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8]l. R: ring T,F <ModR
(7.F) is o forsion pair if
(i) TnF=A{o} ;

(i) 7 is closed under quoTienT objecfs and
Fis closed under Subobjecfs;

(iii) "0

>M— N—0 : exact "MeModR .

L
m m
T F

( 7+ ={NeModR | Homg(L,N)=0 YLe T }=F, T=*F)



A Torsion pair (T,F) is heredifary if 7 is closed

under subobjecfs.

Gabriel (1962) R: commutetive noetherian

{heredifary Torsion} E'_' ; {sPecializa’ﬁon—closed}
pairs in Mod R subsefs of SpecR

Gobel —Shelah (1982)

Torsion pairs in Mod Z form 0N ProPer class.

§2.

L Ji L4

C(ModR)2 X= (> X=X =)

l
K(ModR)  Homprogey (Y= Home grogey (4 Y /~,

$: X—Y
J XL)Y%CG')—)X['] : friu.ngle. F~0 & sV ieq st
L hgre,e,mse_split exact 3(‘: J:'os%s‘*'o J;
D(ModR)
HomD(ﬂodR)(X'Y) = 'i_m,HomK(ModR)(X,Y )

Quism\(:f quism



3 left aJJ'oinT

KQC (Mod R) 2%') K(MOJ R ><__-_L_,> KO.C (Mod R)J- — {K-injecjive c.omPle,xes}
W \V v

CHEH] — X —+— T
BK-inJ‘. resol.

(quasi-isom )

D(MedR) = K(ModR)/Kac(MedR) = Kac(MadR) ™

> C(f)

D_CIL_ T Triar\gwlaTeol CQ,Te‘jolfy (88 D(Mool R))

A (Bousfield) localization functor on 7 is a Triangulafed

functor L: T— 7 endowed with a notural transformafion
1:id,—> L st. Ln is inverfible and Ln=1L.

inc L
Ker L 4;# 7-4—’.* 3 Iml

(7/kerL = ImL)

& R‘- comm. noeth. r(ng, mc R idea.|
nz

LAY D(MedR)—> D(ModR) is a localization
P;;)z AMF;LX&X 'FULnCTOV on D(Mod R)

K-pro;. resol
(K-flat)



_DQ_E T1 Trio,nﬂuhfed co,Te_jor/ Wi”\ arbifrar/ direcj sums

(6.3. D(Mool R))
Xe 7 is compacT it

G_?HomT(X, Y) —> HomT(X,q?Yi)
for a.ny direct sum G?Ya in 7.
7 is comPacﬂy 3enemTed if

3 S : (small) seT o]c ComPacT ob)‘ecfs S.t_. Loc,TSZ 7.
7

the Smollesf |ocu|iz_inj Su}:coj. conToJ\inS S

friangulafeal subeal. closed under @

( Loc,TS =7 & ( lLe}zS[i])-L = -{0} >

h R ‘ Omy Yl'na
{ COMP&CT ObJQCTS} — { XE D(MOJ R) X f=\.3F= bounded comPlex},
N D(MOd R) of f.s. proj. modules

I
D(ModR)" = K*(projR)

Loc DU‘"OJR)& = Loc{R} = D(Mod R) : ComPach]' 3e_nemfea!



Q (Telescope conjecture )

T : compo.chy SenemTeol Trfo.nsulafe.cf caTe_ﬁory
If o |oca.|iz.o.Tion functor L:T—T s smashing
(ie. L commules with & ), is KerL 3enerafed by

comFacT ob‘)‘ecfs in T 7

Yes, for D(ModR) over a comm. noefh.ring R,
by Neeman (1992) :

{locodiz.ing subcafegorieS} Q {subseTs of SpecRJ’
of D(ModR)

U U

Smo_ShinS SUbCCLT&gOVl'CS | =] { Specializo.fion-closed
of D(MedR) subsefs of SpecR

w ),
Loc{K(X) Vie) s W léeR}H Y

ﬁzlll...,l




Def (Betlinson—Bernstein=Deligne 1182)
T Trio.ngulafe,ol CaTQSOY)’
u, V c 7: full SubcaTe,gon‘es

(W, V[]) is o t-structure in 7 if

(i) Hom, (U,V)=0 "UelWU , VeV ;

(n)ay—>x—>¥aum "XeT ;
U V
(i) Ulcu .

A t-STrucTure (U,V[']) IS STo.ble if U< u.

{sTable t-sfructurs in T} > {localizaﬁon functors on T}

Ex (D*(ModR) D**(MedR))
T°X =XK— '('70)(4('['""’)()[1]

%% = (- = X' K'— Inde—0) € D" (ModR)
1% = (0 Cokerd,—> X*—> X —-) € D" (Mod R)




T°°: D(Med R)— D™°(Mod R)
T<°: D(ModR)— D™°(ModR)

D*°(ModR) N D**(Mod R) = Mod R

Fact (BBD)
The heart UNnvm of o t-sfructuwe (U, V) in T s

an abelian CaTeaory with the exact structure induced by T .

(U,VD]) D t-structure n 7T

H=UnVlhle—7

2

Q - o
l L realization funcfor”
-0 oa?
b e T
D (H) ? Triangulafec(/de.h've,d equivdence?

)
TiH’inS H\eory
When is H Grothendieck?
3

“homoToPical(7 smwhing t-structure”



83 A : Gyrothendieck caTegoyy

CQT B_T_ : Small CQTQSO}')/ (63 12{1%1—73%})

colimI

COllmI /—L—\
N\

A — > 4" C(A) > C(A")=C(A)*

‘\l'n:/ \J-_/ Grothendieck 1183
i &

lim Cisinski 2003
LcolimI Groth 2013
N Stovicek 2014
D (A) > D (A7) =D (4)"
i
Rlim,

A (STronS and STQHQ) derivaTor IS O (2—)1cuncfor

D: COJ'OPﬂ CAT
W w
I — D) : Trio.nau.lcded

ahoco|iml._
s.1. N
p(1) —>D(D—-0 (1) (1={1}1)
Nt suj

3 holim ¢ full

+ Several condifions.

(eg.D@):=DA") )



D is called compacﬂy ge.ne,rafe.d if DA) is compac'fly Se,ne.rcd'ed.

Def 7 : Trianﬁuqued co.Tejory wifh a.rbifrar/ direct sums

A t-structure (W,V00) in T is Smashing if Vs

closed under direcl sums.

A t-structure (W, V[) in T is comPachy Senero.Teol
it /= S* for some set S of comPacT oLJ'ecTs in 7.

{Smashins t-STchures in T} Q{Smoﬁshing localizations on 7-}
T T

compac,ﬂy Se,neraTecl J localizalions L on 7 wilh )
Ker L 3er\emfe.ol b)z o set

Ll

t-structures in 7

x of comPac_T oEJecTs inT J

Rem
{Torsion pairs in ModZ }

1

{ smashing t-structures in D(Mocll)} IS o proper class.



Def (Saorin—STovigek=Virill 2017)
D : (strong and stable) derivatfor

A t-strucfure (U,v01) in D) is
homofoPicaH)/ Smashina if V is closed under
directed homotopy colimifs, t.e, homoTopy colimits
with respect fo direcfed sefs.

Foct ( Sg\/, Laking 2020>

D: compo.cﬂy genemfed oleriVafor

(w, i) non-degenerafe t-sfructure in [D(1)
fe\?‘utﬂ] = OZQZ ()

(W, v0) s homotopically smashing.
< (W, V[) is smashing and UNV/[] is Grothendieck .

{smashins t-structures in ID(]].)}
T
{homofopically sma.shing

t-structures in D(1)
T T

{ compole; genemfe,d } {localiz&fions L on D(1) wifk}

} &« {smo.shing localizations on D(1) }

t-structures in D(1) Ker L 3enerafeol by o set
of comPo.c.f objecTs in D(1)



Q For which compacfly generated derivator D,
is every homoToPico.ll/ smo.shing t-structure in D@

com pac.ﬂy gene rafed ?

[DMOCIK :C‘;TOP*\’C@\T [DMoJK(‘ﬂ') ’—'D(MOJR)
I —— D(HoolRI)

Rem (M, V['] )'- t-sfructure in D(ModR)

(w, 0) ) ; homoTopica”)/ SMQshing ,
& )/ is closed under directed limits defined in C(ModR)

84. R: comm. noeth. ring

Thm Every homoTopicaIl), smashing t-sfructure in
D(ModR) is compacT|7 3enerodecl.

Sketh of proof

compachy senem'red |- x
{ t-structures in D(ModR) [ & $:z—>32"

w W
(Ug, VplD) ¢ P

J-(SJ.) SL

@li):sp-cl. ¥
(£) 20)26()




S={ K[| (eZ, V() k=X xn, x;R}

ly)/ Alonso Tarrio-Jeremias Lépez—SaoVin 2010.

Take a homoToPicoll): smashing t-structure (U, V01) in D(ModR).
¢(i):= {1’6 SpecR | E®Re)[E0] é )/} : sF.—closed
— % is an sp.—filtration,

Vg is the smallest coaisle containing U ;‘[E(%)[-fl | E@EIeV), and
LE

Ve CV.

ETS: V3X= Xey

Use “inf N1 Xp = inf RHomg (XL2), )S?)“
\Z by FObe - lyensar 2003

V2 X == R X% €Lp == KeVs
I
K-inj. resol. 21y

X—> T : comp. of injective modules



Cor. R: comm. noeth. ring

,

P

homotopically smashing } ,
<« {smashing localizati D(MedR
L t-structures in D(ModR) { 1 Tocatizations on IR) }

1 |l
( localizations [ on D(ModR) wilh W

Ker L 8er\eroje—°l by o set
| of compact objects in D(MedR) |

[ compo.oTl7 aenem'l'e,d
. t—Sfruc.Tures in D(M°d R)

fe—.

Rem (AJS) ¢ : sp-filtration
Up = {XeDMod R) | Supp HX < $() Vi }

)/¢ ) { X E D(Mod R) | RH’S(() X € D>L (Mod R) VL }



