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•We denote by F a finite extension of Qp or a Laurent series field Fq((t)) with residue class field Fq of cardinality q = pf . We fix a uniformizer $ of F and an embedding of Fq into a fixed
algebraic closure Fp.
•We denote by G a connected reductive group which is defined, quasi-split and of rank 1 over F , and we let G := G(F ) be the group of its rational points. We choose a maximal split torus S

of G, we let T be its centralizer in G, and we fix a parabolic subgroup B (which is a Borel subgroup as G is quasi-split of rank 1 over F ) containing T as a Levi subgroup. As T is a torus, any
irreducible smooth representation of T := T (F ) over Fp is a character, and any smooth character B → F×p comes from such a character.

Non-supercuspidal representations
An irreducible smooth representation of G is called su-
percuspidal if it can’t be written (up to isomorphism) as a
subquotient of some parabolically induced representation
of G. We first have to describe all the non-supercuspidal
representations of G over Fp, what leads to the following
theorem.

Theorem 1 ([A3]). Let χ : B → F×p be a smooth
character.
• The following statements are equivalent :
i) IndGB(χ) is an irreducible Fp[G]-module;
ii) IndGB(χ) is an indecomposable Fp[B]-module;
iii) the character χ doesn’t extend to a smooth

character of G over Fp.
•We have the following non-split short exact se-

quence of Fp[G]-modules :

1 −→ 1 −→ IndGB(1) −→ StG −→ 1 .

• There exists no non-trivial intertwinning between
two non-supercuspidal representations of G.

Examples :
•When G = SL2, our irreducibility criterion reduces to
χ 6= 1.
•When G = U(2, 1) is a quasi-split unitary group, our ir-

reducibility criterion reduces to χ doesn’t factor through
the determinant map.

Comparison with the complex theory : We can notice
some important differences with the complex theory, as
for example :
• the length of the Fp[B]-modules defined by the non-

supercuspidal representations (no case of length 3);
• the size of the intertwinning spaces (no non-trivial iso-

morphism);
• the lack of equivalence between cuspidality and super-

cuspidality (see the Steinberg representation).
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Action of ⌧~0 on the set of vertices:

Figure 1: Action of the Hecke operator τ~0 on the set of ver-
tices of the Bruhat-Tits tree attached to SL2(Fq)

Supersingularity and
supercuspidality for SL2(F )

We now consider the case G = SL2 and we fix a maximal
open compact subgroup K of G. Up to isomorphism, the
irreducible smooth representations ofK are parametrized
by the f -uplets ~r ∈ {0, . . . , p− 1}f . If we denote by σ~r the
representation attached to the f -uplet ~r = (r0, . . . , rf−1),
we have the following description of the associated spher-
ical Hecke algebra.

Theorem 2 ([A2]). There exists an explicit Hecke op-
erator τ~r such that

EndFp[G](indGK(σ~r)) = Fp[τ~r] .

Example : The operator τ~0 naturally acts on the set of
vertices of the Bruhat-Tits tree attached to SL2(Fq), as
drawn on Figure 1.
As in Barthel-Livné’s work [BL94, BL95], this naturally
leads to the introduction of the following Fp[G]-modules:
for any coefficient λ ∈ Fp, we set

π(~r, λ) :=
indGK(σ~r)

(τ~r − λId)
(

indGK(σ~r)
) .

The following theorem explains why understanding these
cokernels would provide the expected classification.

Theorem 3 ([A2]). • Any irreducible admissible
smooth representation of G over Fp is a quotient
of some cokernel π(~r, λ).

• If (~r, λ) ∈ {0, . . . , p − 1}f × F×p is different from
(~0, 1), then π(~r, λ) is isomorphic to a parabolically
induced representation. In particular, it has a
unique (up to isomorphism) irreducible quotient.
•We have the following non-split short exact se-

quence of Fp[G]-modules :

1 −→ StG −→ π(~0, 1) −→ 1 −→ 1 .

In contrast, we say that an irreducible admissible smooth
representation is supersingular when it is isomorphic to a
quotient of some π(~r, 0). This definition is justified by the
following theorem, which underlines its importance in our
study.

Theorem 4 ([A2]). An irreducible admissible smooth
representation of G over Fp is supersingular if, and
only if, it is supercuspidal.

Unfortunately, these cokernels π(~r, 0) are in general very
mysterious. The only general statement we have is the

following one, where we set α :=

(
1 0
0 $

)
.

Theorem 5 ([A2]). Let ~r ∈ {0, . . . , p− 1}f be a para-
meter. There exists a representation π~r of G over Fp
such that we have the following non-split short exact
sequence of Fp[G]-modules :

1 −→ πα~r −→ π(~r, 0) −→ π~r −→ 1 .

A few remarks :
• This theory doesn’t depend on the choice of the maxi-

mal open compact subgroup K.
•We proved similar statements for the quasi-split (but

non-split!) unramified unitary group G = U(2, 1) [A1].

The SL2(Qp) case

A mod p semi-simple Langlands correspon-
dence
When F = Qp, we choose $ = p and keep the previous
notations. We used Breuil’s work [Br] about GL2(Qp) to
get an explicit description of the supersingular represen-
tations of G.

Theorem 6 ([A2]). • Any supersingular representa-
tion of SL2(Qp) is isomorphic to a representation
πr, for a unique parameter r ∈ {0, . . . , p− 1}.
• Let π be a supersingular representation of
GL2(Qp). There exists a (non-unique) parameter
r ∈ {0, . . . p−1} such that π|SL2(Qp) ' πr⊕πp−1−r .

• For any r ∈ {0, . . . , p− 1}, we have παr ' πp−1−r.

By comparison with what exists for GL2(Qp) [Br], this ne-
cessarily leads to a mod p semi-simple Langlands corre-
spondence for SL2(Qp) of the following form :




packets of smooth
semi-simple

representations
of SL2(Qp) over Fp




←→





projectives
semi-simple represen-
tations of Gal(Qp/Qp)

of dimension 2 over Fp.





Relation to the Hecke-Iwahori modules
The compact Frobenius reciprocity motivates the study of
the simple right modules over some Hecke-Iwahori alge-
bras. In this setting, we get the following result.

Theorem 7 ([A1]). Let I(1) be the standard pro-p-
Iwahori of G and H1

S := EndFp[G](indGI(1)(1)).

• The map sending a smooth non-zero representa-
tion of G over Fp on the space of its I(1)-invariants
vectors defines a bijection between the isomor-
phism classes of non-supersingular irreducible
smooth representations of SL2(F ) over Fp and the
isomorphism classes of non-supersingular simple
right H1

S-modules.
• This bijection extends to supersingular objets

when F = Qp.

Description of the socle filtration (joint work
with S. Morra)
The comparison of our results with Morra’s work in the
GL2(Qp) case highlighted striking similarities and moti-
vated a common work in which we proved the following
result.

Theorem 8 (with S. Morra, [AM]). Assume p 6= 2 and
fix a pair (r, λ) ∈ {0, . . . , p− 1} × F×p .

• The K-socle filtration of IndGB(µλω
p−1−r) is given

by

Socfil(IndKI (χsr))–Socfil(IndKI (χsr−2))—Socfil(IndKI (χsr−4))— . . .

• The K-socle filtration of the Steinberg representa-
tion is given by

Symp−1(F2
p)—Socfil(IndKI (a))—Socfil(IndKI (a2))— . . .

• The K-socle filtration of the supersingular repre-
sentation πr is given by

Symr(F2
p)—Socfil(IndKI (χs−r−2))—Socfil(IndKI (χs−r−4))— . . .
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