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Castelnuovo-Mumford IERIEDEA

Castelnuovo-Mumford Regularity Basics

k : an algebraically closed field

S = k[xo,- -+ ,xpn] : the polynomial ring over k
m:S+ :(XOa"' aX”)

P" = Proj S

Definition and Proposition (Mumford)

F : a coherent sheaf on P", m e Z

F is m-regular <= H/(P", F(m—1i))=0,i>1

< H/(P",F(j))=0,i>1,i+j>m = F(m)is generated by global sections
@ reg F :=min{m € Z|F is m-regular }

@ X CP": a projective scheme

reg X :=regZx : Castelnuovo-Mumford regularity

Castelnuovo-Mumford regularity 3/94



Castelnuovo-Mumford IERIEDEA

Castelnuovo-Mumford Regularity Basics

Definition and Proposition (Continued)

If F is m-regular on P”, then we have

(1) Fis (m+ 1)-regular, and

(2) T(F(m)) @ T(Opn(1)) — [(F(m + 1)) is surjective.

Since T(F(£)) ® Opn — F(£) is surjective for £ > 0, we have ['(F(m)) ® Op» —
F(m) is surjective.

| A\

Remark

In order to extend the definitions of Castelnuovo-Mumford regularity, say multi-
graded, weighted, Grassmaniann, or globally generated ample line bundle, we shoud
keep in mind whether the properties above work or not.

@ D. Maclagan and G. Smith, Multigraded Castelnuovo-Mumford regularity,
J. Reine. Angew. Math. 571 (2004).

A
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Castelnuovo-Mumford IERIEDEA

Castelnuovo-Mumford Regularity Basics

Definition

M: a finitely generated graded S-module

ai(M) = max{¢ € Z|[Hi,(M)], #0}, i=0,--- ,n+1

reg M = max{a; + i[i =0,--- ,n+ 1} : Castelnuovo-Mumford regularity
d(M) : the maximal degree of the minimal generators of M

X CP": a projective scheme
| :=T.Ix = ®eezl (PN, Zx(¢)) : the defining ideal of X
R :=5/I : the coordinate ring of X

d(l) <regl
reg X =regZx =regR+1=reg/
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Castelnuovo-Mumford Regularity Basics

Let us take a minimal free resolution of / as graded S-module.
The Syzygy Theorem gives the finiteness.

O—-F—=-—=FH—=>FR=>1—=0

where, F; = &;S5(—a; ;) is a graded free S-module.
Each map Fj;1 — F; is written as a matrix which components are homogeneous
polynomials.

Theorem (cf. Eisenbud-Goto, Bayer-Mumford)

regX = max,-,j{a,-J — I}

The Castelnuovo-Mumford regularity measures the complexity of the defining
ideals of the projective varieties.
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Castelnuovo-Mumford IERIEDEA

Castelnuovo-Mumford Regularity Basics

Proposition (Eisenbud-Goto)

A graded S-module is m-regular if and only if M, := ©¢>mM, has an m-linear
resolution, that is, the minimal free resolution of M5 :

0—=+F—=-—=F—=F—=Msp—0,

where F; = @S(—m — i) is a graded free S-module for i =0, -- ,s.

Proof

From an exact sequence 0 — M>,, - M — M/M>,, — 0, we have an exact
sequence

| A\

0 — H% (Ms,) — HY (M) = M/Ms,, — H: (Ms,,) — HL(M) — 0

and an isomorphisim Hi (Ms,) & Hi (M), i > 2.
Thus we have M, is m-regular, which gives the minimal free resolution as desired.

y
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Castelnuovo-Mumford IERIEDEA

Castelnuovo-Mumford Regularity Basics

From Lazarsfeld's book, they have an exact sequence
0 = F1 = [(F(m)) ® Opr(—m) — F(m) — 0,
where F7 is (m+ 1)-regular. By repeating this process we have a linear resolution:

coe = = ®O0pe(—m = 2) = ®Opn(—m — 1) = ®Opn(—m) — F — 0.
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Castelnuovo-Mumford IERIEDEA

Castelnuovo-Mumford Regularity Basics

Definition

Let M be a finitely generated graded S-module.
Let F, be the minimal free resolution, where F; = ©;S(—j)% and

Bij = dimg[Tor7 (M, k)];.

Bij is called as Betti number, and Betti table is described 3; i1; in position (/, ).
.

Remark
@ proj.dimgM = max{i|5; # 0}
(] regl\/l = max{j|ﬁ,-,,-+j 7é 0}

it
@ Poincaré series of M is P(M, t) Z hu (it = 2(:(_3)5:1
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Castelnuovo-Mumford IERIEDEA

Castelnuovo-Mumford Regularity Basics

X C PN : a complete intersection of type (dy,--- ,d,)

0—>S(—dh— - —d))—> - = Bj=1,.. ,S(—dj)) = S5—> S5/ =0

The Koszul complex arising from the defining equations gives the minimal free
resolution of the defining ideal /.

regX=d+---+d, —r+1
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Castelnuovo-Mumford IERIEDEA

Castelnuovo-Mumford Regularity Basics

C : a rational normal curve
P!> (s:t) — (s3:s°t:st?: t3) € P3

The defining ideal /| of C is an ideal generated by 2 x 2-minors of the matrix

lx y z|. <
A_{y S W]lnS—k[X,y,z,w].

Let f = yw — 22, g = yz — xw, h = xz — y2.

Then the minimal free resolution of | = (f, g, h) is

0— S(=3)® S(=3) 2 S(-2) @ S(-2) @ S(~2) 5" s 5 5/1 0

In this case we have reg C = 2
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Castelnuovo-Mumford IERIEDEA

Castelnuovo-Mumford Regularity Basics

(1) In case a (2,3)-complete intersection X in P*, reg C = 4 from the Betti

table.

0 1 2
0|1 - -
1l- - -
20- 1 -
30- 1 -
4] - - 1
(2) In case a twisted cubic curve C in P3, reg C = 2 from Betti table.

0 1 2
0|1 - -

1l- - -

20- 3 2
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Castelnuovo-Mumford IERIEDEA

General References

Reference

@ D. Bayer and D. Mumford, What can be computed in Algebraic Geometry?
Computational algebraic geometry and commutative algebra, CUP 1993.

https://arxiv.org/abs/alg-geom /9304003
@ D. Eisenbud, The geometry of Syzygies, Springer GTM 229, 2005
@ R. Lazarsfeld, Positivity |, Chaper 1, Section 8, Springer, 2004.

@ E. Miller and D. Perkinson, Eight Lectures on Monomial ldeals by
B. Sturmfels, CoCoA Summer School 1999.

https://services.math.duke.edu/~ezra/Queens/cocoa.pdf

@ D. Eisenbud and S. Goto, Linear free resolutions and minimal multiplicity. J.
Algebra 88 (1984).

v
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Castelnuovo-Mumford IERIEDEA

Regulariy Conjecture

(1) regX >1

(2) If X(C P") is nondegenerate, that is, X is not contained in any hyperplane
of P”, then reg X > 2.

Conjecture (Regularity Conjecture by Eisenbud-Goto)
X : a nondegenerate projective variety = reg X < deg X — codim X + 17

‘Irreducible’ and ‘Reduced’ are necessary.

(1) Skew linesin P3, | = (x,y) N (z,w) C k[x,y, z, w]
(2) A double line in P?, | = (xw — yz,x?, xy, y?) C k[x,y, z, w]
regl =degS/l =ht/ =2.
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Castelnuovo-Mumford IERIEDEA

Regularity Conjecture

(1) dim X =1 : Gruson-Lazarsfeld-Peskine, 1983
(2) dim X = 2, smooth, char k = 0 : Lazarsfeld, 1987
(3) dim X = 3, smooth, char k = 0,
reg X < deg X — codim X + 2 : Kwak, 1998
(4) dim X < 14, smooth, char k = 0, n = dim X,
reg X <deg X —codim X +1+ (n—1)(n—2)/2
: Chiantini-Chiarli-Greco, 2000

(5) dim X > 3, singular, Conterexamples : McCullough-Peeva, 2018
(6) Toric variety with codim X = 2 : Peeva-Sturmfels, 1998
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Gruson-Lazarsfeld-Peskine D@3

Gruson-Lazarsfeld-Peskine

Let C C P" be a nondegenerate projective curve of degree d. Then reg C <
d + 2 — n. The equality holds if and only if

(1) d = n, that is, a rational normal curve
(2) d=n+1

(3) d>n+1, and C has a (d + 2 — n)-secant line.

Let C C P" be a nondegenerate projective curve of degree d. If g = pg(C) > 1,
then reg C < d + 1 — n unless C is an elliptic normal curve.

2 B (BBAKRFRFRERRIZHIRER)
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Gruson-Lazarsfeld-Peskine M#3C

Gruson-Lazarsfeld-Peskine

Reference

L. Gruson, C. Peskine and R. Lazarsfeld, On a theorem of Castelnuovo, and the
equations defining space curves, Invent. Math. 72(1983)

Lemma

| A\

Let p: C — C C P" be the normalization of C. Let M = p*Qpn(1). Assume
HY(C,A’2M ® A) = 0 for some A € Pic C. Then reg C < h°(A).

Lemma

| A\

Let p : C—> CCP. Letd= deg p*Opn(1). Then there exists an ample line
bundle A such that h%(A4) = d +2 — n and h}(A°’M ® A) = 0.

v
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Gruson-Lazarsfeld-Peskine D@3

Gruson-Lazarsfeld-Peskine

Sketch of Proof

Let Oz(1) = p*Opn(1) and V = H°(Opx(1)) C HO(OE(l)).
Let m: C xP" — C and f : C x P" — P" be the projections.
Let ' be the graph of p: C — P".

0 - M = VRO — 701 — 0
I

0 — fOm(l) — VO, — fFO(1) — O,

The graph [(C C x P") is defined by m*M — f*O¢(1).
Then we have the exact sequence

TM® f*O]pn(—l) — ngpn — Or — 0.

After tensoring with 7*A, we take the Koszul resolution

T (AM@A)RF* Opr(—2) = T (MRA)DF* Opn(—1) = 7* A — Or@m* A — 0.
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Gruson-Lazarsfeld-Peskine D@3

Gruson-Lazarsfeld-Peskine

Sketch of Proof

Then we have an exact sequence

HO(M ® A) ® Opa(—1) 5 H°(A) @ Op» — p, A — 0.
Let J(C Opn) be the Fitting ideal of p..A, that is, 7 = Im A™ u, ng = h°(A).
Note that Supp p..A = C.

Then we have the Eagon-Northcott complex of u
000 —p O]pn(*no = 2)® = O[pn(*no = ].)EB = (Opn(*no)EB i) j — 0

such that ¢ is surjective and the complex is exact away from C, which gives J is
no-regular, that is, Zx is ng-regular,

v
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Gruson-Lazarsfeld-Peskine D@3

Gruson-Lazarsfeld-Peskine

Proposition

Let £ and F be locally free sheaves of rank £ = e and rank F = f on a scheme
X. Let u: & — F. Then there is a complex

05 AEQRSTI(F*) = - = ANTLERSYFY) — ATE = ATF =0,

which is called as the Eagon-Northcott complex. If u: & — F is surjective, then
the complex is exact.

Reference

H. Clemens, J. Kollar and S. Mori, Higher Dimensional Complex Geometry, Aster-
isque 166, SMF, 1088,

L.ecture 24: A Theorem of Gruson-Lazarsfeld-Peskine and a Lemma of Lazarsfeld
by L. Ein.
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Lazarsfeld M#&i% & Generic Projection Method

Generic Projection Method

Theorem

Let X be a nondegenerate smooth projective variety of IP’('é’. If n =dimX < 14,
then reg X < deg X — codim X + 1 + (n —2)(n —1)/2.

Let p: X(C PY) — PZ! be a generic projection.

Take a cordinate (xp : - +* : Xpg1 @ Xn2 : - ,Xn) = (X0 1 -+ * : Xp41), we have the
canonical maps:

@ g : Opn — p.Ox: a canonical map

® i = Z by : Opn(—1)® — p,Ox, where ¢, : Opn(—1) 2 p,Ox
n+2<j<N

o Yy = Z B - Opn(—2)® — p,Ox, where bxix; : Opn(—2) s P+ Ox

0<i<j<N
[hea
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Lazarsfeld M#& % & Generic Projection Method

Generic Projection Method

Take w = '(/}0 +w1 + '1/12 o g — Oﬂ:bn (&) (Qpn(—].)ea D O]}Dn(_z)@ — p*OX

Lemma

| A\

Let F =G & Opra(—3) & - - © Oprr(—n).
If there is a surjective morphism v : F — p,Ox such that v|g = w,
thenregX <d—N+n+1+(n—1)(n—2)/2.

Lemma

| \

If p: X(C PY) — PL™ is ‘good’, there exists a surjective morphism F — p.Ox.
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Lazarsfeld M#&i% & Generic Projection Method

Generic Projection Method

Definition and Theorem

Let p : X(C P¥) — PZ™ be a projection. Let S; = {z € P!|degp(2) = j}.
The projection p is said to be good if dim S; < max{—1,n — j + 1} for all j.

(Mather's Theory) If n = dim X < 14, then p is good.

Reference

@ R. Lazarsfeld, A sharp Castelnuovo bound for smooth surfaces, Duke Math.
J. 55(1987)

@ S. Kwak, Castelnuovo regularity for smooth subvarieties of dimensions 3 and
4. J. Algebraic Geom. 7 (1998)

@ L.. Chiantini, N. Chiarli and S. Greco, Bounding Castelnuovo-Mumford

regularity for varieties with good general projections, J. Pure Appl. Algebra
152(2000)
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Lazarsfeld M#&i% & Generic Projection Method

Generic Projection Method

Example (Behesti-Eisenbud 2010)

Lazarsfeld has shown that the fibers p~1(z) of a generic projection p : X(C PY) —
IP’@“, n = dim X, can have exponentially greater degree.

Generic Projection Method seems not to work for higher dimensional cases of
Eisenbud-Goto conjecture.

REE e

| A\

@ R. Behesti and D. Eisenbud, Fibers of generic projections, Compositio
Math., 146(2010).

@ J. Mather, Generic projections. Ann. of Math. 98(1973)

N\
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Noma, Kwak-Park IZ& % -regularity FAEDER

Ox-regularity

REETE

Let X C PN be a nondegenerate projective variety. Let m(> 2) be an integer.
Then reg X < m if and only if the following conditions are satisfied:

(1) X c PVis (m — 1)-normal, that is, [(Opnv(m — 1)) — [(Ox(m — 1)) is
surjective.

(2) regOx < m—1.

A

Theorem (Noma, Kwak-Park)

Let X be a nondegenerate smooth projective variety in PV over an algebraically
closed field k of char k = 0. Then Ox is (deg X — codim X)-regular.

In other words, H(Zx(m — i)) = 0 for i > 2, where m = deg X — codim X + 1.

v
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Noma, Kwak-Park IZ& % -regularity FAEDER

Ox-regularity

Sketch of Proof

Let us put n =dim X, d =deg X, and ¢ = codim X = N — n. _

Let us consider a generic inner projection p : X(C PV)--. — X(c P"t1).
Note that deg X = d — c+ 1. Let us define the double point divisor from the inner
projection (cf. Bayer-Mumford Technical Appendix Section 3, 4):

Dinn = —Kx + (d — n— ¢ — 1)H.

Then Dy, is semiample and by Kodaira Vanishing, we have reg Ox < d — c.

Reference

@ A. Noma, Generic inner projections of projective varieties and an application
to the positivity of double point divisors., Trans. AMS, 366 (2014)

@ Sijong Kwak and Jinhyung Park, A bound for Castelnuovo-Mumford
regularity by double point divisors, Adv. Math. 364 (2020)
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Castelnuovo-Mumford 1E Rl D #iif 814 &

Asymptotic property of Castelnuovo-Mumford regularity

Theorem (Bertram-Ein-Lazarsfeld 1991)

Let V' be a smooth projective variety of P¢. scheme-theoretically defined by hy-
persurfaces of degrees d; > --- > d,. Then H’(IP’",I\‘}(Z)) = 0 for ¢ >
dig+dr+---+d —n.

| A

Remark
The proof is difficult and obtained from the Kawamata-Viehweg vanishing theorem.
The result means reg /™ < diym + b for some b if a polynomilal ideal / defines a
smooth projective variety over C.

| \

Reference

@ A. Bertram, L. Ein and R. Lazarsfeld, Vanishing theorems, a theorem of
Severi, and the equations defining projective varieties, J. Amer. Math. Soc.
4 (1991), 587 — 602.

N
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Castelnuovo-Mumford 1E Rl D #iif 814 &

Asymptotical Linearity of Regularity

The asymptotical linearity of the regularity had been believed to be true.

@ K. Chandler, Regularity of the powers of an ideal, Comm. Algebra, 25
(1997), 3773 — 3776.

@ |. Swanson, Powers of ideals: Primary decompositions, Artin-Rees lemma
and regularity, Math. Ann. 307 (1997), 299 — 313.

Theorem (Cutkosky-Herzog-Trung 1999, Kodiyalam 2000)

Let / be a homogeneous ideal of the polynomial ring S = k[x1, -+, x,]. Then the

regularity of /"™ is asymptotically linear function, that is, there are integers d, b, s
such that reg /™ = dm + b for any m > s.

The striking theorem are proved independently by Cutkosky-Herzog-Trung and
Kodiyalam. Later, there are several attempts to obtain d and b, and s.
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Castelnuovo-Mumford 1E Rl D #iif 814 &

Asymptotical Linearity of Regularity

Reference

@ S. D. Cutkosky, J. Herzog and N. V. Trung, Asymptotic behaviour of the
Castelnuovo-Mumford regularity, Compositio Math. 118 (1999), 243 — 261.

@ V. Kodiyalam, Asymptotic behavior of Castelnuovo-Mumford regularity,
Proc. Amer. Math. Soc. 128 (2000), 407 —411.

We describe a proof of the Cutkosky-Herzog-Trung, Kodiyalam theorem.
The proof has 3 steps,

Step 1 surprisingly incledes the Bertram-Ein-Lazarsfeld theorem.

Step 3 is the most complicated, depending on the method of Kodiyalam.
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Castelnuovo-Mumford 1E Rl D #iif 814 &

Asymptotical Linearity of Regularity

Sketch of Proof
STEP I. To prove reg /™ < Am+ B, m > 0 for some constant A, B.

Suppose | is minimally generated by fi,---,f, with degf; = d;. Let R =
k[X1,--- , Xn, T1,- -+, T;] with bigrading deg X; = (1,0), deg T; = (d}, 1).

For a bigraded R-module M = &Mqg,¢), M(™ is defined as ®&g My, m).-

A bigraded R-algebra R(/) = S[It] by X; — x;, T; — f;t; has S[It](m) = /™.
R(—a,—b){™M = RM=B)(_ay =@, , . yp_m pS(—frdy — - — £,d, — a).

By Hilbert syzygy theorem, a graded R-modules S[/t] has a grade free resolution
0—F,— - — Fy— S[lt] = 0, where F; = @;’ZIR(fa,-j, —bjj).

By taking (—)(™, we have the free resolution 0 — F\™ — .- F{™ — |m — 0.

Here F{™ = O Bty ty=m—by S(—ady — - -+ — Leds — aj).
Thus we have reg I < Am + B, where A= maxd; and B = max{a;; — Abj; — i}.
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Castelnuovo-Mumford 1E Rl D #iif 814 &

Asymptotic Linearity of Regularity

Sketch of Proof

STEP Il. Let J be a reduction of /, that is, /9 = JI9~! for some g. Asin STEP I,
through the surjective map R — S[Jt], the Rees algebra S[/t] is a finitely generated
R-module. Then reg /™ < d(J)m+ b for m > 0 from STEP |

Let d be the minimum of d(J) such that J is a reduction of /. We want to show

dm <reg!™ < dm+ b, m> 0.

There exists f € | of (the largest) degree p such that f™ & m/™ for all m > 1,
which implies d(/™) > pm.

So, we have only to show p > d, that is, there exists a reduction J of /| with
d(J) < p. In fact, let us take a minimal generator fi,--- ,f,,--- ,f, of | with
degfi < --- < degf, = p and otherwise deg f; > p.
Since I" = JI"" Y + (fy1+ -+ £)" C J+ml" for n>> 0, J is a reduction of /
by Nakayama's lemma, and reg /™ > d(I™) > dm.

v
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Castelnuovo-Mumford 1E Rl D #iif 814 &

Asymptotic Linearity of Regularity

Sketch of Proof
STEP Ill. From STEP | and STEP Il, we have reg /™ = dm + b, for m > 0.
We will show that b, is constant for m > 0.

Take a reduction J = (f1,--- ,f,) as in STEP Il

Let R = k[X1,---,Xn, T1,--+, T;] and consider S[Jt] C S[It]. Take the Koszul
complex of the bigraded R-module S[/t] with respect to Ty,---, T,.

Since the homology modules are annihilated by a power of (Ty,---, T,), by taking
(=)™ for m > 0, we have

0= " (—dh— - —dy) = = 1" =d) & & " (—=d,) = I" =0,

which implies reg /™ < max{reg /™1 + max{d;},reg /™2 + max{d; + d;} + - +
reg ™"+ (dy + -+ d.)}

v
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Castelnuovo-Mumford 1E Rl D #iif 814 &

Asymptotic Linearity of Regularity

Sketch of Proof

Since reg 1* < dk + by and di + -+ d;i, < sd, we have

reg!/™ = dm+ by,
max{d(m —1) + bp_1 +d,d(m—2) + by_» +2d — 1,
cydm=r)+bp_r+(m—r)d—(m—-r—1)}

IN

Thus we have b, < max{bn_1,bm—2—1,--+ , bp_, — (r = 1)}.
Hence by, is nonincreasing for m > 0, and by, is constant for m > 0.
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Castelnuovo-Mumford 1E Rl D #iif 814 &

Asymptotic property and Geometry

. . Ix™ N
Contrary to the ideal case, lim reg —— can be taken an irrational number.
m—00 m

@ S. D. Cutkosky, L. Ein and R. Lazarsfeld. Positivity and complexity of ideal
sheves, Math. Ann. 321 (2001), 213 —234.

Theorem (Eisenbud-Harris 2010)

Let ¢ : X — P" be a linear projection whose center does not meet X, defined by
a linear subspace V. Let | C S be the ideal generated by V.

max{reg ¢ *(x)|x € P"} = b+ 1,
where b is the least integer m**? C [t for t > 0.

@ D. Eisenbud and J. Harris, Power of ideals and fibers of morphisms,
Math. Res. Lett. 17 (2010), 269 — 275.
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Castelnuovo-Mumford 1E Rl D #iif 814 &

Asymptotic property and Geometry

Lemma
Let ¢ : X — P” be a finite morphism. Set £L = ¢*Op (1) amd V =
©*(M(Opn(1)) C T(L). Let M be a coherent sheaf on X and W C I'(M).

The following are equivalent:

(1) For t > 0, the map Sym,(V)® W — (L' ® M) is surjective.

(2) For every closed point x € P", the restriction map W — ['(M|,-1(y)) is
surjective.

Sketch of Proof
(1) and (2) are equivalent to (3) u: W ® Oprn — .M is surjective.

| \

Indeed, (3) means that W ® Sym, (V) — (¢« M(t)) is surjective for t > 0. Also,
M M(t)) =T(M @ L"), so (3) is equivalent to (1).

On the other hand, (2) < (3) follows from the restriction of 1 at x € P" and the
finiteness of ¢.

v
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Asymptotic property and Geometry

Sketch of Proof (Eisenbud-Harris Theorem)
Let us take M = Opn(e) and W =T (Op»(e)) in Lemma.

(1) means there is an integer g such that Sym,(V) ® I'(Ops(e)) — T(Op:(t + €))
is surjective for t > q, in other words, m®*™¢ C /%,

(2) means T(Opn(e)) — T(Op(e)ly-1x)) is surjective, equivalently
HI(I¢71(X)(6)) =0, that is, tegp}(x) < e+ 1.

| A\

Example

Let ¢ : P! = Projk[x,y] — P" be a finite morphism by a linear system V C
I(Op:(d)).

Let / be an ideal of k[x, y] generated by V.

Then reg /™ = dm+ r — 1 for g > 0, where r is the number of the fibers.

N
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Asymptotic property and Geometry

Mather's generic projection theorem means the following in commutative algebra.

Proposition
Let R be a standard graded algebra with dimR = n+ 1 over C, and ProjR is
smooth. If | = (f, -, f,42) is an ideal generated n + 2 generic forms of degree

d, and n < 14, then m®*t" C /* for all t > 0.

Conjecture (Beheshti-Eisenbud 2008)

The regularity of a every fiber of a generic projection of a smooth projective variety
X to P™¢, ¢ > 1is bounded by 1+ n/c, where dim X = n.

Let R be the coordinate ring of X. This conjecture is equivalent to mt*l7/¢l /¢
for t > 0 for an ideal | generated by n+ 1 + ¢ general linear forms.

v
Reference

@ Z. Ran, Unobstructedness of filling secants and the Gruson-Peskine general
projection theorem. Duke Math. J. 164 (2015), 697722.
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Buchsbaum BOFENSD 7 TO—F & HELHRIEDHE

Regularity Bounds for Buchsbaum Variety

Let X C P be a projective scheme, where P" = Proj S and S is a polynomial ring
with maximal ideal m.

(1) X is ACM if H(Zx(£)) =0 for 1 < i < dim X and /.

(2) X is Buchsbaum if for all r-planes L (successive hyperplane sections) with
dimX NL=dimX — codim L,

mH (Zx) =0for 1 <i<dimX N L.

Theorem (Eisenbud-Goto 1984; Stiickrad-Vogel 1988)

(1) Assume X is an ACM variety, i.e., R is Cohen-Macaulay, then
reg X < deg X — codim X + 1.

(2) Assume X is a Buchsbaum variety, i.e., R is Buchsbaum, then
reg X < [(deg X — 1)/codim X + 1
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Regularity Bounds for Buchsbaum Variety

Theorem (Trung-Valla 1988, Nagel 1995; Yanagawa 1997, Nagel 1999; Miyazaki

2011)

(1) An ACM variety X with deg X > 0 and reg X = [(deg X —1)/codim X +1
is a divisor on a variety of minimal degree.

(2) A Buchsbaum variety X with deg X > 0 and
reg X = [(deg X — 1)/codim X + 1 is a divisor on a variety of minimal
degree.

(3) A Buchsbaum variety X with deg X > 0 and

reg X = [(deg X — 1)/codim X7 is a divisor either on a variety of minimal
degree or on a Del Pezzo variety.
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Regularity Bounds for Buchsbaum Variety

If X C P" is a variety of minimal degree, that is, deg X = codim X + 1, then X
is either (a) a quadric hypersurface, (b) the Veronese surface in P, (c) a rational
normal scroll or (d) their cone.

Definition (from Fujita's Book)

X C P" is called a Del Pezzo variety if
@ deg X = codim X + 2
@ X N Lis an elliptic normal curve for a generic (codim X + 1)-plane L
@ only Gorenstein singularities, wx = Ox(1 — n)

o HI(X,0x(¢))=0forall £and 1 < g<dimX -1
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Classification in terms of Regularity Bound

REE e

@ Stiickrad and W. Vogel, Castelnuovo bounds for locally Cohen-Macaulay
schemes. Math. Nachr. 136 (1988)

@ L. T. Hoa and C. Miyazaki, Bounds on Castelnuovo-Mumford regularity for
generalized Cohen-Macaulay graded rings. Math. Ann. 301 (1995).

@ U. Nagel and P. Schenzel, Degree bounds for generators of cohomology
modules and Castelnuovo-Mumford regularity. Nagoya Math. J. 152 (1998)

@ C. Miyazaki, Buchsbaum varieties with next to sharp bounds on
Castelnuovo-Mumford regularity. Proc. AMS 139 (2011).
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Regularity Bound

Sketch of Proof

vV C prtdimV. 3 Buchsbaum variety
C=VNH; N N Hyimv—1: a successive generic hyperplane section
X =CNHCH(ZEP") : a generic hyperplane section.

reg V =reg C =reg X

min{m | H*(Zx(m — 1)) = 0}
min{t|[(Opn(t)) - F(Ox(t))} +1

reg X

X is in uniform position in char k = 0 (linear semi-uniform position in char k > 0).
Take a union of hyperplanes F such that F N X = X\{P} for any P € X in
chark =0

v
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Uniform Position Principle

Proposition
reg X < [(d —1)/n] +1

Sketch of Proof

In case char k = 0, X is in uniform position. Castelnuovo's method
PeX,{=[(d—-1)/n]

Devide the points X\{P} into ¢ groups.

X\{P}:{Pb aPn|Pn+1,"' aP2n|"'|P(£—1)n+la"' 7Pd—1}
Take ¢ hyperplanes: H; = (Py(i—1)41, -+ Pai) Z P, 1 <0 <L

Let us take a union of hyperplanes F = Hy U --- U Hy.
Then we have F N X = X\{P} and I'(On(¢)) — TF(Ox(¢)) is surjective.

A
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Generic Hyperplane Section of Projective Curve

Sketch of Proof

In case char k > 0, X is not necessarily in uniform position.

R: the the coordinate ring of X

h=(ho,- -, hs) be the h-vector of R

h; = dimy[R]; — dimk[R];_1, where s is the largest integer such that hs # 0.
hh=1h=(n+1)—1=ndegX =hg+ -+ hs=d and s =reg X — 1.

Lemma (Uniform Position Lemma(Griffiths-Harris, Ballico))

@ chark=0,h;>hy,i=1,---,5—1
@ chark >0, hy+---+h >ih,i=1--,s—1

.
REE e

E. Ballico, On singular curves in the case of positive characteristic. Math. Nachr.
141 (1989)

v
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Generic Hyperplane Section of Projective Curve

(1) regX < d—n+ 1(=deg X — codim X + 1)
(2) regX < [(d—1)/n] +1

v

Sketch of Proof

(1) Since h; > 1 for 0 <i<s and h; = n, we have

regX=s+1<h+h+--+hs—n+1=d—n+1.

(2) Since hg+ -+ hs=dand hy + - -+ hs_1 > (s — 1)hy,
reg X —2+hs/hy = (s—1)+hs/hy < (hi+---+hs_1)/hi+hs/h = (d—1)/n.

Thus we have reg X — 1 < [(d — 1)/n] as desired.
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Castelnuovo, Eisenbud-Harris

Lemma (Castelnuovo, Eisenbud-Harris)

Let X C IP" be a generic hyperplane section of a curve.
(1) If degX >2n+1 and hy = hy, then X lies on a rational normal curve.

(2) If degX >2n+3 and hy = h; 4+ 1, then X lies on an elliptic normal curve.

| A\

Lemma ( char k =0 for simplicity)

(1) degX > n?+2n+2 and reg X = [(deg X —1)/n] +1
= X lies on a rational normal curve.

(2) deg X > n?+4n+2 and reg X = [(deg X — 1)/n]
= X lies on an elliptic normal curve.
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Castelnuovo, Eisenbud-Harris

Conjecture (Harris)

Fori1<m<n—1,ifdegX >2n+2m—1and h, = hy + m—1, X lies on a
curve of degree at most n+ m — 1.

What should we do in positive characteristic case?
C C IP’”'H

X =CNHC H(=P") : a generic hyperplane section

If X is not in uniform position (it may happen only if chark = p > 0) and
deg X > 0, then reg X < [(d —1)/N] + 17
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Sketch of the Proofs

Sketch of Proof
In case Z is generated by quadratic equations.

X=CnH c Z C HE=P
C C c P!
We have to show

(1) T(Zz/n(2)) = T(Zx/1(2))-
(2) T(Zc/pr1(2)) — T(Zx/H(2)) is surjective.

@ Uniform Position Lemma, Castelnuovo’s Lemma, Eienbud-Harris’ Lemma
@ Socle Lemma
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Socle Lemma

Theorem (Socle Lemma(Huneke-Ulrich J. Alg. Geom. 1993))

Let S = k[xo, - - ,x,] be the polynomial ring over a field k, char k = 0.
Let M be a finitely generated graded S-module.
For a generic element h € [S];,

0 — Kerp — M(—1) 5 M — Cokerp — 0

where ¢ = -h.
If Ker ¢ # 0, then a_(Ker ¢) > a_(Soc(Coker ¢)),

where Soc(N) = [0 : m]y and a_(N) = min{i|[N]; # 0} for a finitely generated

graded S-module N.

2 B (BBAKRFRFRERRIZHIRER) Castelnuovo-Mumford regularity
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A Small Theorem

Definition

C : a projective curve in P”

M(C) = H'.Z¢c = ®pezHY(Zc(F)) : Hartshorne-Rao module
k(C) = min{v > 0|m"M(C) =0}

\
| \

Proposition

Let C be a nondegenerate non-ACM space curve in P2 over an algebraically closed
field of characterstic 0. Then reg C < [(deg C — 1)/codim C| + k(C).

If deg C > 10 and reg C = [(deg C — 1)/codim C| + k(C), then C is a divisor of
either (a,a+ 2) or (a,a+ 3) on a smooth quaric surface P* x P!

v
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Rees-like Algebra

Counterexamples

Theorem (McCullough-Peeva)

Over any field k the Castelnuovo-Mumford regularity of nondegenerate homoge-
neous prime ideals is not bounded by any polynomial function of the mulplicity.

Corollary

There is a nondegenerate projective variety X in P" such that reg X > deg X —
codim X + 1.

Reference

@ J. McCullough and |. Peeva, Counterexamples to the Eisenbud-Goto
regularity conjecture, J. Amer. Math. Soc. 31 (2018)

@ J. McCullough and I. Peeva, The regularity conjecture for prime ideals in
polynomial rings, EMS Survey Math. Sci. 7 (2020).

A
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Rees-like Algebra

Counterexamples

Construction Method

(1) Take a bad ideal, that is, / is a homogeneous ideal of the standard
polynomial ring S such that reg/ > deg S//, but | not prime.

(2) By using Rees-like algebra (or Rees algebra), take a homogeneous prime
ideal P of the non-standard (weighted) polynomial ring T with reg P and
deg T /P computable from reg/ and deg S//.

(3) By step-by-step homogenization (or prime standardization), take a
homogeneous prime ideal P’ = PT’ of the standard polynomial ring T’ with
reg P’ =reg P and deg T'/P' = deg T /P.
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Rees-like Algebra

Counterexamples

Proposition (cf. Bayer-Mumford)

Let / be a homogenous ideal of k[xp, - ,x,]. Then we have

—1

(1) char k =0, reg/ < (2maxdeg(/))?’
(2) chark >0, reg/ < (2maxdeg(/))™

Example (Mayr-Meyer 1984)

There is an ideal / of k[xp, - - - , x,] with maxdeg(/) = 4 and reg/ > 2%" — 1.

Example (Jee Koh 1998)

In the polynomial ring k[xy, - - - , x22,—1], there is an ideal /, generated by 23 quadrics
and one linear form such that maxdeg(Syz(/;)) > 227",
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Rees Algebra

Definition

Let | = (f1,---, 1) be an ideal of the polynomial ring S = k[xy,- -+ , Xp].

The Rees algebra of / is defined as R(/) = S[It](= ®g>0/9) C S[t].
Proj R(/) is the blowing up of A" along /. The defining ideal P is the kernel of
w:Sha, -,y — S[lt] by o(y;) = fit.

P is, in general, difficult to compute.

Example (McCullough-Peeva)

Let / = (v, vO, *w* +v2x* + uvwy3 + uvxz®) be an ideal of S = k[u, v, w, x, y, z].
Let us take a defining prime ideal P of T = S[wy, w», ws] of the Rees algebra S[/t].
By Bertini Theorem, we have a singular 3-fold X in P° with deg X = 31 and
reg X > 38 by computation with Macaulay?2.
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Rees-like Algebra

Definition
Let / = (f1,---, 1) be an ideal of the polynomial ring S = k[x1,- -+ , Xu].
The Rees-like algebra of / is defined as RL(/) = S[It, t?] C S[t].

The defining ideal @ is the kernel of v : T = S[y1,---,y,,2] — S[It,t?] by
YP(y;) = fit and 9(z) = t?, where degy; = deg f; + 1 and deg t = 2.

NOT standard graded!

Let / = (x) be an ideal of k[x]. Then RL(/) = k[x, xt, t?] and P = (y? — x?z) in
klx,y, 2.
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Rees-like Algebra

(1) reg T/Q =regS/l +2+ >, degf;
(2) deg T/Q = 2]];_,(degf; +1)
(3) tR=r

v

Sketch of Proof

The prime ideal Q of T = k[x1, - ,Xn, Y1, , ¥r, 2] is minimally generated by
{Yays — 2fafg|l < a,B < r} and {> cjyil > ¢jfi =0},

where the minimal free resolution of P as a graded S-module is

A e 5 p

A
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Rees-like Algebra

Sketch of Proof

Since_ Qis homogenegus prir1_1e, z is a nonzerodivisor of T/Q.
Let T=T/(z) and Q = QT. L
Then the graded Betti numbers of T/Q and T/Q is the same!

Now we have a homogeneous prime ideal QinT = k[x1, -+ s Xn,¥1," -, ¥r]. The
prime ideal Q is generated by M = ({3_. ¢;yi}) and N = ({yiy;}) = (v1, -+, vr)%

The minimal free resolution of T/Q is constructed as the mapping cone of that of
(M + N)/N — T/N, which is explicitely described.

In fact , the minimal T-free resolution of M + N/N(= M/M N N) comes from the
minimal S-free resolution of Syzig l.

The minimal free resolution of T/Q is the Eagon-Northcott resolution.
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Homogenization

Definition and Proposition (Step-by-step homogenization)

Let T = k[y1,---,yp| be the polynomial ring with degy; > 1 for i < q and
degy; =1fori > q. Let T' = k[y1, -+ ,¥p, V1, - , Vq] be the standard polynomial
ring. Let v: T — T’ be a graded homomorphism by v(y;) = y,-v,.degy"*1 fori < gq
and v(y;) =y, for i > q.

Let P be a homogeneous prime ideal of T. Then PT’ is a homogeneous prime
ideal of T’, and the graded Betti numbers of T/P and T'/P’ is the same.

v

There is another homogenization preserving the graded Betti numbers. Mantero-
McCullough-Miller use the Prime Standization by the Ananyan-Hochster theory
(homogeneous prime sequence) to controll the singular locus.
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Rees-like Algebra

Homogenization

Example (Affine Monomial Curve)

Let P= (x> —y,xy — z) in S = k[x, y, z], which is the kernel of » : S — k|[t] by
p(x) =t, p(y) = t* and ¢(z) = t*.

Let us take a non-standard grading degx = 1, degy = 2 and degz = 3. Then it
is graded, and reg P = 4 since the minimal free resolution is:

0—S(-5)—S(-2)®S(-3)—S—S/P—0.

1) Traditional homogenization gives P’ = (x> — yw, xy — zw, xz — y?) in
g g y Y y

S’ = k[x,y,z, w], which is a twisted cubic curve, and reg P’ = 2.

(2) Step-by-step homogenization gives @ = (x> — yu, wyu — zu?) in
T = k[x, y, z, u, w], which is a complete intersection, and reg Q = 4.
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Rees-like Algebra

Counterexamples

Sketch of Proof (McCullough-Peeva Theorem)

From Jee Koh's example we have homogeneous prime ideals P, of the standard
polynomial ring R, such that

@ degR, /P, < 4.3%2r—=3 < 250r

@ reg P, > maxdeg(P,) > 277N 115027

which yields the assertion of the McCullough-Peeva theorem.
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Horrocks Criterion

Theorem (Horrocks 1964)

Let £ be a vector bundle on P" of rank r. '
Assume that & is ACM, that is, H.(£) = @pezH' (P",E(¢)) =0for 1 << n—1.
Then & is isomorphic to a direct sum of line bundles.

There are several proofs for Horrocks Theorem.
@ Horrocks' original proof

@ Induction on the dimension of projective space
(cf. Okonek-Schneider-Spindler)

@ Auslander-Buchsbaum Theorem(cf. Matsumura)

@ Use the Castelnuovo-Mumford regularity
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Horrocks Criterion

Proof (cf. Okonek-Schneider-Spindler)

We will prove by induction on n. n =1 is the Grothendieck Theorem.

For n > 2, let us take F = @&/_;Opn(a;) from an isomorphism &|y = @, On(a;).
Then we have only to take a section of [(FY ® &) by using the hypothesis of
induction.

Proof (Auslander-Buchsbaum Theorem 1958)

Let (R, m, k) be a Noetherian local ring.
Let M be a finitely generated R-module with projdim M < oc.
Then depth M + projdim M = depth R.
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Horrocks Criterion

Proof (Horrocks Criteiron using Castelnuovo-Mumford Regularity)

Let £ be an ACM vector bundle on P".
Assume that &£ is m-regular but not (m — 1)-regular.
Then we have a surjective map ¢ : Of, — E(m).

Since £ is ACM, we have H"(E(m — 1 — n)) # 0, and H°(EY(—m)) # 0 by Serre
duality.
Thus we have a nonzero map v : £(m) — Opn.

Since 1 o @ is nonzero, it splits.
Hence Opn is a direct summand of £(m).
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Horrocks Correspondence

Theorem (Horrocks, Walter, Malaspina-Rao)

Let VB be the category of vector bundles on P” modulo stable equivalence.
Here vector bundles £ and F on P are stable equivalent if there are direct sums
of line bundles £ and M such that E® L = F & M.

Let us write FinL for the full subcategory of C* € Ob(D’(S—Mod)) such that
H'(C*) is a finite over S for 0 < i < n and H'(C®) = 0 for all other i.

Then we have the following Horrocks correspondence:
A functor 797<,RI, : VB — FinL gives an equivalence of the categories.

Sketch of Proof (Walter, Malaspina-Rao)

Let € be a vector bundle on P” = Proj S = Proj k[xo, - - - , Xa].

Let us put E =T.&.

A graded SV-module EV is (negatively graded, but) EV is finitely generated with
finite projective dimension.
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Horrocks Correspondence

Sketch of Proof (Walter, Malaspina-Rao)

Note that depth EY > 2 since EVVY = EV.
By Auslander-Buchsbaum theorem, we have an exact sequence:

0— PV ... 5 POV 5 EV 0,

where PV is a dual of a graded free S-modules.
By taking dual, we have a complex of graded S-modules:

0E—-P ... P10

Thus we have an exact sequence of sheaves on P”.

0P ... P10
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Horrocks Correspondence

Sketch of Proof (Walter, Malaspina-Rao)

A complex P®*:0 — P® — ... P"~1 — 0 have H.(£) 2 H/(P®), 1 <i<n-1,
precisely, 7o, RI.E & P°.

Then a complex 0 = E — P° — ... — P"~1 — 0 and the minimal free resolution
of E,0— P " — ... P71 5 E 0, give a complex of graded S-mudules

P 0P "—...5P ... Pl 0.

Here we remark that H'(P®) has a finite length, especially H'(P®) = 0, i ¢
(1, n—1}.

v

From the Horrocks correspondence, the vanishing of the intermediate cohomologies
of a vector bundle € on P”, that is, 7507<,RI.(E) = 0 implies that & is isomorphic
to a direct sum of line bundles, which is the original Horrocks theorem.
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Buchsbaum Bundle

Definition

A vector .bundle E on P" is called a Buchsbaum bundle if
(x05- -y xn)HL(P", E|) =0,1<i<r—1forany r-plane L(CP"), r=1,--- ,n.

Definition and Proposition (Stiickrad-Vogel, Schenzel)

Let S = k[xo, - - ,xn] be the polynomial ring over a field k with m = (xp, - , Xp).
A graded S-module M with dim M = d is called as a Buchsbaum module it the
following equivalent conditions are satisfied.

(i) ¢(M/qM) — e(q; M) does not depend on the choice of any homogeneous

parameter ideal g = (y1,- -+ , Yd)-
(ii) For any homogeneous system yi, -, yq, 0 < i < d of parameters
mHL(M/(y1, -+ ,yi)M) =0, 0<,<d—i—1 holds.

(iii) T<gRT (M) is isomorphic to a complex of k-vector spaces in D°(S—Mod).

4
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Buchsbaum Bundle

Theorem (Goto-Chang)

A Buchsbaum bundle £ on P" is isomorphic to a direct sum of sheaves of differential
form, that is, £ = @Qk"n(f,-).

REETE

| A\

There are several proofs for the structure theorem of Buchsbaum bundles on P"..

@ S. Goto, Maximal Buchsbaum modules over regular local rings and a
structure theorem for generalized Cohen-Macaulay modules, ASPM 11(1987)

@ M. C. Chang, Characterization of arithmetically Buchsbaum subschemes of
codimension 2 in P", J. Differential Geom. 31 (1990), 323-341.

@ Horrocks Correspondence (Schenzel, Yoshino)

@ Syzygy Theoretic Proof

N
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Horrocks Correspondence

Are there any criteria?

@ Null-Correlation bundle on P", n odd?

@ Horrocks-Mumford bundle on P*?

Reference (Horrocks Correspondence)

@ F. Malaspina and A. P. Rao, Horrocks correspondence on arithmetically
Cohen-Macaulay varieties, Algebra Number Theory 9(2015).

o C. H. Walter, Pfaffian subschemes, J. Algebraic Geom. 5(1996).

@ Y. Yoshino, Maximal Buchsbaum modules of finite projective dimension,
J. Algebra 159(1993).

@ F. Malaspina and C. Miyazaki, Cohomological property of vector bundles on
biprojective spaces, Ric. mat. 67(2018).
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Key Lemma of Goto-Chang's Proof

Lemma (Goto (3.5.2), Chang (1.3))

Let £ be a vector bundle on P" with H(€) = 0. Assume that there is an exact
sequence 0 - & — L — F — 0, where L is a direct sum of line bundles not being
any summand of £, and F = &,,>1Q7(k;). Then we have £ = @, 5197 (k).
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Goto's Proof

Sketch of Proof
Set M = T,(€) and P" = Proj S, where S = k[xo,- -, Xs]. We have only to
consider the case M is not Cohen-Macaulay.

STEP |. Let us take a short exact sequence 0 - N — F — M — 0, where F is
graded free. Since N is Buchsbaum and depth N > depth M + 1, N is isomorphic
to a direct sum of syzygy modules E;(k) by induction. By taking the dual sequence
0= M - F* - N & Ext:(M,S) — 0, we have short exact sequences

0— M* = F*—> W —0and 0> W — N* 3 Exty(M, S) — 0.

STEP Il. W is isomorphic to a direct sum of some copies of Ej(¢)’s. Indeed, we
see that 9(E;) =0, j = 1,--- ,n and mExt5(M, S) = 0 from the Buchsbaumness
of M and the property of Koszul complex.

STEP I11. Hence M~ is isomorphic to a direct sum of sheaves of differential p-forms
with some twist by Lemma, and so is £.

v
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Chang's Proof

Sketch of Proof

STEP I. Let £ be a Buchsbaum vector bundle on P". If HL(£) # 0, there is a
short exact sequence 0 — & — F — L — 0, where H(F) and £ is a direct sum
of line bundles.

STEP Il. The minimal generator of I',(F") give a short exact sequence 0 — F —
L — K — 0, where £ is a sum of line bundles. Then K is Buchsbaum with
i(K) =i(€) — 1, where i(£) is defined as the minimal i such that HY(E) = 0 for
i+1<p<n—1. Thus we have K is isomorphic to a direct sum of Q" (k;)'s, and
so is F by Lemma.

STEP I1ll. A short exact sequence 0 - & — F — L — 0 gives the assertion by
using STEP Il and the Buchsbaum property of £.

v
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Null-Correlation Bundle

Definition

Let n be an odd number. Let P" = Proj k[xp, - - ,x,]. From the Euler sequence,
we see that [(Q(2)) is the kernel of [(Ops(1))®"1 — [(Op:(2)).

Then (x1, —X0, X3, —X2, " * * , Xn, —Xn—1) € [(2(2)) gives a map Op» — Q(2), which
defines, by taking dual, a surjective morphism ¢ : Tpn(—1) — Opn(1).

A null-correlation bundle A is defined as Ker ¢, that is, gives a short exact sequence

0= N — Ton(—1)(= Q" Y(n)) — Ops(1) — 0.

Remark

| N

A null-correlation bundle A is quasi-Buchsbaum but not Buchsbaum.

In fact, the intermediate cohomologies appear only in H(N(—1))(= k) and
HH (N (=n))(= k).

v
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Null-Correlation Bundle

Proposition

Let £ be a vector bundle on P" with n odd. Assume H.(€) =2 H?"1(€) = k and
H.(£) =0,2 < i< n—2. Then & is isomorphic to either a null-correlation bundle
or a direct sum of a differential 1-form and (n — 1)-form with some twist, modulo
stable equivalence.

For a null-correlation bundle £, which is quasi-Buchsbaum not Buchabaum, how
about Goto-Chang's proof?

(1) In STEP Il of Goto's proof, O(E;) is not necessarily zero because
Extg(k, M) — HJ (M) is zero for an S-module M corresponding to a
null-correlation bundle.

(2) In Chang's proof, F must be a direct sum of differential (n — 1)-form with
some twist, and then & is seen to be a null-correlation bundle.
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Horrocks-Mumford bundle

Definition

A Horrocks-Mumford bundle £ is defined by a monad from the following complex:
0 — Op(—1)® % 02,(2)22 % 025 - 0

given by ¢(ag, - ,a1) = (a0e2 N e3+ -+~ + age; A e, a0e1 A ey + -+ agep A e3),
and v given by dual of ¢.

v

£
1

4 02,(2)%2 - Cokery — 0
| J

— Q2,(2)%2 LA o — 0
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Horrocks-Mumford bundle

From the previous observation we have

o HL(£) = Coker (22(2)®2 5 595)
o HX(E) = H2(QL(2)?) = k°2
@ H3(&) is isomorphic to the dual of HL(E).

Here is a cohomology table of H(E(¢)).
|6 5 4 3 -2 -1 0 1 2 3 4 5 6
3/0 2 10 10 5 0 0 0 0 0 0 0 O
20 0 0 0 O O 2 0 0 0 0 0O
1/0 0 0 O O O O O 5 10 10 2 O

v

Find criteria for Horrocks-Mumford bundle in terms of commutative algebra. I

2 B (BBAKRFRFREGRRNZMEE) ] Castelnuovo-Mumford regularity 77/ 94




Castelnuovo-Mumford IEBI& & Horrocks DY¥IEE

Syzygy Theoretic Method

Let € be a vector bundle on P" with HP(£) # 0, where 1 < p < n— 1.
If a vector bundle £ has the following condition:

(a) H(E(p—i+1))=0forl<i<p.
(b) H(E(p—i—1)=0forp<i<n-—1,

then QF, is a direct summand of £.

Sketch of Proof

By an exact sequence arising from the Koszul complex:

0— Opr — O5,(1) — -+ = O%(p) — Q& — 0,

we have a surjective map ¢ : H°(€ ® Q) — HP(E) from the cohomological
condition (a).
*
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Syzygy Theoretic Method

Sketch of Proof
By an exact sequence arising from the Koszul complex:

0= Opi(—n—1) = Of(=n) — -+ = Of(—p—1) = Q, — 0,

we have a surjective map ¢ : HO(EY @ Q8,) — HP(EY(—n— 1)) from the cohomo-
logical condition (b).

If € HO(E ® Q8Y) such that ¢(f) = s(# 0) € HP(E).
Is* € H"P(EV(—n — 1)) corresponding to s € H™(E).
Ig e HO(EY @ Q8,) such that ¢(g) = s*(# 0) € H*P(EY(—n —1)).

Now f and g are regarded as elements of Hom(Q%,, &) and Hom(&, Q5,).
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Syzygy Theoretic Method

From a commutative diagram:

ferg € H(ERMW)H(EY0Q5,) — HO(Opr)
L .
s®s* € HP(E)@H"P(EV(-=n—1)) — H(Op(—n-1)),

a natural map H(£ ® Q8)) @ HO(EY ® QB,) — H%(Opn) yields that g o f is an
isomorphism, which implies 5, is a direct summand of £.

v
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Multigraded Regularity, Syzygy Theoretic Method

There are no vector bundles £ on X = P™ x P" such that H'(£(¢1,£,)) = 0 for all
b1, €Zand 1 <i<m+n-—1.

Theorem (Costa-Miré Roig 2005,2008; Malaspina-Miyazaki 2018)

Let £ be a vector bundle on P™ x P" with HPT9(E) # 0, where 1 < p < m—1
and 1< g<n-—1.
If a vector bundle £ has the following condition:

(a) H(E(a,b)) =0for1<i<p+q,0<a<p, 0<b<qwith
i+a+b=p+qg+1

(b) H'(E(a,b)) =0forp+g<i<m+n—1p-m<a<0,q-—n<b<0
with i+a+b=p+qg—1,

then QF, X QF, is a direct summand of £.
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Multigraded Regularity, Syzygy Theoretic Method

Let £ be an indecomposable vector bundle on P?xP?. Then the following conditions
are equivalent:

(a) = sz X Q]p2.

(b) H2(£) # 0 and HY(£(1,1)) = H2(£(0,1)) = H2(£(1,0)) = H2(E(-1,0)) =
H2(£(0, —1)) = H3((~1, -1)) = 0.

v

(1) £ = Op X Op(2) X Op1(4) on P! x P! x P! is not Buchsbaum (but
quasi-Buchsbaum). In this case H!(£(—2)) # 0 and H?(E(—4)) # 0.

(2) £ = Qp> X Qp2(3) on P? x P? is Buchsbaum, but H*(£) # 0 and
H3(£(-3)) # 0.
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v-Buchsbaum

S = k[xo,- -+ ,xpn] : the polynomial ring over k
m=5, = (x0, ", %)

M : a finitely generated graded S-module of dimM =d + 1
v(>1) € Z : a positive integer
M is v-Buchsbaum <= m'H!{ (M) =0,1<i<d

M is strongly v-Buchsbaum <= for all homogeneous system of parameters
{f, - fas1}, M/(f,---, ;)M is v-Buchsbaum for j =0, --- d

v

Question (Hoa)

If a nondegenerate projective variety X is “strongly v-Buchsbaum”, then reg X <
[(deg X —1)/codim X + v?

N
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v-Buchsbaum

X CP" : a projective scheme | : the defining ideal of X
R : the coordinate ring of X Vv . a positive integer

@ X is v-Buchsbaum <= R is v-Buchsbaum

@ X is strongly v-Buchsbaum <= R is strongly v-Buchsbaum

v

@ X is strongly v-Buchsbaum = X is v-Buchsbaum.

@ X is Buchsbaum <= X is strongly 1-Buchsbaum.
@ X is v-Buchsbaum = X N H is 2v-Buchsbaum.

@ (Chang, Nagel) There is a projective scheme X such that X is not
v-Buchsbaum but X N H is v-Buchsbaum for a generic hyperplane H.

N
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Bounds on the Castelnuovo-Mumford Regularity

Theorem (Nagel-Schenzel 1998)

Let X be a nondegenerate projective variety in P”. Assume that X is v-Buchsbaum
with v > 1. Then
reg X < [(deg X — 1)/codim X| + v dim X.

Theorem (Miyazaki-Vogel 1996)

Let X be a nondegenerate projective variety in P”. Assume that X is strongly
v-Buchsbaum with v > 1. Then
reg X < [(deg X — 1)/codim X| + (v — 1)dim X + 1.

In case v > 2, if the equality holds for degX > 0, then X is a curve.
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Bounds on the Castelnuovo-Mumford Regularity

S = k[xp, -+ ,xn] : the polynomial ring
M: a finitely generated graded S-module with dimM = d +1 > 1, equi-
dimentional, M, is Cohen-Macaulay for p # m.

Definition

ai(M) = max{(|[H},(M)]¢ # 0}, i > 0
a(M) = ag41(M): a-invariant of M

reg M = max{a;(M) +i|0 << d+1}

| A\

Remark
X(C P") : a projective scheme, R : the cordinate ring of X
regX =regR+1

N

Castelnuovo-Mumford regularity 86 / 94




Hoa F#8#4'5 Standard Buchsbaum ~

Bounds on the Castelnuovo-Mumford Regularity

Proposition (Nagel-Schenzel, Hoa-Miyazaki, Miyazaki-Vogel)
(1) If M is v-Buchsbaum, then a;(M) < a(M)+d+1+v(d+1—1i),0<i<d.

(2) If M is strongly v-Buchsbaum, then
aiM)+i<aM)+d+1+(v—-1)(d+1-i)+1,0<i<d.

Let Y = P! x --- x Pt C P21,
Let X be a divisor correponding to Oy (ng,--- ,ng), where nj = 1+ (v + 1)j.
Let R be the coordinate ring of X.

Then R is v-Buchsbaum, a;(R) = (v+1)(d —i+1)—1,1<i<d, a(R)= -1
and reg R = (v + 1)d.

v
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Standard System of Parameters

Definition
Let M be a graded S-module of dmM = d +1 > 1. A system of parameters
{x0, -+ ,xq} for M is called standard if

(X07"' 7Xd)H1i-n(M/(X07"' 7XJ)M) = 07’+J S d.

An m-primary ideal q is M-standard if any system of parameters contained in ¢ is
standard.

v
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Standard System of Parameters

Definition
Let r be a positive integer. A part of a system of parameters {y1,--- ,ys} is called
r-standard if for any 0 < j < r and any choice yy,, -, yk;,

(ylv‘ T ,)’s)an(M/(qu T 7ykj)M) = Ovl+./ <d.

Theorem (Hoa-Miyazaki 1995)

Let R = S/l be a coordinate ring with dimR = d + 1 of a projective scheme.
Assume that m" is a standard ideal of the graded ring R. Then reg R < a(R) +
d+1+(v—1)(d+1—depthR)+1.

Theorem (Miyazaki 2019)

Let yo, - ,yq be a standard system of parameters for the graded S-module M.
Put e =degy, and v+d => e. Then a;(M)+i<a(M)+d+1+v.
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Standard Buchsbaum

Definition

S = k[xo,- -+ ,Xn] : the polynomial ring

M: a finitely generated graded S-module with dimM = d +1 > 1, equi-
dimentional, M, is Cohen-Macaulay for p # m.

Then we define v(M)(> 1) as the minimal integer such that there exists a standard
homogeneous system of parameters fi,--- ,fy11 of a graded S-module M with

S degfi = d + v.

| A\

Definition

F: a coherent sheaf on P" satisfying F, is Cohen-Macaulay for all x € P"
Then v(F) is defined as v(I.(F)).

For a locally Cohen-Macaulay subscheme V C P", we define v(V) = v(Zv).
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Bounds on the Castelnuovo-Mumford Regularity

Proposition (Miyazaki in preparation)

Let V be a nondegenerate projective variety of P”. Then we have
reg V < [(deg V — 1)/codim V| + v(V).
Assume that deg V > 0.
(1) If regV = [(deg V — 1)/codim V| + v(V), then V is a divisor on a variety
of minimal degree.
(2) IfregV = [(deg V —1)/codim V| + v(V) — 1, then V is a divisor either on
a variety of minimal degree or on a del Pezzo variety.

v
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Standard Buchsbaum

Definition

S = k[xo,- -+ ,Xp] : the polynomial ring
M: a finitely generated graded S-module with dimM = d +1 > 1, equi-
dimentional, M, is Cohen-Macaulay for p # m.

A graded S-module M is standard Buchsbaum if any homogeneous system of pa-
rameters f1,- -+, fyr1 of M with Z?jll deg f; > d + 2 is standard.

For a vector bundle F on P"” and a locally Cohen-Macaulay subscheme V C P7,
‘Standard Buchsbaum' is similarly defined.

v

@ For a fixed integer v > 2, assume that any homogeneous system of
parameters f1,- -, fy11 of a graded S-module M with 27:11 degfi>d+v
is standard. Then M is standard Buchsbaum.

@ Buchsbaum = Standard Buchsbaum = quasi-Buchsbaum

.
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Standard Buchsbaum

Example

@ A Null correlation bundle on P”, n odd, is standard Buchsbaum, not
Buchsbaum, which is clearly characterized by commutative algebra.

@ A Horrocks-Mumford bundle on P* is quasi-Buchsbaum, not standard
Buchsbaum from the explicit monad construction.

Remark

| N

For a nondegenerate standard Buchsbaum variety V of P". we have regV <
[(deg V — 1)/codim V] 4 2. The extremal cases are similarly classified.
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THANK YOU VERY MUCH
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