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Throughout this note, let (A, m) be a two-dimensional excellent normal local domain
containing an algebraically closed residue field k = k = A/m unless otherwise specified.
Then there exists a resolution of singularity Y — Spec A. Then p,(A) = (4(H' (Y, Oy))
is called the geometric genus of A, which is independent on the choice of resolution of
singularities. This invariant plays a key role in our argument.

1. GEOMETRIC GENUS AND NORMAL REDUCTION NUMBER

Throughout this section, let (A, m) be a two-dimensional excellent normal local domain
with algebraically closed residue field k, and let I C A be an m-primary integrally closed
ideal. Then there exists a resolution of singularity X — Spec A and an anti-nef cycle Z
on X so that IOx = Ox(—Z) and I = H*(Ox(—Z)). The ideal [ is represented by Z on
X which is denoted by I = I;. Then Im=1,,.

We recall the definition of normal reduction numbers. In what follows, we always
assume that I = I.

Definition 1.1 (Normal reduction number). Let () be a minimal reduction of 7, that
is, Q C I is a parameter ideal and there exists a positive integer n such that "1 = QI™.
Then

nr(I) = inf{n € Z| "' = QI"},

is independent on the choice of @) by Huneke [6, Theorem 4.5] and so we call it the normal
reduction number of I. Moreover, we can define

nr(A) = max{nr(/) | I is a m-primary integrally closed ideal of A},
which is called the normal reduction number of A.

Remark 1.2. Put 7(I) = inf{n € Z|IN*1 = QI¥ (VN >n)}. In general, Lemma 2.1 and
Lemma 2.3 imply nr(/) = 7(I) in our case. But we do not know whether equality holds
true for higher-dimensional case.

The notion of ”core” was introduced by Rees and Sally [18], and their properties have
been studied by Corso-Ulrich, Huneke-Swanson, Huneke-Trung, Hyry—Smith, Polini—
Ulrich and so on; e.g. [1, 2, 7, 8, 9]. The core of I is defined as follows:

core(l) = ﬂ Q
Q@ : a reduction of I
In general, it is not so easy to calculate core(/), but in the case of stable ideals, it is easy

to compute.

IThis is not in final form. The detailed version will be submitted to elsewhere for publication.



Lemma 1.3 ([2, 8, 9]). If I? = QI holds true for some minimal reduction Q of I, then
core(I) = (Q: I)I.

Let us introduce the following notion.

Definition 1.4 (Normal core reduction number). Let I be an m-primary ideal of A.
Then the core reduction number (resp. the normal core reduction number) is defined by

cr(I) = min{n € Z| "™ C core(Q)},
ner(I) = min{n € Z|I"*1 C core(Q)},
respectively. Moreover, we define
ner(A) = sup{ncr(l) | I is an m-primary ideal with I =TI },
which is called the normal core reduction number of A.

The main aim of this talk is to evaluate nr(A), ncr(A) in terms of geometric invariants.

Example 1.5. Let A be as above. Then
(1) nr(A) = 0 if and only if A is regular (see [3]).
(2) nr(A) =1 if and only if A is a rational singularity which is not regular (see [10]).

(3) If A is an elliptic singularity, then nr(A) = 2. How about the converse? (see
Okuma [11])

The following theorem is motivated by the previous example.

Theorem 1.6. For any m-primary integrally closed ideal I C A with r = nr(I), we have
r
p) = () + LAl (X, Ox(=r2))

In particular, py(A) > (Hr(QA)) > (Ilcrz(A)).

In the next section, we give a proof of this theorem.

2. PROOF OF MAIN THEOREM

Throughout this section, let I = Iz be an m-primary integrally closed ideal in a a
two-dimensional excellent normal local domain (A, m) with algebraically closed residue
field k. For a given ideal I, we define a function ¢: Z>¢ — Z>( as follows:

q(k) = q(kI) == l4(H' (X, Ox(—k2)).
By definition, we put q(0) = p,(A) and ¢(I) = ¢(1I). Note that g(nl) = g(I") for every
integer n > 1.

Let us recall the following fundamental properties of q(kI).

Lemma 2.1 ([12, 13]). The following statements hold.
(1) 0 <q(I) <py(A). If (1) = py(A) holds true, then I is said to be a p,-ideal.
(2) The function q(-1) is decreasing: q(kI) > q((k + 1)I) for every integer k > 1.
(3) The function q(-I) stabilize: there exists an integer ng = no(I) (0 < ng < py(A))
such that q(nl) = q(nol) for n > ny.



The m-primary ideal [ is called good (in the sense of Goto-Iai-Watanabe [4]) if I? = QI
and I = @ : I for some (every) minimal reduction @ of I.

Example 2.2 ([12, 14]). Any two-dimensional excellent normal local domain over k =
A/m = k admits a p,-ideal. If, in addition, A is not regular, then A admits a good
py-ideal.

In order to prove Theorem 1.6, we need the following lemma.
Lemma 2.3. For any integer n > 1, we have
2 q(nl) + La(I"*1/QI") = q((n + 1)1) + q((n — 1)1).
Proof. Tt follows from the following exact sequence:
0— I"1/QI" — H'(Ox(—(n—1)Z)) — H'(Ox(—nZ))** - H'(Ox(—(n+1)Z)) — 0.
O

Proof of Theorem 1.6. Suppose nr(I) = r. Then since £4(I*1/QI¥) > 1 for every k =
1,2,...,r —1and £(I"t1/QI") = 0, we have

q((r=1)I) —q(rI) = q(rl) —q((r + 1)I),
(r=11I) > q((r—=1)I)—q(rl)+1,
( > q((r—=2)I) —q((r—1I)+1,

q(0I) — q(11)

Thus if we put ar, = q((r — k)I) for k =1,...,r, then we get

v

q(11) —q(21) + 1.

ay — Ap—1 = Qp—1 — Qp—2 + 1
> Ap—2 — Ap—3+2
>
> {al—ao}—i-(k—l)z;f—l
Hence
- ! r(r—1)
po(d) = 4 = Yo —axa) +a0 > Sk = 1) koo = D ),

k=1 k=1

as required. In particular, we have py(A) > (g)
On the other hand, for any minimal reduction @ of I, we get I"*1 = QI” C @, which
shows ™1 C core(/). Hence r > ncr(l). This yields that nr(/) > ncr(/). Hence

nr(A) > ncr(A). Hence p,(A) > (nr(QA)) > (nch(A))' “

The above theorem gives a best possible bound. In fact, we have the following example.
See the next subsection for more details.



Example 2.4. Let » > 1 be an integer. Let A = Cl[z,v, z]]/(z* + y*" + 2*"). Then

nr(A) = nr(m) =r and
()= (4)- (1)

In particular, we consider the case of r = 2. Let I C A be an m-primary integrally
closed ideal. Then 0 < ¢(I) < py(A) =1 implies ¢(I) =0 or ¢(I) = 1.
If ¢(1) = 0, then ¢(2I) = ¢(31) = --- = 0 by Lemma 2.1. Then by Lemma 2.3 we get

CA(P)QI) = 2-q(I) + La(I2/QI) = q(2I) + py(A) = 1,
CA(TF+1/QIF) q(kI) + 04 (TR0 /QIF) = q((k + 1))+ q((k— 1)) =0 for k > 2.

Hence nr(l) =7(I) = 2.

On the other hand, if ¢(I) = 1, then [ is a p,-ideal and hence TF+1 = QIF for every
k>1andq(I)=¢q(2I)=---=py(A) =1. That is, nr(I) =7(I) = L.

For instance, m = (x,y, z) satisfies ¢(m) = 0 and I = (22, y, 2) satisfies ¢(I) = 1.

2.
2.

3. NORMAL REDUCTION NUMBERS OF HYPERSURFACES OF FERMAT TYPE

In what follows, let R = Clx,y, 2]/(22 4+ 2* +y°) be a hypersurface with 2 < a < b. Put
m = (2,y,2)A and r = [§]. Then the m-adic completion A = Ry, is a two-dimensional
excellent normal local domain. Put @ = (z,y). This gives a minimal reduction of m.
Also we put Fj, = m* for every integer k > 1. First we calculate 4 (Fyi1/QF}) for all

k > 0. In order to do that we determine the normalization of the extended Rees algebra
R/(m) = A[mt, ¢!

Lemma 3.1. The normalization of R' = R'(m) = Alxt, yt, 2t, ] is given by

R =R[=% ... 2t =

C[X,Y, Z,U)/(Z? + X + YbUb~2r) if a =2r,
CIX.,Y, Z,U)/(Z2 + X¥HU + YUP>) ifa=2r + 1.

Proof. Put X = at, Y =yt, Z = 2t", U =t7' € Q(R'). Then S = Clat, yt, 2t,t71, 2t ..., 2t"]
is generated by X, Y, Z and U as C-algebra because zt' = ZU" % foreach i = 0,1,...,7—
1. Note that a = 2r or a = 2r + 1 by definition.

e The case of a = 2r

Then we have
Z2 — (Ztr)2 — Z2t2'r — _x2rt2'r o ybt2r — _X2'r . YbUb_2T,

that is, F' := Z2 + X + YU ? = 0in S. Clearly, Z2 + X% + Y°U’?" is a prime
element of C[X,Y, Z, U] and thus dimC[X,Y, Z,U]/(F) = 3. On the other hand, since
dimR’ = dimR’ = 3 and S is a homomorphic image of C[X,Y, Z, U]/(F), we can prove
that S = C[X,Y, Z, U]/(F).



So it is enough to show that S is normal. The Jacobian ideals of S is
OF OF OF OF
F) = - = = =
J(F) (BX’(?Y’(?Z’(‘)U)
= (2rX*L pYPTlUtE 27 (b — 2r)YPUPTEY
(Z, ){27"717 YbflUbf2r’ YbUbfZTfl) if b Z or + 17
(7, X?r=1 y?-1) if b=2r.
Since S is Cohen-Macaulay and height J(F') = 2, S is normal.
e The case of a = 2r 4+ 1

Then we have
Z2 — (Ztr)Z — _x2r+1t2r o th2r — _X2r+1U . YbUbeT
that is, F, := Z%2 + X TWU + YPU*? = 0 in S. Similar argument implies that S =
CIX,Y, Z,U]/(F,).
So it is enough to show that S is normal. The Jacobian ideals of S is
oF, OF, OF, OF,
J(F) = <8X’ oY’ 0z’ 8U>
= (2Z, @r+1)X¥U, bY"'UTT, XPH 4 (b —2r)YP U
(Z, X?rU, Yo-tub=2r X2+l 4 (b —2r)YPUP= 21y if b > 2r + 2,
(Z, XU, Y?'U, X2+ 4 y?2r+l) if b=2r+1.
Suppose b > 2r + 2 and P € Spec K[X,Y, Z, U] such that
PO (Z, X2TU7 Yb—lUb—QT’ X27"+1 + (b . 2T>YbUb_2T_1).
If U ¢ P, then (X,Y,Z) C P. Otherwise, (X, Z,U) C P. Hence height J(F,) > 2.
Next suppose b = 2r + 1 and P € Spec K[X,Y, Z, U] such that
PO (Z, erU, YQTU’ X2r+l +Y2r+1>‘
If U ¢ P, then (X,Y,Z) C P. Otherwise, (Z,U) C P and X* ! + Y%l € P. Take

w as one of (2r + 1)-th primitive roots of unity. Hence (Z,U, X + w'Y) C P. Therefore
height J(F,) > 2 and S is normal. O

Lemma 3.2. We have F, = zm*™" + m* for every k > 1 and nr(m) = 7(m) = r.
Furthermore, we get

{ Ca(F2/QFY) = La(F5/QF) = -+ = La(F,/QF,—1) = 1,
gA(FrJrl/QFr) = gA(Fr+2/QFr+1) =---=0.

Proof. By the previous lemma, A[mt|[zt, ... 2t"] = Alzt, yt, 2t, ..., 2t", ¢~} N A[t] is nor-
mal. From this, one can easily see that Fj, = zm*~" 4+ m* for every k > 1, where m" = A
for each n < 0.

We will show that £4(Fyy1/QFy) = 1 for each k = 1,2,...,r — 1. For such an integer
k, we have 22 € m*" C m**!. Thus

am A m = 2Q +mM ! = 2Q + Qm* = Q(zA + m¥) = QF;.



It follows that Fj,1 = 2zA + QF), and zm C QF;. Hence ls(Fji1/QF;) = 1 because

Next we will show that Fj.,; = QF, for every k > r. Since 22 € m*", we get

QF, = (z,y)(zm"" +m")

— oyt + Qe

= (2%, 2z, y2)m""  mAT!

k+1—r 4 mk+1

= zm == Fk+1,

as required. By definition, we have nr(m) = 7(m) = r. O
By virtue of the previous lemma, we can determine ¢(im) completely in our case.

Theorem 3.3. Put p = py(A). Then we have

p—ilr—1)+(}) 1<i<r-—1;

g(im) = " 2
- i>r
In particular, g(m) = p — (r — 1). Moreover, for alln > r — 1, we get

Ca(A/mT) = 2. (”;2> - ("Tl> + <g)

In particular, we have

Proof. Put k =p — q(m) > 0. Then we prove the following claim.
Claim 1: ¢(im) = p — ik + (;) foralli=1,2,...,r.

Use an induction on i. It is easy to check the case of ¢ = 1. Now suppose 2 <i+1 < r,
and the above equation holds true for 7 < ¢. Then by assumption, we get

q((@+1)m) = 2-q(im) — q((i — L)m) + La(Fi41/QF)
— Q[p—ikﬂr(;)}—[p—(i—l)k+<i;1)}+l
= p—(i—l—l)k:—f-(i_gl).

Next we show that

Claim 2: ¢((r+i)m)=p—rk+ (}) +i(r—1—k) foralli=1,2,....



Use an induction on ¢. When ¢ = 1, we have

g((r+1)m) = 2-q(rm) —q((r — 1)m) + La(Frpa/QF;)

e (e (3

_ p—O“FDk+<T;#>—1

r

= p—rk
pr+(2

)+(T—1—k),

as required. Now suppose ¢ > 2 and the above equation holds true for any 7 < . Then
we have

a((r+i+Dm) = 2-g((r+i)m) — g((r +i — 1)m) + L4(Fry141/QF 1)

- 2[p—rk+<£>+z'(r—1—k)}

— [p—rk+(;>+(i—1)(r—1—k;)]

= p—rk—l—(r

2>+@+nu—1—m.

Since ¢(im) is stable for sufficiently large i, we obtain that £ = r — 1. Indeed, if k < r—2,
then ¢((k+2)m) > g((k+1)m). On the other hand, if £ > r, then g(im) becomes strictly
decreasing function on ¢. This is a contradiction. Hence k = r — 1. Thus

ey p—ilr—1)+ () 1<i<r-—1;
Q(m)_{p_(;) i>r.

By [13], we obtain

el(m) = eo(m) — La(A/m) + [pg(A) —g(m)] =2 =1+ [p—(p—(r—1))] =7

and

On the other hand,
— 2 1
CA(A/mTT) = 2. (”; ) . (“T ) o= ql(n+ 1)m).
Thus Pn(n) = Hy(n) if and only if n > r — 1. O

In the last of this section, we calculate the geometric genus of A. We regard R =
C[X,Y,Z]/(Z* — X* — Y?) as a graded ring by degZ = ab =: qo, deg X = 2b =: ¢,



degY = 2a := ¢o. If we put D = 2ab, then the a-invariant of R is given by a(R) =
D — gy — ¢1 — q2- Then we can calculate the geometric genus of A by

a(R)
pe(A) = Zdim@ R,
n=0

= (Ao, A1, Ao) € Zio | D —(qo+ ¢1+ q2) > Aogo + Mg + Aaga}
In this case, we have
pe(A) = t{(Xo, A1, A2) € Z;O | 2ab — ab — 2b — 2a > ab)g + 2bA\; + 2a)\;}
= H{(Mo, A1, A2) € Z2; |ab — 2b — 2a > abg + 2bA; + 2a)o}.
Then one can easily see that A\g = 0. Hence
(3.1) pg(A) = 2{(A1, X2) € Z2y | ab — 2a — 2b > 2bA; + 2a)o}.
Example 3.4. Let p > 1 be an integer. Let A = C[[z,y, 2]]/(z* + 3* + 2%°!). Then
pg(A) = p and nr(m) = 1.
Example 3.5. Let p > 1 be an integer. Let A = C[[z,y, 2]]/(2* + y* + 2%T!). Then
pg(A) = p and nr(m) = 2.
4. AN EXAMPLE OF NORMAL CORE REDUCTION NUMBER

In the last of this note, we prove Example 2.4.

Proposition 4.1. Let r > 2 be an integer, and let A = Cl[x,y, 2]]/(2* + %" +y*"). Then
(1) py(4) = ()
(2) nr(A) = nr(m) =r.
(3) ncr(A) = ner(m) = r.

Proof. Put R = Cl[z,y, 2]/(2* + 2% + y*").
(1) By the formula (3.1), we have

pg(A) = ﬂ{()\lu )‘2) € Zéo | r—22>X+ /\2} = (g)

(2) One can easily see that nr(m) = 7(m) = r and our main theorem implies that p,(A) >
(nrél)) for any integrally closed m-primary ideal and thus nr(A) < r. Hence we obtain
that nr(A) = nr(m) = r.
(3) By definition, we have ncr(/) < nr(7) for any m-primary integrally closed ideal I C A.
On the other hand, since m®> = Qm, we have core(m) = (Q: m)m = m?. Hence m*+! =
F,+1 C core(m) = m? if and only if n > r. Thus ner(m) = r.

For any m-primary integrally closed ideal I, since nr(/) < nr(A) = r, we have that
I't1 C @' for any minimal reduction @' of I. Hence ncr(/) < r = ncr(m) and thus
ncr(A) = r, as required. O

Question. The following questions are interesting.

(1) When does ncr(A) = ncr(m) hold?
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(2) When does nr(A) = nr(m) hold?
(3) When does ncr(A) = nr(A) hold?
(4) When does nr(m) = (5) hold?
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