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strongly commutative dg R-algebra

R = a commutative Noetherian ring (e.g. a complete regular local ring)
A = a (non-negatively graded) strongly commutative dg R-algebra
(dg = differential graded) , i.e.

* A=P,¢An is a non-negatively graded R-algebra.

® d4: A — A(-1) such that (d*)?2 =0 and
d4(ab) = d*(a)b + (—1)l*lad?(b) for a,b € A.
e ab=(—1)l*lpg for all a,b € A, and a® = 0 if |a| is odd.
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strongly commutative dg R-algebra; Examples

® R = dg algebra concentrated in degree 0, d® =0
¢ [Koszul complex] For t € R,

K(t:R) = R+ XR,

where |[X| =1, X2 =0, d¥(X) =t.
K(t; R) = R(X) is a free extension of R with X.

® [More generally] For A a strongly comm. dg R-algebra,
if |.X]| is odd (> 0),

AX)=A+XA
where X2 =0, dMX)(X) =t € A.
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strongly commutative dg R-algebra; Examples

Let A be a strongly comm. dg R-algebra. If | X]| is even,

® [Polynomial extension]
AX]=Ae XA® X’Aa -,

where d4XI(X) =t € A.
Note: dAX)(X™) = nX"—1t.

e [Free extension]
AX)=Aa XA XPAaXPAs. ..

where d(X(")) = X("Z—l)t, x(n) x(m) — (n—;m)X(n—’—m)
On the supposition that X () = Lxn,
* QCR = AX)=AX]
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dg modules

Let A be a (strongly comm. non-negatively graded) dg R-algebra.
(M,0M) is a dg A-module iff

e M is a graded (right) A-module.

e oM . M — M(—1) satisfies (0M)2 = 0 and the Leibniz rule:

M (za) = 0M (z)a + (—1)"lzd?(a)

D(A) = the derived category of all dg A-modules.
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N
Tate resolution

R — R/I a ring homomorphism of commutative Noetherian rings.
Then there is a free extension of R with at most countably infinite
variables X7, Xo, -+ such that the dg R-algebra map

R<X1,X2,-"> — R/I

is a quasi-isomorphism.
This is called a Tate resolution of R/I over R.

In general, Keller's theorem says that D(A) = D(B) if 3 a quasi-isom. dg
R-algebra map A — B.
In particular,

D(R(X1,Xo,--+)) = D(R/I)
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Avramov resolution

R — R/I a ring homomorphism of commutative Noetherian rings.
Then there is a polynomial extension of R with at most countably infinite
variables X7, Xo,--- such that the dg R-algebra map

R[Xy,Xo, -] > R/I

is a quasi-isomorphism.
We call this an Avramov's polynomial resolution of R/I over R.

D(R[X1, X2, -+]) =2 D(R/I)
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-
Original j-operators

In the case | X| is odd, A(X) = A+ XA, and

d
dX(ao + Xap)

is a dg A-module homo. whose image is A(—|X]|), hence an exact
sequence

jX : A<X> — A(X)(—’X’), ap + Xai — a1 =

0— > A AX) s A(—|X]) —>0
In the case | X| is even,
Jx  AX) = AX) (= X]);
where

d
— (a0+Xa1+XPag+---)

jX(a0+Xa1+X(2)a2+- . ) =a1+Xas+-- dX

ix
0—A— AX) — A(X)(-[X]) —=0
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Generalization of j-operators

A = a (strongly comm. non-negatively graded) dg R-algebra,

X= a variable of | X| >0

B = A(X)

N = a graded free (right) B-module, bounded below (not a dg module)

&= End* @Homgraded B-mod (N N( )) C End*R(N)
neZ
Diff 5(N) := {6 : N — N(=1)|6(zb) = 6(z)b+ (—=1)1*lzdb
(re N,be B)}
Definition
D =&+ EoDiff g(N) J

Lemma
D =&+ Diff g(N) o € and it is a subring of Endy(N). }
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Generalization of j-operators

B = {ex} := a free basis of the graded free B-module
Matrix representation

§ € EUDIffp(N) = 6(ex) = > eubur (bux € B)
€n
0 & (b'u)\)
Define j?‘( by

db
EUDIffg(N) 26 — the B-linear map defined by the matrix ( d;(/\) €&

Theorem (Nasseh-Ono-Yoshino)

jg extends to the map D — D that satisfies the Leibniz rule:

i% (@) = 5 (a)B + (-1)*aj§ (8) (a5 € D)
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-
Liftability

By definition, 6 € £ UDiffg(N) is liftable to A iff j5(5) = 0 for 3IB.
A dg B-module (N, 9) (0 € Diffg(N),d? = 0) is said to be liftable
to A if O is liftable to A.

By Leibniz rule,

0=j%(0%) = i%(0)0 + (-1)*1955(0),
hence j5(9) is a cycle in Homp(N, N(—|X| — 1))

78(9)] € ExtX YN, N) is defined.
If (N, ) is liftable, then [j5(9)] = 0.
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-
Liftability Theorem

Theorem
® The class [j5(0)] € Ext'é(lﬂ(N, N) is independent of B.

¢ (Ono-Yoshino)
If | X| is even, then [jx(0)] =0 < (N,0) is liftable.

¢ (Nasseh-Yoshino)
If | X| is odd, then [jx(0)] =0 & (N,0) @ (N(—|X|),—-0) is
liftable. )
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INTERMISSION
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-
Naive lifting

Let A — B be a free extension or a polynomial extension of dg R-algebra,
and (V,0) a semi-free dg B-module, e.g. bounded below and free as an
underlying graded B-module.

Restrict the action to A, and we get a dg A-module (N|4,0).

TN :N|a®aB— N; @b zbis a (right) dg B-module
homomorphism.

Definition
We say N is naively liftable to A if mp splits, i.e. 7w has a right inverse as
a dg B-module homomorphism.
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Naive lifting for simple extensions

Theorem (Nasseh-Ono-Yoshino)

Let B= A(X), and (N, 0) a dg B-module that is free and bounded below
as an underlying graded B-module. Then TFAE:

® (N, 0) is naively liftable to A.

@® If | X| is even then (N, 0) is liftable to A. If | X| is odd then
(N,0) ® (N(—|X|), —0) is liftable to A.

© [jx ()] =0 € Exth TN, V)
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Naive lifting for extensions with finite variables

Let B = A(X1,...,X,) be a free extension,
or B= A[Xj,...,X,] be a polynomial extension with finite number of

variables.
(N,0) = a dg B-module that is free and bounded below as an underlying

graded B-module.

Theorem (Nasseh-Ono-Yoshino)
If Ext;(N,N) =0 for all i > 0, then N is naively liftable to A. J
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-
Diagonal ideal
Let A — B be a dg R-algebra homomorphism.

Let g : B¢ = B°®4 B — B be multiplication map and define the
diagonal ideal J of B¢ by the exact sequence

0 J B> B 0
Take the tensor product N ® — and we have

00— N®pJ—>N®pB*—— N®gB——=0
H N®pmp

N|a®a B un ]Uf

Proposition
Exth(N,N ®@p J) =0 = N is naively liftable to A. J
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Proof of Theorem

Enough to prove;
Proposition
Extl;(N,N) =0 (i >0) = Exth(N,N®pJ)=0 J

We show how to prove this in the case B = A[X},..., X,,] is a polynomial
extension of A.

Then J is an ideal of B¢ generated by
{&=Xi®l-1®X;|i=1,2,...,n} which is something like a regular
sequence, i.e.

Jm/Jm+L s a finitely generated free B-module for any m > 0.

J™ [T = e B(—a) (a > 0)

e.g. In the case that | X| is odd, A[X] ® 4 A[X] = A[X', X"]/(X'?2,X"?) > J=(X"—X"),

where J2 = (X' — X")?) = (X2 = X'X" = XX + X""?) = (0), J/J? = J = A[X](—|X])
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Proof of Theorem

Proposition
Exts(N,N) =0 (i > 0) = Exth(N,N®pJ)=0 J

Extiz(N,N @p J7/J™) = Exth(N,N op @ B(-a))
finite
= EXtiB(N> @ N(_a))
finite
= P Extiz(N,N(—a))
finite
= @Extj;a(N,N) =0form>0,i=>0
finite
= BExtL(N,N @p J/J™ ™) =0 (m >0, i 20)
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Proof of Theorem

Proposition
Exts(N,N) =0 (i > 0) = Exth(N,N®pJ)=0 J

Extly(N, N @p J™/J™ ) (m >0, i > 0)

Exts (N, N @g J/J™ ') =0 (m >0, i 20)

Hompg p)(N, N ®p J/J" ! (—i)) =0 (m >0, i = 0)
Hom g () (NV, holim(N ®p J/J™)(=i)) = 0 (i = 0)
Homp gy (N, N @p J)(=i)) = 0 (i > 0)
Extiz(N,N ®@pJ) =0 (i >0) [

R

*We can prove holim(N @ g J"™11) = 0in D(B).
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The Conjecture

Let A — B be a dg R-algebra homomorphism that is a free extension
or a polynomial extension, and

N be a dg B-module that is bounded below.

We conjecture the following:

Conjecture
If Extl; (N, N) = Exts(N, B) = 0 for all i > 0, then N is naively liftable
to A.

If this conjecture is true, then Auslander-Reiten conjecture is true for any
finitely generated modules over any commutative Noetherian rings.
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Note
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