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N,: the non-orientable surface of genus g.
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M(N,) = M the mapping class group of NN,
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Generators for M(N,)

c : a simple closed curve on N,,.
¢ is an A-circle < the regular neighborhood of ¢ is an annulus.
c is an M-circle < the regular neighborhood of ¢ is a Mobius band.
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Generators for M(N,)

c : a simple closed curve on N,,.
¢ is an A-circle < the regular neighborhood of ¢ is an annulus.
c is an M-circle < the regular neighborhood of ¢ is a Mobius band.

¢ : an A-circle

t. : the Dehn twist about c.
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Generators for M(N,)

c : a simple closed curve on N,,.
¢ is an A-circle < the regular neighborhood of ¢ is an annulus.
c is an M-circle < the regular neighborhood of ¢ is a Mobius band.

¢ : an A-circle

t. : the Dehn twist about c.
Lickorish (1963) : M(N,) is not generated by Dehn twists.
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Generators for M(N,)

c : a simple closed curve on N,,.
¢ is an A-circle < the regular neighborhood of ¢ is an annulus.
c is an M-circle < the regular neighborhood of ¢ is a Mobius band.

¢ : an A-circle

t. : the Dehn twist about c.
Lickorish (1963) : M(N,) is not generated by Dehn twists.

Y'-homeomorphisms are needed.
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a

transversely in one point.

an A-circle, m : an M-circle such that a and m intersects
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a : an A-circle, m : an M-circle such that a and m intersects
transversely in one point.
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a : an A-circle, m : an M-circle such that a and m intersects
transversely in one point.

a
m
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a : an A-circle, m : an M-circle such that a and m intersects
transversely in one point.

a
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a : an A-circle, m : an M-circle such that a and m intersects
transversely in one point.

a

2 ®
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a : an A-circle, m : an M-circle such that a and m intersects
transversely in one point.

a

/
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a : an A-circle, m : an M-circle such that a and m intersects
transversely in one point.

a
m
s — )
o Y
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a : an A-circle, m : an M-circle such that a and m intersects
transversely in one point.

U5

o loYop(x) ifuxisinthe neighborhood of a Um,

T otherwise.
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a : an A-circle, m : an M-circle such that a and m intersects
transversely in one point.

Yolz) = {90—1 oY op(z) ifzisin the neighborhood of a U m,

T otherwise.

Lickorish (1963) : M(N,) is generated by Dehn-twists and
Y-homeomorphisms.
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Define D : M(N,) — Zy = {+1,—1} by
D(f) = det(f. = Hi(Ng;R) — Hi(Ng; R)),

then D(Y-homeomorphism) = —1, D(Dehn twist) = +1.
Lickorish (1965) :
ker D = the subgroup of M(N,) generated by all Dehn twists.
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Question: Is M(N,) generated by Y-homeo's ?
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Question: Is M(N,) generated by Y-homeo's ?
Answer: NO! (Since any Y-homeo. acts trivially on Hy(Ny;Zs).)
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Question: Is M(N,) generated by Y-homeo's ?
Answer: NO! (Since any Y-homeo. acts trivially on Hy(Ny;Zs).)

-t Hi(Ny;Zy) x Hy(Ny;Zs) — Zs : mod 2 intersection form.
Aut(H1(Ny; Zs), ) : the group of automorphisms over H;(N,; Zs)
preserving -.

Theorem (McCarthy and Pinkall (preprint, 1984))

The natural homomorphism py : M(Ny) — Aut(Hi(Ny; Zs), -) is
surjective.
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Question: Is M(N,) generated by Y-homeo's ?
Answer: NO! (Since any Y-homeo. acts trivially on Hy(N,;Zs).)

-t Hi(Ny;Zy) x Hy(Ny;Zs) — Zs : mod 2 intersection form.
Aut(Hy(Ny; Zsy), -) : the group of automorphisms over H;(N,; Zy)
preserving -.

Theorem (McCarthy and Pinkall (preprint, 1984))

The natural homomorphism py : M(Ny) — Aut(Hi(Ny; Zs), -) is
surjective.

Level 2 mapping class group: I'y(N,) := ker py

Theorem (Btazej Szepietowski (Geom.Dedicata(2011)))
I'5(Ny) is generated by Y -homeomorphisms. J

If g=3, I'y(N,) ={A e GL(2,Z)| A= E, mod 2}.
(B. Szepietowski)
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Finite system of generators for I'y(N,), when g > 4.
{i1,...,ix} C{1,..., 9}

a{llzvlk} =
Yi1;i2,4-~,ik = Yailvo‘{il,ig ..... i}
Ty iy o= bag, .. wr = the Dehn twist about ;. i}

Theorem (Btazej Szepietowski (Kodai Math. J. (2013)))
When g > 4, I'5(V,) is generated by the following elements:

Q@ Y, forie{l,---,g—1},je{l,---,g} and i # j,

Q T, fori<j<k<l
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Hy(Ta(Ny); Z) = F2(Ng)/[r2(Ng)7 F2(Ng)]-

B. Szepietowski (Geom. Dedicata (2011)) : I's(XN,) is generated by
involutions. = H;(I'2(N,);Z) is a Z/27Z-module.

B. Szepietowski (Kodai Math. J. (2013)) =
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Hy(T9(Ny); Z) = Ta(Ng)/[T2(Nyg), T2 (Ny)]-

B. Szepietowski (Geom. Dedicata (2011)) : I's(XN,) is generated by
involutions. = H,(I'3(Ny);Z) is a Z/2Z-module.

B. Szepietowski (Kodai Math. J. (2013)) =

By mod2 Johnson homomorphism (explained later),

dimg, oz Hi(T2(Ny); Z) > (g) + (g)
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Hy(T9(Ny); Z) = Ta(Ng)/[T2(Nyg), T2 (Ny)]-

B. Szepietowski (Geom. Dedicata (2011)) : I's(XN,) is generated by
involutions. = H,(I'3(Ny);Z) is a Z/2Z-module.

B. Szepietowski (Kodai Math. J. (2013)) =

By mod2 Johnson homomorphism (explained later),

dimg, oz Hi(T2(Ny); Z) > (g) + (g)

We have better upper bound !!
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Lemma 1

When g > 4, I'5(N,) is generated by the following elements:
Q@ VY, forie{l,---,g—1},je{l,---,g} and i # j,
Q 17, forj <k <l

This Lemma =

The lower bound =
Hi(Ta(Ny); 2) = (2,/22) D)+ ().
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Lemma 1

When g > 4, I'5(N,) is generated by the following elements:
Q@ VY, forie{l,---,g—1},je{l,---,g} and i # j,
Q 17, forj <k <l

This Lemma =

The lower bound =
Hi(Ta(Ny); 2) = (2,/22) D)+ ().

Corollary
When g > 4, the set of elements given in the above Lemma is a
minimal set of generators for I's(N,).
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Proof of Lemma 1

G = the subgroup of M(N,) generated by
Q@ Y, forie{l,---,g—1}, je{l,---,g}andi#j,
Q Tt forj <k <l
CONVENTION: ¢1¢2 € M(N,) means apply ¢, first, and then ¢,.
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N = the regular neighborhood of a; ; U o Uy Uy = a1,
B =0N.
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N = the regular neighborhood of a; ; U o Uy Uy = a1,

B =0N.

N’ = the regular neighborhood of oy ; U ax U gy Uy, U kg
in N = 22,2,
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N = the regular neighborhood of oy ; U a1 U gy Uy = 2o 1,

B =0N.

N’ = the regular neighborhood of oy ; U ax U gy Uy, U kg
in N = 22,2,

ON' = BUC, (' bounds a disk in NV,.

S. Hirose and M. Sato (T.U.S. and Gifu U.)| The mod 2 Johnson homomorphism... June 5, 2013 11 /34



d="T,

Qg m

e="1T,

XL5,k,0

For short, a = Tal,]., b= Tajyk, c="T,

Oék,ly

By chain relation, (abcde)® =T - To = Tp.

S. Hirose and M. Sato (T.U.S. and Gifu U.)| The mod 2 Johnson homomorphism... June 5, 2013 12 / 34



For short, a =T, ;, b= Tojpr €= Ty,

By chain relation, (abcde)® =T - To = Tp.
By braid relations,

d=T,

al,m'

e="1T,

(abede)® = abedeedcba - bedeedch - cdeedc - deed - ee
= abedeedcba - abeddeba - abeeba - abba - aa
- bedeedeb - beddeb - becb - bb
- cdeedc - cdde - cc - deed - dd - ee.
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For short, a =T, ,, b="1T,,,, c=Ty,,, d="1T,,,,,

By chain relation, (abcde)® = Tg - To = Tp.
By braid relations,

e="1T,

(abede)® = abedeedcba - bedeedch - cdeede - deed - ee
=T p1m’” - (abedeba)?® - (abeba)? - (aba)? - a®
- (bededeb)? - (bedeb)? - (beb)? - b
- (cdede)? - (cde)? - ¢ - (ded)? - d* - €.
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Tp = (abede)® =T} 1.1.,° - (abedeba)? - (abeba)? - (aba)? - a®
- (bededeb)? - (bedeb)? - (beb)? - b
- (cdede)? - (cde)? - ¢ - (ded)? - d* - €.
abcdeba = Dehn twist about (g, )eba = (alﬁm)YW;an;}cYn;}
= (abedeba)? = Yo Yok Y Ten Y i Yo Yo

Im~*m;5 - m;k" m;
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Tp = (abede)® =T} 1.1.,° - (abedeba)? - (abeba)? - (aba)? - a®
- (bededeb)? - (bedeb)? - (beb)? - b
- (cdede)? - (cde)? - ¢ - (ded)? - d* - €.

abcdeba = Dehn twist about (g, )eba = (alﬁm)YW;an;}cYn;}
= (abedeba)? = Yot YowYoig T Yo Yook Yomid

TE,, = YignYma (by B. Szepietowski)
= (abedcha)? =Yg Y Yo Yion Yt Yo Yook Yot € G

m;j  myk T ml
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Tp = (abede)® =T} 1.1.,° - (abedeba)? - (abeba)? - (aba)? - a®
- (bededeb)? - (bedeb)? - (beb)? - b
- (cdede)? - (cde)? - ¢ - (ded)? - d* - €.
By the same method, (abcba)?, (aba)?, a®, (bededeb)?, (bedeb)?,
(beb)?, b2, (cdede)?, (cde)?, 2, (ded)?, d?, €* are in G.
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Tp = (abede)® =T} ;" - an element of G.

3 simple closed curves (3, in IV, such that

2
TB:< 11 Yanﬁn) :

nFi,g,k,lm

By using the non-orientable analogy of forgetful exact sequence (or
Birman exact sequence), Y., 5, € G (by B. Szepietowski).
= Tm €G. []
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In the rest of the talk,

| explain
- the mod d Johnson homomorphism,
- the mod d Johnson filtration,

- the abelianization of the level 2 mapping class
group of a nonorientable surface.
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Magnus expansion

Fn: <1171,.T2,"' 7'In>r

R: a commutative ring with a unit element 1,
H := H,(F,;R),

o =
S. Hirose and M. Sato (T.U.S. and Gifu U.)

it
S
pe)
Pl

The mod 2 Johnson homomorphism...



Magnus expansion

Fy = (1,72, ,Ty),
R: a commutative ring with a unit element 1,
H := H,(F,;R),
T = HH®”: the completed tensor algebra generated by H,
p=0
o
Ty, = H H®P: an ideal consisting of (degree > m)-part.
p=m

The subset 1+ T} is a subgroup of T with respect to the
multiplication.
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Magnus expansion

F, = (x1, 22, ,2n),
R: a commutative ring with a unit element 1,
H := H,(F,;R),

oo

T = HH®”: the completed tensor algebra generated by H,

p=0

Ty, = H H®P: an ideal consisting of (degree > m)-part.

p>m

The subset 1+ T} is a subgroup of T with respect to the
multiplication. The homomorphism

0 IFn — 1 + Tl
is called the standard Magnus expansion.

S. Hirose and M. Sato (T.U.S. and Gifu U.)

The mod 2 Johnson homomorphism...

June 5, 2013
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0, : F,, — H®P: the projection of 6 to the degree p part.

Proposition (Magnus)

Let I'(0) = F,,, T'(p+ 1) = [['(p), Fu).
When R = Z,

L(m) = m Kerd,.
p=1
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0, : F,, — H®P: the projection of 6 to the degree p part.

Proposition (Magnus)

Let I'(0) = F,,, T'(p+ 1) = [['(p), Fu).
When R = Z,

L(m) = ﬂ Kerd,.
p=1

The sequence of subgroups

IA, (m) = Ker(Aut F,, — Aut(F,/T'(m)))

is called the Johnson filtration.
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Johnson homomorphisms via Magnus expansion
H = Hy(F,; R).

Theorem (Kawazumi)

For any generalized Magnus expansion 6, the map

7 : Aut F,, — Hom(H, H®?)
o = ([v] = 02(7) — @ub2(0™' (7))

is a crossed homomorphism.
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Johnson homomorphisms via Magnus expansion
H = Hy(F,; R).

Theorem (Kawazumi)

For any generalized Magnus expansion 6, the map

7 : Aut F,, — Hom(H, H®?)
o = ([v] = 02(7) — @ub2(0™' (7))

is a crossed homomorphism. When R = 7, the homomorphism

Tm LA, (m) — Hom(H, H®™1)
0 = ([7] = Oms1(Y) = Omar (97 (7)),

is equal to the m-th Johnson homomorphism,
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Johnson homomorphisms via Magnus expansion
H = Hy(F,; R).

Theorem (Kawazumi)

For any generalized Magnus expansion 6, the map

7 : Aut F,, — Hom(H, H®?)
o = ([v] = 02(7) — @ub2(0™' (7))

is a crossed homomorphism. When R = 7, the homomorphism

Tm T A, (m) — Hom(H, H™1)
o = (7] = Omsr(0()7™)),

is equal to the m-th Johnson homomorphism,
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mod d Johnson filtration
Consider the case when R = Z/dZ, and H = H,(F,; Z/dZ).
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mod d Johnson filtration
Consider the case when R = 7/dZ, and H = H\(F,; Z/dZ).
Denote by T'[d](m ﬂ Ker 6, and

p=1

TA[d](m) = Ker(Aut F,, — Aut(F,,/T[d](m)).
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mod d Johnson filtration
Consider the case when R = 7/dZ, and H = H,(F,;7Z/dZ).
Denote by T'[d](m ﬂ Ker 6, and

p=1

TA[d](m) = Ker(Aut F,, — Aut(F,,/T[d](m)).
The first one

Aut F,[d] :==IA[d|(1) = Ker(Aut F,, — Aut H,(F,,; Z/dZ))

is called the level d subgroup of Aut F;,.
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mod d Johnson filtration
Consider the case when R = 7/dZ, and H = H,(F,;7Z/dZ).
Denote by T'[d](m ﬂ Ker 6, and

TA[d](m) = Ker(Aut F,, — Aut(F,,/T[d](m)).
The first one

Aut F,[d] :==IA[d|(1) = Ker(Aut F,, — Aut H,(F,,; Z/dZ))

is called the level d subgroup of Aut F;,.
If we restrict the crossed homomorphism

7 : Aut F, — Hom(H, H*?),
p = (] = 02(7) — @:b2(07 (7))

to Aut F,[d], we have a homomorphism in the same way.
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(We will not use it in this talk but)
we also have the m-th mod d Johnson homomorphism

Tm :IA[d](m) — Hom(H, H®™)
@ = (7] 7 Onr1(7) = Omsr (071 (7))

S. Hirose and M. Sato (T.U.S. and Gifu U.)| The mod 2 Johnson homomorphism... June 5, 2013 22 / 34



(We will not use it in this talk but)
we also have the m-th mod d Johnson homomorphism

Tm :IA[d](m) — Hom(H, H®™)
o= (7] = Omia (1) = O (971 (7).

Note that the mod d Johnson filtration

.- CTA[)(3) C TA[d)(2) C TA[d](1) = Aut F,[d].

are finite index normal subgroups of Aut F,.
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Mapping class groups for orientable surfaces

In the following, we assume g > 4.
Let

Diff , (¥, 4,02
M(EQJ): 1 +( g,1» g,l)

isotopy rel 9%,
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Mapping class groups for orientable surfaces

In the following, we assume g > 4.
Let

Diff , (¥, 4,02
M(Z%l): 1 +( g,1» g,l)

isotopy rel 9%,

The action M(X,1) N mX,1 = Fh,
induces an injection M(X, 1) C Aut Fy,.
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Mapping class groups for orientable surfaces

In the following, we assume g > 4.

Let ‘
. lef+ (Eg,la 82%1)

by = .
M(Zg1) isotopy rel 9%, 1

The action M(X,1) N mX,1 = Fh,
induces an injection M(X, 1) C Aut Fy,.

Let I'y(X,,1) be the level d mapping class group of ¥, ;.
Let H = Hy(Sy1;7/d7).
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Mapping class groups for orientable surfaces

In the following, we assume g > 4.

Let ‘
. lef+ (Eg,ly 82%1)

dYig1) = .
M(Zgu) isotopy rel 93, ,
The action M(X,1) N mX,1 = Fh,
induces an injection M(X, 1) C Aut Fy,.

Let ['4(X, 1) be the level d mapping class group of 3, ;.
Let H = Hy(X,,1;Z/dZ).
The restriction of the crossed homomorphism

7 M(X,,1) — Hom(H, H®?)

to the level d mapping class group I'4(X, 1) is a homomorphism
(the mod d Johnson homomorphism).
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Remark
Broaddus-Farb-Putman and Perron also constructed the mod d

Johnson homomorphism in the level d mapping class group in
different ways.

June 5, 2013 24 / 34
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Remark
Broaddus-Farb-Putman and Perron also constructed the mod d

Johnson homomorphism in the level d mapping class group in
different ways.

Proposition
The image of the mod d Johnson homomophism
71 : Ta(2,1) = Hom(H, H®?) is

I ASH when d is odd
mm7 = .
PO\ APH + (4X®3| X € H) when d is even
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Since the level d symplectic group generated by transvections, the
level d mapping class group is generated by d-powers of Dehn twists
and elements in the Torelli group. Proposition is proved using the
following lemma.
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Since the level d symplectic group generated by transvections, the
level d mapping class group is generated by d-powers of Dehn twists
and elements in the Torelli group. Proposition is proved using the
following lemma.

Lemma
Let ¢ be a non-separating simple closed curve in X, ;. Then, we have

dr @3 -
() = 5[0] when d is even,

0 when d is odd.
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proof of Lemma

Since 77 is a crossed homomorphism,
for p € M(3,1) and ¢ € I'y(X,1), we have

n(eve™") = e.m(y) € H®.
Hence, it suffices to show that

d(d—1)

m(td) = 5

[C]®3

for just one non-separating SCC c.
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Choose basis {«;, 5;}7_; and a SCC ¢ as in Figure.

: %

O\©C

(

\
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Choose basis {«;, 5;}7_; and a SCC ¢ as in Figure.

: (2

< i N

N\
Since t4(a;) = a1 87, we have

7 (t9)[ar] = b2(cr) — b2 (e 577
d(d - 1)

===
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Choose basis {«;, 5;}7_; and a SCC ¢ as in Figure.

' (2

< i N

N\
Since t4(a;) = a1 87, we have

7 (t9)[ar] = b2(cr) — b2 (e 577

_odd—1), e
Forz =ag, -+, B1, ", By we have t¢(x) = x.
Hence, we have
dld—1
ﬁ(ti) = ( 9 )[51]@)3-
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Theorem (S.)
When d = 2, the sequence

0 — Hy(Z,1;2/dZ)/(Z/2Z) — Hi(Ta(Se1); Z)
— H1(Sp(2¢;Z)[d];Z) — 0

Is exact.

Putman generalized it for even integer d such that 4 fd.
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Theorem (S.)
When d = 2, the sequence

0 — Hy(Z,1;2/dZ)/(Z/2Z) — Hi(Ta(Se1); Z)
— H1(Sp(2¢;Z)[d];Z) — 0

Is exact.

Putman generalized it for even integer d such that 4 fd.

corollary

H\(T2(40); 2) = (2/22)(%) & (2/42)(7) & (2/82)(Y),
H(T9(3g1);Z/2Z) = Im 7.
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Theorem (Perron, Putman, S)
When d is odd,

Hy(La(Eg1); Z) = Hy(Zy1;Z/dZ) ® H\(Sp(2g; Z)|d]; Z).
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Mapping class groups for nonorientable surfaces

Let H := Hl(Ng,l; R)
We denote by
Diff , (V,
MNy) = is;t;( g,l*)
py rel

the mapping class group of a pointed surface N;.
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Mapping class groups for nonorientable surfaces

Let H := H1<Ng’1; R)
We denote by
Diff , (V,
M) = is;t;( g7|*)
py rel

the mapping class group of a pointed surface N;.
Since m Ny is a free group of rank g,
we can also define a crossed homomorphism

71 : M(N,) — Hom(H, H®?).
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Mapping class groups for nonorientable surfaces

Let H := H1<Ng’1; R)
We denote by

Dift, (N,
M(N;) = - 1 +( 97*)
isotopy rel x

the mapping class group of a pointed surface N;.
Since m Ny is a free group of rank g,
we can also define a crossed homomorphism

71 : M(N,) — Hom(H, H®?).
However, M(Ny 1) — M(N;) is not surjective, and it does not

induce M(N;) — Hom(H, H*?).
Actually, Im(M(Ny,) — M(N;)) C M(N;) is of index 2.
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Mapping class groups for nonorientable surfaces

Let H := H1<Ng’1; R)
We denote by

Dift, (N,
M(N;) = - 1 +( 97*)
isotopy rel x

the mapping class group of a pointed surface N;.

Since m Ny is a free group of rank g,
we can also define a crossed homomorphism

71 : M(N,) — Hom(H, H®?).

However, M(Ny 1) — M(N;) is not surjective, and it does not
induce M(N;) — Hom(H, H*?).

Actually, Im(M(Ny,) — M(N;)) C M(N;) is of index 2.
Instead, we define the Johnson homomorphism directly on M(N;).
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Let ¢ € m(N,,1) denote the boundary curve.
The map 605 : 71 (Ny1) — H®? induces a map

92 : 7T1(Ng) — H®2/02(<)
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Let ¢ € m(N,,1) denote the boundary curve.
The map 605 : 71 (Ny1) — H®? induces a map

Oy : w1 (Ng) — H®?/05(C).

Thus, we also have a crossed homomorphism
7 :M(N;) — Hom(H, H®/05(0))
p > ([1] = b2(7) — @ub2(07 (7).
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Let ¢ € m1(NN,y,1) denote the boundary curve.
The map 605 : 71 (Ny1) — H®? induces a map

Oy : w1 (Ng) — H®?/05(C).

Thus, we also have a crossed homomorphism
7 :M(N;) — Hom(H, H®/05(0))
p > ([1] = b2(7) — @ub2(07 (7).

Since we have a forgetful exact sequence
(Earle-Eell showed Diff, N, is contractible when g > 3)

1 — m Ny = M(N,) = M(N,) — 1,
71 induces a crossed homomorphism

7 : M(N,) — Hom(H, H®2/92(C))/7‘1(7T1Ng).
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Theorem
The image of the homomorphism

Ty @ Fg(Ng) — Hom(H, H®2/92(<))/T1(7T1Ng)

is of (Z,)2Z)-rank (g) + (g)

S. Hirose and M. Sato (T.U.S. and Gifu U.) The mod 2 Johnson homomorphism... June 5, 2013 32 /34



Theorem
The image of the homomorphism

71 : Do(N,) — Hom(H, H®?/05(¢))/mi (w1 N,)

is of (Z,)2Z)-rank (g) + <g)

Corollary

The homomorphism

(71)x + H1(T2(Ny); Z) — Hom(H, H®* /05(C))/71(m1 Ny)

is injective.
In particular, we have

Hl(F2(Ng),Z) = Hl(FQ(Ng),Z/2Z) = Im7’1.
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Lemma

Let a be an A-circle and m an M-circle
which intersect transversely in one point.
Then we have

71 (Yina) = [a] @ [m] @ [m] + [m] ® [a] ® [m] + [m] ® [m] ® [a].
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Lemma

Let a be an A-circle and m an M-circle
which intersect transversely in one point.
Then we have

71 (Yina) = [a] @ [m] @ [m] + [m] ® [a] ® [m] + [m] ® [m] ® [a].

Lemma
Let v € m1 (V).
Then we have

g

7(v) = Z([ai] ® [7] ® [ + [e] ® [ai] ® [A]).
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Problems

For mapping class groups of orientable surfaces,
@ A minimal generating set for I'5(3,)?
Q@ H(IA,(m)[d]; Q) is trivial or not?

There are also interesting subgroups of M(N,).
Q@ Hi(Z(N,))? for the Torelli group Z(N,).

@ Other finite index subgroups of M(N,)?
(twist subgroup, pin mapping class group, etc.)
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