Finite extensions of algebraic number fields ramify at finitely many primes. The primes
that ramify in an extension carry crucial information about the extension. For example,
the primes that ramify in the cyclotomic extension Q((,) generated by a primitive n-th
root (,, of unity for an integer n # 2 mod 4 are precisely the prime divisors of n. The inertia
groups at primes dividing n generate the Galois group and this fact implies the surjectivity
of the canonical injection Gal(Q((,)/Q) — (Z/nZ)*, or equivalently the irreducibility of
cyclotomic polynomials. Similarly, for a finite morphism X — Y of algebraic curves, if
the extension of the function fields is separable, there are finitely many points that ramify
in the covering.

We distinguish two types of ramifications; tame ramification and wild ramification.
Tame ramification is easier to understand and allows geometric intuition similar to the
ramification of finite coverings of Riemann surfaces. Tame ramification is determined
essentially by the ramification index.

Wild ramification means that the ramification index is divisible by the characteristic
of the residue field in the classical setting where the residue field extension is separable,
and is much more complicated. In the case of cyclotomic extensions, the ramification is
wild if and only if n is divisible by p?. The understanding of wild ramification inevitably
involves additive groups of some vector spaces such as the space of differential forms over
the residue fields.

To understand wild ramification, the key tool we use is the filtration by ramification
groups. In the case of cyclotomic fields, if we identify the Galois group with (Z/nZ)* by
the canonical isomorphism, the congruence modulo powers of prime divisors p of n defines
a filtration of the inertia subgroup at each ramified prime p. The fact that this filtration
actually gives the ramification groups is the first case of the Hasse—Arf theorem that is at
the core of the classical ramification theory.

A main application of the filtration is to the conductor of Galois representations. The
integrality of the conductor is proved as a consequence of the Hasse-Arf theorem. We
briefly introduce two examples of application of the theory of the conductor, one in number
theory and one in algebraic geometry.

In the Langlands correspondence between Galois representations and automorphic rep-
resentations, the conductor of a Galois representation equals the level of the corresponding
automorphic representation. For example, the proof of Fermat’s last theorem is completed
by proving the modularity of elliptic curves over Q: For an elliptic curve E over Q, there
exists a modular form f such that the L-function L(E,s) defined by the Galois represen-
tation on the Tate module T, E equals L(f,s). In this correspondence, the conductor of F
defined by the ramification of T;E equals the level of f.

In a geometric setting, the conductor appears as the local term in the Grothendieck—
Ogg—Shafarevich formula computing the Euler—Poincaré characteristic x.(U, F) of a locally
constant étale sheaf F on a smooth algebraic curve U over an algebraically closed field of
characteristic p > 0. The local terms are the contributions of points at infinity X — U of
the smooth compactification X of U where the sheaf F ramifies.

In arithmetic geometry, beyond extensions of algebraic number fields or coverings of
algebraic curves, we are interested in coverings of schemes of finite type over Z or those
of varieties of higher dimension. Then, contrary to the local fields in the classical setting,
the residue fields of local fields are no longer perfect and the residue field extension may
be inseparable. This implies that the theory of wild ramification is required to cover
extensions such that the extension of residue fields are not separable.



As a geometric application in this general setting, we will give a proof of the Deligne—
Kato formula [39] computing the dimension of the space of nearby cycles on a curve over
a local field. A special case of the formula plays a crucial role in the proof of the existence
of the characteristic cycle of a constructible sheaf on a smooth scheme over a perfect field
[61]. As another example of application, the characteristic cycle is known to be computed
in codimension 1 by using ramification groups of local fields with imperfect residue fields,
loc. cit.

Thus, the main subject of this book is the filtrations by ramification groups of the
Galois group of an extension of local fields with no restriction on the residue fields. There
are two kinds of ramification groups, the lower numbering ones and the upper numbering
ones. They have properties that show sharp contrast:

(1) The lower numbering ramification groups are defined in a fairly elementary way.

Let L be a finite Galois extension of a local field K and G be the Galois group. Then,
the inertia subgroup I C G is defined as the kernel of the action of G on the residue field
E = Op/my. As a generalization, a decreasing filtration G C G is defined as the kernel
of the action of G on Or/m’ indexed by integers i = 1. The lower ramification group
G; C G is defined as its slight modification obtained by replacing the quotients of the
additive group by those L*/(1+m}) of the multiplicative group. From this definition, we
can easily deduce the following facts:

(2) The graded quotients Gr;G = G;/G,41 are F,-vector spaces for ¢ =2 1 and G; =1
for sufficiently large 7.

(3) For the subextension M C L corresponding to a subgroup H C G, we have H; =
HNG;.

However, in the case where M is a Galois extension of K and hence H C G is a normal
subgroup:

(4) There is no general way to express the ramification groups G; C G of the quotient
G =G/H = Gal(M/K) out of G; C G,
except in the classical case where the ring of integers of the extension is generated by a
single element. The properties (3) and (4) indicate that:

(5) The lower numbering filtration is an invariant of L rather than K.

We will see in Section 4.4 that the graded quotients Gr;G for ¢ = 1 are related to vector
spaces over the residue field £ = O /my not over F' = Ok /m.

On the other hand:

(1') The definition of the upper numbering filtration requires a heavy geometric ma-
chinery.

We present a heuristic observation in Section V.0 using the terminology of rigid ge-
ometry leading to the definition of upper numbering groups. The actual definition in this
book is given entirely in the language of schemes and no knowledge of rigid geometry is
required. Still, it requires dilatations, stability of integral models, the going down theorem
in commutative algebra etc. The upper ramification subgroups G" C G are indexed by
positive rational numbers 7 > 0 and the symbols r+ for rational numbers » = 0. It is a
non-trivial fact that G* equals the inertia subgroup I and G'* equals its unique p-Sylow
subgroup P called the wild inertia subgroup.

(1) In the classical case where the ring of integers of the extension is generated by a
single element, the upper numbering filtration and the lower numbering filtration are the
same up to renumbering controlled by the Herbrand function.



In general, there is no such relation. We will give an elementary counterexample in
Section 2.1 as compositions of Artin—Schreier extensions.

The following properties of upper ramification groups are highly non-trivial:

(2") There exist finitely many rational numbers 1 = ry < 7 < --- < r, such that G"
are constant on the intervals [r;4,7;41] for i =0,...,n — 1 and G" = 1 on [r,+, c0).

(2”) The graded quotients Gr"G = G"/G"* are F,-vector spaces for r > 1.

The proof of (2') requires the reduced fiber theorem and the stable reduction theorem
of curves. The proof of (2”) is by the reduction to the classical case where the residue
field is perfect and relies on (2) and (1”) above. The reduction requires a study of the
first homology group Hi(Lg/o,) of the cotangent complex which plays the role of the
cotangent space at the closed point of the spectrum of the discrete valuation ring. The
most difficult case is the case where p is a uniformizer and dp = 0 in the usual sense. The
introduction of the vector space Hy(Lg/0, ) allows us to avoid this difficulty.

The statements (3) and (4) are switched as follows.

(3") For the subextension M C L corresponding to a subgroup H C G, there is no
general way to express the ramification groups H" C H out of G" C G.

In the case where M is a Galois extension of K and hence H C G is a normal subgroup,
the following property is built in the definition of upper numbering subgroups:

(4) The ramification groups G C G of the quotient G = G/H = Gal(M/K) equal
the images of G" C G.

The exceptional classical case of (4) is a consequence of (4’) and (1”). The property
(4") indicates:

(5") The upper numbering filtration is an invariant of K.

In Chapter 14, we will construct an injection called the characteristic form from the
dual group of the graded quotients Gr"G for r > 1 to a twist of the vector space Hy(Lg/0,)
that behaves like a scalar extension of that over the residue field F' = O /mg.

For abelian extensions, Kato defined another filtration [41], which we call the coho-
mological filtration, using the cup product of abelian characters with the multiplicative
group valued in the Brauer group. In the classical case where the residue field is finite,
this cohomological filtration is given as the images of 1 + mj C K by the reciprocity
morphism K* — G of local class field theory. A feature of the cohomological filtration
is the property that the filtration is indexed by integers. Consequently, a comparison
of the lower numbering filtration with cohomological filtration implies the integrality of
conductor.

For a cyclic extension, under the assumption that the ring of integers is generated by
a single element, we prove in Section 4.4 a relation of the cohomological filtration and the
lower numbering filtration called the Hasse-Arf theorem. This is proved by induction on
the degree of the extension. In the first case where the degree equals the characteristic of
the residue field, this is proved by explicit computation for Artin—Schreier extensions in
the equal characteristic case and for Kummer extensions in the mixed characteristic case.
The induction step is proved by introducing a stronger version due to Kato formulated in
terms of a certain twisted differential form called the refined Swan conductor defined in
[41].

The cohomological filtration shares the property (5’) above with the upper numbering
filtration. The refined Swan conductor is a twisted differential form of the residue field
F = O /mg with logarithmic pole. We prove in the last chapter of the book a fact proved
in [43] that the cohomological filtration and the refined Swan conductor are in fact equal



to logarithmic variants of the upper numbering filtration and of the characteristic form.

In the equal positive characteristic case, by Artin—Schreier—Witt theory describing
cyclic extensions of degrees powers of p, the cohomological filtration and the logarithmic
variant of the upper numbering filtration admit a concrete description in terms of a filtra-
tion on Witt vectors defined by Brylinski [12]. In the mixed characteristic case, we present
Kato’s theory of the cohomological filtration without giving the details of the proof that
relies heavily on computations of p-adic cohomology.

The book consists of fifteen chapters. They are grouped into six parts of the book. Each
chapter usually starts with sections preparing some generalities on more basic subjects.
In later sections, we apply them to the study of ramification.

In the first two parts, we study the lower numbering filtration and the cohomological
filtration. We introduce the two filtrations in Part I and we describe them explicitly for
cyclic extensions of degree p in Part II. We prove the Hasse—Arf theorem linking the two
filtrations for cyclic extensions under the assumption that the ring of integers is generated
by a single element.

In the next two parts, we study applications to Galois representations and to geometric
invariants. In Part III, we introduce the conductor of Galois representations using the
lower numbering filtration and the Herbrand function and deduce the integrality of the
conductor from the Hasse—Arf theorem. In Part IV, we study geometric applications and
prove the Grothendieck-Ogg—Shafarevich formula and the Deligne-Kato formula.

In the last two parts, we study the upper numbering filtration. In Part V, after a
short introduction on heuristic observation on the construction of the upper numbering
filtration using rigid geometry, we construct the filtration in the language of schemes and
study its basic properties together with a logarithmic variant. In Part VI, we study the
graded quotients using the group structure in the geometric construction and introduce
characteristic forms that defines an injection from the dual group of the graded quotients
to twisted cotangent spaces.

The last two parts studying upper numbering filtration are almost independent of the
first four parts. The geometric results in Chapters 7 and 9 are not used in the rest of the
book.

At the end of each chapter, historical notes are included. They are rather personal
recollections and the author apologizes for not mentioning many important works. The
most part of Chapters 2, 4, 5, 6, 9 and 15 are due to Kazuya Kato and the most part of
Chapters 10-13 are done in collaboration with Ahmed Abbes.

Let us now describe the contents of each chapter in more detail. In many books
including [65], finite extensions of complete discrete valuation fields are studied. In this
book, we replace complete discrete valuation fields by a generalization, henselian discrete
valuation fields defined algebraically. Similarly as complete discrete valuation fields, finite
extensions of henselian discrete valuation fields are again henselian discrete valuation fields.
In Chapter 1, we prepare some generalities on henselian local rings, characterized by
Hensel’s lemma.

We introduce lower ramification groups in Chapter 1. We prove two formulas under
the assumption that the ring of integers is generated by a single element. The first is the
relation with the ramification groups of a quotient group and the second is the relation
with the different, called the conductor-discriminant formula. The latter is derived from
the computation of the trace mapping of the quotient ring of the polynomial ring by a



monic polynomial.

In the classical case where the residue field is finite, the reciprocity morphism of local
class field theory is defined by the cup-product with values in the Brauer group, which is
canonically identified with Q/Z in this case. Chapter 2 begins with an introduction to
Brauer groups as Galois cohomology and a brief summary of local class field theory except
the theorem of existence. A classical theorem of Hasse gives a relation between the image
of the filtration 1 +m} by the reciprocity morphism and the ramification subgroups.

In Chapter 2, we give a definition of the cohomological filtration by Kato generalizing
this classical construction using Galois cohomology. A key construction due to Kato is
that of the refined Swan conductor giving an injection from the graded quotients to twisted
spaces of differential forms with log poles. We prepare the basic setup in Chapter 2 but
postpone the proof of the existence of refined Swan conductor to the last Chapter 15.

We compute explicitly the lower numbering filtration, the cohomological filtration and
the refined Swan conductor for cyclic extensions of degree p using Artin—Schreier theory
in the equal characteristic case and Kummer theory in the mixed characteristic case in
Chapter 3. This computation makes the first step of induction in the proof of the Hasse—
Arf theorem in Chapter 4 and is also used in the proof of Epp’s theorem in Chapter
8.

To prove the Hasse—Arf theorem, we formulate a stronger form involving the refined
Swan conductor. To make the induction work, the first three sections in Chapter 4 are
devoted to establishing various compatibilities on the trace of differential forms. We prove
an inequality for Swan conductor in general and prove the Hasse-Arf theorem as the
equality under the assumption that the ring of integers is generated by a single element.

In Chapter 5, under the classical assumption that the residue field extension is sepa-
rable, we introduce the conductor of Galois representations and study fundamental prop-
erties. We define the conductor by using the break decomposition and the Herbrand
function. We prove the integrality of the conductor. In the rank one case, this is a con-
sequence of the Hasse—Arf theorem. The general case is deduced from the rank 1 case
by the induction formula. The induction formula is proved by another description of the
conductor in terms of the Swan character. This is used as the definition in many books
including [66].

In Chapter 6, we introduce a variant of the conductor defined by Kato under the non-
classical assumption that the ramification index is 1 and that the residue field extension
is generated by a single element. In this setting, the refined Swan conductor is defined
as a certain twisted differential form of the residue field. This variant shares the same
properties as the conductor studied in Chapter 5. The refined Swan conductor will be used
in Chapter 9 to state and prove the Deligne-Kato formula. The refined Swan conductor
turns out to be a special case of the characteristic form constructed in general in Chapter
14.

In Chapter 7, we prove the Grothendieck-Ogg—Shafarevich formula computing the
Euler—Poincaré characteristic of an étale sheaf on a curve over an algebraically closed
field. The conductor defined in Chapter 5 appears as the local term in the formula. The
Grothendieck—Ogg—Shafarevich formula is deduced from the Lefschetz trace formula for an
endomorphism of a curve. We prove the Lefschetz trace formula in Section 7.1 admitting
some basic properties of étale cohomology.

Using the study of cyclic extensions in Chapter 3, we give a proof in Chapter 8 of Epp’s
theorem: For a transcendental extension of discrete valuation fields, there exists a finite



extension of the base field such that the composition field has ramification index 1 under a
certain mild assumption. In a geometric situation, Epp’s theorem implies the reduced fiber
theorem. This theorem implies a stability of the integral model that is a crucial ingredient
in the definition in Chapter 11 of the upper numbering ramification groups. The reduced
fiber theorem also plays an important role in the statement of the Deligne-Kato formula.

In Chapter 9, after recalling the definition and some basic properties of nearby cycles
functor, we state and give a new local proof of the Deligne-Kato formula computing the
dimension of the space of nearby cycles of an étale sheaf on a curve over a local field.
The statement uses the refinement of conductor introduced in Chapter 6. Similarly to the
proof of the Grothendieck—Ogg—Shafarevich formula, the Deligne-Kato formula is derived
from a trace formula and the dimension formula in the constant coefficient case. These
two formulas are deduced directly from the Picard—Lefschetz formula in the case where
the curve over the discrete valuation ring is nodal, i. e. with at most nodes as singularities.
The general case is reduced to this case by a local version due to Temkin of the stable
reduction theorem of curves. The new point in the proof in this book is that we take a
blow-up avoiding taking compactification.

From Chapter 10 on, we study upper ramification groups. We define the upper ramifi-
cation groups in Chapters 10 and 11. To define subgroups G” for r > 0 and G"* for r = 0
of the Galois group G = Gal(L/K), it suffices to define quotient functors F” and F"" of the
fiber functor F' sending subextensions M C L to the finite set F'(M) = Morg (M, L) and
to verify that F" and F"* satisfy certain properties. For r > 0, to define the set F" (M),
first we take an immersion 7' = Spec Oy; — @ into a smooth scheme over S = Spec Ok
and construct a dilatation Q[SI] with respect to the multiplicity r, of the base change

Qs = Q x5 S to S = Spec Ok, for the ring of integers in a separable closure. Then,
FT(M) is defined as the set WO(Q%)) of connected components of the geometric closed

fiber of the normalization Qg) of Q%}. For r 2 0, the immersion 7" — () induces a mor-

phism Tz — Qg) of normalizations and the set F"*(M) is defined as the image of the
restriction of the morphism on the closed fibers.

In Chapter 10, we study this geometric construction. The fact that the functor F" (M)
is defined independently of the choice of the immersion T — () is a consequence of a
homotopy property of the construction of dilatations. The existence of the stable integral
model is a consequence of the reduced fiber theorem proved in Chapter 8. The property
of the functors F" and F"* used to define the subgroups G" and G is a consequence of
the going down theorem in commutative algebra.

We compute the geometric construction explicitly in the case where the ring of integers
is generated by a single element and observe the appearance of the Herbrand function.
This implies property (1”). We also prove the equalities G = I and G'" = P. After
recalling the general form of the reduced fiber theorem, we prove property (2') above to
close Chapter 11.

In Chapter 12, we study a logarithmic variant of the construction in Chapter 11. First,
we introduce some generalities on log smooth schemes over S = Spec O and on log smooth
extensions of K without using the general theory of log geometry. Then by replacing an
immersion 7' — () into a smooth scheme by an exact immersion into a log smooth scheme,
we define a logarithmic variant of the upper ramification groups. In the second half of
Chapter 12, we focus on Artin—Schreier—Witt extensions in characteristic p > 0. We
give a geometric proof of the fact that Brylinski’s filtration induces the logarithmic upper



numbering filtration.

In Chapters 13 and 14, we study the graded quotients Gr"G = G"/G™" for r > 1. We
prove property (2”) above in Chapter 13 and we study a construction of injection of the
dual group to a twisted ‘cotangent’ space in Chapter 14. Chapter 13 begins with the study
of Hy(Lg/s) that plays the role of the cotangent space at the closed point of S = Spec Ok.

The( tool we use to study the graded quotients Gr"G is the reduced geometric closed

fiber QF) — Q[Fr]re q of the morphism to the dilatation from the normalization. The tar-

get Q%]re 4 1s a twist of the fiber Nr/q ®o, F of the conormal sheaf of an immersion
T = SpecO; — (@ into a smooth scheme over S = Spec Ok. If the immersion is min-
imal in the sense that dim () is minimal, the canonical injection Tor?L(Q}QL o F ) —

N7/ ®o, F is an isomorphism and a connected component Q%]re 418 canonically identified

with a vector space denoted ©!")°

L/K,F’
Tor?L(QéL j0,er F) = Hi(L7,g) defined by the functoriality of cotangent complexes.
By the compatibility (4’) with the quotient, the study of the graded quotients Gr"G is
reduced to the study of the last piece G" of the filtration satisfying Gt = 1. Under this

condition, the crucial property is that the finite morphism Q%) — Q[%]re 4 is étale. This

This space is linked to Hi(Lz/g) by the injection

for a minimal immersion 7' — @Q defines a G"-torsor CD(LT/);f — @g/);f By using the
functoriality of this G"-torsor, we first prove that G" is abelian.

In the classical case where the residue field is perfect, the relation (1”) of the upper and
lower ramification groups together with (2) implies property (2”). We prove the general
case of (2”) by the reduction to this case. By the functoriality of the construction in
the previous paragraph, this is proved by constructing an extension of henselian discrete
valuation field with perfect residue field such that the morphism on the ‘cotangent’ space
Hi(Lg/s) is an injection.

By the description of the extension group of a vector space by a finite F-vector space
prepared in the first sections in Chapter 13, the definition of the characteristic form is
reduced to showing that the G"-torsor ‘I)(Z/);(f — @Y/);(F is in fact an isogeny of group
schemes. In this book, we prove this result 6nly in the case where K is of characteristic
p > 0 and r is an integer and refer to [62] in the general case. The case above is reduced
to the case where K is a local field at the generic point of a smooth divisor in a smooth
scheme over a perfect field. In this geometric case, the group structure arises from the
groupoid structure of self-products at the boundary of the dilatation.

In Chapter 15, we study a logarithmic variant. We also study the cohomological
filtration for abelian extensions and its relation with the logarithmic variant. In the
equal characteristic p > 0 case, the cohomological filtration is also induced by Brylinski’s
filtration on Witt vectors. This and the result in Chapter 12 imply the equality of the
logarithmic upper numbering filtration and the cohomological filtration. We give a proof
with Kato of the equality also in the mixed characteristic case. By the functoriality of the
logarithmic characteristic form and the refined Swan conductor, the proof is reduced to the
case where the ramification index is one and the ring of integers is generated by a single
element. In this case, the equality follows from the Hasse—Arf theorem and property (1”).
To assure the existence of a suitable extension in the reduction, we apply Epp’s theorem
proved in Chapter 8. In the final section, we sketch an outline of the proof by Kato of the
existence of refined Swan conductor.



Throughout the book, we assume basic knowledge on commutative algebra. We recall
basic properties of étale morphisms in Section 1.1. Although we also use the language
of schemes, in the most part, it is limited to affine schemes. Exceptions are Chapters 7
and 9 where we use proper curves and blow-ups respectively. In Chapter 7, we also use
étale cohomology admitting its basic properties. We briefly recall the definition and basic
properties of nearby cycles in Section 9.2.

In Chapter 2, we freely use Galois cohomology as in [65, Chapitre X] including cup-
product and the inflation-restriction sequence. We also use some fundamental facts on
differential forms in characteristic p > 0. In Part III, we assume basic knowledge on
representations of finite groups as in [66, Partie III]. We briefly recall the theory of Brauer
trace of modular representations in Section 5.1.

In Chapter 11, it is not necessary but will be useful to be familiar with the terminology
of Galois categories and fiber functors. In Chapters 12 and 15, we introduce the terminol-
ogy of log geometry but the knowledge of its generality is not required. In the second half
of Chapter 12, we also use Artin—Schreier—Witt theory and Witt vectors. In Chapter 13,
we use some elementary homological algebra including Tor and cotangent complexes. We
only use basic properties and it is not necessary to go back to the construction. We also
use interpretation of H! in terms of torsors in Chapter 13 and Artin-Schreier coverings in
characteristic p > 0. In Chapter 14, we use terminology of group schemes and groupoids.

The author thanks Hiroki Kato for helping preparing the manuscript of Chapter 9.
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Part 1
Ramification of henselian discrete
valuation fields

We study elementary properties on ramification of finite extensions of henselian discrete
valuation fields. Complete discrete valuation fields are henselian discrete valuation fields
and similarly to the former, the rings of integers of finite extensions of the latter are again
discrete valuation rings.

We define the lower ramification groups of the Galois groups of finite Galois extensions
of henselian discrete valuation fields. We prove an equality giving a relation with the
filtration on quotient groups under the assumption that the ring of integers is generated
by a single element. We also define the different of finite separable extensions and show
its relation with lower ramification groups under the same assumption. These relations
will imply the compatibility with quotient groups of Swan conductor in Part III.

We introduce a filtration on the character group of the abelian quotient of the absolute
Galois group. This is defined as the dual of the filtration on the multiplicative group,
using the pairing with values in the Brauer group defined by the cup product of Galois
cohomology. In the classical case where the residue field is finite, the pairing induces the
reciprocity mapping of local class field theory.

Similarly as the p-torsion part of the unramified part of the character group receives
a surjection from the additive group of the residue field by the Artin—Schreier theory, the
p-torsion part of the unramified part of the Brauer group receives a surjection from the
group of differential forms of the residue field with logarithmic poles. Using this fact, we
study the graded pieces of the cohomological filtration and introduce the refined Swan
conductor.

1 Finite extensions

The ramification theory for complete discrete valuation fields works equally for henselian
discrete valuation fields. A main reason to consider henselian discrete valuation rings is
the equivalence (1)<>(3) in Proposition 1.4.4 on the integral closures in finite extensions.

Before introducing henselian local rings in Section 1.3, we prepare fundamental prop-
erties of étale morphisms of rings in Section 1.1. We study basic properties of finite
extensions of henselian discrete valuation fields in Section 1.4.

We define the lower ramification groups in Section 1.6. The inertia group Go and the
wild inertia group G correspond to the maximum unramified extension and the maximum
tamely ramified extension introduced in Section 1.5. The lower ramification groups provide
a tool to study the wild inertia group.

We define the different in Section 1.7 and give a criterion in terms of the different for
an extension to be unramified or tamely ramified. We will compute the different explicitly
using the derivative of the minimal polynomial of a generator of the ring of integers, using
the computation of the trace mapping prepared in Section 1.2. We also study in Section
1.8 some basic properties on the norm mapping and the filtration on the multiplicative
groups.



1.1 Etale algebras

Definition 1.1.1. Let A — B be a morphism of rings.

1. The B-module Q}B/A of differential forms is defined as J Q@pg,p B where J is the
kernel of the surjection B ®4 B — B sending x @ y to xy.

2. We say that B is of finite presentation over A, if there exists an isomorphism
AlXq, .., X/ (f1, oy fm) — B of rings over A.

Proposition 1.1.2. Let A — B be a morphism of rings.
1. The B-module Q}B/A represents the functor Dera(B,—): (B-modules) — (Sets)
sending a B-module M to

Dery (B, M) = {d € Homu (B, M) | d(xy) = zdy + ydzx for any z,y € B}.

0fi
2. Let B=A[Xy,..., X,]/(f1,..., fm) and regard the Jacobian matriz D = (8)? > €
J
M(m,n, B) as a B-linear morphism B"™ — B™. Then, dX,...,dX, € QE/A defines a
B-linear isomorphism Coker(DY: B™ — B™) — Q}B/A.

Proof. 1. For a B-module M, regard B M as a ring over B by xy = 0 for z,y € M. Then,
the mapping Mor4(B, B @ M) — Homa (B, M) sending f to pr, o f induces a bijection
P ={f € Mora(B,B® M) | pryo f =15} — Dery(B,M). Let i1,is: B — B®y B
be the morphisms defined by 41(b) = b ® 1 and i3(b) = 1 ® b and regard B ®4 B as a
ring over B by i5. Then, by the universality of tensor product, the set P is identified
with @ = {g € Morg(B ®4 B,B® M) | pryogoi; = 1g} by sending g to g o 4;. Since
(B®a B)/J* = B® (J/J?), the set Q is further identified with Hompg(J/J?, M). Hence
the assertion follows.

2. Let x; € B be the images of X;. It suffices to show that, for a B-module M,
the mapping Ders(B, M) — M™ sending a derivation d to (dx;) induces a bijection
Dery(B, M) — Ker(D: M™ — M™). In the case m = 0, $1,...,s, € M defines uniquely

0
a derivation A[Xy, ..., X,] — M sending g to > _; 8795]-. In the general case, the deriva-
J
tion d: A[Xy,...,X,] = M defined by s1,...,s, € M factors though the surjection
dfi .
A[Xy, ..., X,] — B if and only if df; = Z]‘ a—)‘};.sj is 0 for 2 = 1,...,m. This means that
J
(S1,-..,8n) € M" lies in the kernel of D. Hence the assertion follows. O
We give a functorial characterization of rings of finite presentation.

Lemma 1.1.3. Let A — B be a morphism of rings. The following conditions are equiva-
lent:

(1) B is of finite presentation over A.

(2) For any filtered inductive system (C\)aea of rings over A, the canonical mapping
lim Mor 4 (B, Cy) — Mor4(B, lim Ch) is a bijection.

Proof. (1)=-(2): We show the surjectivity. Let g: B = A[Xy,..., X,|/(f1,-.-, fm) —

C = @,\GA C'\ be a morphism over A. Since (Cy)xea is filtered, there exist A € A and

x1,..., T, € Cysuch that their images are g(X71),...,9(X,) € C. Define g\: A[X;,..., X,] —
Cyby z1,...,x, € Cy. Further, there exists y = A such that the composition g,: A[Xy,...,X,] —
C, maps fi,..., fm to 0 and hence induces g,: B — C},. Then, the image of (g,) is g.
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We show the injectivity. Let (g)) and (hy) be two elements of limy, Mor 4 (B, C) with
the same image g: B — C. Then, since ¢(X;) = h(X;) for i = 1,...,n and (C))xea is
filtered, there exists p € A such that g,(X;) = h,(X;) for i = 1,...,n. Hence we have
(92) = (h).

(2)=-(1): Let (Bx)xea be the inductive system of subrings of B of finite type over A.
Then, since the identity of B is factorized as B — By, — B for some A € A, it follows
that B = B, is of finite type over A. Let C' = A[X},...,X,] — B be a surjection and
be the kernel. Let (I))xea be the inductive system of subideals of I of finite type. Then,
we have an isomorphism lig)\e L\ C/Ix — B = C/I. The identity of B is factorized as
B — C/I, — B = C/I for some A € A. Further, there exists © = A such that the
composition €' — B — C/I,, is the canonical surjection. Then, it follows that I = I,, is of
finite type. O

Definition 1.1.4. Let A — B be a morphism of rings.

1. We say that B is étale over A if B is of finite presentation over A, if B is flat over
A and if Q4 = 0.

2. Let q be a prime ideal of B. We say that B is étale over A at q if there exists an
element b € B — q such that B[1/b] is étale over A.

A ring B of finite presentation over A is étale over A if and only if it is étale over A
at every prime ideal. If B is étale over A, for another ring A’ over A, the tensor product
B'= B®a A’ is étale over A’. Conversely, if A’ is faithfully flat over A and if B’ is étale
over A’, then B is étale over A.

We give examples of rings étale over A.

Lemma 1.1.5. Let A be a ring, P € A[X] be a polynomial and P’ be the derivative. Then,
the ring B = A[X]/(P)[P'!] is étale over A.

Proof. Since B is isomorphic to A[X,Y]/(P,P'Y — 1) over A, it is of finite presentation
over A. Further B is flat over A by [25, Chapitre Oy (10.2.4) b)=- a)]. Since the B-module
Q}B/A is generated by dX and its annihilator is (P’) = B by Lemma 1.1.2.2, the assertion
follows. L

To give a local description of étale morphisms, we show properties of idempotents.

Lemma 1.1.6. Let A be a ring.

1. For an ideal I C A, the following conditions are equivalent:

(1) I is finitely generated and I = I?.

(2) There exists an idempotent e € A such that I = (1 —e).

2. Let B be a ring of finite type over A and B — A be a morphism over A such that
QE/A ®@pA = 0. Then there exists an idempotent e of B such that Ker(B — A) = (1—e)B.

Proof. 1. (1)=(2): Let x1,...,x, be a system of generators of I. Since I = I? there
exists a;; € I such that z; = Z;Zl a;;xj for i =1,...,n. Namely, the matrix A € M(n, A)
with entries a;; € I and the column vector x € A" with entries x; € I satisfy x = Ax.
Hence, we have e = det(1,, — A) = 1 mod [ and e-x = 0. Thus, the ideal I’ = (e) satisfies
A =141 and II" = 0. Hence we obtain A = A/I x A/I' by the Chinese remainder
theorem and e € A corresponds to (1,0).

(2)=-(1): The ideal I is generated by an idempotent 1 — e.



2. Let I be the kernel of the surjection B — A and J be the kernel of the surjection
B®4 B — B. Since B is of finite type over A, the ideal I C B is finitely generated. Since
I = JB and Q}B/A = J/J? we have I/I* = J/J?> @5 A = 0. Since I = I?, there exists an
idempotent e € B such that Ker(B — A) = (1 —e)B by 1. O

Etale algebras over a field are products of finite separable extensions.

Proposition 1.1.7. Let k be a field and B be a ring of finite type over k.

1. For a prime ideal q C B, the following conditions are equivalent:

(1) B is étale over k at q.

(2) The quotient ring B/q is a finite separable extension of k and B is isomorphic to
a product ring B/q x B’.

2. The following conditions are equivalent:

(1) B is étale over k.

(2) B is isomorphic over k to a product of finitely many finite separable extensions of
k.

Proof. 1. (2)=-(1): We may assume that B is a finite separable extension of k. Then,
we have a separable irreducible polynomial P € k[X] and an isomorphism k[X]/(P) — B
over k. Hence the assertion follows from Lemma 1.1.5.

(1)=(2): First, we assume that k is an algebraically closed field. Let n O q be a
maximal ideal. Then by Lemma 1.1.6.2, we have an isomorphism B — B/n x B’. Hence,
we have n = q and the assertion follows in this case.

By the case where k is an algebraically closed field, every point of Spec (B/q) ®;k is an
isolated point. Since Spec (B/q) ®y k is quasi-compact, the ring (B/q) ®y k is a product of
finitely many copies of k and further B ®;, k is isomorphic to a product (B/q) ® k x By.
Hence B/q is a finite separable extension of k& and B is isomorphic to a product ring
B/qx B'.

2. (1)=(2): By 1 (1)=(2), every point of Spec B is an isolated point. Since Spec B is
quasi-compact, the assertion follows.

(2)=(1): Clear from 1 (2)=(1). O

We prove the local description below using Zariski’s main theorem.

Theorem 1.1.8. (Zariski’s main theorem, [54, Chapitre IV, Théoréme 1, Corollaire 1]).
Let f: A — B be a morphism of rings such that B is of finite type over A. Let q C B
be a prime ideal and p = f~'(q) C A. Assume that q is an isolated point of the fiber
Spec B ®4 k(p).

Then, there exist a subring B' C B finite over A and an element b € B' — (B’ N q)
such that the inclusion B'[1/b] — B[1/b] is an isomorphism.

Theorem 1.1.9. ([26, Théoreme (18.4.6)], [54, Chapitre V, §1, Théoreme 1.1]). Let
f: A — B be a morphism of rings such that B is of finite presentation over A. Let q C B
be a prime ideal and p = f~(q) C A. Then, the following conditions are equivalent:

(1) B is étale over A at q.

(2) There exist a monic polynomial P € Ay[T], a mazimal ideal n of C = A,[T]/(P)
not containing P’ and an isomorphism C, — By over A,.

Proof. (1)=-(2): By Proposition 1.1.7.1 and Theorem 1.1.8, we may assume that B is
finite over A. By replacing A by the localization A,, we may assume that A is local and
that p is the maximal ideal.



By Proposition 1.1.7.1, B/q is a finite separable extension of F' = A/p and B/pB is a
product ring B/q x B’. Hence, there exists € B — q such that B/q is generated by = over
A/p and that the image of x in B’ is 0. Since B is finite over A, the element x is integral over
A and the subring A[z] C B generated by = is also finite. Let n = dimp A[z] ® 4 F'. Then,
1,z,...,2" ' is a basis of A[x] ®4 F and the A-module A[z] is generated by 1, z,..., 2"
by Nakayama’s lemma. Hence, there exists a monic polynomial P € A[X] of degree n and
a surjection C' = A[X]/(P) — Alx] C B.

Let n C C be the inverse image of q C B. Since q € Spec B is a unique point above
n € SpecC' and since the morphism C'/n — B/nB = B/q is an isomorphism, the finite
morphism C,, — B®¢ C, is a surjection by Nakayama’s lemma. The quotient ring B®qCy,
of Cy is a local ring and hence we have B®¢ C, = B,. Since C' and an open neighborhood
of Spec B are flat of finite presentation over A and since C/n = C,,/pC, — B/q = B,/pB,
is an isomorphism, the local morphism C, — B, is flat by [26, Théoréme (11.3.10)] and is
injective. Hence the morphism C, — Bj is an isomorphism. Since Qf, /4 Qc k(n) =0, we
have P’ ¢ n.

(2)=(1): The isomorphism C, — B, is extended to an isomorphism C[1/c] — B[1/b]
over Aforb e B - q,c € C'=nby Lemma 1.1.3. Hence the assertion follows from Lemma
1.1.5. 0

We omit the proof of the following functorial characterization of étale morphisms.

Theorem 1.1.10. ([26, Théoreme (17.6.1)], [54, Chapitre V, §1, Théoreme 2, Corollaire
1]). Let f: A — B be a morphism of rings such that B is of finite presentation over A.
The following conditions are equivalent:

(1) B is étale over A.

(2) For any ring C over A and any ideal I C C such that I*> = 0, the surjection
C — C/I induces a bijection Mors(B,C) — Mora(B,C/I) of the sets of morphisms of
rings over A.

Lemma 1.1.11. Let A — B be a morphism of rings and assume that B is free of finite
rank as an A-module. Then, the functor F' sending a ring C' over A to the set Idem(B® 4C')
of idempotents is representable by a ring E étale over A.

Proof. Let by,...,b, be a basis of the A-module B. Let A[xy,...,z,] be a polynomial
ring and let z = > 1 x; ® b; € A[zy,...,2,] ®4 B be the universal section. Then, the
functor F' is represented by the quotient E of A[zy,...,x,] by the ideal generated by the
coefficients of by, ..., b, in 2?2 —x € Alzy,...,7,|®4 B. The ring F is of finite presentation
over A.

We show that E is étale over A. In the case B = A and by = 1, we have £ =
A[X]/(X? — X). Since F is isomorphic to A x A by the Chinese remainder theorem, F is
étale over A.

We show the general case. Since the case B = A is already proved, for any ring
C over A and any ideal I C C satisfying I? = 0, the surjection C' — C/I induces a
bijection Idem C' — Idem C'/I by Theorem 1.1.10 (1)=-(2). Applying this to the surjection
B®4C — B®y C/I, we see that F'(C) — F(C/I) is also a bijection. Hence E is étale
over A by Theorem 1.1.10 (2)=(1). O

Exercise 1.1. Let p > 2 be a prime number and ¢, be a primitive p-th root of 1. Find
the prime ideals of Z[(,| where Z[(,] is not étale over Z.



Solution. Since Z[1/p][X]/(X? — 1) = Z[()][1/p] x Z[1/p] and (X? — 1) = pXP~! is
invertible in Z[1/p|[X]/(X? — 1), we see that Z[(,|[1/p] is étale over Z by Lemma 1.1.5.
Since Z[(,] ®z F,, is isomorphic to F,[X]/(X?~1) and is not étale over F,, for p — 1 > 1,
we see that Z[(,] is not étale over Z at the prime ideal (¢, — 1).

1.2 Trace

We compute the trace mapping for the quotient ring of a polynomial ring by a monic
polynomial.

Lemma 1.2.1. Let A be a ring and let P € A[X] be a monic polynomial of degree n.
Let b € B = A[X]/(P) be the image of X € A[X] and define co = 1,¢1,...,¢h—1 € B by
P = (X — b) . (C()Xnil + -+ Cn_1>.

1. The sequence co = 1,¢1,...,¢n_1 1S a basis of a free A-module B.
2. The B-module Hom (B, A) is a free module of rank 1. Let fo, ..., fn—1 € Homu (B, A)
be the dual basis of the basis ¢co = 1,¢1,...,¢n_1 as a free A-module. Then f, 1 €

Homy (B, A) is a basis as a free B-module and we have f; = b""'""f, 4 fori=0,...,n—1.
3. Let go,...,gn1 € Homy (B, A) be the dual basis of the basis b° = 1,b,...,0" ! as a
free A-module. Then, we have g; = Cp_1—ifn_1-

Proof. 1. Let P = X" + a; X" '+ --- 4+ a, € A[X]. Then since P = P — P(b) =
(X" —0") +a (X" =0+ +a, 1 (X —b), we have

c e b
(1.1) = ®
: : 0
Cn—1 a, - a 1 bnil
Since 1,b, . ..,b" !is a basis of an A-module B and since the matrix is invertible, 1, c1, . .., ch_1

is also a basis.
2. By b (coX" 1+ +cuq) = (X" P+ 4 ¢,_1)X — P, we have
(1.2)

1 —ap 1 0 1 1 —a; —ag -+ —ap 1
b c,l = 0 C.l and b f,l = ! ,O . 0 ]le
Cn—1 —ap 0 cee 0 Cn—1 fn—l 0 1 0 fn—l

The second equality means that f; = 0" "17f, _; for i =0,...,n — 1 and that f,,_; defines
an isomorphism B = A[X]/(P) — Homu(B, A) of B-modules.
3. By (1.1) and 2, we have

(1.3)
9o a0 an fo L ar - bt Cn—1
9 0 . e fi 0 . - b2 Cn—2
. = . . = fn—l == . fn—l
: T : R : :
In—1 o --- 0 1 fn—l o --- 0 1 1 1
Il

We express the trace mapping using the basis in Lemma 1.2.1.
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Proposition 1.2.2. Let A be a ring and let P € A[X] be a monic polynomial. Let
be B = A[X]/(P) be the image of X € A[X]| and let f,—1 = gn—1 be the basis of the free
B-module Homy (B, A) of rank 1 constructed in Lemma 1.2.1. Then, we have

Tl"B/A = Pl(b) ’ fn—l

in Homa(B, A). In particular, if B is étale over A, we have

b 1 ifi=n—1,
1.4 Trp o —
(1.4) BIAD() {0 ifi=0,....n—2.

Proof. If xy,...,x, is a basis of the free A-module B and fi,...,f, € Homu(B,A) is
the dual basis, for x € B, we have Trgax = >, fi(za;) = Y, x;ifi(x) and we have
Trpa = >, x;fi € Homu (B, A). Applying this to the basis 1,...,b" " and in the notation
of Lemma 1.2.1, we obtain

n—1 n—1
Trpa=Y Vgi=Y corib' fo1=Q() furr
=0 =0

for Q@ = X" '+ ---+ ¢, € B[X] by Lemma 1.2.1.3. By P = (X —b) - Q, we have
P =Q+ (X -0)Q and Trga = Q(b) - foo1 = P'(b) - fu-1.

If B is étale, then P’(b) is invertible and we have g,—1 = fo—1 = 1/P'(b) - Trp/a by
Lemma 1.2.1.3. This means (1.4). O

As an application of Proposition 1.2.2, we show that rings étale over normal rings are
again normal.

Proposition 1.2.3. Let A be a ring and P € A[X] be a monic polynomial. Set B =
A[X]/(P) and let b € B be the image of X. If A is normal, then B' = B[P'(b)™'] is also
normal.

Proof. By replacing A by the local ring at any prime ideal, we may assume that A is an
integrally closed integral domain. Let K be the fraction field of A and set L = B ®4 K
and L' = B’ ®4 K. Since B’ is flat over A, the morphism B’ — L’ is an injection. First,
we reduce it to the case where the surjection L — L’ is an isomorphism.

Since A is integrally closed, the minimal polynomial ) € K[X] of the image b, € L’
of b is contained in A[X]. The image B; C L’ of B is identified with the quotient ring
AIX]/(Q) of B = A[X]/(P) since @ divides P. Since the surjection B — B; induces a
surjection B" — By[P'(b;)™!] of subrings of L', we may identify B’ = B;[P'(b)™']. If we
define R € A[X] by P = QR, then we have P'(b;) = Q'(b;)R(b1). Hence B’ = B{[P'(b)™]
is a localization of B;[Q’(b;)™!]. Thus by replacing P by @, we may assume L = L/

Since L = B’ ®4 K is étale over K by Lemma 1.1.5, the ring L is a product of
finitely many finite separable extensions of K by Proposition 1.1.7.2 (1)=(2). Let C' C
L be the normalization of B. Since A is normal, we have Tr;,xC C A. Hence the
injection Trg/a: B — Homy (B, A) is extended to an injection C' — Homy (B, A). Thus we
obtain injections B’ = B[P'(b)™'] — C[P'(b)™'] — Homy (B, A) ®p B[P'(b)~!]. Since the
composition is an isomorphism by Proposition 1.2.2; the first morphism B’ — C[P'(b)™!]
is an isomorphism and B’ is normal. O



Corollary 1.2.4. Let B be a ring étale over A.

1. If A is normal, then B is also normal.

2. If A is a discrete valuation ring with the mazximal ideal m and if n C B is a prime
ideal such that the inverse image is m C A of A, then the local ring B, is a discrete
valuation ring.

Proof. 1. By Theorem 1.1.9, we may assume that B = A[X]/(P)[P"!] for a monic
polynomial P € A[X]. Hence the assertion follows from Proposition 1.2.3.
2. By 1, B, is a normal local noetherian ring. Since B, has exactly two prime ideals,

the maximal ideal nB, and 0, it follows that B, is a discrete valuation ring. O
Exercise 1.2. Let the notation be as in Lemma 1.2.1. Compute Trg/ac; fori =0,...,n—
TI'B/A 1 n
Trp/ab . (n—1)ay

1. Let A denote the matrix in (1.1) and show
TrB/A bt Ap—1

Solution. We have Trg/a = P'(b) - faoc1 =n - fo+ (n—1ay - fi + -+ 4 apn1 - fao1 by
Proposition 1.2.2 and Lemma 1.2.1.2. Hence Trp/ac; = (n —i)a; for i =0,...,n — 1. By

1 1
b 1 C1 . . .
(1.1), we have . = A" . |- By applying Trp/4 on the both sides, we obtain
bn—l Cr1

the equality.

1.3 Henselian local rings

If you are interested only in complete discrete valuation rings, you may skip this section
and read henselian as complete in the later sections admitting the characterization of
henselian discrete valuation rings Proposition 1.4.4 and Hensel’s lemma Lemma 1.4.6.
Henselian local rings are defined as follows.

Definition 1.3.1. Let A be a local ring and m be the mazximal ideal.

1. We say that a ring B over A is an étale neighborhood of m if a morphism B — A/m
over A is given and if B is étale over A.

2. We say that A is henselian if for any étale neighborhood B of m and n = Ker(B —
A/m), the morphism A — B, to the localization is an isomorphism.

A field is a henselian local ring as we will see in Corollary 1.3.3 below.

Proposition 1.3.2 ([54, Chapitre 7, §3, Proposition 3|). Let A be a local ring and F =
A/m be the residue field. Then, the following conditions are equivalent:

(1) A is henselian.

(2) Let P € A[X] be a polynomial and let a € F be a root of P € F[X] satisfying
?,(E) # 0. Then, there exists a root a € A of P satisfying a = @ mod m.

(2') Let P € A[X] be a monic polynomial and let a € F be a simple root of P € F[X].
Then, there exists a root a € A of P satisfying a = @ mod m.

In conditions (2) and (2'), the solution a congruent to @ is unique.



Proof. 1. (1)=(2): The ring B = A[X]/(P)[P'"!] is étale over A by Lemma 1.1.5. Hence
B is an étale neighborhood of m with respect to the surjection B — F' defined by the
solution @ of P. Since A is henselian, the morphism A — B, to the localization at
n = Ker(B — F) is an isomorphism. The composition B — B, — A with its inverse
defines a unique root a of P lifting @.

(2)=(2'): If @ is a simple root of P, we have P (@) # 0.

(2')=-(1): Let B be an étale neighborhood of m and n = Ker(B — F'). By Theorem
1.1.9 (1)=-(2), we may assume that B = A[X]/(P)[P'~!] for a monic polynomial P € A[X].
Let @ € F be the image of X by B — F. Then, P (a) # 0 and the morphism B/n — F
defined by @ is lifted to a section B — A defined by a lifting a of @ by (2'). This induces
an isomorphism B, — A by Lemma 1.1.6.2. 0

A complete noetherian local ring is a henselian local ring.

Corollary 1.3.3. Let A = l'mn A/m™ be a complete noetherian local ring. Then A is
henselian. In particular a field is a henselian local ring. In other words, a complete
noetherian local ring A satisfies (2) in Proposition 1.3.2.

The last property in Corollary 1.3.3 is called Hensel’s lemma.

Proof. We show that A satisfies the condition (2) in Proposition 1.3.2. The case where A
is a field is clear. Let m C A be the maximal ideal. Since B = A[X]/(P)[P'~!] is étale over
A by Lemma 1.1.5, the mapping Mor 4(B, A/m" ™) — Mora(B, A/m") is a bijection for
every n = 1 by Theorem 1.1.10. Hence by induction on n, there exists a unique solution
a, € A/m™ of P = 0 satisfying a,, mod @ mod m. Then a = (a,), € A = l‘&nA/mn is a
solution of P = 0. ]

We give another criterion for a local ring to be henselian.

Proposition 1.3.4 ([54, Chapitre 7, §3, Proposition 3|). Let A be a local ring and F =
A/m be the residue field. Then, the following conditions are equivalent:

(1) A is henselian.

(2) Let B be a ring finite over A. Then, B is isomorphic to a finite product [[,.; B;
of local rings.

Proof. (1)=-(2): First, we show that a field A = K satisfies the condition (2). Let B be
a ring over K of finite dimension as a K-vector space. We prove that the condition (2)
is satisfied by induction on the dimension dimg B. If dim = 0, then B = 0. Assume
B # 0 and let m C B be a maximal ideal. Then, there exists an integer n = 1 such that
m"*! = m". By Lemma 1.1.6.1, B is decomposed as a product B = B/m" x B’. Since
B/m™ is a local ring and dimg B’ < dimg B, the assertion follows.

Assume that A is henselian and let m be the maximal ideal. Let B be a ring finite
over A. First assume that B is free of finite rank as an A-module. Let F' be the functor
in Lemma 1.1.5.2 for B over A and let E be the ring étale over A representing F. Since
B/mB is of finite dimension over A/m, it isomorphic to a product [[,(B/mB); of finitely
many local rings. Let e; € B/mB be the corresponding primitive idempotents. Then each
e; € Idem B/mB = F(A/m) defines a morphism E — A/m over A.

Since E is étale over A, the ring F is an étale neighborhood of m with respect to
the morphism £ — A/m corresponding to e;. Since A is henselian, for the kernel
n; = Ker(F — A/m), the morphism A — FE,, is an isomorphism and the correspond-
ing morphism £ — E,, — A defines an idempotent €; € F(A) = Idem B lifting e;. Then,
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the product B — [], B; of the projections B — B; = B/(1 —¢;) is an isomorphism by
Nakayama’s lemma. Since B;/mB; = (B/mB); is a local ring, B; is also a local ring.

We show the general case. Let by,...,b, be a system of generators of B over A
and let Py,..., P, € A[X] be monic polynomials satisfying P;(b;) = 0. Then, B" =
AXy, ..., X,/ (Pi(X1), ..., Pu(X,)) is free of finite rank as an A-module and the mor-
phism B’ — B over A sending X; to b; is a surjection. Since B’ is already shown to be a
product of finitely many local rings, its quotient B is also a product of finitely many local
rings.

(2)=-(1): We show that the condition (2’) in Proposition 1.3.2 is satisfied. If P € A[X]
is a monic polynomial, then B = A[X]/(P) is a free A-module. If @ € F' is a simple root
of P, then B = F[X]/(P) is isomorphic to a product F' x B;. If B is a product of local
rings, we have B = By x Bj such that By ®4 F = F. Since By is a free A-module, the
canonical morphism A — By is an isomorphism by Nakayama’s lemma. O]

Proposition 1.3.5 ([54, Chapitre 8, Théoreme 1]). The inclusion
(1.5) (henselian local rings) — (local rings)

of a full subcategory has a left adjoint. If A denotes the image of a local ring A by
the adjoint functor, the canonical morphism A — AY is faithfully flat and induces an
isomorphism on the residue fields.

For a local ring A, we call its image by the adjoint functor of (1.5) the henselization
of A and write it by A",

Proof. Let A be a local ring and [ be the residue field. Let (A — A; — F);er be a coﬁnal
filtered system of étale neighborhoods of the maximal ideal m of A and set A = lgq 1

Since A; are flat over A, the local morphism A — Ais faithfully flat. We show that the
local rlng A is henselian. Let B ‘be an étale neighborhood of the maximal ideal m of A
and let 1 C B be the kernel of B — A/m — F. Then, since B is of finite presentation
over A there exist ¢ € I, a ring B; étale over A; and an isomorphism B; ®4, A = B.
Since B; is an étale neighborhood of m and since (Al)ze 7 is cofinal, there exist j = ¢ and
an morphism B; — A;. This induces a morphism B — A and an isomorphism A B~
by Lemma 1.1.6.2.

Let B be a henselian local ring with maximal ideal n and let A — B be a local
morphism. We show that there exists a unique local morphism A — B compatible with
A — B. Let i € I. Then, B; = A; ®4 B is étale over B and the kernel of A; — F defines
a maximal ideal n; of B; such that B/n — B;/n; is an isomorphism. Since B is henselian,
the morphism B — B, ,, to the localization is an isomorphism. The compositions A; —
B, ., — B with its inverse define an inductive system of morphisms and A — B. The
uniqueness follows from the construction.

Since the residue field F' is henselian, the local morphism A — F' defines a morphism
AN — FM = [ compatible with A — Ab. m

Corollary 1.3.6. Let A — B be a finite morphism of local rings.

1. If A is a henselian local ring, then B is also a henselian local ring.

2. Let A and B™ be the henselizations. Then, the morphism B ®4 A" — B" is an
isomorphism.
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Proof. 1. Let C be a ring finite over B. Then, since C' is finite over A, the ring C' is a
product of local rings by Proposition 1.3.4 (1)=-(2). Hence B is henselian by Proposition
1.34 (2)=(1).

2. Since the ring B ® 4 A" finite over A" has a unique prime ideal above the maximal
ideal of A", it is a local ring and hence is henselian by 1. By the universality of B",
we obtain a morphism B" — B ®4 A" going the other way. By the universality of the
henselizations and the tensor product, they are inverse to each other. Il

Exercise 1.3. Show that the field Q,, of p-adic numbers contains all the p — 1-st roots of
1.

Solution. Since Q, is complete, Z, is a henselian local ring by Corollary 1.3.3. The
polynomial XP~! — 1 € Z,[X] is decomposed as XP~! — 1 = [Lerx (X —a) in Fy[X].
Hence we may apply Proposition 1.3.2 (2).

1.4 Finite extensions

We study elementary properties of finite extensions of henselian discrete valuation fields.

Definition 1.4.1. We call the fraction field K of a discrete valuation ring Ok a discrete
valuation field.

Let K and L be discrete valuation field and K — L be a morphism of fields. If K — L
induces a local morphism O — Op of discrete valuation rings, we say that L s an
extension of discrete valuation field K.

If L is an extension of discrete valuation field K, the ramification index er i is the
unique integer e = 1 satisfying m$ = mgQp for the mazimal ideals myxg C Ok and
my C Oy,.

We say that a finite extension L is a totally ramified extension of K if the normalization
Oy is a discrete valuation ring, if the morphism Ok /myg — Op/my, of residue fields is an
isomorphism and if ep/x = [L : KJ.

If Ok is henselian (resp. complete), we call K a henselian (resp. complete) discrete
valuation field.

The residue field Ok /mg of a discrete valuation ring Ok will be denoted by F. By
Corollary 1.3.3, a complete discrete valuation field is a henselian discrete valuation field.

Proposition 1.4.2. Let K be a discrete valuation field with residue field F. Let L be a
finite extension of K and assume that the integral closure Op of Ok is a discrete valuation
ring. Then, the residue field E of L is a finite extension of F' and the dimension of the
F-vector space Op/mgOyp is ey - [E: F| < [L: K. If O is finite over Ok, then the
equality e i - [E : F] = [L : K| holds.

Proof. Let E be the residue field of L. The F-vector space Op/mgOp is a successive
extension of mi /mi™! for i = 0,...,e — 1. If 21,...,2, € O are liftings of elements of
E linearly independent over F' and if ¢ is a uniformizer of L, then the images of x;t7;i =
1,...,n,j =0,...,e—1form a basis of an F-vector space of O, /my QO and the submodule
(rit/;i=1,...,n,5 = 0,...,e —1) C Op is a free Og-module of rank n-e < [L : K].
Hence E is a finite extension of F' and we have [E: F|-ep;x < [L: K.

If the torsion free Ox-module Oy, is of finite type, it is a free module and its rank
[L : K] equals the dimension [E : F| - ek of the F-vector space Or/mgOy,. O
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Totally ramified extensions are generated by roots of Eisenstein polynomials. We
say that a monic polynomial P € Ok[X] of degree n is an Eisenstein polynomial if
P = X™ mod mg and if the constant term ¢ = P(0) is a uniformizer of K.

Lemma 1.4.3. Let K be a discrete valuation field.

1. Let P € Ok[X] be an FEisenstein polynomial. Then, L = K[X]/(P) is a totally
ramified extension of K, the integral closure Op, is Ok[X]/(P) and the class x of X is a
uniformizer.

2. Conversely, let L be a totally ramified extension of K and x be a uniformizer of
Opr. Then, the minimal polynomial P € Ok[X]| of = is an Fisenstein polynomial and

OL = OK[ZL‘]
Proof. 1. Let B = Og[X]/(P). Then, v(3.'") a;z') = min,(i + n - ordga;) defines a

discrete valuation and B is a discrete valuation ring with uniformizer . Hence L is a
totally ramified extension and B is the integral closure.

2. We have Op/mgO; = Flz]/(z"). Hence we have deg P = [L : K] = n and
P = X" mod mg. The constant term ¢t = P(0) equals 2"u € Ok for a unit v € O} and is

a uniformizer of K since er,x = n. Hence P is an Eisenstein polynomial and the subring
Ok|z] is isomorphic to Ox[X]/(P) and equals Of, by 1. O

Proposition 1.4.4. Let K be a discrete valuation field and Ok be the valuation ring.
Then, the following conditions are equivalent:

(1) Ok is henselian.

(2) Let L be a finite separable extension of discrete valuation field K. If the ramification
index ep i s 1 and if the morphism Ok /myxg — Op/my, of residue fields is an isomorphism,
then K — L 1s an isomorphism.

(3) Let L be a finite extension of K. Then, the integral closure Op of Ok in L is a
discrete valuation ring.

Proof. (1)=-(3): The integral closure Oy, is the inductive limit lim | By of subrings finite
over Ok. Since Ok is henselian and since the extension L has a unique idempotent, each
B, is local and the morphisms By — B,, are local. Hence their limit Oy, is also local.

We show that Op is a discrete valuation ring. Assume first that L is a separable
extension of K. Since Ok is noetherian, the integral closure Oy C L of O is finite over
Ok. Hence Oy is a normal noetherian local ring and has exactly two prime ideals 0 and
the maximal ideal. Therefore Oy is a discrete valuation ring in this case. By replacing K
by the separable closure in L, we may assume that L is a purely inseparable extension of
K. Let ¢ = [L : K] be the degree of the extension. Then, since %ordeq is the unique
valuation of L extending ordy, an element z € L is integral over O if and only if 29 € O.
Hence the integral closure O C L of Ok is a discrete valuation ring.

(3)=-(2): By (3), the normalization B of Ok in L is a discrete valuation ring. Hence
the subring B C Of equals Op. Since L is a finite separable extension, B = Oy, is finite
over Og. Hence the morphism Oy — O is an isomorphism by Nakayama’s lemma.

(2)=(1): Let B be a ring étale over Og and n C B be the maximal ideal such that
F = Ok /mg — B/n is an isomorphism. Then, the local ring B, is a discrete valuation
ring by Corollary 1.2.4.2 and its fraction field L is a finite separable extension of K by
Proposition 1.1.7.1 (1)=-(2). Since e;)x = 1 and F' — B/n is an isomorphism, the
morphisms K — L and Og — B, are isomorphism by (2). [
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Corollary 1.4.5. Let K be a discrete valuation field with residue field F'. Let L be a finite
extension of K and Op be the integral closure of Ok.

1. If K is henselian, then Op is a henselian discrete valuation ring.

2. If K 1s complete, then Oy is finite over Ok and L is also complete.

Proof. 1. By Proposition 1.4.4 (1)=(3), the integral closure O, C L of Ok is a discrete
valuation ring. We may write the local ring Of, as an inductive limit lim . B; of finite local
rings B; with the same residue fields as Op. By Corollary 1.3.6, B; are henselian. Hence
the inductive limit Oy, is also henselian by Proposition 1.3.2 (1)< (2/).

2. By Corollary 1.3.3, K is henselian and by 1, Oy is a discrete valuation ring. Since
Or/mgOy is of finite dimension by Proposition 1.4.2, there exists a finitely many elements
in Oy, generating the completion O; = lgln Or/m%Op as an Og-module by Nakayama’s
lemma. Hence the injection O, — O7 is an isomorphism of Og-modules of finite type. [

For henselian discrete valuation rings, we will use Proposition 1.3.2 (2) in the following
generalized form. We will refer to this as Hensel’s lemma.

Lemma 1.4.6. Let K be a henselian discrete valuation field and P € Og[X] be a
polynomial. Let a € Ok and assume P'(a) # 0 and ordgP(a) > 2 - ordxP'(a). Let
n = ordg P'(a) < m be integers satisfying n+m < ordg P(a). Then, there exists a unique
solution x € Ok of P(x) = 0 satisfying v = a mod m’?.

Proof. Let t be a generator of mz~'. Since P(a +tX) = P(a) + P'(a)tX mod #* and
P'(a)t divides P(a) and t?, we have Q(X) = P(a+tX)/P'(a)t € Okg[X]. Since Q(0) =
P(a)/P'(a)t = 0 mod myg and Q' (0) = 1 mod mg, there exists a unique solution = € myg
of Q(x) = 0 by Proposition 1.3.2 (1)=-(2). This means that there exists a unique solution
x = a mod m}} of P(z) =0. O

The henselization and the completion have the same absolute Galois groups.

Proposition 1.4.7 ([7, Lemme 2.2.1]). Let K be a henselian discrete valuation field and
let K be the completion of K. Then, the completion defines an equivalence of categories

(1.6) (Finite separable extensions of K) — (Finite separable extensions of K).
For any finite separable extension L over K, the canonical morphism

(L.7) O ®o, O — O

s an isomorphism.

Proof. Let L be a finite separable extension of K. By Proposition 1.4.4 and Corollary
1.4.5.2, the normalization Oy, is a discrete valuation ring and the tensor product O;®e KOA
is the completion of O, and hence is a discrete valuation ring. Consequently, L ®x K
is the completion L of L and is a finite separable extension of K. Thus the morphism
G — Gk of absolute Galois groups is a surjection.

To prove the injectivity of G — Gk, it suffices to show the essential surjectivity of
the functor (1.6). Namely, we show that for any finite separable extension M of K , there
exist a finite separable extension L of K and an isomorphism L ®p K — M. Take an
element a € Oy such that M = K(a) and let P € Oz[X] be the minimal polynomial.
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Since M is a separable extension, we have P’(a) # 0. Let m > n = ordy P'(a) be an
integer such that mj; C mg - Ozla] C Ou.

Take a monic polynomial Q € O[X] such that Q = P mod m}™. We have Q(a) =
P(a) = 0 mod m};™. Since ’'(a) = P'(a) mod m’}/™, we have ordyQ’'(a) = ordy P'(a).
Hence by Hensel’s lemma, there exists a unique solution b = a mod m7; of Q(b) = 0. Since
b € a+my; C Oglal, the solution b of @) defines a morphism Oz [X]/(Q) — Ozla] over Of.
Since this is a morphism of Op-modules of the same rank and b = a mod my; C mxOzlal,
it is an isomorphism by Nakayama’s lemma. If we set L = K[X]|/(Q), we obtain an
isomorphism L ®p K — M. Hence L is a finite separable extension of K satisfying the
required condition. O

The henselization and the completion are related as follows.

Proposition 1.4.8. Let K be a discrete valuation field and let O% be the henselization of
OK.

1. The henselization O% is a discrete valuation ring and the canonical morphism
Ok — O% induces an isomorphism on the completions.

2. We identify the fraction field K" of O% as a subfield of the completion K by the

-~

isomorphism in 1. Then, we have K" = {x € K | x is separably algebraic over K}.

Proof. 1. Write O% = lim. _ B;as an inductive limit of étale neighborhoods of the maximal
ideal m C Og. Let n; C B; be the kernel of the surjection B; — F' = Ok /m. The local ring
B\, is a discrete valuation ring by Corollary 1.2.4.2 and the ramification index over Og
is 1 by Proposition 1.1.7.1 (1)=(2). Hence the limit O% = lim, _ Bin, is also a discrete
valuation ring of ramification index 1 over Of. Since the residue field of O% is F by
Proposition 1.3.5, the morphism O /m7} — O/ m’., is an isomorphism for every integer
n =1 and the morphism Oy = im Ok /mj — lim O /m7, = Ob of completions is an
isomorphism.

2. Since K" is an inductive limit of finite separable extensions of K, any element of K"
is separably algebraic over K. To show the other inclusion, it suffices to show that if L is
a finite separable extension of K" inside K, then we have L = K". Since O% c Oy, C Ok,
we have ey gn = 1 and the residue field of L is F'. Hence we have L = K " by Proposition
1.4.4 (1)=(2) as required. O

Exercise 1.4. Let p be a prime number and n 2 1 be an integer. Let (,n € Q,((yn) be a
primitive p"-th root of 1. Find the minimal polynomial of (,» — 1 over Q, and show that
(o — 1 is a uniformizer of Q,((,»). Compute the degree of the extension Q, () over Q,.

Solution. The cyclotomic polynomial P = (X?" —1)/(X?" —1) = X¢"'@=D 4 ... 4
X7 4+ 1 satisfies P(X + 1) = X® D" mod p and P(1) = p. Hence P(X + 1) is
an FEisenstein polynomial. By Lemma 1.4.3.1, P(X + 1) is the minimal polynomial of a
uniformizer (,n — 1 of Q,(¢yn) and Q,((yn) is an extension of Q, of degree (p — 1)p™~ .

n—1

1.5 Tamely ramified extensions

We study finite extensions of henselian discrete valuation fields without or with little
ramification.

Definition 1.5.1. Let K be a henselian discrete valuation field and let L be a finite
extension of K. Let F' and E be the residue field of K and L respectively.
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1. Assume that L is a separable extension. We say that L is an unramified extension of
K if E is a separable extension of ' and if ek = 1. We say that L is a tamely ramified
extension of K if E is a separable extension of F' and if the ramification index ey s
invertible in F.

2. If L is not a tamely ramified extension, we say that L is wildly ramified. If B = F,
we say L is totally ramified.

Lemma 1.5.2. Let K be a henselian discrete valuation and let F' be the residue field of
K.

1. For any finite separable extension L of K and the integral closure O of Ok, the
following conditions are equivalent:

(1) Oy, is étale over Ok.

(2) L is an unramified extension of K.

2. Let L be an unramified extension of K. Then for any extension K' of henselian
discrete valuation field K, a composition field L' = LK’ is an unramified extension of K'.

Proof. 1. (1)=-(2): By Proposition 1.1.7.2 (1)=-(2), O ®0, F is a finite separable exten-
sion of F'. Hence L is an unramified extension of K.

(2)=(1): The normalization O, is a free Ox-module of finite rank. Hence O, is of
finite presentation and flat over Ok. Since Q}QL/OK Rox F = QéL@OKF/F = 0, we have

Q%,)L o, = 0 by Nakayama’s lemma. Hence Oy, is étale over Ok.

2. Since Ok is henselian, the finite ring O ®p, Ok’ over Ok is decomposed as a
product [[, B; of local rings. Since O is étale over Ok by 1 (2)=(1), each B; is étale
over Ogr. Hence by 1 (1)=(2), L; = B; ®o,, K’ is an unramified extension of K’. O

Proposition 1.5.3. Let K be a henselian discrete valuation field and let F' be a finite
separable extension of the residue field F. Then the functor (Extensions of henselian
discrete valuation field K')—(Sets) sending L to Morg(F’, E') where E denotes the residue
field of L is representable by a finite unramified extension K' of K with residue field F'.

Proof. First, we construct a finite unramified extension K’ of K with residue field F’. Let
a € F' be a generator over I and let P € Ok[X] be a lifting as a monic polynomial of the
minimal polynomial of a. Then, O, = Ok[X]/(P) is étale over Ok and hence is normal
by Corollary 1.2.4.1. Hence O is the ring of integers in a finite separable extension K’
of K and is a discrete valuation ring by Proposition 1.4.4. Therefore by Lemma 1.5.2.1
(1)=(2), K’ = Ok ®p,, K is a finite unramified extension of K and the residue field is
F'.

We show that the canonical mapping Morg (K', L) — Morp(F’, E) is a bijection. We
may identify Morg(K’, L) = {z € Op | P(x) = 0} and Moryx(F',E) = {v € E | P(z) =
0}. Since P € F[X] is a separable polynomial, the reduction defines a bijection {z € O, |
P(z) =0} — {x € E| P(x) = 0} by Hensel’s lemma. O
Corollary 1.5.4. Let K be a henselian discrete valuation field and L be a finite extension
of K.

1. There exists a largest subextension M, C L unramified over K. The residue field of
M, 1s the separable closure of F' in E.

2. Let K' C L be a subextension. Then K'M, is the largest unramified extension of K’
in L.

We call M, the maximum unramified extension of K in L.
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Proof. 1. Let F' be the separable closure of F' in E. By Proposition 1.5.3, there exists
an unramified extension K’ C L with residue field F’. If K” C L is another unramified
extension with residue field F” C E, then F” is a subfield of I and K" is a subfield of K’
by Proposition 1.5.3.

2. Since the residue field E of L is a purely inseparable extension of F’, it is a purely
inseparable extension of the residue field of K'M,,. Since K'M, is an unramified extension
of K’ by Lemma 1.5.2.2; the assertion follows. [

If the residue field F' is of characteristic 0, then L is a totally and tamely ramified
extension of the maximum unramified extension M,,.

Proposition 1.5.5. Let K be a henselian discrete valuation field and let L be a finite
extension of K. Assume that the residue fields F' and E of K and L are of characteristic
p> 0.

1. Assume that L is a tamely ramified extension of K and let K' be a extension of
henselian discrete valuation K. Then, a composition field L' = LK’ is a tamely ramified
extension of K'. The ramification index er/x equals erx /gcd(er/ i, ek /K )-

2. Assume that E is a purely inseparable extension of F' and let m be a divisor prime to
p of the ramification index er k. Then, there exists a unique totally ramified subextension
K' C L of degree m over K. Further, there exists a uniformizer x of K' such that x™ is
a uniformizer of K.

Proof. Existence in 2. Let t € K be a uniformizer, let x € L be an element of valuation
ordgx = 1/m and define a unit u € Of by t = uz™. By the assumption that E is a purely
inseparable extension, the quotient group £ /F* is p-power torsion and is an Z,)-module.
Since m is prime to p, there exist units v € O; and w € O such that v = v™/w mod my,.
Since Oy, is henselian and m is prime to p, we may assume that u = v /w by Hensel’s
lemma. Hence replacing z by vx and ¢ by wt, we may assume that © = 1. Then L contains
an m-th root = of ¢ and a totally ramified subextension K[X|/(X™ — t) of degree m as a
subfield.

1. By Proposition 1.5.3 and Corollary 1.5.4.2, after replacing K by the maximum
unramified extension M, in L and K’ by M, K’ C L', we may assume that L is a totally
ramified extension of K of degree m prime to p.

First assume that m = ey /k divides eg//k. By the existence in 2 proved above, there
exists a uniformizer ¢ € K and an isomorphism Ok [X]/(X™—t) — Of. By the assumption
m | ek, there exist y € Ok and v € O, such that ¢ = vy™. Then, the normalization
of O ®p, O = O [ X]/(X™ —vy™) is a ring Ox:[Z]/(Z™ — v) étale over Of/. Since
O|Z]/(Z™ — v) is further finite over Ok, the tensor product O/ [Z]/(Z™ — v) ®o,, K’
is a product of finitely many unramified extensions of K’ by Proposition 1.1.7.2 (1)=-(2)
and Lemma 1.5.2.1 in this case.

Thus by the decomposition m = dm’ where d = (m, ex /), it is reduced to showing
the case where m is prime to eg// k. Since m = ey i divides e /x = ey ke /k and is
prime to ek g, it follows that m divides ey /g < [L' : K'] £ [L : K] = m. Hence L' is a
totally ramified extension of degree m of K’ in this case.

Uniqueness in 2. Assume that K” C L is another totally ramified subextension of
degree m. Then the composition K'K” C L is an unramified extension of K’ by 1. Since
E is a purely inseparable extension of F', we have K’ K" = K’ and the assertion follows. [
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Corollary 1.5.6. Let K be a henselian discrete valuation field and L be a finite extension
of K.

1. There exists a largest subextension My C L tamely ramified over K. The exten-
sion My is a totally ramified extension of the mazimum unramified extension M, and the
ramification index ey, /n, 5 the prime-to-p part of ep k.

The degree [L : M) is a power of p.

2. Let K' C L be a subextension. Then K'M; is the largest tamely ramified extension
of K" in L.

We call M; the maximum tamely ramified extension of K in L.

Proof. 1. Let M, C L be the maximum unramified extension and let m be the prime-to-p
part of er, /. By Proposition 1.5.5.2, there exists a totally ramified extension K’ C L of M,
of ramification index m. If K” C L is another tamely ramified extension, the composition
K'K"” C L is an unramified ramified extension of K’ by Proposition 1.5.5.1. Since F is a
purely inseparable extension of the residue field F’ of K’, we have K" C K'K" = K’ as in
the proof of Corollary 1.5.4.1. Hence K’ is the largest tamely ramified extension in L.

The ramification index of L over M, is a power of p and the residue field E is a purely
inseparable extension of the residue field of M;. The separable closure M, C L of K is a
finite separable extension of M, of ramification index a power of p and the residue field
extension is purely inseparable. Hence [M; : M;] is a power of p by Proposition 1.4.2.
Since L is a purely inseparable extension of M, the degree [L : M| is also a power of p
and the assertion follows.

2. Since the residue field F is a purely inseparable extension of F’, it is a purely
inseparable extension of the residue field of K'M;. Further since the degree [L : M,] is
a power of p, the degree [L : K'M;] is a power of p. Since K'M; is a tamely ramified
extension of K’ by Proposition 1.5.5.1, the assertion follows. m

Definition 1.5.7. Let K be a henselian discrete valuation field and let L be a finite Galois
extension of K of Galois group G = Gal(L/K). Let M, C M, C L be the mazimum
unramified extension and the maximum tamely ramified extension respectively. We call
the corresponding subgroups I O P of G the inertia subgroup and the wild inertia subgroup
respectively.

Since the extensions M, and M, are stable under the action of G, the subgroups I and
P are normal subgroups. If the residue field F' is of characteristic p > 0, the wild inertia
group P is a unique p-Sylow subgroup of I. If the residue field F' is of characteristic 0,
the wild inertia group P is trivial.

Proposition 1.5.8. Let K be a henselian discrete valuation field and let L be a finite
Galois extension of K of Galois group G = Gal(L/K). Let I D P be the inertia subgroup
and the wild inertia subgroup of G corresponding to the mazimum unramified extension
and the maximum tamely ramified extension M, C M, C L respectively.

1. The residue field F' of M, is a Galois extension of F' and the action of G on F’
defines an isomorphism G /I — Gal(F'/F).

2. The action of I on th/m?m defines an injection

(1.8) I/P — F™.

and the quotient I /P is a cyclic group of order m = [M; : M,]
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If the residue field F' is of characteristic p > 0, then the index m = [I : P] is prime to
p and the subgroup P C I is a unique p-Sylow subgroup.

The ramification groups GG; C G defined in the next section will be essentially a filtra-
tion on the wild inertia subgroup P = G.

Proof. 1. By Proposition 1.5.3, the canonical morphism G/I = Gal(M,/K) — AutgF’ is
an isomorphism. Hence #AutpF’ = [F’ : F] and F’ is a Galois extension of F. Further
the morphism G/I — Gal(F’/F) is an isomorphism

2. Since the action of I on F' is trivial, its action on an F'-vector space my, /m3, of
dimension 1 defines a character I — F"*. By Proposition 1.5.5.2, there exist uniformizers
t € M, and = € M, satisfying 2™ = t. Since m is invertible in F”, the reduction {( €
MY | (™ =1} = {¢ € F’* | ("™ = 1} defines an isomorphism by Hensel’s lemma. Since
M, = M,(z) is generated by an m-th root = of ¢, the character I — F’* induces an
isomorphism I/P = Gal(M;/M,) — p, ={¢ € F”* | ("™ = 1}.

The index m equals ey, y, and is prime to p. Since the normal subgroup P =
Gal(L/M,;) of I is a p-group by Corollary 1.5.6 and is of index [I : P|] = m prime to
p, it is a unique p-Sylow subgroup of I. O]

For a separable closure K of a henselian discrete valuation field K, the maximum un-
ramified extension and the maximum tamely ramified extension K, C K; C K are defined
to be the unions of finite unramified extensions and finite tamely ramified extensions.

Corollary 1.5.9. Let K be a henselian discrete valuation field and K, C K; C K, be the
maximum unramified extension and the maximum tamely ramified extension in a separable
closure of K. Let the inertia group I C G = Gal(Ks/K) and P C I be the corresponding
subgroups. Then, the quotient G/ is identified with the absolute Galois group Gal(Fy/F)
of the residue field F' and I/ P is identified with the projective limit @Mm fm - The subgroup

P C I is a unique pro-p Sylow subgroup and the quotient G/ P is isomorphic to the semi-
direct product G/I x I/P.

Proof. By taking the limit of finite subextensions in K, we obtain K,, C K; C K and P C
I C G. The residue field of K, is a separable closure F; of F' by Proposition 1.5.3 and we
obtain isomorphisms G/I — Gal(K,/K) — Gal(Fs/F) = Gp. Since K; is the composite
extension K, - K(s'/™,p 1 m) for a uniformizer s € K, we obtain isomorphisms /P —
Gal(Ki/K,) — @Mm tm and G/P — Gal(K;/K) — Gal(K,/K) x Gal(K;/K,) - Gp X
I/P. Since P is a pro-p group and I /P is prime to p, P is the unique pro-p Sylow subgroup
of I. O

Exercise 1.5. Let p be a prime number and n = 1 be an integer. Assume that n = mp®
is the product of an integer m = 1 prime to p and a power p® > 1 of p.

1. Find the maximum unramified extension and the maximum tamely ramified exten-
sion of Q, in Q,((,)-

2. Determine the Galois group G = Gal(Q,((,)/Q,) and the inertia group and the
wild inertia group P C I C G as subgroups of (Z/nZ)* = (Z/mZ)* x (Z/p°Z)*.

Solution. 1. Since X™ — 1 € F,[X] is a separable polynomial, the extension Q, () of
Q, is an unramified extension and Z,[(,] is the ring of integers. Since Q,((,¢) is a totally
ramified extension of Q, and Z,[(,e] is the ring of integers by Exercise 1.4, the morphisms

Qy(Cm) ®q, Qp(Gpe) = Qu(Cn) and Zy|(¢n] ®z, Zy[Cpe] = Zp[Cn] are isomorphisms. Hence
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Qy(Cm) C Qp(¢y) is the maximum unramified extension. Since eq,(c,)/q, = p — 1 is prime

to p and eq,(¢,)/qQ,(Cp) = p°!, the composite extension Q,((m,Cp) = Qp(Gmp) is the
maximum tamely ramified extension.

2. By 1, we have G = (p) X (Z/p°Z)* C (Z/mZ)* x (Z/p°Z)* and I D P are identified
with (Z/p°Z)* D (14 pZ)/(1 + p°Z).

1.6 Lower ramification subgroups

We define the filtration by lower ramification groups on the Galois group of a Galois
extension of henselian discrete valuation fields.

Definition 1.6.1. Let K be a henselian discrete valuation field and let L be a finite Galois
extension of K of Galois group G = Gal(L/K).
1. For an integer i 2 1, we define a normal subgroup G; C G by

(1.9) G; = Ker(G — Aut(L* /(1 +m})))

and call G; the i-th ramification group. We set Gy to be the kernel Ker(G — Aut Or/my).
2. For o € Gy = {1}, let ig(o) be the largest integer i = 0 such that o € G;. We set
ig(l) = Q.

There is another filtration called the non-logarithmic ramification groups defined by
G = Ker(G — Aut(Or/m})). We compare this with that in Definition 1.6.1 in Propo-
sition 1.6.5. For a subgroup H C G corresponding to a subextension M C L, we have
H; = G; N H for every i 2 0.

Proposition 1.6.2. Let L be a finite Galois extension of a henselian discrete valuation
field K. Let F and F' C E be the residue fields of K and of the maximum unramified
extension M, C L and let ¢ = ern, be the ramification index for the mazimum tamely
ramified extension M; C L.

1. The subgroup Go C G equals the inertia subgroup I C G corresponding to M,. The
action of G on the residue field E of L defines an isomorphism G /Gy — Aut(E/F).

2. The subgroup G1 C G equals the wild inertia subgroup P C G corresponding to M;.
The character I/P — F'* (1.8) equals the q-th power of the character

(1.10) Gy — E*

defined by the action on an E-vector space my/m?% of dimension 1.

Proof. 1. Since E is a purely inseparable extension of the separable closure F' C E of F,
the restriction defines an injection Aut(E£/F) — Gal(F’/F). Hence we have Gy = [ and
the morphism G/Gy — Aut(FE/F) is an isomorphism.

2. We have an exact sequence 0 — E* — L*/(1+my) — Z — 0 of G-modules. Since
Go = I = Ker(G — Aut F) = Ker(G — Aut E*) by 1, the exact sequence defines the
character (1.10) and its kernel equals G;.

To show the last assertion, we may assume that F'is of characteristic p > 0 and that
q|[L : My] is a power of p by Corollary 1.5.6. By the canonical isomorphisms my,, /m%,; ®p,
E — m?/m%" « (m;/m2)®9, the character (1.8) equals the g-th power of the character
(1.10). Since the character (1.10) is of order prime to p, the kernel G; of (1.10) equals the
kernel P of the character (1.8). O
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In the following, we assume that the residue field F' is of characteristic p > 0. We
study the graded quotients Gr;G = G; /G4 for i = 1.

Proposition 1.6.3. Assume that the residue field F' is of characteristic p > 0. Leti =1
be an integer.

1. The action of G; on (14+my)/(1+mith) is trivial.

2. The action of G; on L* /(1 +m%™) defines a morphism

(1.11) §: G; — Hom(L* /(1 +mg),m} /mith)

such that the kernel equals Git1. The image of o € G; is induced by the morphism
61 L — mi /mi™ sending b to o(b)/b — 1 mod m%™.

1+ b) —b
Pr;)of. 1(.b)Fora€Gi and b € my = {0}, Wehave%zl—ka(llb =1+
o .
— (=< —1)€1+mih
A

2. The subgroups (1+m%)/(14+m7™) C (1+mg)/(1+m}™) of L*/(1+mi) are stable
by the action of G and the actions of G; on L* /(1+m? ) and on (14+mp)/(1+m%) are trivial
by 1. Hence, we obtain an injection G;/G;y; — Hom(L*/(1+myz), (1 +m%)/(1+mith)).
By identifying (1 +m%)/(1 4+ mit!) with m} /m%™ we obtain (1.11). O

Corollary 1.6.4. Let i = 1 be an integer.
1. The morphism (1.11) induces an injection

(1.12) Gr;G — Hom (L™ /(1 + mz), m} /m")

compatible with the actions of G. The graded quotient Gr;G = G;/G,41 is an Fy-vector
space.

2. We have [P,G;] C Giy1. The injection (1.12) is compatible with the conjugate action
of I/ P on Gr;G and the actions I/P on L*/(1+my) and on the E-vector space m} /m’+!
by the i-th power of the character I/P — E* (1.10).

Proof. 1. Since the kernel of (1.11) is G;41, we obtain an injection (1.12). For o € G,
7€ G and b e L™, we have

o1 (D)

8ror-1b = 2

—1= T("(le) ~1) = 7(6,715) = 7(6,(+"'B)).

T=1p
Hence the injection (1.12) is compatible with the actions of G. Since mi /m’i™! is an
E-vector space, the graded quotient Gr;G is an F,-vector space.

2. Since the action of P on the target of the injection (1.12) is trivial, the conjugate
action of P on (/G4 is trivial. This means [P, G;] C G;y1. The compatibility on the
injection (1.12) follows from 1. O

We compare the two definitions of filtrations.
Proposition 1.6.5. For an integeri = 1, define G; C G by G, = Ker(G — Aut(Op/m?)).
Let t € L be a uniformizer.

1. Leti = 1. Then, we have G = Ker(G — Aut(Or/m})*) and
(1.13) G, CG={ceG |olt)/t=1modm}} C G,

20



2. Assume that the residue field E is a separable extension of F. Then, fori = 1, we
have G; = G, and the morphism (1.12) induces an injection

(1.14) §: Gr;G — m’ /m’t

For o € Gy, we have
i(o0) =ordg(o(t) —t) — 1.

3. Assume er ;g = 1. Then, for i 2 1, we have G; = G and the morphism (1.12)
induces an injection

(1.15) §: Gr;G — Hom(E*, m} /m%H).
Further if O, = Oklu], for o € Gy, we have
i(o) = ordp(o(u) — u).

Proof. 1. The inclusion G} C Ker(G — Aut(Op/m%)*) is clear. Since the action of o
on Or/mt = (Op/m%)* = mp/m} is trivial if and only if that on (1 +mz)/(1 + m}) C
(Or/m%)* is trivial, we have the other inclusion.

We have G; C Ker(G — Aut(Op/m%)*) = G since (Or/m%)* C L*/(1+m}). By the
exact sequence 0 — (Op/m%)* — L*/(14+mi) — Z — 0, we have the equality in (1.13).
For 0 € Gi, ,, we have o(t) = ¢t mod m}"". Hence the equality in (1.13) implies G}, C G;.

2. Since Gy = G, by replacing G' by I = Gy, we may assume G = I. Then, we have
E = F and L is totally ramified over K. Since O, = Ok[t], we have Gi | = {0 € G} |
o(t) =t mod m7™'}. This equals G; by the equality in (1.13).

For o € G; = Gj,,, its image 0,: L*/(1 +mg) — m} /m;™" by the injection (1.12)
annihilates £* C L*/(1 + my) and defines an element Hom(Z, m} /m:™) = m} /m’H.
Thus we obtain an injection (1.14).

Since G; = Gi,, = {0 € Go | o(t) —t € miI'}, for 0 € Gy, the condition o € G; is
equivalent to ordy(o(t) —t) =i+ 1.

3. Since ey g = 1, we may take ¢t € Ok and then the equality in (1.13) shows G; = G.
For o € G; = G/, its image 6,: L*/(1+my) — m? /m’*! by the injection (1.12) annihilates
the subgroup generated by a uniformizer ¢ € K and defines an element Hom(E*, m} /m%™).

If Op = Oklul, the condition o € G is equivalent to ordy(o(u) — u) 2 i. O

In the case where the ring of integers of the extension is generated by a single element,
a relation with the filtration on quotient groups is given as follows.

Proposition 1.6.6. Let L be a finite Galois extension of K of Galois group G. Let N C G
be a normal subgroup, G = G /N be the quotient group and let M be the corresponding
extension. Let F' C Fyy C E be the residue fields of K C M C L. Assume that either of
the following conditions is satisfied:

(1) E is a separable extension of Fyy.

(2) The ramification index ery is 1 and E is generated by a single element over Fiy.
Then, for o € G,# 1, we have

(1.16) er/m - ig(o) = ZiG(T)

and the equality holds if either of the following conditions is satisfied:
(1x) E is a separable extension of F.
(2k) The ramification index er/k is 1 and E is generated by a single element over F'.
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Proof. Since G; = P is the image of G; = P, by replacing K by the maximum unramified
extension K’ C L, we may assume that either of the following conditions is satisfied:

(1') L is a totally ramified extension of M.

(2) The ramification index ey is 1 and E is a purely inseparable extension of Fj
generated by a single element.
If L is a totally ramified extension of M, let ¢ be a uniformizer of L. In the other case,
let t be a generator of Op over Oy Let Q = X™ + b, X™ 1 + .- +b,, € Oy[X] be the
minimal polynomial of ¢ and set s = b, for m = [L : M]. Then, s is a uniformizer of M if
L is totally ramified and s is a unit of Oy, in the other case. Further in the case (2x), s

a(s)

is a generator of Oy over Of. Hence, we have ig(0) < ordy (——= — 1) and the equality
s

holds if (1x) or (2) is satisfied.
Since s = £Ny/yt, we have

(1.17) S () = ordLl Tt - ).

TECT TEJ
Since 0Q = X™ + (b)) X™ '+ -+ 0(by) € M[X] is the minimal polynomial of 7(t) for

T € 0 C G, we have 0@Q) = HTGU( 7(t)) and (0Q)(t) = [[,,(t — 7(t)). Since Q(¢) =
we have (UQ)( )= (0Q —Q)(t) = Zz ((o(b;) —b;) - t™~". Hence we obtain

(1.18) éH(t () = (aiS) B 1) n %%(02@) _ 1) gmi mZL/M-iE(U).

TED 1=

In the case (1'), Q is an Eisenstein polynomial and b;/s € Oy and t™* € my for i =
1,...,m—1. In the case (2’), we have b; € my; fori = 1,...,m — 1. Hence we have (1.16)
and a congruence

1 e KA
(1.19) M=) = 2% 1 mod et
STEU s
L o(s) o o
Thus the equality iz (o) = ordy(——= — 1) implies the equality in (1.16). 0
s

Corollary 1.6.7. Let L be a purely wildly ramified cyclic extension of degree p* and let M
be the unique subextension. Let G = Gal(L/K) and G = Gal(M/K) be the Galois groups
and let mp . and my i be the largest integers satisfying G, # 1 or G # 1 respectively.
Then, we have

(1.20) fL/M “Mp/k > My/K-

Proof. Let [ £ 1 be the largest integer such that G; = G. Then, since Gr;G is annihilated
by p by Corollary 1.6.4.1, we have | < mp k. Since [L : M] = p, one of (1) and (2) in
Proposition 1.6.6 is satisfied and we have an inequality ep/n - mayx < p -1 by (1.16).
Hence we obtain (1.20). O

Exercise 1.6. Let p be a prime number and n = 1 be an integer. Identify the Galois
group G = Gal(Q,(¢r)/Qyp) with (Z/p"Z)*. Compute the lower numbering filtration G;.

Solution. For 1 < a < p" prime to p, let o, € G be the element corresponding to
a € (Z/p"Z)*. Then, for 0 = m = ordy(a — 1) < n, we have ig(0,) = ord(¢. — (n) =

ord (Gt = 1) = ord(¢f 1) = p™. Hence Gy = 1+ (p™) C (Z/p"Z)* = Gal(Qy(G)/Qy)
for pmt < i <p™for 1<m<n, Gy=1fori=p" ! and G = Gy.

22



1.7 Different

We study the morphism Try,/x for finite extensions L of a henselian discrete valuation field

K.

Proposition 1.7.1. Let L be a finite separable extension of a henselian discrete valuation
field K.
1. We have Trp )k (Or) C Ok, Trpk(my) C mg and the diagram

@L—>E

(1.21) TrL/Kl J/eL/K'TrE/F

OK—>F

is commutative. The Or-modules Home, (mp, mg) = mzlmK-Hom@K((’)L, Ok) C Homp, (Or, Ok)
are free of rank 1.

2. The following conditions are equivalent:

(1) L is tamely ramified over K.

(2) Trr)x is a basis of the free Or-module Homp, (mp, mg).

(3) The morphism Trp ik : O — Ok is a surjection.

3. The following conditions are equivalent:

(1) L is unramified over K.

(2) Trp i is a basis of the free Or-module Home, (Or, Ok).

Proof. 1. Since Try k is the base change of Tro, 0, : O = Ok, we have Try/x(Or) C
Og. Since O /my Oy is a successive extension of m? /m’t! fori = 0,...,e—1, the diagram
(1.21) is commutative. The inclusion Trp x(my) C mg follows from the commutative
diagram (1.21).

Since Home, (Or, Ok) is a free Og-module of rank [L : K], it is a free O-module of
rank 1. Hence Home, (mp, mg) = m; 'myg - Homp,, (O, Ok) is also a free Oz-module of
rank 1.

2. (1)<(3): By the commutative diagram (1.21) and by Nakayama’s lemma, the
surjectivity of Trp/x: O — Of is equivalent to the surjectivity of ey x - Trg/p: £ — F.
The latter condition is equivalent to that E is a separable extension of F' and that ek
is invertible in F'.

(2)<(3): Since Homp, (mp, mg) = m; "Home, (Of, mg), we obtain an exact sequence
0 — Homp, (Or,mg) — Home, (mg, mg) — Homp(E, F') — 0 where the second arrow
maps f € Homp, (my, mg) C Homp, (O, Ok) to the induced morphism f: B — F.
Hence the equivalence follows from Nakayama’s lemma.

3. Since Hom@K(mL,mK) = mzlmK . HOIDOK(OL,OK) - HOIHOK(OL,OK) and the
equality holds if and only if e;/x = 1, the assertion follows from 2 (1)<(2). O

We define the different and its logarithmic variant for a finite separable extension of
discrete valuation fields.

Definition 1.7.2. Let L be a finite separable extension of a henselian discrete valuation
field K. Define the different and the logarithmic different Dy C foK C Oy to be the
ideals satisfying

OL : TrL/K = DL/K . HOIHOK(OL, OK) = DlLo/gK . HomOK(mL,mK).

23



Since Homp,. (mz, mg) = m; 'mg - Home, (01, Ok), we have Dpjx = m; mp - DILO;C‘IK.

Lemma 1.7.3. Let L be a finite separable extension of a henselian discrete valuation field
K.

1. We have TrL/KDlLO}gI;l = Ok and TrL/K(mLDlLO/gI;l) =mg. There exists a generator
b of DlLo}ggl satisfying Trp /b = 1.

2. Let M C L be a subextension over K. Then, we have

(1.22) Dr/x = Dy - Dy
lo lo lo
(1.23) DL;;K - DMg/K ’ DL;;M'

The equalities (1.22) and (1.23) are called the chain rules.
Proof. 1. Since Try, is a generator of DlLO/gK-Hom@K (mp, mg), we have TrL/K(mLDlLO}‘;gl) C
11157¢ and TI'L/K(DILO}ggl) ¢ mg. Since TrL/K(mKDlLO/ggl) C TI'L/K(mLDlLO/glgl), the first in-
clusion implies Try,, K(Dfﬁ’[g ") € Ok. Hence we obtain the equalities.

By TrL/K(DlLO/ggl) = Oy, there exists an element b € DlLo}glgl satisfying Trp kb =

log —1 log

1. Since TrL/K(mLDL/K ) = mg, the element b is not contained in mLDL/I;1 and is a

generator of DILO%E !
2. The equality (1.22) follows from the canonical isomorphism Home, (O, Ok) ®o,,

Homo,,(Or, Oy) — Homoe, (Or, Ok ) and Try i o Trpn = Trp/k. The second equality
(1.23) follows from the first equality (1.22). O

We state a criterion in terms of the different for the extension to be unramified or
tamely ramified.

Lemma 1.7.4. Let L be a finite separable extension of a henselian discrete valuation field
K.

1. The following conditions are equivalent:

(1) L is tamely ramified over K.

(2) We have DILO/gK =0y.

2. The following conditions are equivalent:

(1) L is unramified over K.

(2) We have Dk = Or.

Proof. They follow from Proposition 1.7.1.2 and 3 respectively. [

We compute the different assuming that the ring of integers is generated by a single
element over O.

Proposition 1.7.5. Let K be a henselian discrete valuation field and let L be a finite
separable extension of degree n of K.

1. Assume that Oy is generated by b € O, over Ok and let P € Ok[X] be the minimal
polynomial of b. Then, the different Dy /x is generated by P'(D).

2. Assume that L is a Galois extension of Galois group G. Assume that either of the
following conditions s satisfied:

(1) E is a separable extension of F.

(2) The ramification index er i is 1 and E is generated by a single element over F.
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Then, we have

(1.24) ord D% = Y ialo).
oc€G,0#1

The relation between the different and the lower ramification groups proved in Propo-
sition 1.7.5.2 is called the conductor—discriminant formula.

Proof. 1. By Proposition 1.2.2, we have O, - Try,x = P'(b) - Homo, (O, Ok).

2. By replacing K by the maximum unramified extension M C L, we may assume
that either of the following conditions is satisfied:

(1') L is a totally ramified extension of K.

(2') The ramification index e/ is 1 and E is a purely inseparable extension of F
generated by a single element.
If L is a totally ramified extension of K, let ¢ be a uniformizer. In the other case, let ¢
be a generator of O, over Ok. By Proposition 1.6.3.2, we have ig(o) = ordy(o(t) — t)/t.
Let P € Ogk[T] be the minimal polynomial of ¢. Then, by 1, we have ordLDlI?/gK =
ord P'(t)/t""! for n = [L : K]. Hence, the equality follows from P'(t) = [] .o(t —
o(t)). O
Corollary 1.7.6. Let N C G = Gal(L/K) be a normal subgroup and identify the Galois

group G = Gal(L/M) of the corresponding extension M C L with the quotient group G /N.
Then, we have

er/m - ordMDﬁg/K = ordLDlLo}gK — Z ig(T).

TeN — {1}
Proof. By the chain rule Lemma 1.7.3.2, we have eL/M-ordMDﬁg/K+0rdLDf}gM = ordLDlLo}gK.
Thus the equality follows from Proposition 1.7.5.2. Il

Exercise 1.7. Let p be a prime number and n = 1 be an integer.
1. Find a generator of the different Dq,,)/q,-

2. Find a generator b of the inverse (Dgi(%n) /Qp)_1 of the logarithmic different such
that Trq,¢,n)/q,b = 1.
Solution. 1. The cyclotomic polynomial ®,» is the minimal polynomial of (,». Since
P = (XP-1)/(X = 1)) = (pXP"HX — 1) — (XP - 1))/(X — 1)? we have ®/((,) =
p/(G(G — 1)). Since ®pn = &,(XP""), we have D = @;(Xpn_l) CpPT X1 and
DL (Gn) = D,(Gp) ", Gn = p"/(n(¢ — 1)). Hence by Proposition 1.7.5.1, the
different Dq,(¢,n)/q, 15 generated by p"/((, — 1).

2. By the solution of 1, b = —(pn(Gy — 1)/p" - p/ (G — 1) = =S ¢ /p s a
generator of (Dgf(cpn)/qp>_1' Since Ter(Cpn)/Qp(Cp)C;n =0fori=1,...,p" ! — 1, we have

Trqcm/@,b = =" Tra,)/q,6/P" " = 1.

1.8 Norm

Let L be a finite extension of a henselian discrete valuation field K and let Ny g : L* — K*
be the norm mapping. We consider the filtration of L* defined by 1 + m% for integers
i 2 1 and study the images N k(1 +m%) C K*.
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Lemma 1.8.1. Let L be a finite extension of K.
1. Letn = [L: K] and er i be the ramification index. Then, the diagram

Lx ordy, 7,
(1'25) NL/Kl J/X”/EL/K
J & ord g 7
18 commautative.
2. For any integer i = 0, we have
Fori =1 and z € mt,Or, we have
(1.26) Npx(l+2z) =1+ Trp ke mod m4it.

Proof. 1. Since Ny ,;xO] C Oy, there exists a unique integer f such that the multipli-
cation by f on the right vertical arrow makes the diagram (1.25) commutative. Since
ordgNp gt =mn and ordt = er, i for a uniformizer t € K, we have f = n/eL/K.

2. Let be L and N jg(X +b) = X" +a; X" ' +---+a, € K[X] be the characteristic
polynomial of —b. Then, we have a; = Try kb, a, = Ny ,xb and

(1.27) Ni/k(1+2b) = 14 a1z + asz® + - - + apaz”

for x € K. If b € my, the multiplication by b on the F-vector space Or/mgOy is nilpotent
and we have ay,...,a, € mg. Thus, we have the second inclusion by (1.27). The first
inclusion follows from mxOr C my,

If b € Op, we have ay,...,a, € Ok. Hence the congruence (1.26) follows from (1.27)
for x € m% and a; = Trp k0. O

We show an inclusion in the opposite direction.

Lemma 1.8.2. Let L be a finite separable extension of K of degree n. Let ¢ € my be
an non-zero element, j = ordyc and and let Ny (X +¢) = X" + o X" 1+ -+ + a, be
the characteristic polynomial of —c. Assume Tr ke = a1 # 0 and let i = ordga; = 1.
Assume further that ordga, > i for every ¢ =2,...,n = [L: K|. Then, we have

(1.28) 1+mb C Npyg(1+m)).

Proof. The polynomial

1 n
P:a—-(NL/K(1+cX)—1):X+Z%X‘1
1 —9 1

has coefficients in mg except for degree 1 by the assumption ordga, > 7 for every ¢ =

2,...,n. Let 2 = aqw be any element of m’. Since Ok is henselian and P(w) = w,
P'(w) = 1 mod mg, there exists x € Ok such that P(z) = w by Hensel’s lemma. Since
Np/k(1+cx) =1+ aP(x) =1+ z, we obtain the inclusion (1.28). O

We have a characterization of tamely ramified extensions.
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Proposition 1.8.3. Let L be a finite separable extension of a henselian discrete valuation
field K.
1. Let dp i be the valuation of logarithmic different DlLo}gK, er i the ramification index

and let i 2 1 be an integer satisfying erx - i > dp k. Then, we have

2. The following conditions are equivalent:
(1) L is a tamely ramified extension of K.
(2) We have Np k(1 +m3OL) = 14wl for every i 2 1.
(3) We have NL/K(]- + mKOL) =14+mg.
If these equivalent conditions hold, we have Ny k(1 +mjm) =1+ mit for every i = 0.

Proof. 1. Let a € m% be an element with valuation ordga =i and let b € (DILO/gK)_1 be a
generator satisfying Try/xb = 1 as in Lemma 1.7.3.1. Let N x(X +b) = X" 4+ X" +
as X" 2 + .- + a, be the characteristic polynomial of —b. Then, by er/k 1 > dpjg, we
have ab € my, and hence a%a, € mg for ¢ = 2. For ¢ = a?b € mi.mp, the coefficients of
Npg(X +¢) = X"+ a?X" ' + a'as X" 2 + -+ + a®a, satisfy 2i = ordga® < ordga®la,
for ¢ = 2,...,n. Hence we have (1.29) by Lemma 1.8.2.

2. (1)=(2): Assume that L is a tamely ramified extension and ¢ = 1. By Lemma
1.8.1.2, we have Ny k(1 + m%O) C 1+ mi. Since DILO;’K = Or by Lemma 1.7.4.1
(1)=-(2), there exists a unit b € OF satisfying Trj,/xb = 1 by Lemma 1.7.3.1. Let a € m%
be a generator. Then, for a generator ¢ = ab of m%Or, we have Trp ke = alrp kb =a
and Ny /(X 4+ ¢) = X" + aX™ ! mod m3.. Hence we have the other inclusion by Lemma
1.8.2.

(2)=(3) is trivial.

(3)=(1): Assume N/ (14+mgOpr) = 14+mg. For x € mgOp, we have Ny (1+2) =
1 + Trp/xx mod m% by (1.26). Hence, Try x induces a surjection mxg O — mg/m3. By
Nakayama’s lemma, Try x: mgOp — mg is a surjection. Hence the assertion follows from
Proposition 1.7.1.2 (3)=-(1).

The equality Nz, x(1 + m:i1Op) = 1+ mif! implies Npg(l+mimy) =1+ mit by
Lemma 1.8.1.2. ]

We compute the norm mapping for cyclic extension of degree p. This will be used both
in the first case and in the induction step of the proof of Theorem 4.4.4.

Lemma 1.8.4. Let L be a cyclic extension of degree p of K of Galois group G. Let dy i
be the valuation of logarithmic different DILO;’K, er ik the ramification index and fr/x =
[E : F|. Forx € L, let XP + ay(2)XP™' + -+ + ap(x) € K[X] be the characteristic
polynomial of —x and Try/kx = ai(x), Np/kx = a,(x). Let i and j be integers satisfying
j —1 2 eL/K . (Z — 1) _dL/K

1. For any © € m7, we have
(1.30) Trp ke € ml, Np/ka € mf(L/K’j, aq(x) € mt for 2<q¢<p—1.

2. Further if 2j — 1 Z ep /i i — dp /i, we may replace mbe by mid* for2 < g<p—1.
Proof. 1. Since TrL/K(m;(dL/KJreL/Kfl)) = TrL/K(DlLO/gK) C Ok by Lemma 1.7.3.1, the

inequality j + dr/x +er/x —1 2 er/k - ¢ implies TrL/K(m]L) C mi,.
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By Lemma 1.8.1.1, the condition x € mL implies Ny xo € m[E i

Let 2 < ¢ < p—1. Let S, denote the set of subsets of G = Gal(L/K) with ¢ elements.
Then, we have a,(z) = ZAGSq [I,c40(x). The group G acts on S, without fixed point.
Let T, C S, be a complete set of representatives with respect to the action of G. Then,
the right hand side equals >_ o Trr/x([],c4 0(2)). Since [],c,0(2) € my C w), we
have Try k([T c40(2)) € mic.

2. If 2§ +dyx +eyx — 1 2 eryi - (i + 1), further we have Try/x([[,c40(x)) €
TrL/K(mi]) C m’[;l. ]

Proposition 1.8.5. Let K be a henselian discrete valuation field and let L be a wildly
ramified cyclic extension of K of degree p of Galois group G. Let dp k, er/x denote the
valuation of the logarithmic different and the ramification index and let mp x 2 1 denote
the largest integer such that G,, # 1.

1. Let j > myp i be an integer such that ey x |7+ dr/k = er/k - t. Then, we have

(1.31) Npyg(l+ml)=1+mb,  Npg(l+mi™)=1+mi
TrL/K(l—i—mJL) = 1—|—mZK, TI'L/K(1+ ]+1) = 1+m”1

and the diagram

) /mi —— 14wl /1w

(1.32) TrL/KJ lNL/K

1

mi /mit —— 14 mi /1 4+ mift

18 commautative.
2. Let 1 < j < mypk be an integer and set 1 < i = fr - j = foyx -mupx. Then, we
have Np k(1 +m}) C 1+ mi, Np /(1 +mith) C 14+ mif! and the diagram

my /my" —— (L+my)/(1+mp™)
(1.33) l Ny i
mie/myt —— (14 mi)/(1+myh)

where the left vertical arrow is Trp/x + Npk if j = mpyx and is Ny if 1 < j < mp/k
18 commutative.

Proof. 1. Let j > myp ik be an integer not necessarily satisfying ey /x | j+ dr/k and let
i > fr/x - mp Kk be the smallest integer satisfying j < er/x - i — dr k. In the notation of
Lemma 1.8.4, for x € m}, we have

(1.34) Np/k(14+2) =14 ai(z) + az(x) + - - + ap(x).

We have a,(z) € my for g =1,...,pby j—1 2 epx- (i — 1) —dpk, fryx-j 2 i and
Lemma 1.8.4.1. Hence by (1.34), we have an inclusion N x (1 + m}) C 1+ mk in (1.31).

We show the other inclusion assuming er,/x | j+ drjk = er/k - 1. Let b € DILO}“’TKI
be a generator such that Try,x0 = 1 as in Lemma 1.7.3.1. The integer j = er/x -7 —

(p—1) -mpKx 2 ek + mp/k satisfies 2j —1 2 ey -i— (p— 1) - mpx + er/x +
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mpx —1 2 e - (i +1) — (p—1) - myk. Hence for a € mi, ¢ = ab € mJL and
for ¢ = 2,...,p — 1, we have q,(c) € m}?l by Lemma 1.8.4.1. For ¢ = p, we have
ordga,(c) = ordg Ny ke > fr/x - J >1isince j > mp k. Thus by Lemma 1.8.2, we obtain
the other inclusion Nz k(1 +m}) D 1+ mk. Thus, the first equality of (1.31) is proved.
The inclusion Ny /(1 +m)™) € 1+mi? is already proved and the other inclusion follows
from Ny k(1 + J+€L/K) 1+ m”l.

The second line is just for the record and follows from Lemma 1.7.3.1. The commutative
diagram (1.32) follows from (1.34) and (1.30) with m¥ replaced by mi! for g =2,...,p—1
in Lemma 1.8.4.2.

2. By j < mp/k, we have dpjx 2 (p—1)j and j —1 2 epx(fr/x -7 — 1) —dpjx =
er/K- ( 1)—dp k. Since frk-j = 14, similarly as in the proof of 1, we have NL/K(l—Hni) C
1 +mi by Lemma 1.8.4.1. From this and 1, we have Nz k(1 +m}™") € 1 +mif'.

We have 2j —1 2 j 2 p-j—dyx = eyx -t —dpk for j < mpx and j —1 >
er/k - (1 —1) —dp/k for j < mp k. Hence the commutative diagram (1.33) follows from
(1.30) with mi replaced by m'f* for ¢ =2,...,p — 1 in Lemma 1.8.4.2 similarly as in the
proof of 1. O]

Corollary 1.8.6. Let K be a henselian discrete valuation field and let L be a wildly
ramified cyclic extension of K of Galois group G. Let dy i, er/x denote the valuation of
the logarithmic different and the ramification index and let mp x 2 1 denote the largest
integer such that G, # 1. Then, for an integer j > mp,x such that er i | 7+ dr/x =
er/k - i, we have

(1.35) Npg(l4+m)) =1+my,  Npg(l+m)™) =14 mit!
Tro(1+m)) =1+mb,  Trp(l+mith) =1+mi!
and the diagram
m) /mit —— 14 m) /14wl

(1.36) TYL/Kl J/NL/K

1

mi /mit —— 14+ mi /1 +mi!

18 commutative.

Proof. By Proposition 1.8.3.2, we may replace K by the maximum tamely ramified ex-
tension K’ in L, we may assume that L is purely wildly ramified and [L : K] is a power
of p. The case [L : K] = p is Proposition 1.8.5.1. We show the case [L : K| = p® by
induction on e. Assume e = 2 and let M be the subextension such that [L : M] = p. Since
dr/x = dpjvm + epyu - dayi, the assumption er)x | j +dpyx = J +do + enyn - duyi
implies that ezns | j + drm = erym - j'- Hence by Proposition 1.8.5.1, we have

NL/M(l—i—mi) = 1+m§\/4, NL/M(1+ ]+1) =1+m j+1

and the corresponding diagram (1.36) is commutative.

Since j > mp/n and dpy + mpx = p-mp/x by (1.24), the inequalty fr/a - mp/x >
muyk (1.20) implies ey nr -5 = j+do > Mok +don =p-mojx = epfom-mox >
er/m - My k- Hence by the induction hypothesis, we have

NM/K<1 +m§(4) =1 —i—mZK, NM/K(l +m J +l) =1 —i—m’“
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and the corresponding diagram (1.36) is commutative.
O

Corollary 1.8.7. Let K be a henselian discrete valuation field and assume that the residue
field F' is algebraically closed. Let L be a finite separable extension of K. Then, the norm
mapping Np/x: L™ — K* 1is a surjection.

Proof. By replacing L by its Galois closure over K, we may assume that L is a Galois
extension. Set n = [L : K| = ey/k. Since the norm mapping induces the identity on
Z = L*/O; — Z = K*/Oj and the n-th power mapping on E* — F*, it suffices
to show that 1 + m;, — 1 4+ mg is a surjection. If L is tamely ramified, the assertion
follows from Proposition 1.8.3.2 (1)=(3). Hence, by replacing K by the maximum tamely
ramified extension in L, we may assume that the Galois group G = Gal(L/K) is a p-group.
Since a p-group G is nilpotent, by induction on the order #G, we may assume that L is
a totally ramified cyclic extension of degree p = char F' > 0.

Let mpx be the largest integer i such that G; = G as in Proposition 1.8.5. Then, by

mL/KJrl mL/K+1

Proposition 1.8.5.2, we have N k(1 4+ m, )=1+my . Fori=j=mpg, the
diagram

m} /mi —— (14 m})/(1+mi)
(1.37) l J/NL/K
ml /miEt —— (14 ml) /(14 mi)

is commutative if we define the left vertical arrow by Try/x + Np/x. For 1 < i = j <
mp/k, the diagram (1.37) is commutative if we define the left vertical arrow by Np k.
Since Trp/x is an isomorphism and N, g is the p-th power mapping, the left vertical
arrows are surjections by the assumption that [ is algebraically closed. Hence we have
Np/k(1+mg) =1+ mg as required. O

Exercise 1.8. Let p be a prime number and n = 1 be an integer. Show the inclusion
N, (¢,m)/Q,Qp(Gn) D (p) - (1 + 1" Zp).

(We will see in Exercise 2.2 that the inclusion is in fact an equality.)
Solution. We have [Q,((n) : Qp] = #(Z,/p"Z,)" = (p— 1)p"~'. If p # 2, we have
1+ p"Zy, = Ker(Z)y — (Z,/p"Zy)*) C Q;(pfl)pnil C NQ,(¢n)/Q, Qp(Gpn) ™. Tf p = 2, since
NaQu (¢i)/Qa (14+2¢4) = 5, we have 142" Zy = ((1 +5)*") C Ny (c,)/q, Qa(Cy) (¥ Qo] ¢
NQ,(¢on)/Q. Q2(Can)*. Since Nq,(¢,»)/q,({ — 1) = p, we have the inclusion.

Historical notes

The definition of the lower ramification subgroups is given in [65, Chapitre IV §1 Propo-
sition 1]. The shift of numbering by 1 is explained by Proposition 1.6.5.2.

The characterization by the different of tamely ramified extensions given in Lemma
1.7.4.1 is proved in [65, Chapitre IIT §7 Proposition 13] under the assumption that Oy, is
generated by a single element. The proof of the general case given here is taken from [1,
Proposition A.3]. The equality (1.4) is attributed to Euler in [65, Chapitre III §6 Lemme
2].
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