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HY(U,Qy) T, H*(X % X, jaQp) —" H>"(X x X, (j x j)Qe(d))
= HX(U x U,Q,(d)) > HX(U,Q)
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(DI s HAX, Q) = Tr(A% (7).
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NcoUxuooddoOoOooOdOooOdp; :T'— U: the composition with the projections
pri - UxU —U.
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] € HPE'(X x U,Zy(d)) = HHY(X x U, juZ(d))
— H*(X x U, juZ(d)) = H*Y(X x X, juRj2.Qe(d))
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Write Te(T* : H (U, Qy)) = Y22 (—=1)9Tr(T* : HI(U, Q).
Lemma 1 py is proper if and only if

I'Nn(DxX)cT'n(X x D). (1)

To have a nice formula, we need more assumption. Assume D =D;U---UD,, is a
divisor with simple normal crossings and define

p: (X x X) — X x X: the blow-up at Dy X Dy,...,D,, x D,

Ay = X — (X x X)": the log diagonal.

Theorem 2 Let I be the closure of ' in (X x X)' and assume
I'n(DxX) cI'n(X x D) (2)
where (D x X)" and (X x D)’ are the proper transforms of D x X and X x D. Then,

po : ' = U is proper and we have

Te(T* 2 H; (U, Q) = deg(I, Ay) (xxxy-



The assumption is satisfied in our case: W xy WN(DxY) =W xy WN (Y x D).

Can not replace (2) I'N DY c "N D@ by (1) TN DW c T N DA,

Example 1. X =P, U =A!', F:U — U Frobenius. I =T'p

Then, Tr(F* : HX(U,Qy)) = p and (I, A)(xxxy = p. On the other hand, Tr(F} :
HX(U,Q)) =1and (T, A)xxxy =p.

Example 2. X =PL, U=A', 0:U — U defined by 2 — a2+ 1. ' =T,.

Then, Tr(o* : HX(U,Qy)) = 1 and (I, A)(xxx)y = 1. There is an intersection at oo.

1 1t s gy u=(14ut)
t_;z'_)l+1_1+t' 1+s t=t 1+ut -~

Proof of Theorem 2.
Classical case (X = U is proper).

" e @PEndHI(X,Q) —— H?* (X x X,Qq(d)) >[I

| [

Tr I* € Q ——  HM(X,Qud) 3 AT
The isomorphism in the upper line is given by the Poincaré duality and Kiinneth
formula.
A*[T] = [(A,T)]: compatibility of the cup-product with the intersection product.

deg = Tr.
Our case.
I e @EndH{(U,Q) —— HX(U x U,Q,(d)) >[I
N |-
TrI™ e Qe ——  HX(U,Qud) > AT

where Had(U X U,Q@(d)) = H2d(X X X,j“RjQ*Qg(d)), j2 UxU — U x X7j1 :
UxX — X xX.
Need to relate A*[T'] with [(A,T)(xxxy]. We have a commutative diagram

[ € HX(U x U,Qu(d)) —— HZE(U x U,Qq(d)) > [T

A*l lA*

ATl € HX(U,Qud) —— HY(X,Qud) > A*[[]

where Higl (U x U, Q,(d)) = H*((X x X', juRj2Qe(d)), k2 : (X x X)' — (D x X)'U
(X x D)) - (X x X) - (D x X) k(X xX)—(DxX) — (X x X). The

assumption implies that [I'] € H2¢ (U x U, Q(d)) is defined. The key point is that the
P p 10+ ) Y P

upper horizontal map sends [I'] — [[']. This follows from the fact that the map is an
isomorphism observed by Faltings and Pink. [ |



