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①

R : comm .

Noetherian ring 、
modR : category of fin.gen . R-mod .

① Assame R is Local

XE mod R ⇒ depth XE dimX E dim R
def

X : ( max . ) Cohen-Monday (CM ) く⇒ depth X = dim R

② For General R ,

or X = O

def

X ; CM 〈=> V m : Maxi ideaI of R
.
Xm E mod Rin is CM

Study the category CM R of CMR- moddes

③ Assame Ris G - graded for an abdian GroupGCMGR = { XE modGR | XE mod Ris CM }

EX R : regular⇒ CMR = pre R : Cat of fin.gen.proj . R . mod .



②

ThroughOut . assame R is GorenStein

⇒ ① CM R = { XE mod R I ExtI (X ,
R ) = 0 }

② CM R is a Frobenivs category

( closed Under Extensions . EXE CMR 、

ヨ Y.ZECMP.FI?QEprojR
ヨ
exactseq.co→Y→ p→ ×→ 0

.
0 → ×→Q→2→ 0

③ stable category CAR is a triangdated category

Object i same as CM R

morph : HornR (X .
Y ) / { ×→ P→Y 1 PE pwjR }

⇒ One Can apply Various Methods in representation Theory
to Study CM R



③

④ Kb ( proj R ) : b。unded homcopy category of pwj R

叩 (modR ) : bounded derived category of mod R

Dsg(R) = DHmod R) / 炉 ( pwjR ) : Singularity category

⇒ EI R = Dsg (R )
[ Bachweitz.hr ]

Part I : Study (
_

R by Constructiong equivalents with

derivedcategori.es ( known results )

Part 互 : Study Et R by Constructiong equivalents with

Cluster category

( onGoing joint Work with Hanihara )



④
Part I Derivedcategor.es and CMGR

J : algebraic triangdated category ,
[ 1 ] : svspension factor

EX J = CM.ee R
.
[ 1 ] = SI : cosyzygy factor

def

Def UE J : tiKing Object 〈二〉

① HornJ ( U .
U [ is ) = 0 0 キもEZ

② J = Hack V ( i = the Smallest fill SubCat
.
of J

containing U and closed Under cones
.
[Il ]

,

direct summands )

Ex 炉 ( prg A ) ヨ A = [ . . . → 0→ f→ 0→ . . . ] is a t.lt obj .

[ Rickard
. Keller ] U EJ : tilt.cobj

⇒ ヨ
equiv . J= Kb ( prg End-」 (U ) ) Up to direct summands



⑤
(I) dimeansion O

R = ④ Ri : 区 gmded Artinian GorenStein ring
iz。

R。 =k : Field
.
a = degree of socR

Thin ( Special case of [

Yamaural3JIaU-@RmzoEfRRisatiK.obj
に 1

C
_

MER = パ ( pwj A)
Ro

for A := End 凹取 (U ) = | RIR。 |
Rat Ray . . . R。



⑥

Ex ① R = k[N / (が ) deg つに 1

⇒ A = 信 = kQ Q= [ →
3
. . . . ]

凹
を
R = パ ( pwjkQ )

② R= k[か
.

. . .

. xn] / (たな 、 っしたが 11£ えく j En )

deg つ(i = 1
の本

⇒ A = kQ Q= [ 一 五 ・ ]
凹
を
R = パ ( pwj たQ )

R is CM - finit if n= 1

tame n =2

Wild n 2 3



⑦
(五)

dimensionIR-@RiiRgradedre.dvced Gorenstarring of dim 1
と0

R。 =k : Field
,
a : a- invariant of R

K = R [ { homog.non.nodivisors ]
ヨ
p 2 1 st . K (P ) = K

Thin [

Bvchweitz-I-Yamavra20IAssumeAZ0atpU-@RmzoEERRisatilt.obj
に 1

RO
: i

0
0

く、やR = パ ( pwjA) for Rat i R。

A := EndAIR (U ) = 低 ・・ ・ klko.ir K、_p
: : :

katp.li Kp Kp_ 、 . . . K。



⑧
[1 D

Simple Singularity R = k[ っし は 、
Z 、i . Zd] / (f )

An が '
+ 5+ zEt -.- tzd E7 孔な + る + zEt -.- tzd

Dn が '
+ つば+ zEt -.- tzd Eg x5 + Et zEt . . . + W

EG が+ る + zEt -.- tzd

Thin ( R
,
m ) : Complete Local GorenStein , containing R/m= : fr=E

char h= 0
Simple singularity 〈ニ〉 CM- finite

⇒ d= l Broad - Roitar
.
Jacob inSki . GraveI-Kn rrer

d=2 Herzog ,

AusIander

d23 Kn rrer

⇐ Bvchweitz- Grand- Schreyer



⑨

EX d= 1 ( or Odd ) => CARR = 炉 ( pwjkQ )

R An 、 An Dan Dan+1 E 6 E7 ES

( deg)し 、 deg な ) ( 1 ,n) (2 .2の+1 ) ( 1 .n- 1 ) (2 . 2ml ) (3 .4) (2 .3 ) (3 .5 )

Q Dim AM Don AM-1 E6 E7 E 8

⇒ Ris CM - finit ( by Gabriel 's Thin . for quivers )

- Ain R = k[t? t
"' ] C k[t]

t
2 f で

A= End (U ) = k | R
(l )z。 → RB)z。→

. . . → R (2n- 1 )w

せ ーに ピ t t

R (2)z。 → RM z。→ -.- → R (m)z。 }



④

四) qvotientsingvlaritykr.field

SLd (k) ] G

ifinitesubgroups.to#GFOinkGNS:=kIi.xd] } Tegraded by deg つに= 1
R := SG and

Thin [ I- Takahashi 13 ]
d

U := ゑ ( max.CM suminand of R} (k) ) E ERR is t.lt
.

ERR = パ (pwj A) for A- End CAR (U )

ヨ
expKit descriptiven of A in terms of MeKay quiver of G



①

EX d= 2 ⇒ R i Simple Singda rity

A = kQ X k。 ( Qi Dynkin quiver with dernating orientalisn )

⇒ Ris CM - finit ( by Gabriel 's Thin . for quivers )

EX d= 3
,

G = が1.1.1 ) R= S'

A = (hQP for Q= [一言 ]



④
( IF ) weightedproj.lines.Geigle-Lenzingcompl.int
ersect.si
= k [t、 .

. . .

. ta] D l 、 . . . . . en : Linear forms
,

as I inear

た、 ヨ R .

. . .

. Rn
Independent as possible

R := S[つい 、

. . .

. xn] / (迆- ei 1 1 さえEn )
n

Ki= ④ 区で ④ 区で / ( RE - E 1 1臼En )
に 1

Ris K- graded by deg )にポ
. degな=EE

× n= d+ 1

R= k[つい
、

. . .

.
っしい ]/ いじ+迦十 - 十 孔斲 )



⑦

Thin [Herschand- I- Minainto- UpperMann )

( n= d.tl?Kvssin-Lenzing-Mdtzer.Fvtaki-Ueda )

ヨ UE CA
は
R

itilt.obj.atR = パ ( pwjA) for A := End 収 (U )

n

巨 n= d+ 1 ⇒ A= @ h[ → . . . . .配 ]
El



④
Part互 Cluster category and CMR

[ AusIander ] R : compl.laal GorenStein isdated Singhany

① CMR has AusIander - Reiten sequences

② triang.cat. CAR is ( d- 1 ) - Calabi -You

Horn (X .Y ) = D Horn (Y . X[d- 13 ) (VX
、
YE CAR)

- Cluster category En (A) of afin.dim.hr alg .

Bvan- Marsh- Reineke - Reitem Tooloror for A = EQ )( Amiot
.
Goo

.
Keller for General A

Idea RePlace ( 1) G CER -〉

CMRforgetdeg.shiftHomRlX.YJ-@H0mcnRRlX.Yい)
iE区



④

by Vo [-n] G 炉 ( pwjA ) -> en(A )

V = - j DA : NaKayan factor

EX A = k[→→-] = 僖鎧}
パ (pwjA) = 叩(modA )
[0な0]FI] Cook]El] [kkm した00][ 1] 10た01[D [00た][り
いっ いっ ン ? っ → っ n

. . . [Okk][-1] [kk0] [0km [kW][II [Okk][1) . . .

n s t )はた品川 Yk。。 Yoko] [OON [the][1] [た001123
Y

と、 (A) ft
と2(A)

X

、
i i

.

s

t.it
が s.six



④
For General A . We need dg entrancewent

A : fin.dimk-alg.fi= A@ぺた
NE を P E D (Modぺ ) : K - Projective

「 A . P ) = H (dim HornA ( p
'がな

、
p
虹
)

もを 0

dg algebra with Canonich differential

( A
.
A ) (AP ) ( A .

から
、

( P . A )
っ
(PP ) (P .がいっい、、

th
@2
\)

( PMA ) (P , P ) しか?が2 )
「

いいっ っ



④
Def DP := ( pwj.ms。1 . of 1)- DAEM の

inversegiv.esU。En] | MOMA (DAA) [n] )を用いても よい

とn(A) = thick 「 (A
.
P ) CD ( 「 (A . P ) )

n- Cluster category

V0 [-n] G パ( ProgA )-) en (A)

② More General ly 、
When

p
が
= DAEM in DIM for OF AEZ

、

とがい (A) = thick 「 (A
.
P ) CD し 「 (A . P ) )



⑥

seting.R-@RiiRgradedGorensteinisolatedsing.i20

dim d
.

R。 = k : Field . a- invanant AIO

( i.e.Extklk.RO ) = k in mod取 )
・ A : fin .

dim
.
k - alg

Main Thin [I- Hanihara ]

If
を
R = パ(pwj A) .

then

① C」
が区

R = とd- 1 (A)

② CAR = どで (A)



⑤
再掲 (I ) dimension O

R = ④ Ri : 区 gmded Artinian GorenStein ring
iz。

R。 =k : Field
.
a = degree of socR

Thin ( Special case of [Yamawa 13 ] )

V := お Rに)z。 E ERR is a t.lt obj
に 1

C
_

MER = パ ( pwj A)
Ro

for A := End 凹取 (U ) = | RIR。 |
Rat Ray . . . R。



④

By Main Thin 凹
弘を

R = と、 (A)

AR = と出川A ) [Yamawa 13 ]



⑦
再掲 (正 )

dimensionIR-@RiiRgradedre.dvced Gorenstarring of dim 1
と0

R。 =k : Field
,
a : a- invariant of R

K = R [ { homog.non.nodivisors ]
ヨ
p 2 1 st . K (P ) = K

Thin [

Bvchweitz-I-Yamavra20IAssumeAZ0atpU-@RmzoEERRisatilt.obj
に 1

RO
: i

0
0

く、やR = パ ( pwjA) for Rat i R。

A := EndAIR (U ) = 低 ・・ ・ klko.ir K、_p
: : :

katp.li Kp Kp_ 、 . . . K。



④

By Main Thin 凹
加を

R = と。 (A)

AR = と 川A)



④

再掲 四)

qvotientsingvlaritykifieldsl.dk
) ] G

ifinitesubgroups.to#GF0inkGNS:=kIi.xd] } Tegraded by deg つに= 1
R := SG and

Thin [ I- Takahashi 13 ]
d

U := ゑ ( max.CM suminand of R} (k) ) E ERR is t.lt
.

ERR = パ (pwj A) for A- End CAR (U )

ヨ
expKit descriptiven of A in terms of MeKay quiver of G



②

By Main Thin A
"を

R = と d- 1 (A)

AR = ととれ (A)



④

再掲 ( IF ) weightedproj.lines.Geigle-Lenzingcompl.int
ersect.si
= k [t、 .

. . .

. ta] D l 、 . . . . . en : Linear forms
,

as I inear

た、 ヨ R .

. . .

. Rn Independent as possible

R := S[x 、 .

. . .

. xn] / (迆- ei 1 1 さえEn )
n

Ki= ④ 区で ④ 区で / ( RE - E 1 1臼En )
に 1

Ris K- graded by deg )にポ
. degな=EE

× n= d+ 1

R= k[つい
、

. . .

.
っしい ]/ (ザ+迦十 - 十 孔斲 )



④

Thin [Herschand- I- Minainto- UpperMann )

( n= d.tl?Kvssin-Lenzing-Mdtzer.Fvtaki-Ueda )

ヨ UE CA
は
R

itilt.obj.atR = パ ( pwjA) for A := End 収 (U )

n

巨 n= d+ 1 ⇒ A= @ h[ → . . . . .配 ]
El

By IL- Graded Version of Main Thin

CM
は心 )

R = em (A) WE IL : a- invariant



②
First Point of proof of Main Than

Key Prop (enhancedARdualityJR-@RiiZ-gradedGorensteinisolate.d Sing dimdi20

R。 = k : Field .
a- invari ant A

. ( F = HornRE .
R )

と := (幽 ( pw R ) ( dg entrancewent of C」
を
R )

⇒ ヨ is。 どこ とい]

De = e (a) [d、 1 ]} in DTE )
Taking HO .

wereCover Classical AR dvality
Homた (X .

Y ) = DH。咍 (Y
.
X (A) [d- 1] )



https://www.lancaster.ac.uk/maths/geometric-and-homological-methods/

Second Point of proof of Main Than 24○

. e = と幽 ( pw R ) is a dg category with additional

五 - grading と 二 止 とし

iEZ

- Co is a dg category with HOLE。 ) = CARR = 炉 ( pwj A)

- とa is a dgef-modules.t.eu = ( Deo ) [ 1 - d] ( AR dudity )

which cgives Vo [ l-d] ○ パ ( ProgA )

- et is a dg - Module s.tt 、
魁
= とa

One Can re.cover と from と。 and と1

More details Can be found in Slide and Video in


