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G:[d]={L2....d} LOUHZS 7 (L—FDRSEIHR)
E(G): G DUES
> GOV C[d BT 2FHEE 72777 Gy
ﬁ E(GV) - {{Iv./} S E(G) : I7J € V}
> 7? 7@755’%{G,‘},’ @:jﬂ'b, G 75§{G,-},-—free 'Cé‘é%
<d——f> G 3G} DWTIhBAEE T 7 7 & UTHZ R0

Problem (51272 712 X 2 K2 1F)

77 7D%I 7 F A FiextL, %277 7Dk {G}; TR%
725d 0 REOT XK.

G e F < GIZ{Gj}i-free

COLE, {G} 2 FIETIHEILE7I77805



727 GITHL, »5AEE Re ZHIGZXE 5
Problem (FI#URIC X 2 FHEOF)

72 70RAR T 7R Fizxtl, ®38MEE P TR %7
THOERDOT XK.

GeF < RGlIPZH-T

perfect graph EIMIXN B K572 7 F 7120t L, RO DA[#IRIC
X3RO PHILNTWS

> L 7R, [ERME, Gorenstein 1
FHIZ 2 KEBIZTOWTEZ 2



Conjecture (Ohsugi—Shibata—Tsuchiya)

perfect graph G 73 perfectly contractile
= WEREEGAT TV g H 2 RAEMK

FHER
> —RDTT T GITHL, IgH 2 RAERK L 12 5 RMESRM%
Kempe [AfEE WO ER %2> TH X 7=
» Everett—Reed IZ & % perfectly contractile graph D%} 2"5 7
WX RO T O FEMIE LIFAUK, OST-conjecture 231E L
WZeZmnrL
» % < O perfectly contractile graph O 2 5 2 T A0 % figdik
FREEDSFF TR D Kempe [FMEICEE T 2 MR 8T 5.
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Perfect graph



> CCld]:GprV—7 = Vi#£je C{ij}eEG)
= GBI I 7
> w(G):=max{|C|: ClFZ V=2 }: 7V =25
> f:[d] = [K] : k Bt Ve vi{i,j} € E(G), f(i) # f(j)
> X(G) := k RAODFET 25/ DD k : B
—fiRIZ,
w(G) < x(6)
DI D LD,
Definition
G /9 perfect — G DIEEDFFERRT 7 Z 7 HITHL,




w(G)=2 <x(G)=3



w(G) = x(G) =3
But G is NOT perfect.



> hole : R&A35 L EDREEHDH A 2L
» antihole : hole Dffi7 7 7
> odd hole (antihole) : & X AEED hole (antihole)

M. Chudnovsky, N. Robertson, P. Seymour and R. Thomas,
The strong perfect graph theorem, Ann. of Math., 164 (2006),

51-229.
Theorem (Strong Perfect Graph Theorem)

G & perfect <= G & (odd hole, odd antihole)-free



> S C [d] BREEA ETTIIES
&L vijes, {i,j} ¢ E(G)

< Gs DML DA
> S(G): G DEEELERDES

G: 1

{1,3) WEHES. {2,4,5) WELATIERWV.

S(G) = {0, {1}, {2}, {3}, {4}, {5}, {1, 3}, {1,4},{2,4},{2,5},{3,5}}



K : &
Definition
G DIIEE

B
Iy
%|

— K[G] = [tOHt,-:SeS(G)] :

e
¢ ics

R[G] :=K][xs : S € S(G)] with deg xs =1

EHERERE 7 R(G) — K[G] EXRTEHRT 5 :
x5+ to H t;

Il =kerm: GDEEELGA T 7V

ZDEE, g X b=V I DOFRL T TV



Theorem (cf. Ohsugi-Hibi)

G X perfect <= K][G] X compressed
— EROHRENERFITH LT, 61X

RO LT 7Y =7V T F—BERKD

Remark
Z DFERIZ weak perfect graph theorem, D% D

G & perfect < G X perfect
DAL 2 ARBENTEBIER L 72 3 0.

Remark

compressed = I



K[M (G tOHt,,toHtl SeS(G
i€S €S
K[Q(G)] := toth,,tou 1Ht, st SeS( )]
€S €S

Theorem (Ohsugi—Hibi, Hibi-T)

777 GITHL, RIFFIHE :

K & perfect

K[F(G)] & (EH) Gorenstein
K[l (G)] i¥1ER Gorenstein
K[Q(G)] 3IF#

K[Q(G)] IZIEM Gorenstein

.U".'PS*’!\’!—‘



G 73 perfect D& X, g lEWVWD 2 RERE 2207

e.g.,
» comparability graph;
» almost bipartite graph;
» chordal graph;
» chordal bipartite graph DffiZ7' 7 7.



Perfectly contractile graph



{i,j} 73 G D even pair
= i & j &5 chordless path D X 33 R TIHEK

even pair {x,y} ZIHEd %
=i jEAHLTHEDTET Ob— A2 EIET)

G 73 even contractile

<:>evenpa|r78<b LIS 22 TRET I 7R2DBD

Definition (Bertschi)

G 23 perfectly contractile
<=> ERE DEEERSy 77 Z 7 73 even contractile

Theorem (Bertschi)

perfectly contractile = perfect



—

<& - X
¢ LA

G & even contractile

FHIZ, G 1Z perfectly contractile



GCs & Cp IZ even pair ZHi7=72 0
L7225, even contractile TIZ7RW



odd prism ¥ 721& odd stretcher G, EIZTHRESZ

{i17 i27 ey i257j1aj2a O 7j2ta kla k27 ey k2u}
HEE %

{in, b i, kit s ket {iass ae s {ios, kae}s Lt kas
{i,i}, {in, i3}, ..., {irs—1, s},
Ui}, {2z} - - Lae—1, Jot )
{k17 kz}, {k27 k3}7 ceey {k2u—1a k2u}-

i

&35 7




Conjecture (Everett—Reed)

G X perfectly contractile
<= G & (odd hole, antihole, odd prism)-free

Theorem (Linhares Sales—Maffray—Reed)
= FELWV

Theorem (Bertschi)

T D72 713 perfectly contractile :
» Meyniel graph

» perfectly orderable graph
» clique separable graph



Conjecture (Ohsugi-Shibata-T)

G 73 perfect graph @ & =, ZXIX[FH :
1. G & perfectly contractile
2. G X (odd hole, antihole, odd prism)-free
3. I & 2 RAK

Theorem (Ohsugi-Shibata—T)
(3) = (2) BIELW (1) = (2) BIE L2 o7)

Theorem (Ohsugi—-Shibata—T)

UTD7 S 7DREREA T 7 M 2 RERK
» Meyniel graph
» perfectly orderable graph (2 X7V 7'  —HE%ZHiD)
» clique separable graph (2 X7V 7' F—HEKZFD)




Koszul 4
—fBuc
K[G] 1& Koszul = Ii& 2 RARK
LAL,
lgld 2 XA = K[G] & Koszul
DI D AZD L IR 5720 (cf. Matsuda)

Conjecture (Ohsugi—Shibata—T)
G 73 perfect graph @ ¥ X,

K[G] & Koszul <= [ 1& 2 XA

» antihole ZHi7z72 W “IF & A X4 T" D perfect graph 1
perfectly orderable graph ® 27 V) — 7M1 ML % D D

» perfectly orderable graph @27 ) — 27 fZ 2 K7L 7 F —HJK
o, &£ -oT Koszul

» perfectly contractile graph T perfectly orderable graph @ 2
U —2ZHITHEITRVH DM RO o TR
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[dl EDZ7Z7 Gra=(a,...,a9) €2y KL, 7'T77 G %
ROBETEHRT S :

> GOIEM i % o THEDEE2 57 GO v O R 5.

> {i,j} € E(G) %251E, GU) v GU) oBTHM ZREA THR.
ZD Gy & G D replication graph £\ 9.,

G G with a = (2,1,2,3)



[d] LD 2757 G¥ra=(ay,...,aq) €ZIHITNL, 77 G %
ROBETEHRT S .
> GOTHM i % 3, HEDERZ 57 G O EX 5. 1272
L, a=07%512 G DIES | 2147
> {i,j} € E(G) 2D aj,a; > 0% 51E, 60 ¥ V) o&TEM %
A THER.
DED G, & G DFAEHEIT 7T 7 D replication graph

G G, with a = (2,1,2,0)



acZiyt G D kEMfITHL, R[G] DHIENX
Xf 1= X§; XS, -+ * XS,

ZASEES. T IZT,
Se={jeld]: GV nf () #0}

— Xf = X15X26X34



> Xg = X15X26X34X16

G(2,1,1,1,1,2)

Theorem (Ohsugi-T)
—fED [d] L7 F 7 GiTRL,

IG:<xf—xg:aEZdZO,f,gGiGaODk%@)



lg D 2 KA



kFAf:[d — (K| 2—D5%, 2@1<i<j<kiHL, ik

TEBOLNTWATHRICE T 2558077 7 fol(i)uffl(j) DG
B3 H % —2Hl->TK 5.
g:[dl— k] &

f(x) x¢H

g(x)=1<i xe€HDPDF(x)=]j
J x€HM»PDf(x)=1i

TERTHZLT, il kEEELND
(HAD it jD2% ANEZ5)

Z D#E% Kempe switching £ 5
(4 EUERL ORI CE A S 7z SR 72 #51F)

20D k¥t f,g 23 Kempe [AlfE f ~f g
= f 75 Kempe switching Z#DiIR$Z & Tg Z215%

c(G

ke(G, k) = {G D k BRIk }/ ~ : Kempe 7 7 A
Kc(G, k

) := tke(G, k)






Theorem (Ohsugi-T)
—H&D [d] LD Z 7 GITHL,

1673 2 RAER <= Va € 224,k > X(Ga), Kc(Ga, k) = 1

73

Xf — Xg = X15X26X34 — X16X24X35 € Ig

& g @ 2 R0 ZIAFKTEI D YTz — g 13 2 RAEL TR W



Theorem (Bertschi)

G 23 perfectly contractile 78 513,

Va € {0,1}9,Vk > x(Ga),Kc(Ga, k) = 1

Corollary

perfectly contractile graph %77 5 X C »3, &M
VG €C,Va € Zdzo, G, €C
iz TR, EED GeCIlTMU Ig X2 RERTH 5.



Conjecture (Ohsugi—Shibata—T)

G 73 perfect graph @ ¥ &, ZXIX[FH :
1. G & perfectly contractile
2. G X (odd hole, antihole, odd prism)-free
3. g & 2 RAERK

Corollary

Everett—-Reed conjecture ((1) < (2)) = OST conjecture

Corollary

UFDZ7 7 7 DREEREA T 7 W& 2 RERL
» (dart, odd hole, antihole, odd prism)-free
» (odd hole, antihole, fd(l prism)-free

» (Hdd hole, antihole, odd prism)-free

» Meniel graph

» perfectly orderable graph



Kempe [/ D REHYHIE 15



AR DFEHD & Kempe [FfED ¥ 5 22 RBINICHIETE 5.
727 GITHL,

lgl2 = (xf —xg 1@ € Zgo, f.gld Gg D 2¥Mh)

TEERTD. DFD, [l F g WZET 5 2RO AN TARX
N4 770 (ROESHHIUIHZ TSI W) .

Theorem (Ohsugi-T)

kag@Xf—XgE[IG]Q

Kempe FEDHIEICIE [Ig] I3EREZFLTETWVWS
(G, D2 ODFERE R THR>TW\W5)



HZ b=V 7 IZRO R VWIERA T 7L ERT S

]2 := <Xf—Xg:a€Zd20, f,.gld Ga D2¥t)
Jo = (xf —xg:a€{0,1}9, f gl G, D2 FH)

DED Jg X CDOFEHRD T 7D 2B LGN A T TV

ATT7N] CK[x1,x0,..., x| EZHKF € K[x1, x, . . ., xp] 1T
L, | ®FfIZEAT2EMEEATTV

I:f* ={geK[x,x,...,x,] : 3i > 0 such that fig € I}
2D,

Proposition

JGZXEO = [IG]zixao = /G



Theorem (Ohsugi-T)

B xp DE e 12 2 WEEERIEF < BT 2 [Ig] $7213 Jg D
WL T F—REEGET A DL E,

G ={g/x,: g €G.j€L=0,x)g. %" fe}

Theorem (Ohsugi-T)

kag<:>Xf—XgE[/G]2<:>Xf—XgEJG
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