). 0

We relate the localized intersection product with the derived exterior
power of the excess conormal complex.

Proposition 3.4.2. — Let S be a scheme and V — X be a closed im-
mersion of schemes over S. Assume that X s locally a hypersurface of virtual
relative dimension n — 1 over S and V is locally of complete intersection of
virtual relative dimension n — ¢ over S. Let

Ti—T>W

L b
V— X
(A%
be a cartesian diagram of schemes over S. Assume that W is a noetherian
scheme and that the immersion ir : T — W is a reqular immersion of codi-

mension ¢. Let i : Z — X be the closed subscheme defined by the ideal
Aan}/S and put Lz = Lli*LX/S. Let M",/XW be the excess conormal com-

plex. We put [LAC*C'M"//XW] = Z;;g(—l)p[LpAC*C/M",/X’W] in G(Zr).
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Then, we have an equality
(3.4.2.1) V. Wl = (—1) LA My ).
in G(Zr)/c,. In particular, if W =T is a scheme over V, we have
(3.4.2.2) [[V.W]]x = (=1)°[LA°Lg*My,x]
in G(Zw) iz,

Proof. — Proof is similar to Propositions 3.3.2 and 3.3.5. Let E be

the spectral sequence E, = LQPWA*”M{,/X’W = Epy = Torﬁﬁ‘,}((’)v,(’)w)

(1.6.4.3/). We have (=1)"[LA M, ] = > (1) H[EL ] Since
LpAqMV/X’W = 0 except for max(0,q — (c —)) < p < ¢q, we have E7 =0
except for —(c—¢) <3p+¢q < 0. We have [E} | = [E},, 5] for p < —(c—
') by the isomorphism Ay /x/sw : LPHA‘ZHM",/X’W — Lz o, Lq/lqM",/XW
(3.4.1.1) for ¢ > ¢ —¢. Hence, it is further equal to >° . . . (=1)P"[E] |
for sufficiently large r. On the other hand, we have [[V,W]]x = (—=1)"[E,] +
(—=1)""[E, 1] for sufficiently large r. Thus it suffices to show that the as-
sumption of Lemma 3.3.1 is satisfied with t = 1.

We have the isomorphisms ao, o, x/s @ £y = Tor?x (Oy,Ow) — LzQ0,
Tor%(Oy,Ow) (3.1.3.1) and Ay/x/sw : EL, = LPHAPM, 0 — L7 ®o,
L2 IATPT UM, ey (34.1.1). Let U C X be an open subscheme, P be
a smooth scheme of relative dimension n over S and U — P be a reg-
ular immersion of codimension 1 over S. Then, we have a map of spec-
tral sequences ay/p @ Ely — Ny/p @ E|y[—1,3] (1.7.2.2). By the commu-
tative diagrams (3.1.3.3) and (3.4.1.2), the map ay/p is compatible with
a0y 0w .x/s © Br — Lz ®o, By and A\yyxsw @ E), — Lz ®o, E)1, 3.

b,q
Thus it suffices to apply Lemma 3.3.1. O

To state the excess intersection formula, Theorem 3.4.3, we introduce
further notation. We keep the notation in Proposition 3.4.2. We assume fur-
ther that the regular noetherian scheme S is equidimensional of finite dimen-
sion. If the conormal complex My, x satisfies the condition (G) in Section
2.4., then the excess conormal complex M",/X’W also satisfies the condition
(G) and the localized Chern class CC*C'ET(M\///X,W) € CH “(Zp — T) is
defined.

We briefly recall the localized intersection product defined by Abbes
in [1] Definition 4.4 after slight modification. Let W be a scheme of finite
type over X. Assume W is integral and is of dimension p. We put T =
VxxW and Zr = ZxxT. f T C W, let 7 : W — W be the blow-up
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at T and T = T xyw W' be the exceptional divisor. Since the immersion
T — W’ is a regular immersion of codimension 1, the localized Chern class
cc_lg;l(M",/X’W/) € CH Y(Zy — T") of the excess conormal complex M x v
is defined. Then the localized intersection product (V,W)xic € CH,_(Zr)
is defined by

(_1)CCCEV(MV/X) N [W] lf T = W

3.4.3.1 V,W oc — ! i
R {WZT*<<—1>C—1(:C1£T,<M'V/X,W,>m[T'1> £ TCW.

If the closed immersion T"— W is a regular immersion of codimension ¢ and
!
MV/X’W denotes the excess conormal complex, we have

(3.4.3.2) (VW) x e = (1) e (M7 ) N [T]
The equality (3.4.3.2) is called the localized excess intersection formula (cf.
[1] Proposition 4.11).

For an integer p > 0, let Z,(WW) be the free abelian group gener-
ated by the classes of integral closed subscheme of dimension p. Thus we
obtain a collection of maps (V, )xie : Zp(W) — CH,_.(T) sending the
closed integral subscheme W' to (V,W')x 0. for morphisms W — X of finite
type over S. The localized intersection product (V, )xjo is characterized by
the localized excess intersection formula (3.4.3.2) and the projection formula
(V7 7T*VV)X,IOC = W*(Vy W)X,loc'

Let T =V xx W and F,(G(Zr),z,) denote the filtration on G(Zr),.,
induced by the topological filtration on G(Zr).

Theorem 3.4.3. — Let X be locally a hypersurface of wvirtual relative
dimension n—1 over a equidimensional reqular noetherian scheme S of finite
dimension and j:V — X be a closed subscheme of X. Let Z be the closed
subscheme of X defined by the ideal Ann Q}/S. Assume that V' is locally of
complete intersection over S of relative dimension n — c.

Let W be a scheme over X and assume W is of finite type over a
reqular noetherian scheme of finite dimension. We put T =V xx W — W.

1. The localized intersection product [[V, ||x : G(W) — G(Zr),z, sends
the topological filtration F,G(W) to F,_.(G(Zr),z,) for p > 0.

2. Assume further that the conormal complex My, x satisfies the con-
dition (G) in Section 2.4. Then the map induced by [[V, ]]x on the graded
quotients sits in the commutative diagram

Z,(W) S CH, ()

canl lcan

(v; llx
GriGW) ——— Gr]_ (G(Zr)/c,)-
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Proof. — The proof is similar to those of Propositions 2.2.2 and 2.4.4.
We use the notation of the proof of Proposition 2.2.2. By the same argument
as loc.cit. and by the projection formula Proposition 3.3.5 and [1] Proposition
4.6 (a), it suffices to show the following: Assume that W is of dimension p
and that either T is equal to W or T is a Cartier divisor of W. Then, the
localized intersection product [[V,W]|x is in F,_.(G(Zr)/z,) and, if My x
satisfies the condition (G), the class of [[V,W]]x in Gr]_ (G(Zr)/c,) is equal
to the image of (V,W)x10c € CH,—o(Zr)

First, we assume T = W. Then by (3.4.2.2), we have [[V,W]]x =
(—=1)°[LA°Lg*My,x] in G(Zw),z,. Hence, by Proposition 2.4.4, [[V,W]]x is
in F,_o(G(Zw)/c,) and, if My x satisfies the condition (G), the class of
[V, W]lx in Gr)_ (G(Zw))z,) is equal to the image of (—1)°c.y, (My,x)N[W].
Thus the assertion follows from the first equality in (3.4.3.1) in this case.

Next, we consider the case where T is a Cartier divisor of W. Then by
(3.4.2.1), we have [[V,W]]x = (—1)*"} LA 1M",/XW] in G(Zr),z,. Hence, by
Proposition 2.4.4, [[V,W]]x is in Flp_1)_(— )(G(ZT)/EZ) and, if My, x satisfies

the condition (G), the class of [V, W]lx in Gr] .(G(Zr),c,) is equal to the
image of (—1)0*100_1§T(M"//XW) [T]. Thus the assertion follows from the
excess intersection formula in (3.4.3.2) in this case. O

Corollary 3.4.4. — Let the notation be the same as in Theorem 3.4.35.
Assume W is of dimension p and that the closed immersion T — W is a
reqular immersion of codimension ¢. Assume also that the conormal complex
Myx satisfies the condition (G).

Then for the class of [[V,W]lx € F,—(G(Zr),z,) and for the image of
(=1)ce_ ¢ % (My)xw) N [T] € CHy_o(Zr), we have an equality

(3.4.4.1) [V, W]lx = (=1 e, (Myyxc) 0 [T]

m Grf_c(G(ZT)/EZ).

If W is a scheme over V, the class of [[V,W]|x in Gri_ (G(Zw),c,) is
equal to the image of (=1)°cy, (My;x)N[W] € CHy,_(Zw). In particular, if
V =W, we have an equality

(3.4.4.2) (V. V]lx = (1), (Myyx) N [V]

mn Grzf_c(G(Zv)/[;Z).

We call the equality (3.4.4.1) the localized excess intersection formula
and the equality (3.4.4.2) the localized self-intersection formula
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Proof. — Similarly as the proof of Theorem 3.4.3 above in the case
T is a Cartier divisor, the excess intersection formula (3.4.4.1) follows from
Proposition 3.4.2.3 and Proposition 2.4.4. The case W =T is proved in the
proof above. O

Corollary 3.4.5. — Let X be locally a flat hypersurface of virtual relative
dimension n — 1 over a scheme S and V be a closed subscheme of X. Let
1: 4 — X be the closed immersion defined by the ideal Aan}/S and Lz

be the invertible Oz-module Lli*Q}(/S as i Theorem 3.1.8. We consider the
self-product X xgX as a scheme over X with respect to the second projection.

1. The scheme X Xg X s locally a hypersurface of wvirtual relative di-
mension n — 1. Let 1 - Z — X xg X be the closed subscheme defined by
the ideal Aan}XSX/X. Then the intersection Z Xxx.x X with the diagonal
A: X - X xgX is Z CX and the pull-back of the invertible Oz-module
LIE*Q}(XSX/X is Lz. There is a canonical isomorphism Lx/s — Mx/xxsx-

2. Further if S is equidimensional reqular noetherian and of dimension
d, we have an equality

[X, X]lxxsx = (=1)"eaz (Lxys) N [X]
in Grg—l(G(Z)/ﬁz)'

Proof. — 1. We obtain an isomorphism My xxsx — LA*Lxx¢x/x —
Lx,s by the distinguished triangle — LA*Lx, x/x — Lx/x — Lx/xxsx —-
The rest follows immediately from Lemma 3.2.4.

2. It suffices to apply Corollary 3.4.4. g

The image of [[V,W]]x in Gr,_(G(T),c,) may be computed using the
Segre classes. For a perfect complex K, we put ¢(K)* = ¢(K*) =Y _,(—=1)¢;(K)
as usual.

Corollary 3.4.6. — Let VC X =S and T=V xx W CW — X be as
i Theorem 8.4.3. Assume W is an integral scheme of dimension p of finite
type over a regqular noetherian scheme of finite dimension and T # W. Let
g:T —V be the natural map, let G(T),z, denote the cokernel of the map
Lz]—=1:G(Zr) — G(T) and let Fo(G(T)z,) denote the filtration induced by
the topological filtration. Then the class of the localized intersection product
V. W]lx in Gr]_(G(T))z,) is equal to the image of

c—1

{e(Lg"Myyx)" O (T, W) aimp-e = ) _(=1)'ci(Lg" My)x)se—i( T, W)

1=0

€ CH,_.(T).
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Proof. — Let m: W' — W be the blow-up at T and D = 7 }(T) =
W'xw T be the inverse image of T' as above. By Proposition 3.3.5.1, we have
[V,W]]x = m[[V,W]]x. Since D is a Cartier divisor of W', by Theorem
3.4.3.2, the class of [[V,W']]x in Gr] (G(D)/c,) is equal to the image of
(=1 et (M, x ) N [D] = {e(Myyx)*e(Npw)* ™ O [D}aimp—e € CHp—o(D).
Hence the class of [[V,W]]x in Gr) (G(T),z,) is equal to the image of
{e(Lg* My x)*m(e(Npyw)* "t N [D]) }aimp—c- Since Npw = Op(—D), we have
an equality 7. (¢(Npw)* ' N [D]) = s(T,W). Thus we obtain the required
equality. O

4. Logarithmic products

We define and study logarithmic products. In 4.1, after recalling gener-
alities on log schemes, we define a functor [P] on the category of log schemes
for an fs-monoid P and introduce the notion of frames. We define log prod-
ucts in Definition 4.2.4 and establish basic properties in 4.2. We study gen-
erality on properties of morphisms of log schemes in 4.3 as an application of
log products. In 4.4, we study morphisms log locally of complete intersection.

For generalities on log schemes such as the definitions of log smooth
morphisms, exact immersions etc., we refer to [23], [25] and [20].

4.1. Frames. — We define a functor [P]| for an fs-monoid P on the
category of fs-log schemes and introduce the notion of frames as a prelim-
inary for the definition of the logarithmic product in the next subsection.
It is closely related to the toric stack studied in [21] and [32]. First, we
briefly recall generalities on log schemes. Basic references are [23], [25] and
[28] Section 1.

In this paper, a monoid means a commutative monoid. For a monoid P,
PP denotes the associated commutative group and P* denotes the subgroup
of invertible elements. A monoid P is called integral if the canonical map
P — P*®P is injective. We will identify an integral monoid P with its image
in P®P. A monoid P is called saturated if it is integral and if it is equal to
the saturation P** = {x € P8P|z™ € P for some n > 1}. A monoid is called
an fs-monoid if it is finitely generated and saturated. We regard Ox as a
sheaf of monoids on the etale site of X with respect to the multiplication.
An fs-log structure on a scheme X is a morphism «: My — Ox of sheaves
of monoids on the etale site of X satisfying the following conditions (1) and

2).

(1) The induced map a~'(0%) — O% is an isomorphism.
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(2) For each geometric point T, there exist an etale neighboorhood U,
an fs-monoid P and a morphism of monoids §: P — I'(U, Mx) such that
the diagram

N M) —— Py

! l

C
M)?’U — MX’U
is co-cartesian in the category of sheaves of monoids. Here Py denotes the
constant sheaf.

A morphism §: P — I'(U, Mx) of monoids satisfying the condition (2) above
is called a chart of Mx on U. The log structure on Mx|y on U is called the
log structure associated to P — I'(U, Mx). A scheme with an fs-log structure
is called an fs-log scheme. In this paper, we only consider fs-log schemes and
fs-log structures and we simply call them log schemes and log structures
respectively. The condition (1) implies My = o '(O%) and that the map
M{ — O% is an isomorphism. The log structure My = O% is called the
trivial log structure.

For a monoid P, let P denote the quotient P/P*. The quotient P of
an fs-monoid P is also an fs-monoid. For a log scheme X, we put My =
My /M3. The sheaf My is the inverse image of My by M% — M. For a
log scheme X, the monoid I'(X, Mx) is integral and saturated. For a geomet-
ric point ¥ of X, the stalk Mx; is an fs-monoid and there exists a section
MXx — Mx z mducmg an isomorphism MXx X Mx- — Mx ;. We say a mor-
phism f: X — Y of log schemes is strict if the induced map f*My — My
is an isomorphism. If X — Y is strict, we say that the log structure Mx on
X is the pull-back of the log structure My on Y.

A typical example of log scheme is given by a divisor with simple nor-
mal crossings on a regular locally noetherian scheme. Let X be a regular
locally noethrian scheme. Recall that we say a divisor D on X has sim-
ple normal crossings if its irreducible components are regular and if they
meet transversally. More precisely, let D;,7 € I be the irreducible compo-
nents of D. Then for any finite subset J = {i,... ,is} C I, the intersection
D; = ﬂie s Di = D;, xx -+ Xxx D;, is a regular subscheme of codimension
s. In other words, for each = € X, there exist a regular system ti,...,%
of parameters of the regular local ring Ox, and an integer 0 < r <[ such
that the divisor D is defined by [[;_;¢; in a neighborhood of z. We say D
has normal crossings if, etale locally on X, the divisor D has simple normal
crossings. A divisor D with normal crossings has simple normal crossings if
and only if each of its irreducible components is regular. If X is a regular
noetherian scheme, D is a divisor with normal crossings and j : U — X
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is the open immersion of the complement of D, we call the log structure
Mx = Ox N j.O} the standard log structure on X defined by D.
For an fs-monoid P, let

S[P] = Spec Z[P]

denote the log scheme with the log structure associated to P — Z[P]. For a
log scheme X, maps P — I'(X, Mx) of monoids correspond bijectively with
maps X — S[P] of log schemes. In other words, the log scheme S[P] repre-
sents the functor associating the set Hommonoia(P, (X, Mx)) of morphisms
of monoids to a log scheme X. A map P — I'(X, My) is a chart on X if
and only if the corresponding map X — S[P] is strict. By abuse of terminol-
ogy, we call a strict map X — S[P] a chart. We call a pair of a log scheme
X and a chart P — I'(X, Mx) a charted log scheme and will abbreviate it
as (X, P). For charted log schemes (X,P) and (Y,Q), we call a pair of a
morphism X — Y of log schemes and a morphism () — P of fs-monoids such
that the diagram

X — Y
| |
S[P] —— S[d]

is commutative a morphism of charted log schemes and will abbreviate it as
(X, P) = (Y, Q).

For maps of log schemes X — S and Y — 5, we let X x?g Y denote
the fiber product in the category of fs-log schemes. For maps f : N — P
and g : N — @ of fs-monoids, the saturation P &5%' Q) of the image of P &
Q in P8 @ye QP = Coker(f — g : N — P8P @ (8P) is the amalgamate
sum of P and @) over N in the category of fs-monoids. The canonical map
S[P &%' Q] — S[P] xg)[gN} S[@Q] is an isomorphism. If (X,P) — (S,N) and
(Y, Q) — (S, N) are morphisms of charted log schemes, we have

(4.1.0.1) X XY = (X x5Y) xsipag S[P &3 Q]
and X x$8Y is strict over S[P ®% Q).

Definition 4.1.1. — Let P be an fs-monoid.
1. Let [P] denote the functor on the category of log schemes associating
to a log scheme X the set

[P](X) = Hommenoia(P, I'(X, Mx))

of monoid homomorphisms. We identify a map P — I'(X,Mx) of monoids
with a map X — [P] of functors.
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2. Let S[P] — [P] be the map induced by the tautological map P —
I(S[P], Mgip)). If a map X — [P] is the composition of X — S[P] and the
map S[P] — [P], we say the map X — S[P] is a lifting of X — [P].

3. We say a map Q — P of fs-monoids is a quasi-isomorphism if Q =
Q/Q* — P = P/P* is an isomorphism.

Lemma 4.1.2. — Let ¢ : Q — P be a morphism of fs-monoids.

1. If ¢ : Q — P is a quasi-isomorphism, the induced map [Q] — [P] of
functors is an isomorphism.

2. Let P’ be the inverse image of P by the map P% & Q% — P*P
sending (a,b) to a+p(b). Then the map P @ Q% — P O Q5 sending (a,b)
to (a+¢(b),b) induces an isomorphism P" — P@&Q®. Hence the map P — P’
defined by a +— (a,0) and the map P' — P induced by (a,b) — a+ p(b) are
quasi-isomorphisms.

3. Let Q — Q' be a quasi-isomorphism of fs-monoids. Then the map
P—P 635(5t Q' is a quasi-isomorphism.

4. Let (P &g P)~ C P @ge P8P be the inverse image of P by the map
PeP G PP — PP sending (a,b) to a +b. Then the map P& P & P& —
(P &g P)~ sending (a,b,c) to (a + ¢,b — ¢) induce a surjection P & P &
(P& /(@) — (P &g P)~. Further the monoid (P &g P)™~ is identified with
the quotient of P@® P& (P8 /p(Q®P)) by the equivalence relation generated by
(a,0,0) ~ (0,a,a) for a € P.

Proof. — 1. Clear from the definition.

2. Clear.

3. It is reduced to the case Q' = Q = Q/Q*. Then P’ = PogtQ =
P/Im Q* and P — P’ is an isomorphism.

4. The map P@® P — P @ (P8 /p(Q*?)) : (a,b) — (a + b,a) induces an
isomorphism P& @ger PP — P& & (PP /p((Q)%P)) of abelian groups. Hence, it
induces an isomorphism (P@qgP)~ — P& (P /p(Q®)) in 4. The composition
P®P@ P — (P®g P)~” — P® (P /p(Q%)) maps (a,b,c) to (a+b,a+c).
Now the assertion is clear. O

Definition 4.1.3. — Let X be a log scheme and P be an fs-monoid.

1. We say a map X — [P] is strict if, for each geometric point Z, there
exist an etale neighborhood U of T and a strict morphism U — S[P| lifting
the restriction U — [P].

2. We call a strict map X — [P] a frame. We call a pair of a log

scheme X and a frame X — [P] a framed log scheme and, by abuse of nota-
tion, let it denoted by (X,[P]). For framed log schemes (X,[P]) and (Y,[Q)]),
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we call a pair of a morphism X —Y of log schemes and a morphism ) — P
of fs-monoids such that the diagram

X — Y

L
Pl — @

1s commutative a morphism of framed log scheme and will abbreviate it as

(X, [P]) = (Y, [@])-

The functor [P] is in fact a sheaf with respect to the classical etale
topology. In [21] and [32], the “toric stack” Sp and a stack Sp® associated
to it are introduced for a fine monoid P. For an fs-monoid P, the stack S}Sg
is identified with the sheaf [P] by [32] Proposition 5.17. Moreover, a map to
Sp is strict if and only if the corresponding map to [P] is strict in the sense
of Definition 4.1.3.1 by loc. cit. Remark 5.18.

By definition, a map X — [P] is a frame if and only if it is etale
locally lifted to a chart. A typical example of frames is given by a divisor
with simple normal crossings on a regular locally noetherian scheme.

Lemma 4.1.4. — Let X be a log regular ([25] Definition (2.1)) locally
noetherian log scheme and U be the mazimum open subscheme of X where
the log structure Mx 1is trivial.

1. The following conditions are equivalent.

(1) The underlying scheme X is reqular, the open subscheme U is the
complement of a divisor D with normal crossings and Mx is the standard log
structure defined by D.

(2) Etale locally on X, there exist a chart X — S[N™] for some integer
m.

2. If X is quasi-compact, the following conditions are equivalent.

(1) The underlying scheme X is reqular, the open subscheme U is the
complement of a divisor D with simple normal crossings and Mx s the stan-
dard log structure defined by D.

(2) There ezist a frame X — [N™] for some integer m.

Proof. — 1. Clear from the definition ([25] Definition (2.1)).

2. (1)=(2). Let Dy,...,D,, be the irreducible components of D. Then,
the monoid P = I'(X, My) is isomorphic to N™. The tautological map X —
[P] is strict.

(2)=(1). It follows from 1 (2)=-(1) that X is regular, U is the comple-
ment of a divisor with normal crossings and My is the standard log struc-
ture defined by D. We show that each irreducible component of X is regular.
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Let eq,...,e, be the standard basis of N™. For ¢ = 1,... ,m, we define a
closed subscheme D; of X by the image of e; in Oy by etale locally lifting
the frame X — [N™] to a chart. Then, Ds,...,D,, are regular. Since an
irreducible component of D is an irreducible component of one of D,, the
assertion follows. O

We call the frame X — [P] in the proof of Lemma 4.1.4.2 (1)=(2) the
standard frame on X defined by D.

Lemma 4.1.5. — Let X be a log scheme, T be a geometric point of X
and P — Mx; be a map of fs-monoids.

1. There exist an etale neighborhood U of T and a map P — I'(U, Mx)
mducing P — MX@.

2. Let ¢ : Q@ — P be a map of fs-monoids and X Ly & S[Q] be
morphisms of log schemes such that the diagram

Q — P

! l

F(Y, My) E—— MX@

is commutative. Let P’ C P8 @ Q8P be the inverse image of P as in Lemma
4.1.2.2. Then there exist an etale meighborhood U of T and a map P —
I'(U,Mx) such that the diagram

Q — P — P

l ! |

F(KMy) e F(U,Mx) e MX,i

15 commutative.

Proof. — 1. We may assume P = ]\7[;(@. Since there exists a section
MX@ — Mx z, the assertion follows.

2. We take an etale neighborhood U and a map P — I'(U, M) as in
1. Let Q@ — I'(Y,My) — I'(U,Mx) be the composition. Then, we have a

commutative diagram
rP»pQQ —— P

| !

F(U,Mx) — MX,f'
Since Mx ; is the inverse image of My ; by the canonical map M$, — M
the composition P&Q — I'(U, Mx) — Mx; is extended to a map P — MX;C
Hence shrinking U if necessary, we get the assertion. O
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Corollary 4.1.6. — Let X be a log scheme and & be a geometric point
of X.
1. Let X — [P] be a map. Then there exist an etale neighborhood U of
z and a map U — S[P] lifting the restriction U — [P)].

2. Let Q — P be a map of fs-monoids, X — Y be a map of log schemes
and

X — Y

(4.1.6.1) l l

[Pl — Q]

be a commutative diagram. Let P' C P& @ Q&P be the inverse image of P
as in Lemma 4.1.5.2. Then there exist etale neighborhoods U of T and V of
y = f(z) and a commutative diagram

u — V

(4.1.6.2) | |

S[P'] — S[]
lifting the restriction of (4.1.6.1).

Proof. — Clear from Lemma 4.1.5. O

Lemma 4.1.7. — Let X be a log scheme, P be an fs-monoid and X —
[P] be a map.

1. For a morphism f : X — S[P| of log schemes lifting X — [P], the
map X — [P] is strict if and only if X — S[P] is strict.

2. Let PP — P be a quasi-isomorphism of fs-monoids. Then the map
X — [P] is strict if and only if the composition X — [P] — [P'] is strict.

3. There exist a log structure M, a map X — X' = (X, M%) of log
schemes and a strict map X' — [P| such that X — [P] is the composition.

Proof. — 1. The if part is trivial. We show the only if part. Since the
question is etale local, we may assume there exists a strict map g : X — S[P]
lifting X — [P]. Then the difference of the two maps P — I'(X, Mx) is a
map to ['(X, M) and the assertion follows.

2. We may assume P = P’. Then P’ is isomorphic to P x P’* and
S[P’] — S[P] is strict. Hence the assertion follows.

3. If there exists a map X — S[P] lifting X — [P], it is sufficient to
define a log structure M) on X by the chart P — My — Ox. If there are
2 such maps X — S[P], the difference of the maps P — I'(X, Mx) is a map
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P — I'(X,0%) and the log structure M% on X is indepenent of the choice
of lifting. In general, we obtain the log structure M’ by patching by Lemma
4.1.5.1. O

Corollary 4.1.8. — 1. Let P be an fs-monoid and X be a log scheme.
Let X — [P] be a map and T be a geometric point of X. If the composi-
tion P — I'(X,Myx) — ]\7[)(75 s a quasi-isomorphism, there exists an etale
neighborhood U of T such that the restriction U — [P] is strict.

2. Let X — 'Y be a map of log schemes, T be a geometric point of
X and Y — [Q] be a frame. We put P = Mx . Then there exist an etale
neighborhood U of T and a frame U — [P]| such that the composition @ —
r(Y,My) — I'(X,Mx) — P = Mx;z defines a map (U,[P]) — (Y,[Q]) of
framed log schemes.

3. Let f: X —Y be a map of log schemes and T be a geometric point
of X. We put P = Mxz, § = f(Z) and Q = Myy. Then there exist etale
neighborhoods U of T and V' of § and frames U — [P] and V — [Q] inducing
the identities P — Mxz and QQ — Myy and a map (U,[P]) — (V,[Q]) of
framed log schemes.

4. Let (X,[P]) — (Y,[Q]) be a map of framed log schemes and T be
a geometric point of X. Then the commutative diagram (4.1.6.2) in Corol-
lary 4.1.6.2 defines a map (U, P') — (V,Q) of charted log schemes lifting the
restriction of (X, [P]) — (Y,[Q)).

5. Let Y — [P] be a strict map. Then a map X — Y of log schemes is
strict if and only if the composition X — Y — [P] is strict.

6. Let N — P and N — () be morphisms of fs-monoids and let

x 7y

(4.1.8.1) l l l

[P] —— [N] —— [@]

be a commutative diagram. Then, the vertical maps induce a map X Xlgng —

[P &% Q). If the wvertical arrows are strict, the induced map X x};’g Y —
[P &%2* Q] is also strict.

Proof. — 1. Replacing P by P/P*, we may assume P = ]\Z/X@. There
exist an etale neighborhood U of Z and a chart P — I'(U, Mx) on U such

that the diagram
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is commutative. Shrinking U, we may assume that the diagram

l l

I'(X,Myx) —— I'(U, My)

is commutative. Hence the assertion follows from Lemma 4.1.7.1.

2. By 1, there exist an etale neighborhood U and a frame U — [P].
Shrinking U, if necessary, we obtain a map (U, [P]) — (Y,[Q]) of framed log
schemes.

3. By 1, there exist an etale neighborhood V and a frame V — [Q)].
Hence it suffices to apply 2.

4. Tt follows from Lemma 4.1.7.1.

5. Since the question is etale local on Y, we may assume there is a map
Y — S[P] lifting Y — [P] by Corollary 4.1.6.1. Then the assertion follows
from Lemma 4.1.7.1.

6. Since MXX?gY is saturated, the map P@®y Q — ['(X xg’g Y, ]\7[X

induces a map P @&t Q — I'(X x$8Y, Mxxf;?gy)-

We show that the induced map X x$8Y — [P@®R' Q] is strict assuming
that the vertical arrows in the diagram (4.1.8.1) are strict. The question is
etale local on XY and S. Let P’ be the inverse image of P by the map
PePp N8P — PeP and ' be the inverse image of () by the map Q& & N&P —
Q%P as in Lemma 4.1.5.2. The canonical surjections P’ — P and @' — Q
are quasi-isomorphism and hence the maps [P] — [P'] and [Q] — [Q'] are
isomorphisms. By Lemma 4.1.5.2, we may assume there exists a commutative
diagram

xg)gY)

x -1 7y

S
S[P'] —— SIN] —— S|
lifting the diagram (4.1.8.1). By Lemma 4.1.7.1, the verical maps are stricts.

Hence the map X x'$8Y — [P’ @3 Q'] is strict. By Lemma 4.1.2.3, the map
P& Q — P& Q' is a quasi-isomorphism and the assertion follows. O

4.2. Logarithmic products. — Let X be a log scheme, ) — P be a
map of fs-monoids and X — [@] be a map. Then, let X X}OQg} [P] denote the

functor associating to a log scheme T the set X (T) xqir) [P(T).

Proposition 4.2.1. — Let ) — P be a map of fs-monoids and assume
that the map Q%P — PP is surjective. Then,
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1. The map [P] — [Q] is relatively representable, log etale and affine.
Namely, if X is a log scheme and if X — [Q] is a map, the functor Xxl[gg} [P]
1s represented by a log scheme log etale and affine over X.

2. Let X — S[Q] be a map of log schemes and let P~ denote the inverse

image of P by the surjection Q% — P& . Then the log scheme X xg)[gQ} S[P~]

s log etale over X and represents the functor X xl[OQ% [P].

Proof. — 1. We reduce the assertion 1 to the assertion 2. Let P~ C Q®P
denote the inverse image of P by the map (% — P*®P. Since (Q®® — PSP is
surjective, the map P~ — P is a quasi-isomorphism and hence [P~] — [P]
is an isomorphism by Lemma 4.1.2.1. Thus, by replacing P by P~, we may
assume () C P C Q%P = P*P,

For an fs-log scheme T, a map T — [P] is determined by the induced
map P& = Q% — ['(T, M), since the monoid I'(T,My) C (T, M£P) is

integral. Hence, for a log scheme X, the base change X X}OQg} [P] is the sub-

functor of X associating to a log scheme 7' the set {T"— X| the composition
Q — I'(X,Mx) — I'(T,My) is extended to P — I'(T,My)}. Thus the as-
sertion is etale local on X. By Lemma 4.1.5.1, we may assume that there
exists a map X — S[Q)] lifting X — [@]. Thus the assertion 1 is reduced to
the assertion 2.

2. Similarly as above, we may assume P = P~ and Q®° = P*P. Further,
it is sufficient to prove the case X = S[Q]. By the proof of 1, S[Q] xl[‘zgg] [P]
is the functor associating to a log scheme T the set {Q — I'(T, M7)|Q —
(T, Mr) is extended to P — I'(T, Mr)}. A map Q — I'(T, My) is extended
to P — I'(T, Mr) if and only if it is extended to P — I'(T, My) since My

is the inverse image of My by ME’ — M. Thus the functor S[Q] XI[OQ% [P]

is represented by S[P] and the assertion follows. O

We let X X}OQg} [P] denote the log scheme representing the functor X xl[zgg]
log

[P]. The log etaleness of the map X Xof [P] — X in Proposition 4.2.1.1 is a
special case of the log etaleness of the map of toric stacks induced by a map
of fs-monoid, [32] Corollary 5.29. The following Corollary 4.2.2.2 is a variant
of the local exactification in [23] Proposition (4.10).

Corollary 4.2.2. — Let Q — P be a map of fs-monoids such that QQ5? —
P®P s surjective.
1. Let Q@ — Q" be a map of fs-monoids. Let X be a log scheme and

X — [Q'] be a frame. Then the map X xl[%g] [P] — [Q @& P] is a frame. In

particular, if X — [Q] is a frame, then the map X xl[‘ggg] [P] — [P] is also a
frame.
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2. Let (X,[P]) — (Y,[Q]) be a map of framed log schemes. Then X —Y

1s the composition of the strict map X — Y xl[OQ% [P] and the log etale map
log

Y X0 [P] =Y.
Proof. — 1. Since the assertion is etale local on X, we may assume

there exists a chart X — S[Q’] lifting the frame X — [@Q']. Then the assertion
follows from Proposition 4.2.1.2 and Corollary 4.1.8.6.

2. The map Y xl[cégj [P] — [P] is strict by 1. Hence the map X —

Yxl[zgg] [P] is strict by the assumption that X — [P] is strict and by Corollary

4.1.8.5. By Proposition 4.2.1, the map Y XI[OQg} [P] =Y is log etale. O

To define logarithmic products, we introduce notations. Let X and Y
be log schemes over a log scheme S, let P be an fs-monoid and let X —
[P] < Y be maps. Then, let X X?,%P}Y denote the functor associating to a log
scheme T the set X(T') x(ser)x(piery) Y (T'). For a map N — P of fs-monoids
and a commutative diagram

X — § «—— Y

I

[P] —— [N] —— [P]

Y

let X x?i Y denote the functor associating to a log scheme T the set
X(T) X(S(T)X[N](T)[P](T)) Y(T) Since S(T) X[N}(T) [P] (T) is a subset of S(T) X
[P](T), the natural map

(N [P]

lo lo
X xsi[N][P]Y — X Xgp Y

is an isomorphism. If P =0, we have X x?g[o] Y =X x®Y.

Proposition 4.2.3. — Let X and Y be log schemes over a log scheme
S. Let P be an fs-monoid and X — [P] <Y be maps. Then, the log scheme

(X X &Y) xl[og [P] is log etale over X xX'$8Y and represents the functor

P&P]
lo
X x sfp] Y.
Proof. — Clear from Proposition 4.2.1. O
Definition 4.2.4. — We let X X??P] Y denote the log scheme (X x'8
Y) xl[}lg@P] [P] representing the functor X x?fp] Y and call it the log product

of X and Y over S and [P].



88 KAZUYA KATO, TAKESHI SAITO

Ezample. — Let m > 1 be an integer and (N™ & N™)~ be the sub-

monoid {(a1,...,am,b1,...,bn) € Z*™|a; +b; > 0 for all 1 < i < m}. Then,
we have S[N™] xls,opgecz g SINT] = S[(N™ & N™)~]. In other words, we have

SpecZ[ Xy, ..., X,] XISOI;geCZ,[Nm] SpecZ[Yy, ..., Y]
= SpecZ[Xy, ..., Xy, Y1, .. Y (X /YD) o (X Yo) Y.

Corollary 4.2.5. — Let X and Y be log schemes over a log scheme S,
N — P be a map of fs-monoids and

X — S «—— Y

L

[P] —— [N] «—— [F]

be a commutative diagram. Assume S — [N]| is strict.

1. Let P — P’ and P — P” be maps of fs-monoids and let X — [P']
and Y — [P"] be strict maps inducing X — [P] and Y — [P] respectively.
Then, the induced map X X?ﬁp] Y — [P &% P"] is strict. In particular, if
P — P’ is a quasi-isomorphism (resp. if P — P’ and P — P" are quasi-
isomorphisms), the induced map X XE%P} Y — [P"] (resp. X xgg[P} Y — [P])
15 strict.

2. If (X,[P]) — (S,[N]) is a map of framed log schemes, then the pro-
jection X xﬁp] Y —Y s strict.

Proof. — 1. The map X x8Y — [P’ @ P"] is strict by Corollary
4.1.8.6. Hence XXE?P]Y = (X x8Y) x}‘]’f@ﬂ [P] is strict over [(P'@X'P")®Esp
P] = [P" &% P"] by Corollary 4.2.2.1. The rest of assertion follows from
Lemma 4.1.2.3.

2. Since the question is etale local on Y, we may assume there exist
a map (Y,[P']) — (S,[N]) of framed log schemes by Corollary 4.1.8.2. Hence
the assertion follows from 1 and Corollary 4.1.8.5. O

The log product may be explicitly computed as follows.

Corollary 4.2.6. — Let o : N — P be a map of fs-monoid and

X — S «—— Y

(4.2.6.1) l l l

S[P] —— S[N] «—— SIP]
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be a commutative diagram of log schemes. Let ax : P — I'(X,0x) and oy :
P — I'(Y,Oy) be the maps induced by X — S[P] < Y. Let (P®y P)~ denote
the inverse image of P by the surjection (P @&53' P)sP = PP @ pyep PP — P8P
sending (a,b) to a+b as in Lemma 4.1.2.5.

1. We have

X Xlog

o5 Y = (X <28 Y) x5 S[(P @y P)Y]

S[P@3t P
2. Assume the vertical arrows in (4.2.6.1) are strict. Then, we have

X xgjgm Y = (X x5Y) xsper S[(P @&y P)™].

On the right hand side, the underlying scheme is identified with the closed
subscheme of (X XgY) Xspecz S[P5/0(Q#P)] defined by the ideal (ax(a)®1—
ay(a)®a : a € P) and the log structure is the pull-back of that of S[(P&yP)™].

Proof. — 1. It is clear from Propositions 4.2.1.2 and 4.2.3.

2. By 1 and X XY = (X x5Y) Xsppap| S[P &% P] (4.1.0.1), we have
XX Y = (X xg8Y) xlsoﬁaea%mp]S[(P@NP)N] = (X x5Y) xspep S[(PON P)™].
The assertion on the underlying scheme follows from this and Lemma 4.1.2.4.
g

We give a global example where the closed immersion X X?,?P] Y —
(X Xs5Y) Xspecz S[P#/p(@Q%P)] in Corollary 4.2.6.2 is an isomorphism. We
prepare some notations. Let P and N be fs-monoids and (S,[P & N|) —
(S’,[N]) be a map of framed log schemes. Assume that the map S — S’ of
underlying schemes is the identity. Assume further that P* = {1} and that
the composition P — Mg — Os/O% sends P\ {1} to 0. The assumptions
imply that, etale locally on S’, there exists an isomorphism Mg x P — Mg
inducing the map P — Mg defining S — [P]. Thus the map P — Mg induces
an isomorphism P — Mg/Mg = Mg/Mg. For a log scheme f:T — S’ over
S, the set S(T) of log schemes T"— S over S’ is identified with the set

{o : f7'Ms — Mrp|the composition P — f~'Mg — My/OF sends
P\ {1} to 0 and the composition f~'Mg — f~1Mg — Mz underlies the
map T — S'}.

Let G be the torus Hom(P®, G,,). We define an action of G on S over S’ as
follows. Namely, we define a functorial action of G(T') = Hom(P,I'(T,07))
on S(T) for a log scheme f : T — S over S'. For v : P — Of and ¢ :
f~1Mg — My, let up: f~'Mg — My denote the product of ¢ : f~'Mg — My
and the composition f~'Mg — f~'Mg/Mg — P = OF — My. Then it
is easy to see that, for u € G(T) = Hom(P,I'(T,0F)) and ¢ € S(T), the
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product uy is in S(7') and that the maps G(T)xS(T) — S(T') sending (u, )
to up define an action of G on S over S’. This action is also compatible
with the map S — [P @ N].

Lemma 4.2.7. — Let S — S+ X be maps of log schemes and P and
N be fs-monoids. Let

S —_ 9 — X

(4.2.7.1) l l l

[P® N] —— [N] «—— [P ® N]

be a commutative diagram of maps. Assume the vertical arrows S" — [N] and
S — [P @ N]| are strict and that the map S — S’ of underlying schemes
is the identity. Assume further that P* = {1} and that the compositions
P — Mg — Og5/O0% and P — My — Ox/O% send P\ {1} to 0.

Then, the log product S X?%[P] X s strict over X. Further, the action
of the torus G = Hom(P®,G,,) on S induces an action on S x 18 | X over

s[P
X and S X?}g[P] X s a G-torsor over X.

Proof. — The map S x}g,g[P]X — X is strict by Corollary 4.2.5.2. Since
the action of G on S is compatible with the maps S — S’ and S — [P], the

action of G on S xg),g[P] X is defined. To show that S Xg),g[P] X is a G-torsor
log

over X, first we show that the map G x S — S x S [P S is an isomorphism.
Let f:T — S’ be a log scheme over S’ and ¢,¢ : T — S be maps over S
and over [P]. Then, since the maps P — f~'Mg — My induced by ¢ and )
are equal, there exists a unique map u: P — OF such that ¢ = up. Thus,

the map G x S — S x?,%[P]

We show that S x?}g[P}X is a G-torsor over X, By the assumption that

S is an isomorphism.

P\ {1} is sent to 0 in Ox/O%, there exists a commutative diagram

S — X

l l

S[N] «—— S[P & N]

lifting the right square in (4.2.7.1) etale locally on S’ and on X. Hence there
exists a map X — S over S’ and over [P @ N| etale locally on X. Thus,

etale locally on X, the scheme S X?’%[P} X is the pull-back of S X?’%[P} S by

X — S and has a section over X. Thus the assertion is proved. O
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We define the log diagonal map and study the relation with the sheaf of
logarithmic differentials. Recall that, for a morphism f : (X, Mx) — (S, Ms)
of log schemes, the Ox-module Dlx aryyys.g) 18 defined in [23] (1.7). Tt is
canonically isomorphic to

((Z}(/S ® Ox ®z (MP/f*ME”))/((da(m), —a(m) @ m) : m € Mx).

For m € My, its image is denoted by dlogm.

Corollary 4.2.8. — Let X — S be a map of log schemes, P be an
fs-monoid and X — [P] be a map.

1. The diagonal map X — X X?g X is umiquely decomposed as the
composition of an immersion

A:X — X x& X

and the log etale map

lo lo
X xglp X —— X xg® X,

2. Let (X,[P]) — (S,[N]) be a map of framed log schemes. Then, the
be the

immersion A: X — X X X s an exact immersion. Let N lo
S,[P] X/Xx gt X

conormal sheaf of the exact immersion A: X — X x?gm X. Then, there is a
canonical 1somorphism
(4.2.8.1) Njxdon, x = Qo s.ms)-
Proof. — 1. Clear from Proposition 4.2.3.1.
2. Since the projection Xx?fP]X — X is strict by Corollary 4.2.5.2, the
log

immersion A : X — X X S.[P] X is an exact immersion. Hence the immersion
A: X - X x?g[P] X is an exactification of the diagonal map X — X x$8

X. Thus, taking it as Z in [23] (5.6), we obtain an isomorphism (4.2.8.1)
as a special case of loc.cit. (5.8.1). Here, we give more detail. We regard

X x?ffP]X as a scheme over X by the second projection py : X x?f[;P]X — X.
log

The canonical map X X S[P] X - X x?g X is log etale and the projection

py i X X??P] X — X is strict by Corolllary 4.2.5.2. Hence we have canoni-

cal isomorphisms pyQ2/y vy /csars) = 2y e — 2]

1
(XXEp XM tog )/ (X, Mx) Xx$8, X/ X

1 * 1 . .
and “Q(X,Mx)/(S,Ms) — A QXx{;g['P]X/X‘ Since the canonical map NX/XXEg[P]X —
A is an isomorphism, the assertion follows. a

1
XX 98, X/ X
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Definition 4.2.9. — Let f: X — S be a morphism of log schemes, P
be an fs-monoid and X — [P] be a map. We call the immersion A : X —
X x?ffp] X the log diagonal map.

We may describe the modification associated to a subdivision using the
construction above in the following way (cf. [25] Proposition (9.9)). Let P
be an fs-monoid and N = Hompenoia(P,N) be the dual monoid. We say a
submonoid N’ C N is a face of N if there exists a € P such that N' = {f €

N|f(a) = 0}.

Lemma 4.2.10. — Let P be an fs-monoid and N’ be a face of N. Let
X be a log scheme and X — [P] be a map. Then

1. The monoid P' = {x € P#|f(x) >0 for f € N'} is an fs-monoid and
the canonical map N' — Hommyonoia(P',N) is an isomorphism. The natural
map X Xl[(];g} [P']| — X is an open immersion.

2. Let N" be another face of N. Then the intersection N = N'N N"
is a face of N. We define P", P" C P® similarly as in 1. Then the natural
map X XE’E} [P"] — (X XE’E} [P']) xx (X xl[‘;g] [P"]) is an isomorphism.

Proof. — 1. Assume N’ = {f € N|f(a) = 0} for a € P. Then, we
have P’ = (P,a™') C P% and P’ is an fs-monoid. The isomorphism N’ —
Hommonoia(P',N) is clear.

We show that the map X XE’E} [P'] — X is an open immersion. Since the
question is etale local on X, we may assume there is a map X — S[P] lifting
X — [P]. Since Z[P'] = Z[P][a™"], we have X x% [P'] = X ®gp Z[P]la™"]
and the assertion follows.

2. Assume N'={f € N|f(a) =0} for a € P and N" = {f € N|f(d) =
0} for ' € P. Then N” = {f € N|f(ad’) = 0} is a face. Since P" =
P’ &% P", the isomorphism follows. 0

We say a sub fs-monoid N’ C N is saturated in N if N/ ={z € N|a" €
N’ for some n > 1}. A sub fs-monoid N’ is saturated in N if and only if
N'8P is a direct summand of the free abelian group N&P. We identify a sub
fs-monoid N’ saturated in N with the dual Homuyeneia(P,IN) of P’ = {x €
Per|f(x) > 0 for f € N'}. We say a finite set X of submonoids of N is a
subdivision of N if the following conditions 1.-3. are satisfied:

1. If N is in X, N’ is saturated in N.

2. If N e X and N” is a face of N’, then N” € X.

3. If N',N" € X, the intersection N' N N" is a face of N’ and of N”
and hence is in Y.
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We call an element o € X a face in Y. If a subdivision Y further satisfies
the following condition 4 (resp. 5), we say X is proper (resp. reqular).

4. N =, cx No.
5. There exists an isomorphism N, — N"@) for each o € X.

Let P be an fs-monoid and X be a subdivision of the dual monoid N =
Hommonoia (P, N). In the following, we write X' = {N,|oc € X'}. Let X be a log
scheme and X — [P] be a map. Then we define a log scheme Xy log etale
over X as follows. For o € X, we put P, = {x € P8|f(x) > 0 for f € N,}.
Then the log scheme X, = X xl[‘;fj [P,] log etale over X is defined. For o C 7,
we have an open immersion X, — X, by Lemma 4.2.10.1. Patching X, for
o€ X, we define a log scheme Xy =J, 5, X, log etale over X.

For a face 7 in X, a closed subscheme V. C Xy is defined by patching
the closed subschemes V. N X, of X, defined by the ideal generated by P, \
{z € P,|f(x) =0 for all f € N,} for 0 D 7.

Lemma 4.2.11. — Let P be an fs-monoid and X be a subdivision of
the dual monoid N. Let X be a log scheme and X — [P]| be a map.

1. ([25] Proposition (9.11)) If X is proper, the map X5 — X is proper.

2. Assume X is log regular ([25] Definition (2.1)) locally noetherian,
X — [P] is a frame and the subdivision X is reqular. Then, the scheme Xy
1s reqular and the log structure on Xyx is defined by a divisor with simple
normal crossings.

3. Let o0 and o' be faces in X. If there exists T € X such that 0,0’ C T,
the intersection V, NV, is equal to V, for the smallest T satisfying 0,0’ C 7.
If there exists no such T € X, the intersection V, NV, is empty.

Proof. — 2. Since the map Xy — X is log etale, the log scheme Xy
is log regular. Hence it follows from Lemma 4.1.4.2.
3. Clear from the definition. O

Lemma 4.2.12. — Let X be a reqular locally noetherian scheme of di-
mension n and D be a divisor with normal crossings. Let D be the normal-
ization of D and V; be the closed subset {x € X|deg, D, > n —i} with the
reduced closed subscheme structure. We put Xo = X and, for 0 <i <n — 2,
define X, 11 — X; inductively to be the blow-up at the proper transform V! of
Vi. Then,

1. The scheme X; is regqular. The reduced inverse image D; of D in X;
is a divisor with normal crossings. The subscheme V! is regular for 0 <i <
n—1.

2. The dinsor D,_1 has simple normal crossings.
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Proof. — 1. Since the assertion is etale local, we may assume that the
divisor D has simple normal crossings. Let Mx be the standard log structure
of X and put P =I'(X,Mx). Let Dy,...,D, be the irreducible components
of D and we identify P = N". We describe the blow-up X; — X in terms of
a partial barycentric subdivision of a simplex as follows.

We regard A = {1,...,r} as the set of vertices {fi,...,f.} of the
simplex |A| spanned by the standard basis fi,...,f, of R". We define a
subdivision of |A[ as follows. For a subset 7 C A, let b, = > . f;/Card 7
be the barycenter of the face spanned by f;,7 € 7. For each 0 < ¢ < n, let
A; = AL {b.|T C A, #7 >n —1i} be the set of vertices of |A| together with
the barycenters of faces with dimension > n—i. We say a subset 0 C 4; is a
face of A; if the following condition is satisfied: There exists a sequence oy C
... C og such that Cardoy < n—i, Cardo; >n—i and o = oo {by,,... by, }
Let X; be the set of faces of A;. We define a regular and proper subdivision
X of the dual monoid N = Hompeneia(P,N). Let eq,...,e, be the standard
basis of P =N" and fi,..., f, be the dual basis of N. For a subset 7 C A,
we put fr =3, f; € N. For a face o in Xj, we put N, = (f;[7 € o). Then
(Ny)oex, is a regular proper subdivision of N. We have X; = X,. By Lemma
4.2.11.2, X; is regular and the divisor D; has simple normal crossings.

For a subset 7 C A, let D, be the intersection ﬂieT D;. We have V, =
U sr—p_i Dr. For a subset 7 C A satisfying #7 = n — i, the proper transform
of D; in X, is the closed subscheme V; of Xy defined by the face 7 € X;.
Since V; is regular and V., NV, =0 if 7 # 7 by Lemma 4.2.11.3, the closed
subscheme V=[], _, ;V; is regular.

2. By 1, V/_, is a regular divisor. Since the exceptional divisors are also
regular, every irreducible components of the divisor D,,_; is regular. Therefore
D, _1 has simple normal crossings. O

4.3. Log products and properties of morphisms of log schemes. — In
[32], for a property P of morphisms of algebraic spaces, Olsson gives a defi-
nition for a morphism of log schemes to have property logP, using algebraic
stacks. We give an interpretation of the definition without using algebraic
stack under the condition (P1) below, after briefly recalling the main result
and the definition in [32].

For a log scheme S, a stack Logs over S is defined. An object of Logg
is a log scheme X over S and a morphism is a strict morphism over S.
The natural map Logg — S is defined by sending a log scheme X to the
underlying scheme. The main result, Theorem 1.1, of [32] asserts that the
stack Logs is an algebraic stack locally of finite presentation over S. In the
following, we identify an object X of Logs with the induced morphism X —
Logs. The identity of S defines a section S — Logs. The section S — Logg
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is an open immersion (loc. cit. Proposition 3.19 (ii)). A map X — S of log
schemes induces a natural map Logx — Logs. The map Logx — Logs is
relatively representable. Namely for an arbitrary object T — Logg, the fiber
product Logx X oes 1" is representable by an algebraic space.

For a property P of morphisms of algebraic spaces, we say a morphism
X — S of log schemes is log P (resp. weakly log P) if the induced morphism
Logx — Logg (resp. the composition X — Logx — Logg) of algebraic stacks
is P. Namely for an arbitrary object T"— Loggs, the base change Logx X ogg
T — T (resp. the composition X X o0e T — L0gx Xzogs T — T) is P (loc.
cit. Definition 4.1). Let P be a property of morphisms of schemes satisfying
the condition:

(P1) Let (U; — X);er be an etale covering of X. Then X — S is P
if and only if the compositions U; — X — S are P for all i € I.

Then we say a morphism X — S of algebraic spaces is P if, for any scheme
U etale over X, the composition U — X — S is P. Thus, for a morphism
of log schemes, we have the following.

Lemma 4.3.1. — Let P be a property of morphisms of schemes sati-
fying the condition (P1). Then, for a morphism X — S of log schemes, the
following conditions are equivalent.

(1) X — S is log P (resp. weakly log P).

(2) For an arbitrary commutative diagram

W —— T

(4.3.1.1) l l

X —— S

of log schemes, if W — X x?g T is log etale and if W — T is strict (resp.
and if W — T and W — X are strict), then the underlying map W — T is
P.

Proof. — First, we show the assertion for log’P. By the definition, an
object of Logx X zogsT is a commutative diagram (4.3.1.1) of log schemes such
that W — T is strict. Thus, it is sufficient to show that, for a scheme W
over Logx X zogs 1, the map W — Logx X .94 T of algebraic spaces is etale if
and only if the map W — X x?gT of log schemes is log etale. The algebraic
space Logx X rogs T, is naturally endowed with the pull-back log structure of
that on T'. Then, it suffices to show that the map Logx X ogs T' — X x?gT
is log etale. The underlying map Logx X ogq T — X xg’gT is locally of finite
presentation by the main result of [32]. Hence, it is sufficient to show that
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the map Logx Xgogs T — X X?g T is formally log etale by loc.cit. Theorem
4.6. We consider a commutative diagram

Wo —— Logx Xrogs T’

| |

W — XX?gT

of log schemes such that the map Wy — Logx X oes T is strict and that the
map Wy — W is a nilpotent exact closed immersion. Then, since Wy — T
is strict, the map W — T is also strict. Thus, there exists a unique map
W — Logx Xrogs 1T making the two triangles commutative. Hence the map
Logx Xpogs T — X x?g T is formally log etale and is log etale further by
loc.cit. Theorem 4.6. Thus the assertion is proved.

Similarly, an object of X X o5, T is a commutative diagram (4.3.1.1) of
log schemes such that W — T and W — X are strict. Since X — Logx is
an open immersion, the composition X X o0 T — Logx Xrogs T — X xg’g T
is log etale. Thus the assertion for weakly logP is proved similarly. O

By Lemma 4.3.1, for a property P of morphisms of schemes satisfying
the condition (P1), we may regard the condition (2) in Lemma 4.3.1 as a
definition for a morphism of log schemes to be logP. By [32] Theorem 4.6,
we recover the definition of log etale, log smooth and log flat in the literature
by taking P to be etale, smooth and flat respectively.

We also consider the following conditions on a property P of morphisms
of schemes:

(P2) If X — S is P, its base change X' = X xg5" — S is also P for
an arbitrary map S’ — S.

(P3) Let X — S’ be a map and S’ — S be an etale morphism. Then
the composition X — S is P if and only if X — 5’ is P.

(P4) Let X — S be a morphism of schemes and S" — S be a faithfully
flat map. Then X — § is P if the base change X' — 5" is P.

(P5) If f: X —Y and g:Y — S are P, the composition gof : X — S
is P.

(P6) If X — S is P, its base change X' = X xg5" — S is also P for
a flat map S’ — S.

The following is clear from Lemma 4.3.1.

Corollary 4.3.2. — Let P be a property of morphisms of schemes sat-
isfying the condition (P1). Let f: X — S be a morphism of log schemes.
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1. Assume P satisfies (P2). If f: X — S is log P, its base change
fr X" — 8" is also log P for an arbitrary morphism of log schemes S" — S.

2.If X = 5 is log P and if U — X 1is log etale, the composition U — S
s log P.

3. Assume P satisfies (P2) and f: X — S is strict. Then f is log P
(resp. weakly log P) if and only if the underlying morphism is P.

4. Assume P satisfies (P3). Then, the following conditions are equiva-
lent.

(1) The map f:X — S is log P (resp. weakly log P).

(2) There exist an etale covering (U; — X)ier of X, etale maps V; — S
and log P (resp. weakly log P) maps g; : U; — V; such that the diagrams

Uz'i)‘/i

Lo

X AN S
are commutative for i € I.

We give a criterion for a morphism of log schemes to be log P using
log products and Lemma 4.3.1.

Proposition 4.3.3. — Let P be a property of morphisms of schemes
satisfying the condition (P1). Let (X,[P]) — (S,[N]) be a map of framed log
schemes. We consider the conditions:

(1) f: X — S is log P.

(2) f: X — S is weakly log P.

(1') (resp. (2)) For an arbitrary map T — S of log schemes and an
arbitrary map (resp. an arbitrary strict map) T — [P] such that the diagram

T —— S
(4.3.3.1) l l
[P] —— [N]

18 commutative, the strict map X x?f[gp] T—1T is P.
We have (1)=(2) =(1') <(2). If P further satisfies the condition (P3),

the four conditions are equivalent.

Proof. — (1)=-(2) and (1')=-(2’). Clear.
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(2)=(2') We consider the commutative diagram

X ><1°§ T —— T
(4.3.3.2) l l
X — S.

Since X — [P] is strict, the map X Xlog[ py T — T is strict by Corollary

4.2.5.2. If further T'— [P] is strict, the map X xlog[ | T'— X is also strict

by Corollary 4.2.5.2. Since X XS[P]T — X X' T is log etale, (2) implies (2')
by Lemma 4.3.1.
(2")=(1"). We consider the commutative diagram (4.3.3.2). Assuming

(2"), we show the map X xlog[ p I — T is P. Let T' be the log scheme

as in Lemma 4.1.7.3 such that the map 7" — [P] is the composition of
a strict map 7" — [P] and a map T — T’ whose underlying map is the
identity of T. The diagram (4.3.3.1) with T replaced by T” is commutative.

Since X X?f[gp] T = (X xlo‘? p 1) % x& T and the maps X xlo‘? p T — T and

X xlo‘? p) I" — 1" are strict by Corollary 4.2.5.2, the underlying morphism

X xlog[ }T — T of schemes is the same as that of X xlog[ }T’ — T'. Since

T" — [P] is strict, the map X X?fp] T'— T is P by (2'). Thus (2') implies
(1),

(1')=(1). We consider the commutative diagram (4.3.1.1). We assume
W — X x T is log etale and W — T is strict and we show W — T is P.
Since we assume (P1) and (P3), the question is etale local on W and on T
by Corollary 4.3.2.4. Let @ be a geometric point of W and put P’ = My .
The composition W — X — [P] induces a map P — P’ of fs-monoids.
Replacing T' by an etale neighborhood of the image ¢ of w, we may assume
there exists a strict map 7" — [P'] such that the composition W — T — [P/
induces the identity P’ — Mwyw since 1\7[T7g — MW,w is an isomorphism. We
define a map T — [P] as the composite T'— [P'] — [P].

We may assume the diagram (4.3.3.1) is commutative by shrinking 7T
if necessary. Shrinking W if necessary, we may assume that the two com-
positions W — X — [P] and W — T — [P] are equal. Hence, we obtain

a map W — X xlog[ T of log schemes log etale over X x?g T. Thus the

map W — X xlo“f p I is log etale. The map X X?,?P] T — T is strict by

Corollary 4.2.5.2 and the map W — T is strict by the assumption. Hence
the map W — X xlog[ | T is also strict and hence is etale. By (1'), the map

X xlog[ py I — T is P. Hence by (P1), the map W — T is P. Thus the

assertion follows by Lemma 4.3.1. O
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Corollary 4.3.4. — Let P be a property of morphisms of schemes sat-
isfying the condition (P1).

1. Assume P satisfies (P3). Then a morphism f: X — S of log schemes
1s log P if and only if it is weakly log P.

2. Assume P satisfies (P3) and (P5). Then, if morphisms f: X — Y
and g :'Y — S of log schemes are log P, the composition go f : X — S 1is
also log P.

3, Assume P satisfies (P2) and (P5). Let X —Y and X' — Y’ be maps
of log schemes over a log scheme S, N — () — P be maps of fs-monoids and

X Y S Y’ X'
I
1P| — Q) — (V] — (@] — [P

be a commutative diagram. Assume X — [P], Y — [Q] and S — [N]| are
strict, X —'Y s log P and the underlying map of X' — Y’ is P. Then the
underlying map of X xﬁp] X' =Y xgg[Q] Y is P.

Proof. — 1. By Corollary 4.3.2.4, the assertion is etale local on X and
S. Hence we may assume there exists a morphism (X,[P]) — (S5,[N]) of
framed log schemes by Corollary 4.1.6.2. Thus the assertion follows from the
equivalence (1)<(2) in Proposition 4.3.3.

2. Since the question is etale local, we may assume that there exist
maps (X, [P]) — (V,[Q]) — (S,[N]) of framed log schemes. Let (T,[P]) —
(S,[N]) be a map of framed log schemes. We consider the diagram (4.3.3.2)
and show that the strict map X x'%_, T — T is P. By the assumption and

S,[P]
Proposition 4.3.3 (1)=(2'), the strict maps X xl}?vgm (Y X?[;Q] T)—-Y X?[;Q] T
and YXE?Q]T — T are P. Since Xxlyovg[P} (Y XE%Q]T) = Xx{;g[P}T, the assertion
follows by (P5) and Proposition 4.3.3 (2")=(1).
3. We show the maps X x?fp] X =Y x?fQ] X' and Y x?fQ] X —

Y x?fQ] Y’ are P. In the diagram
X/

1 1
X xgip X' > Y X5l

(4.3.4.1) l l

X e Y,

the top arrow XX{;?P}X' — Yxﬁg[Q]X’ is strict since Xxﬁg[P}X’ and Yx?fo]X’

are strict over X’ by Corollary 4.2.5.2. The log scheme Xx?g[P] X' is log etale
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over X xy% (Y x$8 X') = X xlog | X'. Since X — Y is log P, the strict map

5@ 5,@]
X Xty X =Y x & X is P.
In the diagram
YV xB X —— Y XY

5,Q] S5,[Q

(4.3.4.2) l l

X' — Y’

Y

the vertical arrows are strict since Y — [Q] is strict. Hence the diagram
of underlying scheme is cartesian. Since the underlying map of X’ — Y’ is
P, the underlying map of Y XE?Q] X =Y xlog[Q] Y’ is P by (P2). Thus we
conclude by (P5). 0

In particular, for log flat morphisms, we have the following.

Corollary 4.3.5. — 1. (cf. [32] Corollary 4.12 (i)) If X — S is log flat
and S" — S is a map of log schemes, the base change X x};’g S — S’ is log
flat.

2. (cf. [32] Corollary 4.12 (ii)) If X — Y is log flat and Y — S s log
flat, the composition X — S is log flat.

3. If X and Y are log flat log schemes over S, the log fiber product
X x?gY is log flat over S.

4. Let X and Y be log schemes over S and N — P be a map of fs-

monoids. Let
X — § «—— Y

L

[Pl —— [N] «—— [F]
be a commutative diagram and assume X — [P] and S — [N] are strict. If

X — S is log flat, the strict map X X?f[gp] Y =Y is flat.

5 Let X —-Y and X' —Y' be maps of log schemes over a log scheme
S and let N — Q — P be maps of fs-monoids. Let

X Y S Y’ X’
I
1P| — (@) — ] — Q] — [P]

be a commutative diagram and assume X — [P], Y — [Q] and S — [N] are
strict. If X —'Y s log flat and if the underlying map of X' — Y’ is flat, the

underlying map of X x?f[gp] X =Y xlo‘? | Y' is flat.
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Proof. — 1 and 2. It suffices to apply Corollaries 4.3.2.1 and 4.3.4.2
respectively.

3. It follows from 1 and 2.

4. Tt suffices to apply Proposition 4.3.3 (1)=-(1').

5. It follows from Corollary 4.3.4.3. g

In Section 4.4, we define morphisms log locally of complete intersection
as a special case of the following definition.

Definition 4.3.6. — Let P be a property of morphisms of schemes satis-
fying the condition (P1). We say a morphism of log schemes X — S is very
weakly log P if the following condition is satisfied.

For an arbtrary commutative diagram

W —— T

(4.3.6.1) l l

X —— S

of log schemes, if T — S is log flat, W — XX?gT is log etale and if W — T
and W — X are strict, then the underlying map W — T 1is P.

For a property P satisfying (P1), a weakly log P morphism is very
weakly log P.

Similarly as in Corollary 4.3.2.4, if P satisfies (P1) and (P3), the fol-
lowing conditions are equivalent.

(1) The map f: X — S is very weakly log P.

(2) There exist an etale covering (U; — X);er of X, etale maps V; — S
and very weakly log P maps g; : U; — V; such that the diagrams

Up ==V,

|

are commutative for i € I.
The following lemma is useful in the study of very weakly log P mor-
phisms.

Lemma 4.3.7. — Let N — P be an injection of fs-monoids. Then the
induced map S[P] — S[N] of log schemes is log flat. More precisely, for an
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arbitrary log schemes T over S[N]| and an arbitrary strict map T — [P] such
that the diagram

T —— S[N]
| |
[P] —— [N]

is commutative, the strict map T xlsoﬁv] P S[P] — T is faithfully flat.

Proof. — Since flatness satisfies (P1) and (P3), it is sufficient to show
the second assertion by Proposition 4.3.3 (2')=(1). The assertion is etale
local on T. Hence by Corollary 4.1.6.2, we may assume there exists a map
(T, P") — (S|N],N) of charted log schemes where P’ C P8 & N& is the
inverse image of P as in Lemma 4.1.5.2. Thus it is reduced to the case
T = S[P']. In this case, we have T XISOSV],[P} S[P] = S[(P’' ®&nx P)~] where
(P &N P)~ C P'®° @y P is the inverse image of P. The isomorphism
PpeP ¢ N&P — PP @y N&P : (a,b) — (a + ¢(b),b) induces an isomorphism P’ —
P @ N®& and the isomorphism P8P @ yep P8P = (P8 @ N&P) G yep PP — P8P @
PP : ((a,b),c) — (a+¢(b)+c,p(b)+c) induces an isomorphism (P’ @&y P)~ —
P @ P®P. These isomorphisms make a commutative diagram

P —— (P'@yP)

l !

P @ N&P m P @ P&,

Since 8P : N8 — PeP ig injective, the map Z[N®] — Z[P#P] is faithfully
flat. Thus the map T XgSV]V[P} S[P] = S[(P' ®x P)~] — S[P'] is faithfully flat.
O

Proposition 4.3.8. — Let P be a property of morphisms of schemes
satisfying the condition (P1). Let f : (X,[P]) — (S,[N]) be a morphism of
framed log schemes. We consider the conditions:

(8) f: X — S is very weakly log P.

(8 ) For an arbitrary map (T, [P]) — (S,[N]) of framed log schemes such
that T — S is log flat, the strict map X Xlé(‘),g[P] T—1T s P.

1. We have (3)=(%). If P satisfies the condition (P3), the two condi-
tions are equivalent.

2. Let S — S[N] be a chart lifting the frame S — [N]. Assume N — P
1s injective. We consider the condition:

(3") For Tp =S xgn S[P], the strict map X X?f[gp] Tp — Tp is P.
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Then we have (8)=(3"). If P satisfies the conditions (P4) and (P6), we
have (8')&(3). If P satisfies the conditions (P2) and (P4), the condition
(8') implies the condition (2') in Proposition 4.3.3.

Proof. — The proof is similar to that of Proposition 4.3.3. The impli-
cations (3)=(3') =(3") are clear. The proof of (3')=-(3) is the same as that
of (1')=(1) except that here we need to notice that the constructed map
T — [P] is strict after shrinking 7" if necessary.

We show (3")=-(3'). Let (T,[P]) — (S,[IN]) be a map of framed log
schemes such that T"— S is log flat. We show that the strict map X X?,?P]
T — T is P. We consider the cartesian diagram

XXty T X Xy T <oy Te —— X Xy Tp
(4.3.8.1) l l l
T  ——  Tx&ETr —  Tp

of strict morphisms. By (3”), the right vertical map X xﬁp] Tp — Tp is P.

log

The strict map T X 5P| Tp — Tp is flat since T — S is assumed log flat.

Hence by (P6), the middle vertical map X xﬁp] T xﬁp] Tp — T xﬁp] Tp

is P. Since T x?fp] Tp — T is faithfully flat by Lemma 4.3.7, the assertion
follows by (P4).

The implication (3”)=(2') is proved similarly by replacing (P6) by (P2).
O

Corollary 4.3.9. — Let P be a property of morphisms of schemes sat-
isfying the condition (P1).

1. Assume P satisfies (P2), (P3) and (P4). Then a morphism f: X — S
of log schemes is log P if and only if it is very weakly log P.

2. Assume P satisfies (P3) and (P5). Then, if morphisms f: X — Y
and g:Y — S of log schemes are very weakly log P, the composition go f :
X — S is also very weakly log P.

3. Assume P satisfies (P6) and (P5). Let X —Y and X' — Y’ be maps
of log schemes over a log scheme S, N — () — P be maps of fs-monoids and

X Y S Y’ X'
I
1P| — [Q — (V] — (@] — [P

be a commutative diagram. Assume X — [P], Y — [Q] and S — [N]| are
strict, X — Y is very weakly log P, the underlying map of X' — Y’ is P and
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X' — S and Y — S are log flat. Then the underlying map of X Xﬁp] X —
Y xgh Y is P.

Proof. — 1. 1t is sufficient to show that a very weakly log P morphism
X — S is log P. By (P3) and Corollary 4.1.8.2, we may assume there is a
map (X, [P]) — (S,[V]) of framed log schemes. By replacing P by the inverse
image P’ C P® @ N8 of P as in Lemma 4.1.5.2, we may assume that the
map N — P is injective. Hence the assertion follows from Proposition 4.3.8
(3")=(2") and Proposition 4.3.3 (2')=(1).

2. The proof is similar to that of Corollary 4.3.4.2. We only indicate the
points where a modification is required. Let (T, [P]) — (S,[N]) be a log flat
map of framed log schemes. Then, the projection (Y X?,?Q] T,[P]) — (Y,[Q))
is also log flat. Hence, by the assumption and Proposition 4.3.8 (3)=-(3),
the strict maps X xl}?gm Y X?,?Q] T)—Y X?,?Q] T and Y X?,?Q] T —T are P.
Thus we conclude by (P5) and Proposition 4.3.8 (3')=(3).

3. The proof is similar to that of Corollary 4.3.4.3. We only indicate
the points where a modification is required. In the diagram (4.3.4.1), since

further Y x?g@] X' =Y is log flat, the strict map X x?g[P] X' =Y x?fo] X'

is P. In the diagram (4.3.4.2), since further the strict map Y x{;g[Q] Y =Y’
is flat, the map Y X??Q] X' —-Y xg’?@] Y’ is P by (P6). Thus we conclude

by (P5). 0
For log flat morphisms, we have the following criterion.

Proposition 4.3.10 ([32] Theorem 4.6). — For a morphism f:X — S
of log schemes, the following conditions are equivalent.

(1) f: X — S is log flat.

(2) For an arbitrary commutative diagram

W —— T

L

X —— S

of log schemes, if W — X X?gT 1s log etale and W — T is strict, then the
underlying map W — T 1is flat.
(3) f: X — S is very weakly log flat.
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(4) For an arbitrary point x € X, there exist an injection N — P of
fs-monoids and a commutative diagram

X U S[P]
(4.3.10.1) l l l
s % S[N]

of log schemes satisfying the following conditions: The map U — X 1s strict
and flat, the image of U — X contains an open neighborhood of x, V — S
is an open immersion, the maps U — S[P] and V — S[N] are strict and the
strict map U —V xlso[gN} S[P] is flat.

Here, we give a proof using Proposition 4.3.8.

Proof. — (1)<(2). Since flatness satisfies the condition (P1), it is clear
from Lemma 4.3.1.

(1)<(3). Since flatness further satisfies the conditions (P2), (P3) and
(P4), it is clear from Corollary 4.3.9.1.

(3)=(4). Assume X — S is very weakly log flat. We show that X — S
satisfies the condition (4). The question is etale local on X and S. Hence
by Corollary 4.1.8.3 and 4, we may assume there exist an injection N — P
of fs-monoids and a map (X, P) — (S,N) of charted log schemes since the
map ) — P’ loc.cit. is injective. We put U = X Xlsc,)[%v],[P] S[P] and consider
the commutative diagram

X U S[P]

S ——= S S[N].
By Lemma 4.3.7, the strict map U — X is faithfully flat. We show that
the strict map U — Tp =95 xg)[gm S[P] is flat. We consider the commutative

diagram

U=Xx& Tr — Tp

| |

X — S.
Then, since Tp — S is log flat by Lemma 4.3.7 and X — S is very weakly
log flat by the assumption, the strict map X x?fp] Tp — Tp is flat. Hence

the assertion follows.
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(4)=(3). We assume X — S satisfies the condition (4) and show that
the map X — S is very weakly log flat. We assume there exist an injection
N — P of fs-monoids and a commutative diagram (4.3.10.1) satisfying the
condition in (4). Since the question is etale local on X, we may further
assume that the map U — X is faithfully flat and V' = S. Then we obtain
a commutative diagram

U—>TP

(4.3.10.2) l l
X — S

The map U — X is strict and faithfully flat and the map U — Tp is strict
and flat. Since U — X is strict and surjective, by shrinking them if necessary,
we may assume there is a strict map X — [P] such that the diagram

U —— Tp
(4.3.10.3) | |
X — [P]

1s commutative.

We show the condition (3”) in Proposition 4.3.8 is satisfied. Namely,
we show that the strict map X xf;gm Tp — Tp is flat. We consider the
commutative diagram

U X};g }TP E— TP Xlog TP

2 5,[P]
(4.3.10.4) l l
X Xt Tp —— Tp

induced by the diagrams (4.3.10.2) and (4.3.10.3). The strict map U xﬁp]

g Tp is flat since it is a base change of the strict and flat

S,[P]
map U — Tp. By Lemma 4.3.7, the strict map Tp x{;g[m Tp — Tp is flat.

TP—>TPX

The strict map U x?g[P] Tp — X x?g[P] Tp is faithfully flat since it is a base
change of the strict and faithfully flat map U — X. Hence the strict map
X gt Tp — Tp is flat, O

For a morphism f: X — S locally of finite presentation of schemes and
x € X, we put s = f(z) and

dim, f71(f(2)) = dim Ox, , + trdeg x(z)/x(f(x)).
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The fiber dimension dim, f~!(f(x)) at z is equal to the maximum of the
dimensions of components of the fiber Xy = f~!(f(z)) containing z. We also
define a log version. Let f: X — S be a map of log schemes whose under-
lying map is locally of finite presentation. For x € X, we put

dimly® /' (f(x))
= dim Ox, z/((Mxz \ O% ;) + tr.deg (x)/k(s) +rank MS, /M,

by taking geometric points Z and § above z and s = f(z).

Proposition 4.3.11 (cf. [3] Lemma 3.10). — Let f: X — S be a mor-
phism of log schemes such that the map of underlying schemes is locally of
of finite presentation. Let

w27

Lo

XL

be a commutative diagram of log schemes such that W — X x?gT 18 log etale
and W — T and W — X are strict. Then, for w e W and its image x € X,
we have

dim®® f~1(f(x)) = dim,, g~ (g(w)).

Proof. — By replacing S and T by geometric points on the images
s = f(x) and t = g(w), we may assume S and T are the spectrums of
algebraically closed fields with the pull-back log structures. We put N = Mg
and P = ]\7[X@. Let P’ C P8 @& N°&P be the inverse image of P as in Lemma
4.1.5.2. Since the question is etale local on X, by replacing X by an etale
neighborhood of Z, we define a map of charted log schemes (X, P’) — (S, N)
as in Corollary 4.1.8.3 and 4. The chart X — P’ induces a chart W — P’
and hence a chart T'— P’. Since the question is etale local on W and the
strict map W — X x{;g[P,] T is etale, we may assume W = X x?fp/] T. By
replacing S by T with the pull-back log structure of that of S, we may
assume the underlying map 7" — S is the identity.

By Proposition 4.2.3.3, we have X x};g[P,]T = X Xgprgpq S[(P @n P')7].
Let a : PP — I'(X,0x) and «; : P — k(t) denote the maps defining the
charts X — P’ and T'— P’. Then by Corollary 4.2.6.2, the underlying scheme
of X XE?P,]T is identified with the closed subscheme of X Xgpec zS[P'8P/N#P]
defined by the ideal I = ((a(a) — ax(a)) ® a;a € P’). Since ay(a) = 0 for
a ¢ P, the ideal I is the sum of I; = (a(a) ® ;a4 € P\ P”*) and
L = (1®a- (ulaYala) ® 1;a € P*). Since P = P'/P™™, the closed
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subscheme of X Xgpee z S[P"®/N*®P] defined by the ideal I, is identified with

X Xspee zS[P8P/N#P]. Hence X X?,%P/]T is identified with the closed subscheme
of X Xgpee z S[P#?/N#P] defined by the image of the ideal I; = (a(a) ® 1;a €

P’\ P™*). Thus the assertion follows. a

4.4. Log locally of complete intersection morphisms. — We briefly recall
the definition and some facts on morphisms locally of complete intersection.
Let X — S be a morphism locally of finite presentation of schemes. As we
have recalled in Definition 1.6.1, we say X is locally of complete intersection
over S if, for each x € X, there exist an open neighborhood U of x in
X, a smooth scheme P over S and a regular immersion U — P over S.
Assume X is locally of complete intersection over S. For x € X, the difference
d, = rankQ})/&x —rankNy,/p, in the notation above is independent of U —
P — S ([17] Exp. VIII Proposition 1.8) and is called the virtual relative
dimension at z. If d, is a constant d on X, we say X is of virtual relative
dimension d over S. The function d, is locally constant on X and is different
from dimgz in Section 2.1. We have the following criterion for a locally of
complete intersection morphism to be flat in terms of a relation between d,
and dim, f~'(f(x)).

We give a criterion for a locally of complete intersection morphism to
be flat in terms of the relative dimension. A flat and locally of complete
intersection morphism is called a syntomic morphism.

Proposition 4.4.1. — Let f: X — S be a locally of complete intersection
morphism of virtual relative dimension d. Then, the following conditions are
equivalent.

(1) f: X — S is flat.

(2) For each point x € X, we have dim, f~*(f(x)) = d.

Proof. — Since the question is local on X, we may assume there exist
a smooth scheme Y over S purely of relative dimension n and a regular
immersion X — Y of codimension ¢ = n —d. Let x be a point of X and
(g1,---,9.) be a regular sequence of Oy, generating the ideal defining the
immersion X — Y at z. By [15] Théoréme (11.3.8) b)<c), the condition
(1) at x is equivalent to that the image (gi,...,g.) is a regular sequence
of Oy, Since Oy, . is of Cohen-Macaulay, it is further equivalent to
that dim Ox, . = dim Oy, . — ¢ by [15] Chap. 0 Corollaire (16.5.6). Since
n = dim Oy, , . + tr.deg r(z)/k(f(x)), the assertion follows. 0

Following Definition 4.3.6, we make the following definition. Note that
morphisms locally of complete intersection satisfy the properties (P1) and
(P3)-(P6) in Section 4.3.
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Definition 4.4.2. — We say a morphism of log schemes X — S is log
locally of complete intersection (resp. log locally of complete intersection of
virtual relative dimension d) if the underlying map is locally of finite presen-
tation and if the following condition s satisfied.

For an arbitrary commutative diagram

W —— T

(4.4.2.1) l l

X —— S

of log schemes, if T'— S 1is log flat, W — Xx};’gT s log etale and if W — T
and W — X are strict, then the underlying map W — T s locally of complete
intersection (resp. locally of complete intersection of virtual relative dimension

d).

Let X — S be a log smooth map. Then we say X is purely of relative
dimension d, if, for an arbitrary commutative diagram (4.4.2.1) of log schemes
such that W — X X?gT is log etale and W — T' is strict, the underlying
smooth map W — T is purely of relative dimension d. A log smooth scheme
X is purely of relative dimension d if and only if the locally free Ox-module
“Q(lX,Mx)/(S,Ms) is of constant rank d.

Lemma 4.4.3. — 1. A log smooth morphism (resp. purely of dimension
d) is log locally of complete intersection (resp. of wvirtual relative dimension
d).

2. The composition of log locally of complete intersection morphisms
(resp. of virtual relative dimension d and d') is locally of complete intersection
(resp. of wvirtual relative dimension d+ d').

Proof. — 1. If P is the property “smooth”, the property logP is “log
smooth” by [32] Theorem 4.6. Hence the assertion follows by Lemma 4.3.1.
2. Clear from the corresponding property ([17] Exp. VIII Propositions
1.5 and 1.10) in the non-log case and Corollary 4.3.9.2. g

Proposition 4.4.4. — Let X — S be a map of log schemes and assume
the underlying map is locally of finite presentation.

1. The following conditions are equivalent.

(1) X — S s log locally of complete intersection.
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(2) For an arbitrary geometric point T of X, there exist an etale neigh-
borhood U and a commutative diagram

U —V

o

X — S

of log schemes such that V — S is log smooth and U — V s an exact and
reqular closed immersion.

2. Let' Y — S be a log smooth morphism of relative dimension n and
X — Y be an exact closed immersion. Then the following conditions are
equivalent.

(1) X — S is log locally of complete intersection of wvirtual relative di-
mension d.

(2) X =Y is a regular immersion of codimension n — d.

Proof. — 1. We reduce the assertion 1 to 2. Let X — S be a morphism
of log schemes whose underlying map is locally of finite presentation and z
be a geometric point of X. It is sufficient to show that there exist an etale
neighborhood U of z, a log smooth log scheme Y over S and an exact closed
immersion U — Y over S. By Corollary 4.1.8.3 and 4, shrinking X and S if
necessary, we may assume there exist a map N — P of fs-monoids such that
N#P is a direct summand of P and a map (X, P) — (S, N) of charted log
schemes. Then, we obtain a strict map X — Tp =8 xlso[gN] S[P]. Since Tp is
log smooth over S, by replacing S by Tp, it is reduced to the case X — S
is strict. Now the assertion is clear.

2. The question is etale local on X and on S. By Corollary 4.1.8.3
and 4, shrinking Y and S if necessary, we may assume there exist a map
N — P of fs-monoids such that N®P is a direct summand of P*®’ and a
map (Y, P) — (S, N) of charted log schemes. Let Tp = S xlsoﬁv] S[P] be as in
Proposition 4.3.8. We consider the commutative diagram

lo lo.
X x Sfp] Tp —— Y x S,g[P}

(4.4.4.1) l l l

X _ Y )

TP —>Tp

and the condition:

(1') The strict map X x?fp] Tp — Tp is locally of complete intersection

of virtual relative dimension d.
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By Proposition 4.3.8.2, the condition (1) is equivalent to (1’). Hence it is

sufficient to show that (1') is equivalent to (2).

(1')=-(2). Since the strict map Y x?ffp] Tp — Tp is smooth purely of
relative dimension n, the immersion X X?ffm Tp — Y X?ffm Tp is a regular
immersion of codimension n —d. Since the left square of (4.4.4.1) is cartesian
and the middle vertical arrow Y xf;gm Tp — Y is faithfully flat by Lemma
4.3.7, the immersion X — Y is a regular immersion of codimension n — d.

(2)=-(1"). Since the middle vertical arrow Y xﬁp] Tp — Y is flat, the

. . 1 1 . . . . .
immersion X X ;gm Tp — Y X S(‘J?P] Tp is a regular immersion of codimension

n—d. Hence the strict map X x?%P]Tp — Tp is locally of complete intersection
of virtual relative dimension d. O

Corollary 4.4.5. — 1. Let [ : X — S be a log locally of complete
intersection morphism of log schemes and Y — S be a log flat morphism of
log schemes. Let N — P be a map of fs-monoids and (X,[P]) — (S,[N])
and (Y, [P]) — (S,[N]) be maps of framed log schemes. Then, the strict map
X x?ffp] Y —Y s locally of complete intersection.

2. Let X =Y and X' — Y be maps of log schemes over a log scheme
S and let N — Q — P be maps of fs-monoids. Let

X Y S Y’ X'
I
1P| — (@) — ] — Q] — [P]

be a commutative diagram and assume X — [P], Y — [Q] and S — [N] are
strict. Assume X — 'Y is log locally of complete intersection, the underlying
map of X' — Y’ is locally of complete intersection and X' — S and Y — S
are log flat. Then the underlying map of X x?ffp] X —-Y xﬁg@] Y’ is locally
of complete intersection.

Proof. — Tt suffices to apply Proposition 4.3.8.2 (3)=-(3') and Corollary
4.3.9.3 respectively. O

Similarly to Proposition 4.4.1, we have a criterion for a log locally of
complete intersection morphism to be log flat.

Proposition 4.4.6 (cf. [3] Lemma 3.10). — Let X — S be a log locally
of complete intersection morphism of virtual relative dimension d. Then, the
following conditions are equivalent.

(1) The map f:X — S is log flat.

(2) For each x € X, we have an equality dim'*® f=1(f(z)) = d.
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Proof. — By Propositions 4.4.1 and 4.3.11, the condition (2) is equiva-
lent to the condition that the map f: X — S is very weakly log flat. Hence
the assertion follows by Corollary 4.3.9.1. a

Corollary 4.4.7. — Let X and S be regular noethrian schemes and Dx
and Dg be divisors with simple normal crossings. Let f: X — S be a mor-
phism of finite type and assume we have an inclusion f~'(Dg) C Dx of the
underlying sets. Let X and S also denote the log schemes with the standard
log structures and f: X — S be the induced map of log schemes. Then

1. (cf. [3] Lemma 3.9) The map f : X — S is log locally of complete
mntersection.

2. We put U= S\Dg and Dyy,...,Dyy be the irreducible component
of DxNf~1(U). Assume dim S = 1, the underlying map X — S is flat and the
irreducible components Dy, ..., Dy and their intersections D;, yN---ND;, v
for 1 <ip < ... <, <m are flat over U. Then the map f : X — S is log

flat.

Proof. — 1. We put N = I'(S, Mg) and P = I'(X, My). The assertion
is etale local on X and on S. Shrinking them, we may assume there exists
a map of charted log schemes (X,P’) — (S,N) by Corollary 4.1.8.3 and 4
where P' C P®P@N®P is as in Lemma 4.1.5.2. The map S' = S®1Z°FN]Z[P’] — S
is log smooth and the map X — S is the composition X — S’ — S. Since
P’ is isomorphic to P & N& and S’ is log regular, the underlying scheme
S’ is regular and the log structure is the standard one defined by a divisor
with simple normal crossings. Thus it is reduced to the case where X — §
is strict. Now the assertion is well-known.

2. We may assume X and S are connected. Let d be the relative di-
mension of X over S. It is sufficient to show that dim!% f='(f(x)) = d for
each z € X. We put rank ]\fo’(px =71 and let Dy,...,D, be the irreducible
component of D containing x. We put V.=DinN---ND, and put s = f(x).

First, we consider the case s € Dg. Then, V is in f~!(s) and we have
Ox, o/ (a(Mx . — O)X(I)) Ov,,. Hence, we have dim Ox, ,/(a(Mx , — O)X(I))
tr.deg s(z)/k(s) = dimV = dim X —r = d+1—r and rank Mg = 1. Next, we
assume s is a closed point not in Dg. Then V is flat over S and we have
Ox,z/(a(Mx.—0x%,)) = Oy, .. Hence we have dim Ox, ./(a(Mx.—0Ox,))+
tr.deg s(z)/k(s) =dimV —1=dimX —r—1=d—r and rank M§, =0. Fi-
nally, we assume s is the generic point of S. Then we have Oy, ./(a(Mx,—
O%.)) = Ov,o, dimOx, . /(a(Mx, — Ox,)) + tr.deg r(z)/k(s) = d —r and
rank M, = 0. In each case, we obtain dim'®¢ f=1(f(z)) = d as required. O
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5. Localized intersection product on schemes over a discrete
valuation ring

We study localized intersection theory for regular schemes over a dis-
crete valuation ring and its logarithmic version. In 5.1, we study the non-
logarithmic case. We define and study the logarithmic localized intersection
product in 5.4. We prove the crucial property Proposition 5.4.3 that it is
factored through the generic fiber. As a preliminary, we study the log self-
products and the sheaves of logarithmic 1-forms in 5.2 and 5.3 respectively.

In this section, K denotes a discrete valuation field with perfect residue
field F, S denotes Spec Ok, s € S denotes the closed point and 7 denotes
a prime element of K.

5.1. Non-logarithmic case. — We study non-logarithmic localized inter-
section product. In this subsection, X denotes a scheme over S = Spec Ok
satisfying the following condition:

(R(n)) X is a regular and flat equidimensional scheme of finite type
over Ok of relative dimension n — 1. The generic fiber Xk is smooth.

Lemma 5.1.1. — Let X be a scheme over Ok satisfying the condition
(R(n)) and x be a point of X in the closed fiber. Then there exist an open
netghborhood U of x and a reqular immersion U — P of codimension 1 into
a smooth scheme P of relative dimension n over Og. Namely, X is locally
a hypersurface of virtual relative dimension n — 1 over Og.

Proof. — Let ty,...,t, € Ox, be a minimal system of generators of the
maximal ideal m, of the local ring Ox,. Let t,,41,...,t, € Ox, be a lifting
of a transcendental basis of the residue field x(x) over F' such that x(x) is a
finite separable extension of F(t,41,...,t,). We take an open neighborhood
U of z and define a map U — Ap = Spec Okl[T1,...,T,] by sending T; to
t;. Then we have Qb/ Ap o = 0. By shrinking U if necessary, we may assume

_Q[l]/A,é = 0, namely U — Ap_ is unramified. By [15] Corollaire (18.4.7),

further shrinking U if necessary, there exist a closed immersion U — P and
an etale morphism P — Ap ~ such that the composition is the map U —
A%, The scheme P is smooth over O of relative dimension n. Hence it
is regular of dimension n + 1. Therefore the immersion U — P is regular of
codimension 1. O

We give a local description of the sheaf (2} /g using an immersion as in
Lemma 5.1.1.
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Corollary 5.1.2. — Let X be a scheme over Ok satisfying the condition
(R(n)). Then

1. The canonical map Lx;s — Q;(/s s an isomorphism.

2. Let U — P be an immersion as in Lemma 5.1.1. Then we have an
exact sequence

(5.1.2.1) 0 —— Nyp —— 2p5®0, Oy —— Qs — 0.

The Oy -module (Z}D/S ®op Ov is locally free of rank n and the conormal sheaf
Ny/p 1s invertible.

3. The cotangent complexr Lxs satisfies the conditions (L(n)) and (G)
wn Section 2.4.

Proof. — 1. It follows immediately from Lemma 1.6.2.3 and from the
assertion 2.

2. For the exact sequence (5.1.2.1), it is sufficient to show the injectivity
of Nyjp — (Z}D/S ®o, Op. Since the generic fiber is smooth, it is injective
there. Since X is normal, the map is injective. The rest of assertion is clear.

3. It follows from 2 and Lemma 2.1.1 O

Lemma 5.1.3. — Let X be a scheme over Ok satisfying the condition
(R(n)). Leti:Z — X be the closed immersion defined by the ideal Ann §2%

and L, be the invertible O4-module Lli*Qﬁf/S.

1. Let W be a normal scheme of finite type over s = Spec F' and
@ : W — Z be a morphism over S. Then, there exists a canonical isomorphism
0Ly =L io @)*Q}(/S — Ny @ Ow ~ Ow of invertible Oy -modules.

2. The bivariant Chern class c1(Ly) € CHY(Z — Z) s 0.

3. For a scheme T of finite type over Z, the map Lz : G(T) —
G(T) sending [F] to [F ®o, Lz] is the identity. The canonical map G(T) —
G(T)/z, = Coker(1 —-L5: G(T) — G(T)) is an isomorphism.

Proof. — 1. The Ow-module ¢*L; = L'(i o ¢)*2y ¢ is invertible by
Corollary 5.1.2.2. Therefore, to define an isomorphism L'(iop)*2y,¢ — Ny/s®
Ow of invertible Oy -modules, we may shrink W to an open subset con-
taining all the points of codimension 1. Shrinking W, we may assume W
is smooth over s. The distinguished triangle (1.4.0.1) gives us distinguished
triangles

(5.1.3.1) — L(io @) 2%, — Lwis —— Lw/x ——

and — Ls/g R Ow — LW/S — LW/s —. Since Ls/g = NS/S[l] and LW/s =

9114//57 we have Ho(Lw/s) = 9114//5 and Hi(Lwys) = Nys @p Ow. Taking the
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cohomology sheaves H; of the distinguished triangle (5.1.3.1), we obtain an
exact sequence

0 —— L'(iop)*2k,g — Nys@r Ow —" s Hy(Lwyx)-

We show that the map a is an isomorphism. Since W is locally of complete
intersection over X, the Op-module H;(Lw,x) is locally a subsheaf of a
locally free Oy -module and hence is torsion free. On the other hand, since
a is injective, the cokernel of a is torsion. Hence the map b is 0 and a is
an isomorphism.

2. For a scheme T of finite type over Z, the Chow group CH;(T) is
generated by m.[W] where 7 : W — T runs through the normalization of
integral closed subschemes of 7' of dimension i. By 1, we have ¢ (Lz) N
T W] = m(c1(m*Lz) N [W]) =0 and the assertion follows.

3. For a scheme T of finite type over Z, the K-group G(T) is generated
by m.[Ow] where ©# : W — T runs through the normalization of integral
closed subschemes of T'. By 1, we have Lz 1. [Ow]| = m.[Lz®0,0w]| = 7.]|Ow]
and the assertion follows. O

Proposition 5.1.4. — Let X be a scheme over S = Spec Ok satisfying
the condition (R(n)) and let Z C X be the closed subscheme defined by the
tdeal Ann Q?(/s'

Then the spectral sequence

EL, = LPMAPQY ¢ = Tor, 5 5* (Ox, Ox)

p+q

(1.6.4.3) degenerates at E'-terms. It defines an increasing filtration F, on
TOTSXXSX(OX,OX) satisfying F,, = TOTSXXSX(OX,OX) and F_1 =0 and iso-
morphisms Lp/lqﬁﬁf/s — Grg’]'orfxxsx((’)x,(’)x) for p+q = n. The Ox-
modules LPAQQ}(/S are Oz-modules for p > 0.

Proof. — We have an isomorphism My, xyx,x — Q;( ¢ by Corollaries
5.1.2 and 3.4.5. By applying Proposition 1.6.7 to the diagonal embedding
X — X x5 X, we see that the spectral sequence (1.6.4.3) degenerates at F'-
terms. It defines a filtration F, satisfying the condition up to decalage. The
Ox-modules LpAqQ}(/S are Oz-modules for p > 0 by Lemma 2.4.2.1. O

We define the non-logarithmic localized intersection product. Let X be
a scheme over Ok satisfying the condition (R(n)) as above. Let i : Z — X be
the closed immersion defined by the ideal Ann (2% /s and Lz be the invertible

Oz-module Lli*Q}(/S as in Lemma 5.1.3. Then, by Lemmas 5.1.1 and 3.2.4,
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the projection pry: X xg X — X is locally a hypersurface of virtual relative
dimension n—1 over X and the closed subscheme of X xg¢ X defined by the
ideal Ann{2% .y is the pull-back Z xx (X xgX) of Z C X by the first
projection. Let W be a noetherian scheme over X xgX and let V' be a closed
subscheme of X xg X. We put T'=V Xxu ., x W and Zpr = Z xx T be the
pull-back by the composition T"— X xg X — X with the first projection. By
Lemma 5.1.3.3, we have G(Zr),, = G(Zr). Thus, the localized intersection
product (3.2.2.1) defines a map [[ , |lxxsx : G(V) x G(W) — G(Z7). Since
the generic fiber is smooth, the subscheme Z is supported on the closed fiber
X and we have a natural map G(Zr) — G(Ty).

Definition 5.1.5. — Let X be a scheme over S = Spec Ok satisfying
the condition (R(n)) and Z — X be the closed subscheme defined by the ideal
Ann Q?(/s' For a closed subscheme V' of X xg X and a noetherian scheme
W oover X xg X, we put T =V xXxy.x W and call the composition
(5.1.5.1) G(V) x G(W) LERIESTER (Z1) )2, = G(Zr) —— G(Ty)
the localized intersection product. We also define

(5152) [[ ,W]]XXSX : G(X Xg X) E— G(WS)

as the localized intersection product with the class [Ow] € G(W) by taking
V=XxgX. If V=X — X xgX is the diagonal map, we call the localized
intersection product

(5.1.5.3) X, Jlxxsx : GIW) —— G(Ty)
with the class [Ox| € G(X) the localized intersection product with the diagonal.

By Theorem 3.4.3.1, the map [[X, ||xxsx : G(W) — G(T5) induces
F,GW) —— F, ,G(T),
(5.1.5.4) . f
Gr,GW) —— Gr,_,G(Ty).

By abuse of notation, we use the same notation [[X, ||xx,x for them. For
W =X xg X, we have

(5.1.5.5) [X, Jlxxsx : G(X xg X) —— G(Xj).
For the self-intersection, we have an equality
(5.1.5.6) X, Xxxsx = (=1)"enz (2x/5) N [X] = (Ax, Ax)s

in Gri’G(X,) by Corollaries 5.1.2.1 and 3.4.5.
The localized Chern class ¢, %, (2y,5) N [X] € CHy(XF) is computed
explicitly as follows.
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Lemma 5.1.6. — Let X be a scheme over Ok satisfying the condition
(R(n)) and let Z be the closed subscheme defined by the ideal Ann %5 as
in Lemma 5.1.3. Let m: X' — X be the blow-up at Z and D = Z xx X' be
the exceptional divisor.

Then the pull-back W*(Z}(/S 1s an extension of a locally free Ox-module
E" of rank n—1 by an invertible Op-module and we have

enz (2x/5) N[X] = m(ca-r(€) N [D]).

Another computation of deg(Ay, Ax)s in terms of the torsion parts of
%%/ is given in [39)].

Ezxample. — Let the notation be as in Lemma 5.1.6. Assume z € X
is an isolated non-degenerate quadratic singularity of the map X — S and
assume X — {z} is smooth over S. Then Z = {z} with reduced scheme

structure, D ~ P"~! is the exceptional divisor and & ®e, Op is a quotient
of O} by Op(—1). Hence ¢,—1(E") N[D] is the class [2] of a k(x)-rational
point &’ of D and cn)Z((_Q}(/S) N[X] = m 2] = [z].

Proof. — By Corollary 5.1.2.3, we may apply Corollary 2.4.5. The as-
sertion follows by Lemma 5.1.3.2. O

We prove a K-theoretic version of the projection formula conjectured in
[1] Section 6 formula (20).

Lemma 5.1.7. — Let X and Y be schemes over Ok satifying the con-
dition (R(n)) and f : X — Y be a morphism over Og. Then, for a closed
subscheme I' of X xg X of dimension n, we have an equality

(11 (F < ) Ay]]xxsx = [V I lyxsy
in FG((X xy X)s).

Proof. — We apply Corollary 3.3.4.3 by taking ¥ <+ Y xXgYV «— X xgX =
XxgX — X, [Ay] EG(YXSY) and I' C X xgX as S<—X<—W—>X/—>S/,
I' e G(X) and V' C X'. Then, since the map X xg X — Y XgVY is locally
of complete intersection, it is of finite tor-dimension. Thus the assumption of
Corollary 3.3.4.3 is satisfied and we obtain the equality in G((X xy X);).

We show the right hand side is in FoG((X Xy X)s). Since dim I" = n, we
have [Or] € F,G(X xg X). Thus the assertion follows from Theorem 3.4.3.1.
O
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5.2. Logarithmic self-products. — We keep the notation that K is a
discrete valuation field with perfect residue field. In this subsection, X de-
notes a scheme over O satisfying the following condition:

(S'(n)) X is a regular and flat equidimensional scheme over Oy of
finite type of relative dimension n — 1. The reduced closed fiber X .q is
a divisor with simple normal crossings.

For a regular and flat equidimensional scheme X over O of relative dimen-
sion n — 1, the condition (S'(n)) is equivalent to the following condition:

For each closed point z in the closed fiber X, there exist a minimal
system (t1,...,t,) of generaters of the maximal ideal m, of the local ring
Ox.z, a unit u € O%, and integers ly,...,l, > 0 such that 7 = u[]; th for
a prime element 7 of K.

We consider a scheme X satisfying (S'(n)) as a log scheme with the
standard log structure My defined by the reduced closed fiber. Unless we say
otherwise, we also consider S = Spec Ok as a log scheme with the standard
log structure Mg defined by the closed point. We put P = I'(X, Mx) and
let X — [P] denote the standard frame. If D;,...,D,, are the irreducible
components of X; = >"" 1;D;, the monoid P = I'(X, Mx) is identified with
N™. We identify I'(S, Mg) = N. The canonical map N — P = N™ sends 1 to
(I1,...,ln). We define the log self-product (X xgX)™~ to be XXE%P}X defined
in Definition 4.2.4. For schemes X and Y over S satisfying the condition
(S'(n)), a morphism f: X — Y over S induces a morphism (f x f)~: (X Xxg
X)~ — (Y xgY)™. In the following, we regard the log product (X xg X)~
as a scheme over X with respect to the second projection.

Lemma 5.2.1. — Let X be a scheme over S satisfying the condition
(S'(n)).

1. The map X — S is log flat and log locally of complete intersetion.
The projection (X xg X))~ — X is strict and flat.

2. Let X and Y be schemes over S satisfying the condition (S'(n)) and
f:X =Y be a morphism over S. Let (f x )~ : (X xg X))~ — (Y xgY)™ be
the map induced by f. Then, the underlying map (X x5 X)~ — (Y xgY)™ is
locally of complete intersection.

3. Further assume X — Y s log flat and its underlying map s flat.
Then, the underlying map of (X xg X))~ — (Y xgY)™ is flat.

Proof. — 1. The map X — S is log flat and log locally of complete
intersetion by Corollary 4.4.7. The map (X xgX)~ — X is strict by Corollary



ON THE CONDUCTOR FORMULA OF BLOCH 119

4.2.5.2. Since X — S is log flat, the strict map (X xg¢ X)~ — X is flat by
Corollary 4.3.5.4.

2 and 3. It suffices to apply Corollaries 4.4.5.2 and 4.3.5.5 respectively.
g

We study the closed fiber of log self-product (X xgX)~. An irreducible
component D; of the closed fiber X, is smooth of dimension n — 1 over the
residue field F'. We consider two log structures on D; and introduce two log
self-products. Let Mp, be the pull-back log structure on D; of Mx and let
Mp, be the log structure defined by the divisor [J,,(D; N D;) with simple
normal crossings. Let D; denote the log scheme (D;, Mp,) and D) denote the
log scheme (D;, Mp, ). There is a canonical map D; — D; of log schemes.
Similarly, let s denote the log point SpecF with the pull-back log structure
from S and let s’ denote SpecF with the trivial log structure. The canonical
map P = ['(X,Myx) — I'(D;, Mp,) defines a frame D; — [P]. We identify
P=N" and let P, C P = P;® N; be the submonoid obtained by omitting
the i-th component N;. Then, we have a frame D — [FP;]. We consider the

log self-products D; xio[gp} D; and Dj xL‘?g[Pi] D;. The canonical map D; — D;

induces a map D; xio[gp} D; — D ngg[Pi] D..
The following Lemma will be used in the proof of Theorem 5.4.3.

Lemma 5.2.2. — Let X be a scheme over S satisfying the condition
(S'(n)). Let D; be an irreducible component of Xs and l; be the multiplicity
of D; in Xs. Then,

1. The map D; X:FP] D, — XX?%P]X = (X xgX)~ is a closed immersion
and induces an isomorphism to the inverse image (X xg X))~ xx D; of D; by
the projection (X xg X))~ — X.

2. The underlying scheme D, X:FP] D; is a ,-torsor over D Xi?ﬁpi] D..

Proof. — 1. Since the map D; — X is strict, the inverse image (X Xg

X)~xxD; is equal to the log product Xxi;g[P] D;. The log product Xx?ffp] D;

represents the functor sending a log scheme T over S to the set {(f: T —
X,9 : T — D;)|f and g are maps over S and induce the same map P =
I'(X,Mx) — I'(T,Mr)}. The condition that f and g induce the same map
P — I'(T, Mr) implies that the map f:7T — X factors through D;. Thus the

canonical map D; xio[gp] D, — X x?fp] D; is an isomorphism and the assertion

follows.

2. Since the projections D xio[gp} D; — D; and Dj ngg[Pi] D! — D} are

strict by Corollary 4.2.5.2, it is sufficient to show that D; xgg | Di s a qu-

[P
1 log / log _ 1y Jlog ) . .
torsor over (D) X g 1Py D}) X D; = DX py Di. We consider the commutative
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diagram
Di X% Di —— D; X J8p Di —— Dj x%, D
s — s XL?%[N] 5 — s.
We have D; xi‘fﬁp} D; = D, xlgf N (D} xl,s?g[Pi] D;). Hence by applying Lemma
4.2.7 to Dy — D} — Djx 38, D;, we see that D;x 5 D; is a Hom(NE, G,)-
log

torsor over D} x D;. Similarly, we see that s xL?g[N]s is a Hom(N#& G,,)-

Slv[Pi]

torsor over s. Further, it is easy to see that the middle vertical map D, x ¢

s',[P]
D; — s ngﬁN] s is compatible with the map Hom(N* G,,) — Hom(N% G,,)
induced by the composition N — P — N,. Namely, it is compatible with the
li-th power map G,, = Hom(Nf G,,) — G,, = Hom(N# G,,). Since the
left square is cartesian, the assertion follows.

O

We construct a compactification of log products of strictly semi-stable
schemes. A scheme X locally of finite type over the integer ring Oy is said
to be strictly semi-stable, if the following conditions 1-3 are satisfied.

1. X is regular and flat over S.
2. The generic fiber X is smooth.
3. The closed fiber is a divisor with simple normal crossings.

A scheme X is strictly semi-stable over S, if and only if Zariski locally it is
etale over Spec Ok[Ty,...,T,]/(Ty----- T, —m) for some 1 < r < n. For a
scheme over S satisfying the condition (S'(n)), the condition 3 is equivalent
to that the closed fiber is reduced. The standard log structure on a strictly
semi-stable scheme X over S is that defined by the closed fiber.

Lemma 5.2.3. — 1. For a log smooth scheme X of finite type over S,
the following conditions are equivalent.

(1) X s strictly semi-stable and the log structure is the standard log
structure.

(2) There exist a map (X,[P]) — (S,[N]) of framed log schemes and a
quasi-isomorphism P — N" such that the composition N — P — N" sends 1
to (1,...,1).

2. Let X and Y be strictly semi-stable schemes with the standard log
structures and let (X,[P]) — (S,[N]) and (Y,[P]) — (S,[N]) be maps of

framed log schemes. Then the log product X x{;g[P] Y is strictly semi-stable.

The projections X X?f[gp] Y - X and X X?f[gp] Y — Y are smooth. When
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X =Y and [P] = I'(X, Mx), the log diagonal map X — (X x5 X)~ is a
reqular immersion.

Proof. — 1. (1) = (2), It is sufficient to take the standard frame.

(2) = (1). By Lemma 4.1.7.2, we may replace P by P = P/P* and
hence we may assume P = N". Since X is log regular, it follows from Lemma
4.1.4.2 that the underlying scheme X is regular, the open subscheme U is
the complement of a divisor D with simple normal crossings and My is the
standard log structure defined by D. By the assumption that 1 is sent to
(1,...,1), the divisor D is equal to the closed fiber. Since X is log smooth
and the log structure is trivial on the generic fiber, the generic fiber is
smooth.

2. The projections are strict and log smooth. Hence the underlying map
is smooth. Since X x?g[P] Y is smooth over a strictly semi-stable scheme, it

is also strictly semi-stable. The log diagonal map is a section of a smooth
map and is a regular immersion. O

Let N — N" be the map sending 1 to (1,...,1) and P = N" &n
N”" be the amalgamate sum. We define a regular proper subdivision of the
dual monoid N = Homuyeneia(P,N) as follows. We regard A = {1,...,r} X
{1,...,r} as a partially ordered set with the product order. We identify an
element (i,7) € A with an element f;; € N characterized by f;;(es) = i
and f;j(e}) = 0;; where ey and ¢}, denote the images of the standard basis
of N” and § denotes Kronecker’s delta. We say a subset o of A is a face
if it is a totally ordered subset. Let Y be the set of faces of A. For a face
o, let N, be the submonoid (f;;, (i,7) € o) of N. The family (N,)sex is a
regular proper subdivision of N.

Lemma 5.2.4 (cf. [41] Lemma 1.2.2). — Let X and Y be strictly semi-
stable schemes over S. Let N — N" be the map sending 1 to (1,...,1) and
(X,[N"]) = (S,[N]) and (Y,[N"]) — (S,[N]) be maps of framed schemes. Let
P = N" &N N be the amalgamate sum and X xgY — [P] be the induced
frame. Let X be the subdivision of the dual N = Hommenoia(P,N) defined
above and (X xXgY)sx be the associated modification. For i = 1,...,r, let
e; (resp. €.) be the image in P of the i-th standard basis of the first (resp.
second) factor N" and Z; (resp. I}) be the ideal locally generated by a lifting
of the image of e; (resp. e;) in Mxxy.

Then the underlying scheme of (X XgY)x is strictly semi-stable and
equal to the blow-up of X xgY by the ideal [T, yo,(ITi<jci T+ [Ticjici Zir)-

There is an open immersion X x?fN,«] Y - (X xsY)s
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Proof. — To show that (X xgY)y is strictly semi-stable, it is sufficient
to show that (X xgY') xp) [P,] is strictly semi-stable for each face o. There
is an isomorphism N¥ — N, for k = Cardo and the composition N* —
N, — N = Hom(N,N) sends each element of the standard basis to 1. It
induces a quasi-isomorphism P, — N¥ such that the composition N — P, —
N maps 1 to (1,...,1). Hence by Lemma 5.2.3.1, the underlying scheme
(X xgY) xl[‘;g] [P,] is strictly semi-stable.

For the proof of the isomorphism from (X xgY)sx to the blow-up, we
refer to [41] Lemma 1.2.2. For the face oo = {(4,4)[i = 1,...,r}, the monoid
P,, is the inverse image (N" én N”)~ of N” as in Proposition 4.2.3.2 and
(X xgY) xl[‘;g] [Py =X X};g[NT} Y is an open subscheme of (X xgY)s. O

5.3. Differentials with log poles. — We keep the notation that K is
a discrete valuation field with perfect residue field. In this subsection, X
denotes a scheme over Oy satisfying the following condition:

(S(n)) X satisfies the condition (R(n)) in Section 5.1 and the condition
(S'(n)) in Section 5.2.

We consider a scheme X satisfying (S(n)) as a log scheme with the
standard log structure Mx defined by the reduced closed fiber. Let Mg be
the standard log structure on S defined by the closed point.

Lemma 5.3.1. — Let X be a scheme over Ok satisfying the condition
(S(n)) and let x be a point of X in the closed fiber. We consider X as a
log scheme with the standard log structure Mx. Let D.,..., D, be the irre-
ducible components of the closed fiber of X containing x and ly,...,l. be the
multiplicities of Dq,..., D, in the closed fiber X,.

1. We consider S = Spec Ok as a log scheme with the standard log
structure Mg. We define a ring homomorphism Z[N| — Ok by sending 1 to
7w and a map N — N" X Z of monoids by sending 1 to (Iy,...,1,0,...,0,1).
We define a log smooth scheme Yy over Ok by Yy = Spec Ox®@znZ[N"XZ] =
Spec Ok[Ty,..., T, W] /(x — W]Ii_, TZZZ) with the log structure defined by
the chart N” — Ok ®zmn ZIN" x Z] sending the standard basis e; to T; for
1< <r.

Then there exist an open neighborhood U of x and a regular immersion
U — Y of codimension 1 into a log scheme Y etale over Yy such that the
divisor D; is defined by the image t; € I'(U,Ox) of T; for 1 < i < r. The
map X — S is log flat and log locally of complete intersection.

2. We consider S = Spec Ok as a log scheme with the trivial log struc-
ture OF. We regard A% = Spec Og[Th,...,T,] as a log smooth log scheme
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over Oy, with the log structure defined by the chart N™ — Og[Ty,...,T,]
sending the standard basis e; to T; for 1 <i<r.

Then there exist an open mneighborhood U of x, a regular immersion
U — V of codimension 1 into a log scheme V etale over A% and a unit
ve I'(V,0p) such that the dwisor D; is defined by the image t; € I'(U, Ox)
of T; for 1 < i <r and the closed subscheme U — V is the divisor defined
by m—v][]i_, Tzl The map X — S is log locally of complete intersection.

Proof. — 1. Let t; be an element of OXx deﬁning D; at x for 1 <i<r.
We define a unit w € Og, by 7 = w]]_, Z. Let ty,...,t,, be a minimal
system of generators of the maximal ideal m, extending t{,...,t. and let
tms1,-- -, tn € Ox, be a lifting of a transcendental basis of the residue field
k(x) over F such that k(z) is a finite separable extension of F(tpi1,-..,tn)-
We take an open neighborhood U of x and define a map U — Y by sending
T; to t; and W to w. Shrinking U if necessary, we define a regular immersion
U — Y of codimension 1 and an etale morphism Y — Y as in the proof
of Lemma 5.1.1. The map X — S is log flat and log locally of complete
intersection by Corollary 4.4.7.

2. Let ty,...,t, € Ox, and w = 7/ [[_, 1/ € O%, be as in the proof
of 1. We take an open neighborhood U of z and deﬁne a map U — Ap,
by sending 7T; to t;. Shrinking U if necessary, we define a regular immersion
U — V of codimension 1 and an etale morphism V' — Ap —as in the proof of
Lemma 5.1.1. Shrinking U and V if necessary, we take a unit v € I'(V, Oy)
lifting w. Then the function f =7 —v[[_ lTl' vanishes in Ox,. Since f is
not in m3,, we have Ox, = Oy, /(f). Hence shrinking U and V' if necessary,
the subscheme U of V is defined by the equation f = 0. The map X — S
is log locally of complete intersection by Corollary 4.4.7.1. O

1 1
Let 2y ,4(log) and 2y, 4(log/log) denote the Ox-modules (Z(X M)/(5,0%)
and Q(X Mx)/(S,Ms) respectively. The O x-module QX/S(log) is canonically iso-
morphic to
(Q}(/S@((’)X ®Zj*O§K)) [(da—a®a:a€OxNjOx ,10b:be K*)
and we have an exact sequence

Ox, -dlogm —— 2y g(log) —— (2 ¢(log/log) —— 0

for a prime element m of K. The canonical maps 2%, — (2 ¢(log) —
2%,s(log /log) induce isomorphisms Q2% . = Q% glx, — 2%/ s(log)lx, —
Q}(/S(log/log)\XK on the generic fiber.

We give a local description of 2} /¢, 2% ¢(log) and 25 ¢(log /log) using
immersions as in Lemma 5.3.1.2.
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Corollary 5.3.2. — Let X be a scheme over Ok satisfying the condition
(S(n)). Let U — V be an immersion as in Lemma 5.3.1.2. Then we have a
commutative diagram of exact sequences

0— Nuyv — 50, O — 25 — 0

I l |
(5321) 0— NU/V — Q%,/S(log) ®Ov OU — Q}J/S(log) — 0
| I |

0 — Noyv o ml_(l - _Q‘l//s(log) ®o, Ov — Qllj/S(lOg /log) — 0.

The Orp-modules (2‘1//5 ®o, Oy and Q‘l//s(log) ®o, Ou are locally free of rank
n and Ny and Ny Qo m;(1 are invertible.

2. The Ox-modules Q;(/S(log/log) and Qﬁf/s(log) satisfy the conditions
(L(n)) and (G) in Section 2.4.

Proof. — 1. The top line is the same as in Corollary 5.1.2. The exact-
ness of the middle line is proved similarly as in Corollary 5.1.2. To get the
bottom exact sequence, we show that the map Ny, — Q‘l//s(log) ®o, Ou
is extended uniquely to an injection Ny ®o myt — Q‘l//s(log) ®o, Ou.
The generator m — v [[, T} of Ny is mapped to d(v[[,T) = 7 - (v 'dv +
> lidlogT;) in Q%//S(log) ®o, Op. Since it is divisible by 7, the map Ny, —
Q‘l//s(log) ®o, Oy is uniquely extended to an injection Ny/yv ®o, mi}l —
Q‘l,/s(log)@)ovOU sending the generator (7—v [[, T}*)/7 to v~ 'dv+Y, lidlog T;.
Since the image of v~'dv + Y, l;dlogT; in Q}J/S(log) is dlogm, the lower se-
quence is also exact. The rest of assertion is clear.

2. It follows from 1 and Lemma 2.1.1 immediately. O

We study relations between {2y, 25 g(log) and 2% ¢(log /log). We use
the following generalization of the Poincaré residue map [9] II (3.7.2).

Lemma 5.3.3. — Let X be a locally noetherian reqular scheme, D be
a dwisor of X with simple normal crossings and My be the standard log
structure on X defined by D. Let D;, (i € I) be the irreducible components of

. 8P 1 ' ' '
D. Then, the map dlog: Ox @ M — “Q(X,Mx)/(Xﬁf() induces an isomorphism
1
(5.3.3.1) Dicr Op, — 'Q(X,MX)/(X,O)X()'
- . 1 . . .
Proof. The map dlog: Mx — {Z( X Mx)/(X,0%) induces an isomorphism
Ox @z, MY — “Q(lx,MX)/(X,O;()' Since M5 = @,.;Zp,, we obtain an isomor-
: 1
phism ,., Op, — Q(XMX)/(X’O;(). O
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Lemma 5.3.4. — Let X be a scheme over Ok satisfying the condition
(S(n)). Let Dy,...,D,, be the irreducible components of the reduced closed
fiber X ea and l; be the multiplicity of D; in X,. Then,

1. We identify Q(leMX)/X with @), Op, by the isomorphism (5.3.3.1).
Then, the exact sequence Q}(/S — “Q(lX,MX)/S — Q(lX,MX)/X — 0 gives an ezact
sequence
(5.3.41) 0 —— %3 —— Qy5(log) — ;2 Op, — 0.

2. We identify Q(lsts)/S with F' by the isomorphism (5.3.3.1). The exact
sequence Ox Qo Q(lstS)/S — “Q(IX,MX)/S — Q(IX,Mx)/(S,Ms) — 0 gives an ezact
sequence

(5.3.4.2) O Ox, Q}(/S(log) — Q}(/S(log/log) — 0.

3. The kernel and cokernel of the map Q}(/S — Q}(/S(log/log) are 1so-

morphic respectively to the kernel and cokernel of the map Ox, — @;-, Op,
sending 1 to (I,...,1y).

Proof. — 1. By Lemma 5.3.3, it is sufficient to show the injectivity of
%5 — 2%/5(log). The question is local on X. Let U — V be as in Lemma
5.3.1.2. Then the assertion follows from the injectivity of the upper middle
vertical arrow (2y,¢ ®o, Oy — §2,4(log) ®o, Op in (5.3.2.1) by the snake
lemma.

2. Similarly, by Lemma 5.3.3, it suffices to show that the surjection
Ox, — Ker(£2x/4(log) — 2% 4(log /log)) is an isomorphism. Hence, it is re-
duced to showing that Ker(£2y 4(log) — 2% 4(log/log)) is an invertible Ox,-
module. The question is local on X. The assertion follows from the lower
half of the commutative diagram (5.3.2.1) by the snake lemma.

3. The image of 1 by the composition Ox, — 2y ¢(log) — @D, Op, is
(l1,...,lyn). The assertion 3 follows from this and the assertions 1 and 2 by
the snake lemma. O

Lemma 5.3.5. — Let X be a scheme over Ok satisfying the condi-
tion (S(n)). Let i : Z — X be the closed immersion defined by the ideal
Ann A5 o(log /log) and let L; = L'i* 25 ;(log /log). Let Z = Zea and
i:7Z — X be the immersion.

1. There is a canonical isomorphism Lz ®p, Oz = ng*Q}(/S(log/log) —
O of wmwvertible Oz-modules.

2. The bivariant Chern class c1(Ly) € CHY(Z — Z) s 0.

3. For a scheme T of finite type over Z, the map Lz : G(T) — G(T)
sending a class [F| to [F®e, Lz] is the identity. The canonical map G(T) —
G(T)/z, = Coker(1 —-L: G(T) — G(T) is an isomorphism.
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Proof. — 1. Applying Li* to the exact sequence (5.3.4.2), we obtain a
long exact sequence

00, — LY

Yslog)  —— LY 02% (log /log)  ——

Oz — 0y 5(log) o, Oz —— 2% 4(log /log) ®o, Oz — 0.

It follows from the lower half of the commutative diagram (5.3.2.1) that the
map 2y s(log) ®oy, Oz — 2y s(log /log) ®o, Oz is an isomorphism and the
map L'i*(2y ¢(log) — L'i*(2y ¢(log /log) is the O-map. Hence the boundary
map L'i*(2y ¢(log /log) — Oy is an isomorphism.

2 and 3. Similarly as in the proof of Lemma 5.1.3, it follows from 1. O

Similarly, we have the following analogue for Q}(/S(log).

Lemma 5.3.6. — Let X be a scheme over Ok satisfying the condition
(S(n)), Di,...,Dy, be the irreducible components of D = (Xp)ea and let
J C {l,...,m} be a non-empty subset of the indexr set of the irreducible
components of the closed fiber. We put Dy = (\,.; D; and let iy : Dy — X
denote the closed immersion.

1. The scheme Dj; is smooth over F of dimension n — #J and the
divisor By = Dy NUJ,s; Di has simple normal crossings.

2. The Op,-module i*JQ}(/S(log) = Qﬁf/s(log) ®oyx Op, is locally free of
rank n and we have an exact sequence

e

(5.3.6.1) 0= 12 p(logBy) —— 562 5(log) —— Dic; Op, — 0.

3. The first map in the exact sequence (5.3.4.2) induces an isomorphism
Op, ~ L'i50x, — L'i502% s(log). We have L9502y ¢(log) =0 for ¢ #0,1.

Proof. — 1. Clear.
2. Let M]’DJ be the standard log structure on D; defined by B; and
Mp, be the pull-back log structure of Mx. First, we show that the exact

1 1 1 :
— — — Vi
sequence “Q(DJvMbJ)/F “Q(DJ,MDJ)/F Q(DLMDJ)/(DJ,MI’DJ) 0 gives an exact
sequence

(5.3.6.2) 0= 2,y yie = Dpy i, yp — Bies O, = 0.
A canonical isomorphism &, ;Op, — Q(IDLMDJ) J(Dya ) 1S defined simi-

larly as in Lemma 5.3.3. Hence, it is sufficient to show that the canonical
map Q(lDJ My yE 2o, mp )¢ 18 injective. Locally on D, the log scheme
b J K J

(Dj, Mp,) is isomorphic to the product of (Dj, Mp ) with the log point F
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with the chart N/ — F sending the non-0 elements to 0. Thus we obtain a
locally splitting exact sequence (5.3.6.2).
We have (2}, ,.(log By) = “Q(IDJ,MbJ)/F and (2}, p(log By) is locally free

of rank n — |#J| by 1. Hence ‘Q(IDJ,MbJ)/F is locally free of rank m. Since

Q}(/S(log) satisfies the condition (L(n)) in Section 2.4 by Corollary 5.3.2.2,
the pull-back if}Q}(/s(log) is locally generated by n-sections. Hence the canon-
ical surjection 2% s(log) — 02, My, )/F is an isomorphism and the assertion
follows.

3. Since Qﬁf/s(log) satisfies the condition (L(n)) in Section 2.4, we have
L1502y s(log) = 0 for ¢ # 0,1. Further, since i}02} 4(log) is locally free of
rank n, the Op,-module L'i%2} ¢(log) is invertible. By the exact sequence
0 —0Ox —- Ox — Ox, — 0, we obtain an isomorphism Op, — L'i%Ox,. We
show the map L'i5O0x, — L'i50 ¢(log) is an isomorphism. By the exact
sequence (5.3.4.2), we get an exact sequence

0 —— L'y0x, —— L'i502Y glog) —— L'i52% (log /log).

The first two Op,-modules are invertible. The last one is locally a submod-
ule of an invertible Op,-module and is torsion free. Hence the cokernel of
the injection Op, ~ L'i5O0x, — L'i562% 4(log) is 0 and the map is an iso-
morphism. a

The relation between the localized Chern classes cn§F(Q§(/S) N [X] and
o (2% 5(log /log)) N [X] is as follows.

Corollary 5.3.7. — Let X be a scheme over S satisfying the condition
(S(n)). Then we have an equality

(e, (125 )5) — enx, (25 5(log / log))) N [X]

(5.3.7) = cn-1(£2y5(log / log)) N [X,]
+Z Z (_1)Tcnfr(QIDJ/F(log By) N [D,]
r=1 jc{1,..., m},#J=r
m CH(](XS)
Proof. — We have equalities

m

X (2y5) =cx, (2xs(10g)) [ [ X, (On,) 7,

i=1

cx, (12x5(log / log)) =cx, (£2xs(log))cx, (Ox,) ™
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in CH*(X, — X)™ by the exact sequences (5.3.4.1) and (5.3.4.2) and by
Lemma 2.3.1.4. Further we have

HC% Op)'niXI=]la-Dh=> > (VD]

i=1 r=0 Jc{1,...,m},#J=r

and cx (Ox,) ' N[X] = [X] — [X,] by Corollary 2.3.3. Hence we have an
equality

(enX, (2x/5) — caX, (f?}(/s(log/ log))) [X]

=cn-1(£2xs(log / log)) N [X;] + Z Y. (D e (2y)s(log)) N D]

r=1 Jc{1,....m},#J=r

in CHy(X;). We have c(§2y,4(log)) N [Dy] = c(2p, ar,, y/r) N [Dg] by Lemma
D g
5.3.6. Thus the assertion follows. O

5.4. Logarithmic localized intersection product. — We define logarithmic
localized intersection product for a scheme X over Ok satisfying the condi-
tion (S(n)) in the last subsection. We prove that the logarithmic localized
intersection product has an advantage that it is factored through the generic
fiber in Theorem 5.4.3.

Lemma 5.4.1. — Let X be a scheme over Ok satisfying the condi-
tion (S(n)). Let i : Z — X be the closed immersion defined by the ideal
Ann 2% s(log /log) and Ly be the invertible Oz-module L'i*$2y ¢(log /log).
Let Lixxgx)~/x be the cotangent complex, A : X — (X x5 X)™~ be the log
diagonal map and My, xxsx)~ be the conormal complex. Then,

1. The projection pry : (X xg X)~ — X is flat and locally a hypersurface
of wirtual relative dimension n—1 over X. The canonical map Lixxgx)~/x —
QIXXSX) ~/x s an isomorphism.

2. The canonical maps Mx)xxgx)y~ — LA*Lixxgx)~/x — Q}(/S(log/log)
are isomorphisms. The composition induces the isomorphism Nx/(xxgx)~ —
Q}(/S(log/log) (4.2.8.1). o

5. The closed subscheme i : Z — (X xg X)~ defined Ann {2y, )~ x

is equal to the pull-back of Z by the first projection (X xg X)~ — X. The
invertible O z-module £~ =LY *QlXX X)~/X 15 equal to the pull-back of L.

Proof. — 1. Let X — [P] be the standard frame. By Lemma 5.3.1.1 and

by Corollaries 4.3.5.4 and 4.4.5.1, the strict map (X xg X))~ =X xlog[ }X —

X is flat and locally of complete intersection of virtual relative dimension
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n — 1. Let = be a point in the closed fiber and U — Y be an exact regular
immersion as in Lemma 5.3.1.1. Shrinking Y if necessary, we obtain a frame
Y — [P] lifting the restriction U — [P]. Then, since the strict map Y x?“fp]

X — X is smooth of relative dimension n, the strict map U X%, X —

S,[P]
Y x?gm X is a regular immersion of codimension 1 by Proposition 4.4.4.2.
Since U x?fP]X for each = gives a covering of the closed fiber of (X xgX)~ =

~

X x?fp] X and the generic fiber is assumed smooth, the scheme (X xg X)
is locally a hypersurface of virtual relative dimension n —1 over S.

We show L(xxgx)~/x — Q%XXSX)N/X is an isomorphism. Since (X Xxg
X)~ — X is locally of complete intersection, it is sufficient to show that
HiL(xxsx)~/x = 0. The restriction of H;L(xxsx)~/x on the generic fiber is
0 since the generic fiber is smooth. Since (X xgX)~ is flat over X, it is flat
over S. Since HiL(xxsx)~/x is locally a subsheaf of locally free module, it
is m-torsion free and the assertion follows.

2. We obtain an isomorphism Mx/(xxgx)~ — LA"L(xxsx)~/x by the
distinguished triangle — LA*L(xx¢x)~/x — Lx/x — Lx/xxsx)~ —. Since
(X x5 X)~ — X x& X is log etale, the canonical map pZQ}(/S(log/log) —
Q%XXS X)~ /X is an isomorphism. Similarly as in 1, we see that it induces an
isomorphism Lp’é(?}(/s(log /log) — Q(lXXS x)~/x by using the assumption that
the generic fiber is smooth. By the isomorphism in 1, it induces an isomor-
phism LA*Lixygx)~/x — (Z}(/S(log/log). The assertion on the composition is
clear from the definition.

3. It follows from the isomorphism Lpgﬁ}(/s(log/log) — Q(IXXSX)"’/X in
the proof of 2. O

We define the logarithmic localized intersection product. Let X be a
scheme over S satisfying the condition (S(n)). Let i : Z — X be the closed
immersion and Lz be the invertible modules as in Lemma 5.4.1. Let W be
a noetherian scheme over (X xg X)~ and let V be a closed subscheme of
(X xgX)~. We put T'=V X (xxsx)~ W and Zp = ZxxT be the pull-back by
the composition 7" — (X xg X)~ — X with the first projection. By Lemmas
5.4.1.3 and 5.3.5.3, we have Zy =T X(xxg4x)~ Z and G(ZT)/EZ = G(Zr) in
the notation loc.cit. Thus, the localized intersection product (3.2.2.1) defines
a map [, Jlixxsx)~ 1 G(V) x G(IW) — G(Zr). Since the generic fiber is
smooth, the subscheme Z is supported on the closed fiber X, and we have
a natural map G(Zr) — G(Ty).

Definition 5.4.2. — Let X be a scheme over S = Spec Ok satisfying
the condition (S(n)) and Z — X be the closed subscheme defined by the
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ideal Ann (2% ¢(log /log). For a closed subscheme V of (X xg X)~ and a

noetherian scheme W over (X xg X)~, we put T =V X(xxgx)~ W and we
call the composition

[ Dexxgx~
—_—

(54.2.1)  GV) x GW) G(Zr) ), = G(Zr) —— G(T)

the logarithmic localized intersection product. We define
(5.42.2) 1 Wileoex) : G(X x5 X)) —— G(W,)

as the logarighmic localized intersection product with the class [Ow] € G(W)
by taking V = (X xg X)~. If V=X — (X xg X)~ is the log diagonal map,
we call the log localized intersection product

(5.4.2.3) X, Noxxaxy~ : GOV) —— G(T)

with the class [Ox] € G(X) the logarithmic localized intersection product with
the log diagonal.

By Theorem 3.4.3.1, the map [[X, ||(xxsx)~ : G(W) — G(T5) induces
maps

(5.4.2.4) F,G(W) —— F,_,G(T}).

By abuse of notation, we use the same notation [[X, ||(xxgx)~ for them. If
there is no fear of confusion, we drop the suffix (xx x)~. For W = (X xgX)~,
we have

(5425) [[X, H(XXSX)N . G((X Xg X)N) —_— G(XS)
For the self-intersection, we have an equality
(5.4.2.6) X Xl xxany = (~1)"ea 3 (2 s(log /og)) 1 [X]

in Gri'G(X,) by Lemma 5.4.1.2 and Corollary 3.4.5.

The advantage of the logarithmic localized intersection product against
the non-logarithmic one is the following Theorem 5.4.3. It claims that the log-
arithmic localized intersection product is factored through the generic fiber.
The non-logarithmic product does not share this property in general.

Theorem 5.4.3. — Let Og be a discrete valuation ring with perfect
residue field and X be a scheme over S = Spec Ok satisfying the condition
(S(n)). Then the map [[X, Jlxxsx)~ : G((X xg X)~) — G(X) is factored by
the surjection G((X x5 X)) — G(Xx xx Xk).
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Proof. — Let Dy,...,D,, be the irreducible components of X,. Let
E; = (X x5 X)~ xx D; be the inverse image of D; by the second projection
(X x5 X)~” — X. Since the open subscheme Xy X X of (X xgX)™ is the
complement of the union J;*, E;, we have an exact sequence @.", G(E;) —
G((X x5 X)) — G(Xkg xx Xk) — 0. Hence it is reduced to showing that

the composition G(E;) — G((X x5 X)™) 1 G(X) is the 0-map for each i.
The projection (X xgX)~ — X is flat by Lemma 5.2.1.1. Hence by applying
Corollary 3.25 to D; = X - (X xs X)" =X« D; as T =V - X - 5 «
S’ loc.cit., we obtain a commutative diagram

G(x xg X)) =L qxy)

T I

G(E;) — G(Dy)
[[Div HEZ
where the vertical arrows are the push-forward. Thus it is reduced to showing
that the localized intersection product [[D;, ||g, : G(E;) — G(D;) is the 0-
map.

By Lemma 5.2.2, the scheme E; = D; xl,so[gp] D; is a py,-torsor over E! =

D; xi?ﬁpi} D.. Let D; — E! be the log diagonal map. Since the log diagonal
map D; — F; gives a section D; — E; X Bl D; of the py,-torsor E; x Bl D; over
D;, we obtain an isomorphism gy, p, — E;x E;Di. We identity 1y, p, = E;X E;Dz‘
in the following.

We show that the immersion j; : , p, = E; X B D; — E; is a regular im-
mersion. Since the projection E] — D; is log smooth and strict, it is smooth.
Since the log diagonal map D; — E! is a section, it is a regular immersion.
Since the py-torsor E; is flat over EI, the immersion E; X g Di— E; is also
a regular immersion.

The localized intersection product [[D;, ]|, , : G(u,,p,) — G(D;) is de-
fined and is the 0-map by Lemma 3.2.6. To comf)lezte the proof, it is sufficient
to show that the map [[D;, ||g, : G(E;) — G(D;) is equal to the composition

i [(Dis 1l p,
We apply Corollary 3.3.4.3 by taking D; « E; < E; Xxg Dj — D; and the
log diagonals D; — FE; and D] — E; X D; as S« X « W = X' — &/,
V — X and V' — X’ in Corollary 3.3.4.3. Then, since the immersion j; :
E; X D} — E; is a regular immersion, the assumption is satisfied. Hence
[[Ds, |]g, : G(E;) — G(D;) is the composition G(E;) — G(E; X D;) — G(D;)
and is the 0-map. O
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Lemma 5.4.4. — Let X and Y be schemes over S satisfying the con-
dition (S(n)) and let f: X — Y be a morphism over S. Then we have a
commutative diagram

GV xx Vi) 2 vy

(fKXfK)*l lf

X,

Proof. — The map (f x f)~ : (X x5 X))~ — (Y xg V)™ is locally of
complete intersection by Lemma 5.2.1.1. Hence it is of finite tor-dimension
and the map (f x f)™: G((Y x5Y)~) — G((X xg X)™) is defined. Similarly,
f: X — Y is locally of complete intersection and the map f*: G(Y;) —
G(X;) is defined. By Theorem 3.2.1.4, we have [[X, || =] ,X]] and [[Y, ]| =
[[ ,Y]]. Hence it is enough to show that the diagram

G(Y xsY)) 2L )

| s

G((X x5 X)*) —— G(X,)
(LX)
is commutative since G((Y x5Y)~) — G(Yx Xk Yi) is surjective.

We show that both of the compositions are equal to [[ , X]|](yxsv)~ by
applying Corollary 3.3.4. First, we consider the composition via the upper
right. We apply Corollary 3.3.4.1 by taking X — YV — (Y xgY)” = Y
and the log diagonal ¥ — (Y xgY )Y as W - W — X — § and V —
X in Corollary 3.3.4.1. Since f is of finite tor-dimension, the assumption
of Corollary 3.3.4.1 is satisfied. Thus the composition f*o[[ ,Y]] is equal
to [[ , X]J(vxsv)~. Next, we consider the composition via the lower left. We
apply Corollary 3.3.4.3 by taking X «— (X Xxg X)” — (Y XgY)” —» Y and
the log diagonals ¥ — (Y XgY)~ and X — (X xg X))~ as §' — X' =W —
X —5,V—-X and V' — X’ in Corollary 3.3.4.3. Since (f x f)~ and f are
of finite tor-dimension, the assumption of Corollary 3.3.4.3 is satisfied. Thus
the composition [[ , X]]o(f x f)™* is also equal to [[ , X]|(yxsy)~. Hence the
diagram is commutative. O

Lemma 5.4.5. — Let X be a scheme over S satisfying the condition
(S(n)).
1. The logarithmic self-intersection product [[X, X]](xxsx)~ € FoG(X,)

1s equal to the image of the logarithmic self-intersection cycle (AX,AX)IS?g =



ON THE CONDUCTOR FORMULA OF BLOCH 133
(—1)"enz (92 /5(log /log)) N [X] € CHy(X) :

(5:45.1)  [[X, X]Jeexsx)~ = (—1)"eaz (2x/5(log /log)) N [X] = (Ax, Ax)g".

2. Let n be the dimension of X. Then the map [[X, |]: G((X xsX)~) —
G(X;) sends the topological filtration F,G((X xg X)~) into F,_,G(Xj).

3. Let d =n—1 be the dimension of Xy. Then the induced map [[X, ]| :
G(Xk xkx Xk) — G(X;) sends the topological filtration F,G(Xk Xk Xr) into
F,_aG(X,).

Proof. — 1. Applying Corollary 3.4.4.1 to the log diagonal map X —
(X Xg X)N, we obtain [[XuXH(XXSX)N = (_1)ncn§(MX/(X><SX)N) N [X] in
FyG(X,). Thus it follows by the isomorphism My (xx¢x)~ — Qﬁf/s(log/log)
in Lemma 5.4.1.2.

2. It suffices to apply Theorem 3.4.3.1 to the map [[X, [J(xxgx)~ :
G((X x5 X)) — G(2).

3. Clear from 2. O

The induced map Gr)G(Xg xx Xx) — Grl_,G(X,) is also denoted by
(X, 1.

Lemma 5.4.6. — Let X be a scheme over S satisfying the condition
(S(n)) and Z C X be the closed subscheme defined by AnnA"(2 ¢(log /log)
as i Lemma 5.4.1. Let 7: X' — X be the blow-up at Z and D = Z xx X' be
the exceptional diwvisor. Then the pull-back W*Q}(/S(log/log) s an extension
of a locally free Ox:-module E" of rank n—1 by an invertible Op-module and
we have

cny (12x5(log /1og)) N [X] = 7u(en-1(E) N [D]).

Proof. — The proof is the same as that of Lemma 5.1.6 except that we
use Corollary 5.1.2.3 and Lemma 5.3.5.2 in place of Corollary 5.3.2.2, Lemma
5.1.3.2. O

Definition 5.4.7. — Let X be a scheme over S satisfying the condition
(S(n)) and o be an automorphism of X over S. Then, we say o is admissible
if the following condition is satisfied.

For each irreducible component D; of the reduced closed fiber X eqa, we
have either o(D;) = D; or o(D;) N D; = 0.

For an admissible automorphism o of X over S, the localized intersec-
tion product [[X,I}]] is computed using the Segre classes as follows.
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Lemma 5.4.8. — Let X be a scheme over S satisfying the condition
(S(n)) and o be an admissible automorphism of X over S. Let D,..., Dy,
be the irreducible components of Xy and put U =X — Ui:U(Di)ﬂDi:(Z) D;. Then,

1. The pair (1,0) : U — X of maps induces a closed immersion U —
(X Xg X)N

2. Let I, denote U regarded as a closed subscheme of (X xgX)~ by the
immersion in 1 and let Ay C (U xg U)™ denote the log diagonal. Define the

logarithmic fized part X7, by XP, = X X(xxgx)~ I5. Then we have Xf,

Ay XwxsU)y~ Lo

3. Assume that o does not have a fized point in the generic fiber Xp.
Then the localized intersection product [[X,I5]](xxsx)~ € FoG(XT,) is equal
to the image of

n—1

{e(92%/5(log /10g)) Ns(Xfp X)Yaimo = D) (=1)'ci(£2%5(log / log))sn—i( Xy, X).

1=0

In particular, if the logarithmic fixed part X7 is a Cartier divisor of X, we

log
have
17 X oxxs ) = {8255 (10g /10g))" 1 (1 + X2) ™ 1 X Thaimor

Proof. — 1. We set (X x5 X) = XXSX—U(i,j):DiﬂD]-:(Z) D;x D;. By the
definition of (X xg X)~, we have pri'(D;) = pry*(D;) in (X xg X)~. Hence
(X xg X)~ is a scheme over (X xg X)°. By the definition of U, it is the
inverse image of (X xgX)? C X xgX by the map (1,0): X — X xgX. Hence
the map U — (X xgX)? is a closed immersion. Since ¢ is admissible, the map
(1,0): X — X xg X induces a map U — (X xg X)~. Since U — (X x5 X)°
is a closed immersion, the induced map U — (X xg X)~ is also a closed
immersion.

2. Since U is stable under o, I, is a subscheme of (U xgU)~ C (X Xg
X)~. The assertion follows from Ay =X X(xxgx)~ (U xsU)™.

3. By the assumption that o does not have a fixed point in the generic
fiber Xy, the underlying set of X7  is a subset of the closed fiber X.
We apply Corollary 3.4.6, by taking X — (X x5 X)~ — X to be V —
X — § in Corollary 3.4.6 and X{, — [, — (X x5 X)~ to be T" —
W — X. Since Mxyxxsx)~ = 2x,5(log/log), we obtain [[X,I5]](xxsx)~ =
{c(92x5(log /1og))* Ns(X7,, I5) aimo- By the automorphism (z,y) — (y,0(r))
of (U xgU)~, the closed subschemes Ay and I, are switched. Hence by 2,

we have s(X{,,I,) = s(XJ,, Av) = s(X[,, X). Thus the assertion is proved.
O
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Lemma 5.4.9. — Let K be a discrete valuation field with perfect residue
field and X be a scheme over S satisfying the condition (S(n)). Let K' be
a discrete wvaluation field with perfect residue field. Assume that K' is an
extension of K, the valuation of K' is an extension of that of K and that a
prime element of K is a prime element of K'. Put S" = Spec Ok and let s
be the closed point of S'. Then,

1. X'= X x358" is regular and the reduced closed fiber X, .4 has simple
normal crossings.

2. We have a commutative diagram

(X, Dlxxgx)~
AL SN

G((X xg X)) G(Xs)

! |

G(X s X)) G(XY)

(X7 Nexrx g xn~

where the vertical arrows are the pull-backs.

Proof. — The assertion 1 is checked easily using Lemma 5.3.1.2. We
show 2. We have (X' xg X')~ = (X xg X)~ xg 5" and the vertical ar-
rows are defined. We show that the both compositions are equal to the map
X', Jxxgx)~ 1 G(X xsX)~) — G(X,) by applying Corollary 3.3.4. For the
composition via G(Xj), it suffices to apply Corollary 3.3.4.1 by taking (X Xg
X)Y— X« X" as X « W «— W' in Corollary 3.3.4.1. For the composition
via G((X' xg X)™), we take (X xgX)~ — (X'xg X')~ as X « W — X' in
Corollary 3.3.4.3. Then since (X' xg X')~ = (X Xxg X)~ xg 5" — (X xg X)~
is flat and hence of finite tor-dimension, the assumption in Corollary 3.3.4.3
is satisfied. Hence the assertion follows. O

6. Conductor formula

We recall the precise formulation of the conductor formula and give
the exact statements of the main result, Theorem 6.2.3, and its log version,
Theorem 6.2.5, in 6.2. We state a generalization, Theorem 6.3.1, of Theo-
rem 6.2.5 to an algebraic correspondence in 6.3. We recall the definition of
conductor and give an interpretation Lemma 6.1.1 in terms of localized in-
tersection product in 6.1.

The proof of Theorem 6.3.1 is given in 6.4 and 6.5. The both sides
of the equality in Theorem 6.3.1 is computed using an alteration in 6.4. In
the final subsection 6.5, we complete the proof of Theorem 6.3.1 by combin-
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ing the computations with the logarithmic Lefschetz trace formula, Theorem
6.5.1.

6.1. Artin and Swan conductors. — We recall generalities on conduc-
tor. Basic references are [36] Chapitres IV, VI and [37] Partie III §3.4.

Let K be a discrete valuation field with perfect residue field F. Let
¢ be a prime number different from the characteristic p of F' and Gxg —
GLq,(V) be a continuous f-adic representation of the absolute Galois group
Gx = Gal(K/K). We recall the definition of the Artin conductor Art(V) and
the Swan conductor Sw(V) of V.

In this subsection, L denotes a finite separable extension of K and we
assume that the integral closure Op of Ok is a discrete valuation ring. Let
E be the residue field of L. Assume that L is a finite Galois extension of
K of Galois group Gp k. The Artin character ar/x and the Swan character
swr/ g of Gk are defined by

ar/1c(0) = lengthy, (Z(IQL/OK if 0=1,
LK —lengthy,, Op/(o(z) — 2 : 2 € O) if o #1,

lengthOK_QéL/OK —([L:K|]-[E:F)) if o =1,

S =
R T as Rl

for 0 € Gp/x. We call the p-Sylow subgroup Pp,x of the inertia subgroup
Ik of Gk the wild inertia subgroup. If o € Ik and 7, is a prime
element of L, the ideals (o(z) —z,2 € Op) and (o(z)/x —1: 2 € L*) are
generated by o(m) —m and by o(m)/m— 1 respectively. Hence we have a(o) =
—ordg(o(m) — 7) and sw(o) = —ordy(o(m)/m — 1) for 0 # 1,€ Iy /k. For
o € Gk, the condition —swp k(o) > 0 is equivalent to o € Pr/x — {1} and
the condition —ay k(o) > 0 is equivalent to o € I x — {1}.

We give an interpretation, Lemma 6.1.1, of the Artin and Swan charac-
ters as a localized intersection product, which plays a crucial role in the
proof of the conductor formula. Let L be a finite separable extension of
K such that the integral closure O is a discrete valuation ring. We put
S = Spec Ok and T = Spec Op and regard them as log schemes with the
standard log structures. We define the log self-product (T'xsT)™~ and the log
diagonal map T — (T'xsT)~ as in Section 5.2. On a neighborhood of the log
diagonal T' C (T xgT)~, the log self-product (T xgT)~ is isomorphic to the
blow-up of T'xgT at the image of the closed point of T". We also consider the
diagonal map T — T'xgT. We introduce further notation assuming L is a Ga-
lois extension. For o € Gk, let T'="T, — T'xsT be the graph of o : T — T.
It is defined by the surjection O ®o, O — O : a ® b — aoc(b). Let
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T =T, — (T'xgT)™ be the map defined by the pair (id: T — T,0*:T—T).
If o =1, the immersion T3 — T'xgT is the diagonal map and T3 — (T'xsT)™
is the log diagonal map.

Lemma 6.1.1. — Let K be a discrete valuation field with perfect residue
field and L be a finite separable extension of K such that the integral closure
Or of Ok is a discrete valuation ring. Regard S = Spec Ok and T = Spec Oy,
as log schemes with the standard log structures. Let f :T — S be the canonical
map and s and t denote the closed points of S and T respectively. We identify
G(s) =Z and G(t) = Z. The push-forward map f.: G(t)=7Z — G(s) =7 is
the multiplication by the residual degree |E : F]. Then,

1. We have

HT7 THTXST = _lengthOT QOL/OK’
[T, T)|rx s~ = —lengthy, L0, /0, (log /log).

2. Assume L is a Galois extension of K. Then for an element 0 € Gk
of the Galois group, we have

ari(0) = = fLl[1, To)lrxgr  and  swii(o) = —fl[T, Tol]rx sy~

in G(s) =7Z. If 0 € Gk — Pk, the intersection T.NT in (T xsT)~ 1is
empty.

3. ([36] Chapitre IV Proposition 3) Further, let M C L be a sub Galois
extension over K. Then for an element o € Gk, we have

[L MaM/K ZaL/K and [L MSWM/K ZSWL/K

THO THO

Proof. — 1. It is a special case of the equalities (5.1.3.1) and (5.4.5.1).

2. If 0 =1, it follows from 1 and Lemma 5.3.4.3.

We assume o # 1. Then the intersection D, =T Xpyx T, is a divisor
of T and we have Op, = Op/(o(x) —x : © € Ofp). Hence, by Theorem
3.4.3, we have [[T,T,]lrxsr = lengthy, Op, = —ap k(o). Since the log self-
product (T xgs T)~ is isomorphic to the blow-up of T xg T at the closed
point on a neighborhood of the log diagonal T" C (T xg T)~, similarly as
above, the intersection D, = T X(px4m)~ 15 is a divisor of T' and we have
Op, =Or/(o(z)/r—1: 2 € L*). By Theorem 3.4.3, we have [[T,T5]}rxsm)~ =
lengthy, Op = —swpk(o). If 0 ¢ Prjx, we have swp/k(0) = 0 and hence
f)a =T1nN TG is empty.

3. We put U = Spec Oy and let g : T — U be the induced map. Let
u € U be the closed point. Since the maps g: T — U and gx g:T xgT —
U xg U are locally of complete intersection, they are of tor-dimension finite
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and the pull-back maps ¢* : G(u) — G(t) and (gxg)*: G(UxsU) — G(T'xsT)
are defined. We have an equality (g x 9)*[U,] =Y., [T7] in Gr{fG(T xsT).
We apply Proposition 3.3.3 by taking U C U xgU «— T xgT =T xgT D
T, as VC X « W — X' D V'. Then we obtain [[U,,T]juxsv = [[T; (g X
9 Usllrxsr = > AT Tr]lrxgr in FyG(t) = G(t). By the projection formula,
Proposition 3.3.5, we have ¢.[[U,, T)Juxsv = [L : M][[Uy, U)luxso. Thus the
assertion follows from 2.

For the equality for the Swan character, we replace g X g : T'xg T —
U xg U in the above proof by (g x ¢g)~ : (T' xs 1)~ — (U xg U)™~. Since
the map (g x ¢g)~ is also of finite tor-dimension by Lemma 5.2.1.2, the same
argument as above proves the equality. a

Let K’ be the completion of K. Taking an embedding K — K’ we
identify the absolute Galois group G with a subgroup of Gg. Let Ix =
Gal(K/K"™) C Gk be the inertia group of K corresponding to the max-
imum unramified extension K™ of K’. We call the pro-p Sylow subgroup
Py = Gal(K/K") C Ix the wild inertia group of K. It corresponds to the
maximum tamely ramified extension K'*" = K™ (7'/™:p fm) of K’ where 7
is a prime element of K.

Let Gk — GLq,(V) be an (-adic representation. The image of the wild
inertia Py is finite. Let L be a finite Galois extension of the completion K’
such that P, = Px N Gal(K/L) acts trivially on V. We identify Prixr =
Py /P as a subgroup of the Galois group Gpr k. The action of Pp g on
V' is well-defined by the assumption on L. The Swan conductor Sw(V) is
defined as the intertwining number

1
[L: K]

Sw(V) = > swik(o)Tr(o: V).

UEPL/K/

Note that swL/K/(o) = 0 unless 0 € P/ and the sum is taken over the
subgroup Pr/x C G k. It is a theorem that Sw(V) is a non-negative inte-
ger. It is 0 if and only if the action of Pk is trivial. The Artin conductor is
defined by the equality Art(V)=dimV — dim V! 4+ Sw(V) where V! denotes
the I-fixed part. The fact that the right hand side is independent of the
choice of L is a consequence of Lemma 6.1.1.3.

For an endomorphism f : V. — V of an f-adic representation of G,
we define the Swan conductor Sw(f : V) as follows. Take a finite Galois
extension L of the completion K’ such that P acts trivially on V' as above.
Then we put

1
[L: K|

Sw(f:V)= Z swrk(0)Tr(foo: V).

UGPL/K/
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It also follows from Lemma 6.1.1.3. that the right hand side is independent
of the choice of L. For f =id, we have Sw(V) = Sw(id: V).

6.2. Conductor formula. — Let K be a discrete valuation field with
perfect residue field F'. In the rest of the paper, S will denote Spec Og
and s = Spec F' denotes the closed point. Let X be a proper scheme over
Of satisfying the condition (R(n)) in Section 5.1. We define the conductors
of X. Let d =n —1 be the dimension of the generic fiber Xx. The Swan
conductor is defined to be the alternating sum

2d

Sw(Xi/K) =) (~1)"SwH"(Xg, Q).

q=0

The cohomology in the right hand side is the f-adic etale cohomology for
a prime ¢ different from the characteristic p of F. It is known that the
alternating sum is independent of the choice of ¢ [30]. The Artin conductor
Art(X/Ok) is defined by

Art(X/Ok) = x(Xk) — x(XF) + Sw(Xk/K).

In the right hand side, x denotes the /(-adic Euler number which is known
to be independent of ¢ as a consequence of the Weil conjecture.

Recall that the localized self-intersection class (Ay, Ay)s € CHo(XF) is
defined as the localized Chern class (—1)"CH§F(Q;(/OK)Q [X]. We consider its

image deg(Ax,Ax)s € Z by the degree map deg: CHy(Xp) — CHy(F) = Z.

Conjecture 6.2.1 ([6] Conjecture). — Let K be a discrete valuation field
with perfect residue field F and let X be a proper scheme over Oy satisfying
the condition (R(n)) in Section 5.1. Then we have

The formula (6.2.1) is called the conductor formula for X. The con-
ductor formula in the case dim X =1 is the classical conductor-discriminant
formula. In the case dim X = 2, it is proved by Bloch in the same paper [6].

Proposition 6.2.2. — Let X be a proper scheme over S satisfying the
condition (R(n)) in Section 5.1. Let C be a regular closed subscheme of X
supported in the closed fiber X, and w: X' — X be the blow-up at C. Then,
the conductor formula (6.2.1) for X is equivalent to that for X'.
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Proof. — Let E = X' xx C be the exceptional divisor. Then we have

—(Art(X'/S) — Art(X/5)) = x(X3) — x(X5) = x(Es) — x(Cs).

S

Since E is a P¢ bundle over C, we have x(Fs) = cx(Cs). On the other
hand, by Lemma 2.3.4, we have

ey (25ys) N IXT)) = ex, (25/5) N [X]

= oX, (2xss)me- (e (Qxyx) — 1) N [X))
= (=1)%(c = 1)e(L2x/5)e(Neyx) ™ N [C]

where 7 : E — C denotes the restriction of 7 : X’ — X. Let 1 : C — X
denote the immersion and f,: C' — s denote the canonical map. By the dis-
tinguished triangles — Li*Q}(/S — Leys — Neyx[1] — and — LfiNgg[l] —
Qép — Leys — 0, we have c(2x,¢)c(Neyx)™ N [C] = e(Leys) N[C] =
c(Qé/F) N [C]. Thus it follows form the Lefschetz trace formula x(C5) =
deg(—1)"“co—c(2¢,r) N [C]. O

Our first main result is the following.

Theorem 6.2.3. — Let Og be a discrete valuation ring with perfect
residue field F and let X be a proper scheme over Ok satisfying the fol-
lowing condition

(N(n)) X satisfies the condition (R(n)) in Section 5.1 and the reduced
closed fiber (Xp)rea @s a divisor with normal crossings.

Then we have

Art(X/OK) = —deg(AX, Ax)g.

By Proposition 6.2.2 and Lemma 4.2.12, Theorem 6.2.3 is equivalent to
the following weaker version.

Corollary 6.2.4. — Let K be a discrete waluation field with perfect
residue field F' and let X be a proper scheme over Ok satisfying the con-
dition (S(n)) in Section 5.3. Then we have

Art(X/OK) = —deg(AX, Ax)g.

We show that Corollary 6.2.4 is equivalent to the following logarithmic
version.
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Theorem 6.2.5. — Let the assumption be the same as in Corollary 6.2.4.
Then we have

Sw(Xg/K) = —deg(Ax, AX)?g'

Proof of equivalence of Corollary 6.2.4 and Theorem 6.2.5. — The proof
of equivalence is similar to that of the conductor formula in the tame case
in [4]. Let Dy,...,D,, be the irreducible components of D = X;,.q. For a
subset J C {1,...,m}, let D; be the intersection (., D; and B; be the
divisor in D;N Dy with simple normal crossings as in Lemma 5.3.6. By the
definition of Artin conductor and Corollary 5.3.7, it is sufficient to show the
equalities

(6.2.5.1) X(Xg) = (=1)""" deg cn_1(£2x5(log / log)) N [Xy],

(625.2)  _(_qyn > (=1)dege, (2}, p(log By)) N[Dy].

r=1 JC{1,... . m},#J=r

Since deg c,—1(£2x, /i) N [Xk] = degen1(£2%5(log /log)) N [X,], the equality
(6.2.5.1) follows from the Lefschetz trace formula (—1)"""degc, 1(2x, /x) N

[Xk] = x(Xg). Since X(XF7) = 22021 2 oycqr, . mypa=r X(Dr=By)s), the equal-
ity (6.2.5.2) is reduced to the equalities

(6.2.5.3) X((Dy— Byj)s) = (—=1)"""deg cn,T(_Q}jJ/F(log By))N[Dy],

for a subset J C {1,...,m} of cardinality r. Thus it suffices to show the
following Lemma.

Lemma 6.2.6. — Let V' be a proper smooth scheme of dimension n over
a perfect field F' and D be a divisor of V' with simple normal crossings. Then
we have

X(Vp — Dp) = deg(—1)"c,(£2y,p(log D)).

Proof. — Let Dy,...,D, be the irreducible components of the divi-
sor D and res; : Q%,/F(log D) — Op, be the residue map. For a subset
J C {l,...,r}, we define By C D; C V as above. Then we have an ex-
act sequence

0 —— 2 V/F

o (log D) "% @7, Op, —— 0.
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Hence we have

T

c(2y,p) N [V] = c(2yp(log D)) H c(Op,) " N[V]

— C(Q%,/F(log D)) H(l —[Di]) N [V]

=1

=3 3 (~)"e(2p(log D) N [Dy).

m=0 Jc{1,...,r},#J=m
By the exact sequence

0 — Q}DJ/F(logBJ) — Q‘I//F(logDﬂDJ — P,.;0p, — 0,
we have c(£2y,p(log D)) N[D;] = c(2p, ,p(log By)) N [D,]. Hence we have
(=D)"en(£2y,)p) N [V]

n

(6.2.6.1) _ Z (=1)" " (82p, /p(log By)) N [Dy].

m=0 JC{1,...,r},#J=m

On the other hand, we have

(6.2.6.2) XVe)=>" Y x((Ds—B)p).

m=0 JC{1,...,r},#J=m

By the Lefschetz trace formula x(Vp) = (—=1)"c,(£2),p) N [V], the left hand
sides of the equalities (6.2.6.1) and (6.2.6.2) are equal. Hence the assertion
follows by induction on dim V. a

We prove Theorem 6.2.5 together with its generalization Theorem 6.3.1
in Sections 6.4 and 6.5.
By Proposition 6.2.2, Theorem 6.2.3 has the following consequence.

Corollary 6.2.7. — Let X be as in Conjecture 6.2.1. Assume there exists
a sequence of blowing-ups X' = X,, — -+ — Xy = X at reqular closed
subschemes supported in the closed fibers such that X' satisfies the condition
(S(n)) in Section 5.3. Then Conjecture 6.2.1 is true for X.

By Corollary 6.2.7, if the reduced closed fiber (Xp),q has an embedded
resolution in a strong sense, Conductor formula for X is true. In particular
when dim X = 2, the assumption of Corollary 6.2.7 is satisfied and hence we
obtain a new proof of Conjecture 6.2.1 in this case.
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6.3. Correspondences. — We formulate a generalization, Theorem 6.3.1,
of Theorem 6.2.5 for an algebraic correspondence. To state it, we prepare
some terminology and notations on the cycle map and algebraic correspon-
dences.

Let Xg be a proper smooth scheme over a field K and ¢ be a prime
number different from the characteristic of K. Then, for an integer r > 0,
we have a cycle map cl : CH"(Xg) — H*(Xg,Qe(r)). For I' € CH"(Xk),
the image cl(I") is also denoted by [I']. It is compatible with the product
and the pull-back. It also makes the degree map deg : CHy(Xk) — Z com-
patible with the trace map. Its composition with the Chern character map
ch: GriK(Xg) — CH"(Xk)q is the Chern character map ch : GrpK(Xg) —
H* (X, Qu(r)).

Let Yx be another proper smooth schemes over a field K and as-
sume Xgx and Ygx are purely of dimension d. We call an element [ €
CHy( Xk Xk Yi) an algebraic correspondence from Xk to Yx. An algebraic
correspondence I' € CHy(Xg X Yi) defines a Gg-equivariant map I :
H*(Yz,Qu) — H*(Xg, Q) as the composition

T " Iy %
H* (Y, Qo) 2 H*(Xg % Yie, Q) 2 H*24(Xp % Yie, Quld))
RN H*(Xg, Qo).

When Xy = Yk, an algebraic correspondence I' on Xg defines an endomor-
phism I™ of the (-adic representation HY(Xg, Q) of Gk.

Assume K is a discrete valuation field with perfect residue field F' and
¢ is different from the characteristic of F. We put

Sw(l, Xk /K)=> (=1)'Sw(I™ : H/(Xg, Qy)).

q=0
For an endomorphism f: Xg — Xk over K, similarly we put

2d

Sw(f, Xi/K) =Y (=1)*Sw(f*: H'(Xg, Q).

q=0

If I'y € CHy(Xk Xk Xk) denotes the class of the graph of f, we have
Sw(f, Xix/K) = Sw(ly,Xk/K). In particular, for f = id and [} = Ax,,
we have Sw(id, Xk /K) = Sw(Xk/K).

As in the last subsection, let K be a discrete valuation field with per-
fect residue field F', S = Spec Ok and s = Spec F be the closed point
of S. Let X be a proper and flat regular scheme over S = Spec Ok sat-
isfying the condition (S(n)) in Section 5.3. For I' € CHy(Xk Xk Xk), let
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[X, ] € GrfG(X,) be the image by the composition map CHy( X X

Xk) — GriG(Xg x g Xi) X, Gr{G(X;). We define the degree map degy, :
G(Xs) — G(s) =Z to be the push-forward for X — s.

Theorem 6.3.1. — Let Ok be a discrete valuation ring with perfect
residue field and € be a prime number different from the characteristic of
the residue field. Let Xy be a proper smooth scheme over K of dimension d.
Let I' € CHy(Xk Xk Xk) be an algebraic correspondence on Xg. Then,

1. Sw(I, Xk /K) is a rational number independent of £.

2. Let X be a proper scheme over S satisfying the condition (S(n)) in
Section 5.3 such that X ®o, K = Xk. Then we have an equality of integers

Sw(l, Xk /K) = _dengHX> ).

Proof will be completed in Section 6.5. Theorem 6.2.5, which is shown
to be equivalent to Theorem 6.2.3, is the special case of the following Corol-
lary where f = id, by Lemma 5.4.5. Theorem 6.3.1.1 also follows from [41]
Theorem 0.1.

Corollary 6.3.2. — Let K, Xk and ¢ be as in Theorem 6.3.1. Let f :
Xk — Xg be an endomorphism over K. Then,

1. Sw(f, Xk /K) is a rational number independent of £.

2. Let X be a proper scheme over S satisfying the condition (S(n)) in
Section 5.3 such that X ®o, K = Xk. Let I'y € CHy(Xk Xk Xk) be the class
of the graph of f. Then we have an equality of integers

w(f, Xk /K) = —degy [[X, I]].
Proof. — It is enough to apply Theorem 6.3.1 to I7. a

If the relative dimension of X over S is 1 and if f is an automorphism
of X over S, analogous formula is proved in [1].

Corollary 6.3.3. — Let X be a proper scheme over S satisfying the
condition (S(n)) in Section 5.3 and o be an admissible automorphism of X
over S. Assume that o does not have a fixed point in the generic fiber Xg.
Then we have

Sw(o, Xk /K)=— deg{c(Q}(/S(log/log)) N s(X7g, X) Faimo

= _degz CZ “QX/S log/log))sn ’L(Xlog7X)
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In particular, if the logarithmic fized part X7, = X X(xxsx)~ I» 15 a Cartier
divsor of X, we have

Sw(o, Xx/K) = — deg{c(£2x/5(log /log))" N (1 + X{7,) ™" N [X{, ] aimo.

Proof. — 1t follows from Theorem 6.3.1.2 and Lemma 5.4.8. g

We show that Theorem 6.3.1 is reduced to the case where K is com-
plete.

Corollary 6.3.4. — Let X, K and I' be as in Theorem 6.5.1 and let K’
be the completion of K. Then Theorem 6.3.1 for X and I' is equivalent to
that for X' = X ®o, Ok and the pull-back I of I to X X1 Xjer.

Proof. — We have Sw(I',Xg/K) = Sw(I", Xk//K'). By Lemma 5.4.9,
we have degy [[X, '] = degy [[X', I"]. 0

6.4. Alteration. — To prove the main result, Theorem 6.3.1, we com-
pute the Swan conductor Sw(I, Xy /K) and the logarithmic localized inter-
section product [[X, I']](xxyx)~ using an alteration. First, we recall results on
alteration.

Theorem 6.4.1. — Let K be a complete discrete valuation field.

1. ([27]) Let Xk be a separated scheme of finite type over K. Then
there exist a proper scheme X over Og and an open immersion Xxg — X
over Og.

2. ([8] Theorem 6.5) Let X be a flat integral and separated scheme of
finite type over Ok. Then there exist a finite extension L of K, a projective,
strictly semi-stable and geometrically connected scheme W over the integer
ring O, an open subscheme W C W and a proper, surjective and generically
finite morphism f: W — X over Og.

Lemma 6.4.2 ([41] Lemma 1.2.4). — Let L be a finite extension of
K and W be a strictly semi-stable scheme of finite type over the integer
ring Op. Let L' be a finite extension of L. Then there exist a strictly semi-
stable scheme W' of finite type over the integer ring Op and a projective
and surjective morphism W' — W over O, such that the induced map Wi, =
W' ®o,, L' = W, =W ®p, L is an isomorphism.

By Lemma 6.4.2, Theorem 6.4.1 has the following consequence.
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Corollary 6.4.3. — Let K be a complete discrete valuation field.

1. Let Xi be a proper irreducible scheme over K. Then there exist a
finite normal extension L of K, a projective, strictly semi-stable and geomet-
rically connected scheme W over the integer ring Op and a proper, surjective
and generically finite morphism Wy — X over K.

2. Let X be a proper and flat irreducible scheme over K. Then there
exist a finite normal extension L of K, a projective, strictly semi-stable and
geometrically connected scheme W over the integer ring Op and a proper,
surjective and generically finite morphism W — X over Og.

We compute the trace using an alteration. We introduce some notation.
Let K be an arbitrary field for the moment. Let Xx be a proper smooth
scheme purely of dimension d over a field K, o € Gg be an element of the
absolute Galois group and I' € CH d(X Kk Xk Xg) be an algebraic correspon-
dence. We assume Xy is irreducible. Let L D K be a finite normal extension
of K, W be a proper, smooth and geometrically irreducible scheme over L
and f : Wy, — Xk be a proper, surjective and generically finite morphism
over K.

We fix an embedding K — L of separable closures and extend o to
automorphisms of L and of L. For an automorphism 7 € AutgL, let W] =
Wi, xr - L be the base change by 7 and f; denote the composition f x1:
W[ — Xg. For 7 € AutgL, let I ,, € CH"(W] x;, W{7) be the pull-back
(fr X for)*I" of I by fr X for + W] xp W™ — Xk Xg Xk. It induces a
homomorphism I7 . : H*(W?7, Q) — H*(WI,Q). If 7 =id, we put I} =
Iy, H*(W7,Qp) — H*(W, Q). The isomorphism o* = 1 x o : W77 —

7 induces an isomorphism o, = (0*)* : H*(W7,Q,) — H*(W77,Q). The
composition I, oo, is an endomorphism of H*(W7, Q).

T,0T

Lemma 6.4.4 ([41] Lemma 3.3). — Let Xg be a proper and smooth
wrreducible scheme of dimension d over a field K, 0 € Gk be an element
of the absolute Galois group and I' € CHY X xx Xg) be an algebraic cor-
respondence. Let L be a finite normal extension of K of inseparable degree
q, Wi be a proper, smooth and geometrically irreducible scheme over L and
f Wi — Xg be a proper, surjective and generically finite morphism of degree
(W5« Xk] over K.

Then, we have an equality
Wy : Xg]-Tr (Moo, H'(Xg, Qo)) =q- > Tr (I, 00.: H(W7, Q).

T,0T
TEAutg L

Now we assume K is a discrete valuation field and compute the Swan
conductor Sw (I, Xk /K) using an alteration as in Corollary 6.4.3.1.
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Corollary 6.4.5. — Let Xg be a proper and smooth irreducible scheme of
dimension d over a complete discrete valuation field K and I' € C’Hd(XK X i
Xk) be an algebraic correspondence. Let L be a finite normal extension of
K of inseparable degree q, W be a proper, strictly semi-stable and irreducible
scheme over Op and f: Wy, =W ®o, L — Xk be a proper, surjective and
generically finite morphism of degree [Wp, : Xk] over K. Then,

1. The restriction to the wild inertia subgroup Pr, C G of the action of
Gk on H"(Xg, Q) is trivial.

2. Let Ly be the separable closure of K in L, Gy = Gal(Lo/K) be the
Galois group and Py C Gy be the wild inertia subgroup. Then we have an
equality

Wyt Xg]-Sw (I, Xk /K)=q- > sw(o)-Tr (oo, : H'(W;, Q).

o€l

Proof. — 1. We identify Gy = Gal(Lo/K) with AutgL. For o € Gy,
the conjugate W7 = W ®p, »o+ O is also strictly semi-stable over Op. Hence
the wild inertia P, C G acts trivially on H*(W7,Qq) for o € Gy. Since
the composition f,o f*: H*(Xg,Qr) = D,eq, H*W7,Qr) — H*(Xg, Qo) is
the multiplication by [Wp, : Xk|, the Gr-equivariant map f*: H*(Xgz, Qo) —
Doeca, H (W7, Qu) is injective. Hence the action of P on H*(Xg, Q) is also
trivial.

2. For 0 € Pk, the action o, on H*(Xg, Q) depends only on the image
in Py = Px/P;, by 1. By the definition of Swan conductor and Lemma 6.4.4,
we have

Wy« XglSw(l™, Xy /K) = |G DD s 7,000t H'(WE, Q).
0 cePy TeAutg L

Since sw(o) = sw(ror™') and Tr (I, 00, : H' (W], Q) = Tr (I'™

T,0T lor

Yot : H'(W;,Qy)), the assertion follows. 0

We compute the logarithmic localized intersection product [[X,I']] using
an alteration as in Corollary 6.4.3.2. To state it, we introduce some notation.
Let K be a complete discrete valuation field and X be a proper scheme over
Oy satisfying the condition (S(n)) in Section 5.3 and I' € CH™ ' (Xx X x Xf¢)
be an algebraic correspondence. Let L be a finite normal extension of K and
t be the closed point of T'= Spec Op. Let W be a proper, strictly semi-stable
and geometrically irreducible scheme over T'= Spec Op and f: W — X be a
proper, surjective and generically finite morphism. Let Py C Gy = Gal(Ly/K)
be the wild inertia subgroup of the Galois group of the separable closure L
in L.
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We regard W and W with log schemes with the standard log struc-
tures defined by the closed fiber. For ¢ € F,, we have a canonical iso-
morphism W; — W7 of log schemes. We identify I'(W7, My+) with P =
I'(W, My) by the isomorphism I'(W, My ) — I'(W;, My ) — I'(W7, Myo) —
(W7, Mw.). We define the log product (W xp W?)~ to be W xqp W°.
Since W is strictly semi-stable, W7 is also strictly semi-stable over O and
the projection (W xp W?)~ — W is strict and smooth. The canonical iso-
morphism W; — W7 induces a map Ay, : W, — (W xp W7);". Since Ay, :
Wy — (W xp W) is a section of the smooth map (W xp W) — W, it is
a regular immersion.

We have a map CH" ' (Xy xx Xg) — Grl” |G(Xg xx Xk) by Lemma
2.1.4.2. By Lemma 5.4.5.2, the logarithmic localized intersection product de-
fines a map Grf |G(Xg xx Xi) — FoG(X,). Let o € Py. By Corollary 2.2.3,
the pull-back map (f X f,)* : G(Xk Xk Xk) — G(Wp x, W7) induces a map
Grl |G(Xg xx Xg) — Grl_  G(W x,W?). By Corollary 2.2.4, the reduction
map G(Wp xp W¢) — G((W x7W?)7) induces a map Grl ,G(Wp x, W?) —
GrE \G((W x7 W9)7). Since the immersion Ay, : Wy — (W xp W)Y is a
regular immersion, the pull-back Aj, : G(W x7 W7)7) — G(W,) is defined.
By Proposition 2.2.2; it induces a map Gri G((W x1 W9);) — F,G(W).

Proposition 6.4.6. — Let K be a complete discrete valuation field, X
be a proper scheme over Oy satisfying the condition (S(n)) in Section 5.3
and I' € CH" Y (X xx X§) be an algebraic correspondence. Let L be a finite
normal extension of K of inseparable degree q and t be the closed point of
T = Spec Oyp. Let W be a proper, strictly semi-stable and irreducible scheme
over T'= Spec Op and f : W — X be a proper, surjective and generically
finite morphism of degree [W : X]| over Ok.

Let [[X, H : CHn—l(XK XK XK) — GTn 1G(XK XK XK) — F()G(XS)
denote the logarithmic localized intersection product. For an element o € Py C
Go = Gal(Ly/K) of the wild inertia subgroup of the separable closure Ly,
let T,y € GrE_ | G((W xp W?);) denote the reduction of the pull-back I, =
(fX fo) I € Gri \GWrx W) and Ay, - Gri_ ,G(W xp W)7) — F,G(W,)
denote the pull-back by the regular immersion Aw, : Wy — (W xp W), Then,
we have an equality

(6.4.6.1) (W X]deg[[X,I']] = —q - st -degyy, Ay, (I5.4)-
cePy
Proof. — Since the map F,G((X xs X)~) — F,_1G(Xk xx Xk) is
surjective, we may assume the image of I' in Grl G(Xg X Xk) is the

image of an element I' € F,G((X xg X)~). By abuse of notation, we drop
~ and write I' € F,G((X xg X)™).
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Since f.o f*: FyG(X5) — FoG(W;) — FyG(Xs) is the multiplication by
the degree [W : X] by Corollary 2.2.3, it is sufficient to show the equality

(6.4.6.2) ¢ X T == sw(o)- Ay, (Iny)

oePy

in G(W,) for I' € G((X xg X)).
We have [[X,I']] = [[I, X]] by Theorem 3.2.1.4. We show the equalities

(6:4.6.3) U1 X oexsxy~ = [ Wooxsx)r = A1 (W xe W] oocg x)~

by applying the associativity, Corollary 3.3.4.1. In the middle and the right,
[ Wlxxsx)~ © GUX x5 X)7) — GWy) and [[ (W xo W) xxsx)~
G((X x5 X)) — G((W xp W);) denote the localized intersection product
respectively. In the right hand side, A}, : G(W xp W);) — G(W;) denotes
the pull-back by the regular immersion W — (W xp W)~. Since (W xp W)~
is flat over W by Lemma 5.2.1.1, the map A}, : G(W xp W);) — G(W;)
is the same as the the pull-back by the regular immersion Ay, : W; —
(W xp W), For the first equality, we apply Corollary 3.3.4.1 by taking
W —-X - (XxsgX)” = X a W — W —- X — S. Since W and X
are regular, the map f : W — X is of finite tor-dimension. Hence the as-
sumption of Corollary 3.3.4.1 is satisfied and the first equality is proved. For
the second equality, we apply the same Corollary 3.3.4.1 by taking W —
(Wxp W) - (X xg X)” =X as W - W — X — S. Since W is strictly
semi-stable over T', the map (W x7 W)~ — W is smooth. Hence (W xo W)~
is regular and the log diagonal map A : W — (W xp W)™~ is of finite tor-
dimension. Thus the assumption of Corollary 3.3.4.1 is also satisfied and the
second equality follows.
Since Ow, = Ow x,w)y ®é<wXTw>~ Ow, we further have

(6.4.6.4)  AR[lL (W xo W) (xxsx)~ = A, [ (W x0 W) (xxsx)~-

Hence, it is reduced to showing the equality

(6.4.6.5) g [T (W xr W) (xxgx~ = —¢ - Z sw(o) oy

o€l

in G(W xp W)y).
To go from G((W xp W)7) to G((W xq, W)i), we use the following
Lemma. If L is separable over K, we have Ty = T and this step is trivial.

Since the action of o € Py on the log point ¢t is trivial, we naturally identify
W7 and (W xp W)y with W, and (W xp W)y for o € Py respectively.
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Lemma 6.4.7. — 1. The immersion (W xqp W)~ — (W xq, W)~ induces
an isomorphism G(W xp W)7) — G(W xg, W)i).

2. We identify G(W xeW)7) and G((W xg, W)) by the isomorphism
in 1. Then, for I' € G((X xg X)~), we have the equality

q- [ (W xe W) [ xxsx)~ = [ (W, W)™l (xxsx)~
of the localized intersection products [[ , (W xoW)™]|xxsx)~ : G((X xsX)™) —
G(WxsW)7) and [, (Wxr W) iy : G(XxsX)™) = G(W x, W),
3. For I' € G(Xkg xxg Xk) and o € Py, let I,; € G(W xp W)y)
and Iy € G((W xq W)r) be the images by the compositions G(Xkx X
XK) (fKX—f(;’K)* G(WL X, WE) (iZT G((W X W);V) and G(XK XKXK) (fKX—f(;’K)*
G(Wy, xp, W7) L) G((W xq, W)i) respectively. Then, we have

q2 : Fa,t - Fa,to'

Proof. — 1. The diagram
(W xq, W)~ —— (W xq0 W)~

(6.4.7.1) l l

(T xg, T)~ —— T

is cartesian. The purely inseparable extension L of Lg is generated by the
g-th oot 7 of a prime element 7o of Lo. The map Og[z]/(z?) — (Or ®o,,
Op)~:x—1-— fgﬁ is an isomorphism. Hence the immersion 7" — (17" xg, 1)~
is a nilpotent immersion. Thus the closed immersion (W xp W)~ — (W xr,
W)~ induces an isomorphism on the K-groups of coherent sheaves.

2. Let I be the kernel of the surjection (O R0y, Or)~ — Op. Then,
in G((T x7, T)™), we have [Ogy, 1)~] = Y02y [I'/I*] = ¢[Or]. The vertical
arrows of the diagram (6.4.7.1) are flat by Lemma 5.2.1.3. Hence we have
[Owxq,w)~] = (O xrw)~]. Thus the assertion follows by Theorem 3.2.1.3.

3. Similarly, we have [Ow, x, we]l = q[Ow, x,wg] in G(Wp xr, W7). Fur-
ther for a coherent Oy, wo)~-module F, we have [F ®éLO Or,/mr,] =
[F ®p, Op/mi] = q[F ®p, Op/mg]. Thus the assertion follows. O

By Lemma 6.4.7, the equality (6.4.6.5) is equivalent to

(6.4.6.6) [ (W X7, W) |z~ = — D sw(0) Ly

g€l

in G((W xq, W)7).
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We show the equality

(6.4.6.7) [ (W xpy W)™ (xxsx)~ = [0, (f X )™ I 1y xs10)~ -

by applying the associativity, Corollary 3.3.4.3. We take X « (X xg X))~ «
(W xg W)~ — (Ty xs To)™ & Ty to be S+ X «— W — X’ «— V' in Corollary
3.3.4.3. We verify that the assumption in Corollary 3.3.4.3 is satisfied. The
map (W xg W)~ — (Ty xs Tp)~ is flat by Lemma 5.2.1.3. and the map
(fx f)Y: (W xgW)” — (X xg X)~ is of finite tor-dimension by Lemma
5.2.1.2. The subscheme W' in loc.cit. is (W xg W)™ X (yxom)~ To = (W X,
W)~. The closed subsets Zy» and Zj,, in loc.cit. are (W xq, W)~ xx Z and
(W xq, W)™~ X, to respectively. Since the closed subscheme Z C X is supported
on the closed fiber, the condition that Zy. is Zj,, set-theoretically a subset
in loc.cit. is satisfied. Further by Lemma 5.3.5.3, the condition G(Zw),r, =
G(Zw') and G(Z'w')/z,, = G(Z'w) is satisfied. Hence the assumption in
Corollary 3.3.4.3 is satisfied. Since (W xg W)™ X(qyxsm)~ To = (W xq W)™,
applying Corollary 3.3.4.3, we obtain the equality.

Remark. — If L is assumed separable over K and hence if T = Tp,
there is an alternative proof of the equality (6.4.6.7). By Corollary 3.3.4.3,
we have equalities

[[F7 (W X Ty W)N]](XXSX)N = H(W X Ty W)N7 (f X f)N*F]](WXSW)N
= HTO? (f X f)N*FH(TOXsTo)N

and the equality (6.4.6.7) follows.
By (6.4.6.7), the equality (6.4.6.6) is equivalent to
(6468) [[TOv (f X f)N*FH(TOXsTO)N - Z SW(U)FGJO
o€l
in G((W xq, W);). Hence it suffices to apply the following Lemma to (f x
) e G(W xg W)™).

Lemma 6.4.8. — Let Ly be the separable closure of K in L and let tg
be the closed point of Ty = Spec Op,. Let Fy be the wild inertia subgroup
of the Galois group Gy = Gal(Lo/K). For I' € G(W xg W)~) and o € P,
let I, € G(Wp, xp, W7) be the restriction and Iy, € G((W xq, W)i) be the

reduction of I',. Then, we have

(1To, Mmyxsmy~ = — Y sw(0) Loy

ogePy

m G((W X T, W)t:;)
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Proof. — The map [[,cq, Too — To Xs Ty is surjective and (W xr,
W)y~ = (W xs W)™ X(myxsm)~ Too- Hence the map [[,cq, (W x7, W)~ —
(W xs W)™~ is surjective and consequently the sum of the push-forward map
D,cq, GIW xg, W)™) — G((W xg W)~) is surjective. Thus it is sufficient
to show the equality

—sw (o)L 1, if o€ Py

Ty, I’ xsTo)™~ — 1
H 05 H(To sTo) {O if O’GGo\PO

for 0 € Gy and I' € G((W xq, W)™).

In Corollary 3.3.4.2, we take T 4 (ToxsTy)™ «— Too — (W xp, W)™ as
V—-X — W« W. Since Ty, = Ty is regular, the assumption of Corollary
3.3.4.2 is satisfied. By Lemma 6.1.1.2, we have [[Ty, o] (myx 1)~ = —sW(0) €
G(ty) =Z for 0 € Py and Ty, NTy =0 for 0 € Gy — Fy. Hence the equality
follows. O

6.5. Log Lefschetz trace formula. — We state and prove logarithmic
Lefschetz trace formula. To state it, we fix some notations. Let K be a
complete discrete valuation field with perfect residue field. Let L be a finite
extension of K and o be an automorphism L over K. We assume that o
acts trivially on the residue field F and that the order of o is a power of
the characteristic p of E. In other words, the action of ¢ on the log point
t = Spec FE is trivial. We extend o to an element of ¢ € Pg.

Let W be a projective and strictly semi-stable scheme purely of relative
dimension d over T = Spec Op. The conjugate W? — T is defined as the
base change pro : W Xp o+ T — T. For a prime number ¢ different from
p = char E, we define a map o, : H*(Wg, Q) — H*(W?,Qq) to be the pull-
back by the map 1 x " : WZ =W Xp o« L Xy L =W Xp o« L — Wp. Since
we assume W is proper and strictly semi-stable and ¢ # p, the action of the
wild inertia P/ is trivial on H*(Wp, Q). Hence the map o, : H*(Wg, Q) —
H*(W?,Qg) depends only on ¢ and is independent of the choice of a lifting
o

We put P = I'(W,My) and N = I'(T, My) = N. Then the map P =
(W, My) — I'(W°, My+) defines a frame and the canonical map N — P
defines maps (W,[P]) — (T,[N]) and (W7, [P]) — (T,[N]) of framed log
schemes. We put (W xp W?)~ =W x7p) W7. Since o is the identity on the
log point ¢, we have W7 = W, as log schemes over ¢. Hence the closed fiber
(W xp W) = (W xp W?)~ Xpt is canonically identified with (W xo W)y

For an algebraic correspondence I' € CHy(Wp x,W7), let I'" also denote
its image in GriG(Wx W) by abuse of notation and let I, € GriG((W xr
W)) denote the specialization (I',t)r. Since the immersion Ay, : W, —
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(WxpW)7 is a regular immersion by Lemma 5.2.3.2, the pull-back Aj, (I3) €
Gr{G(W,) is defined. We define the degree map degy, : G(W;) — G(t) = Z
to be the push-forward for W; — t.

Theorem 6.5.1. — Let L be a discrete valuation field with perfect residue
field E of characteristic p and € # p be a prime number. Let o be an au-
tomorphism of O of order a power of p which induces the identity on the
residue field E. Let W be a projective and strictly semi-stable scheme of rel-
ative dimension d over T = Spec Op.

Then for an algebraic correspondence I' € CHy(Wp, xp W), we have an
equality of integers

(6.5.1.1) Tr (I™ oo, : H (W, Qp)) = degy, Ay, (I3).

Proof. — We show the formula (6.5.1.1) by using log-etale cohomology
of the closed fiber. Basic references for log-etale cohomology are [12], [28],
[29] and [20].

We regard t as a log scheme with the log structure induced by the
standard one on 7. The assumption on ¢ means that o acts trivially on
the log point ¢. Let ¢ be a log geometric point over the log point ¢ and W;
be the geometric closed fiber. Let Hj (W7 Q) be the log-etale cohomology.

log
By [29] Proposition (4.2), there is a canonical isomorphism H*(W;, Q) —

Hlt)g(Wﬁ Qf)

We fix an isomorphism N" — I'(W, My/). It induces an isomorphism
N" — ['(W°, My+). We put P =N"®n N" and let X be the subdivision of
the dual monoid N = Hompensia(P, N) as in Lemma 5.2.4. Let (W xo W9)~
be the log blow-up (W xp W9)sx of W xp W7 studied loc.cit. It contains
(W xp W7)~ as an open subscheme.

We reduce Theorem 6.5.1 to a statement, Lemma 6.5.2 below, for an el-
ement in Gr&.K((W xpW?)7). Since Wy, and W are projective and smooth,
the Chern character map ch : Gr&K (W, x; W¢)q — CHa(Wy x;, W7)q is
an isomorphism by Lemma 2.1.4.3. Since (W x4 W?)~ is regular by Lemma
5.2.3.2, the canonical map K((W xp W?)™) — G((W x¢W?7)7) is an isomor-
phism. Hence the maps K((W xrW?)~) — K(Wp x; W¢) and Gr&K((W xr
Wo)™) — GriK(Wy xp W¢) are surjective. Thus, there exists an element
I € GriK((W xq W7)7)q such that the image of I' in CHy(Wy x; W¢)q
is equal to Ch(f\wLwag)- Since the equality (6.5.1.1) is an equality in Q,
we may assume that the image of I in CHy(Wp x, W{7)q is the images of
I' e GraK((W xp W?)~) by replacing I' by a multiple.
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The diagram

ch

GT%K(WL X, WLU) E— OHd(WL X, WE)Q — GTgG(WL X, WE)Q

w Joo

GriK((W xp Wo)7) —— GraK((W xp W) " SCGriG(W <0 Wo)7)q

(1)
%l j%

Gri K (W;) i GrEG(W,)q

is commutative, since the composition of the top horizontal arrows is the
canonical map by Lemma 2.1.4.3. Hence the image of Ay, (I7) € GriG(W,)q
is the image of A’;Vt(ft) e Gr&K(W,) where I, € GriK((W xp W?);7) is the
reduction of I.

Thus Theorem 6.5.1 is reduced to the following Lemma. Let deg :

Gri.K(W,) — Z denote the composition map Gr&K(W,) — GrEG(W,) % Z.

Lemma 6.5.2. — Let I be an element of Gri K(W xpW?)7). Let I' €
CHy(Wyx,WF)q be the Chern character ch(I'lw,x,we) of the restriction and

let Aty (I3) € GrK(W,) be the pull-back of the reduction I, € Gr&K((W xr
W), ) of I". Then we have an equality of integers

Tr (I oo, : H' (W, Qu)) = degy, Ay, (1)

We show that I}, € GriK((W xp W?);) defines an endomorphism of
Hy, (Wg, Qq) corresponding to I™ oo, on H*(Wz, Q). We define an endomor-
phism I7* of Hy;, (Wg, Q) as follows. The Chern character map ch : K((W xr
W) ) — HRl(WxeW)7, Qu(d)) induces a map ch : Gre K (W xpW7);7) —
HEL (W xp W9)7,Qu(d)). It is the composition of the Chern character map
ch: GréK (W xp W), ) — H*{((W x72 W?)7,Qq(d)) with the canonical map
H*H((W xp W), Qu(d)) — Hggy (W xr W)7, Qu(d)).

First, we show that the projections (W xor W?)~™ — W, (W xp W?)~ —
W7 and the cup-product induce an isomorphism EBP g=r Hf;g(Wg, Qi(d)) ®
Hff)g(Waf, Qi) — Hip (W xp W7)7,Qq(d)). Since (W xq W)=, W and W¢
are semi-stable, the log etale cohomology of the closed fibers are canonically
isomorphic to the etale cohomology of the generic fibers by [29] Proposition
(4.2). Since the canonical isomorphism is compatible with the pull-back and
the cup-product, it is reduced to the Kiinneth formula for the generic fibers.
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Recall that we have W,;, = W, as log schemes over t. By Poincaré
duality loc.cit Theorem (7.5) for log-etale cohomology, we have a canoni-
cal isomorphism @@, End(Hy,(Wr, Qs)) — Hia((W xp W7);,Qu(d)). Taking
the composition of the maps, we obtain a map GriK((W x; W?7);) —
@D, End( 1og(WtaQ£))- Thus an element I} € GriK((W xp W?);) defines

an endomorphism I} of HI (W7, Q). It is the composition of

log

HY (Wi, Qr) = HE (W2, Qr) —2 HE (W xz W7)7, Q) “0,
H2d+q((W XTW )EvQZ( )) L) Hl%g(Wf? Qf)

log
We show that the endomorphism ™ oo, of H*(Wg, Q) corresponds to
the endomorphism I} on Hy, (W, Qo).

Lemma 6.5.3. — Let the notation be the same as in Lemma 6.5.2. Let
I} be the endomorphism of 1og(WtaQ£) defined above and let ch(Ay, (1)) €

H2L(Wr, Qu(d)) be the Chern character of the pull-back Ay, (I}) € Gr%K(Wt)

log

Then,
1. The diagram

Moo

H*(WI_MQZ) — H* (WLaQZ>

(6531) Caﬂl lcan
Hy, (W, Qo) — Hy, (Wr, Qu)

18 commutative and we have an equality
(6.5.3.2) Tr (Moo, : H'(W;, Q) = (F Hy, (We, Qo))
2. We have an equality

Tv (I} : Hipy(We, Qo) = Tr (ch(Ay, (1))).

Proof. — 1. For the commutative diagram (6.5.3.1), it is sufficient to
show the commutativity of the diagram

p*

HI Wz, Qo) —— HU(W?, Q) —— HY(WgxzW?, Q)

! ! |

HiL,(We, Qr) =——= Hy,(W7, Q) 2 HL (W xr W)7, Qu)
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U H2H(W % W2, Qud)) —2 HI(W;, Q)
Ch ft _ *
ST, (W s W), Quld)) 2 HYE (W, Q).

The vertical maps are the canonical isomorphisms. The commutativity of the
first two squares is the functoriality of the canonical isomorphisms. The com-
mutativity of the last square follows from the functoriality and the compati-
bility with the Poincaré duality. We show the remaining square is also com-
mutative. The diagram

GT‘%K((WT X Wa)i) E— GT%K(WL X, Wg)

| [

G?‘%K((W X Wa)t_) CHd(WL X, WZ)Q

| Js

HEg (W xr W)7, Qu(d)) e H* (W x1 W7, Qu(d))

log

is commuatitive, since the composition of the right vertical arrows is the
Chern character map. Hence it follows from the compatiblity of the canonical
isomorphism with the cup-product.

The equality (6.5.3.2) is an immediate consequence of the commutative
diagram (6.5.3.1).

2. By the functoriality of the Chern character map, Kiinneth formula
and Poincaré duality, we have a commutative diagram

GriK (W xp Wo);) N Gri K(W;)

| |

A*

Hl%)(é((w X WU)E? Qf(d)) - Hl%(é(wt_a Qf(d))
| [
q (=1 Tx
@q End(Hlog(WB QZ)) - Qf'
The equality follows from this immediately. O

To complete the proof of Theorem, we compare the trace map with the
degree map.
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Lemma 6.5.4. — Let I' be an element in Gr&K(W;) and let ch(I") be
the image by the Chern character map ch : GriK(W;) — HEL(Wg, Qu(d)).
Then we have Tr (ch(I')) = deg I'. In other words, we have a commutative
diagram

ch

GriK(W,) —— Hig (Wi, Qu(d))

des | |

Z E— Qg.

Proof. — Let 7 : W, — W, be the normalization of W,. The scheme W,
is projective and smooth over {. We show that the diagram

GriK(Wy) —T— H* (W5, Q) —— HZX(Wr, Q)

(6.5.4.1) -| -| |

GriK (W) — >4 (W, Qr) - Q.

is commutative. Let W7 denote the smooth locus of W3 Then the canon-
ical map H2/(W?, Q) — H?*(W;, Q) is an isomorphism. The composition
H2 (W2, Q) — H?* (Wi, Q) — Qg is the trace map for W¢. The other com-
position H2/(W¢, Q) — HEl(Ws Qi) — Qq is also equal to the trace map
for W¢ by the definition of the trace map for log etale cohomology in [2§]
Proof of Proposition (7.8.2). Hence the right square is commutative. The left
square is commutative by the functoriality of the Chern character map.

We show the equality Tr (ch(I")) = deg I'. Since the composition of
the upper line of the commutative diagram (6.5.4.1) is the Chern character
map, we have Tr (ch(I")) = Tr (7*(ch(I"))). On the other hand, we have
I' = mm* ' € GrfG(W,) since m.[Ow,] = [Ow,] mod F;_1G(W,). Hence we
have degy,I' = degy, mm*[" = degy,7*I". Thus it is reduced to the well-
known equality Tr (ch(7*I")) = degy,n*I" for the projective smooth scheme
W. O

We complete the proof of Theorem. We have Tr (I™oo, : H*(Wg, Qy)) =
Tr ch(Ajy,(I};)) by Lemma 6.5.3. Further, applying Lemma 6.5.4 to Ay, (I3) €
O

Gr&K(W;), we obtain an equality Tr ch(A*Wt(ft)) = deg A*Wt(ft).

Proof of Theorem 6.3.1. — By Corollary 5.4.9, we may assume K is
complete. We may further assume Xy is irreducible. By Corollary 6.4.3, we
have an alteration W as in loc. cit. By the computation, Corollary 6.4.5.2,
and the log Lefschetz trace formula, Theorem 6.5.1, we have

Wy Xk]-Sw (I, Xk/K) =q- Z sw(o) - degy, Ay, (I54).

oePy
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Thus the assertion 1 follows. The assertion 2 follows from this equality and
Proposition 6.4.6. O
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