
. . . . . .

The mod 2 Johnson homomorphism and

the abelianization of the level 2 mapping class

group of a non-orientable surface

Susumu Hirose 1 Masatoshi Sato 2

1Tokyo University of Science

2Gifu University

June 5, 2013

S. Hirose and M. Sato (T.U.S. and Gifu U.) The mod 2 Johnson homomorphism... June 5, 2013 1 / 34



. . . . . .

Ng: the non-orientable surface of genus g.

g

attach

M(Ng) =
Diff(Ng)

isotopy
the mapping class group of Ng
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Generators for M(Ng)

c : a simple closed curve on Ng.
c is an A-circle ⇔ the regular neighborhood of c is an annulus.
c is an M -circle ⇔ the regular neighborhood of c is a Möbius band.

c : an A-circle

tc

tc : the Dehn twist about c.
Lickorish (1963) : M(Ng) is not generated by Dehn twists.

Y -homeomorphisms are needed.
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a : an A-circle, m : an M -circle such that a and m intersects
transversely in one point.

Lickorish (1963) : M(Ng) is generated by Dehn-twists and
Y-homeomorphisms.
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a : an A-circle, m : an M -circle such that a and m intersects
transversely in one point.

a

m

φ

M M

Y

Ym,a(x) =

{
φ−1 ◦ Y ◦ φ(x) if x is in the neighborhood of a ∪m,
x otherwise.

Lickorish (1963) : M(Ng) is generated by Dehn-twists and
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Define D : M(Ng) → Z2 = {+1,−1} by

D(f) = det(f∗ : H1(Ng;R) → H1(Ng;R)),

then D(Y -homeomorphism) = −1, D(Dehn twist) = +1.
Lickorish (1965) :
kerD = the subgroup of M(Ng) generated by all Dehn twists.

S. Hirose and M. Sato (T.U.S. and Gifu U.) The mod 2 Johnson homomorphism... June 5, 2013 5 / 34
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Question: Is M(Ng) generated by Y-homeo’s ?

Answer: NO! (Since any Y-homeo. acts trivially on H1(Ng;Z2).)

· : H1(Ng;Z2)×H1(Ng;Z2) → Z2 : mod 2 intersection form.
Aut(H1(Ng;Z2), ·) : the group of automorphisms over H1(Ng;Z2)
preserving ·.

.

Theorem (McCarthy and Pinkall (preprint, 1984))

.

.

.

. ..

.

.

The natural homomorphism ρ2 : M(Ng) → Aut(H1(Ng;Z2), ·) is
surjective.

Level 2 mapping class group: Γ2(Ng) := ker ρ2

.

Theorem (B lażej Szepietowski (Geom.Dedicata(2011)))

.

.

.

. ..

.

.

Γ2(Ng) is generated by Y -homeomorphisms.

If g = 3, Γ2(Ng) ∼= {A ∈ GL(2,Z) |A ≡ E2 mod 2}.
(B. Szepietowski)
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Finite system of generators for Γ2(Ng), when g ≥ 4.
{i1, . . . , ik} ⊂ {1, . . . , g}
α{i1,...,ik} =

1i 2i i gk1

Yi1;i2,...,ik := Yαi1
,α{i1,i2,...,ik}

Ti1,...,ik := tα{i1,...,ik} = the Dehn twist about α{i1,...,ik}.

.

Theorem (B lażej Szepietowski (Kodai Math. J. (2013)))

.

.

.

. ..

.

.

When g ≥ 4, Γ2(Ng) is generated by the following elements:

.

.

.

1 Yi;j for i ∈ {1, · · · , g − 1}, j ∈ {1, · · · , g} and i ̸= j,

.

.

.

2 T 2
i,j,k,l for i < j < k < l.
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H1(Γ2(Ng);Z) = Γ2(Ng)/[Γ2(Ng),Γ2(Ng)].

B. Szepietowski (Geom. Dedicata (2011)) : Γ2(Ng) is generated by
involutions. ⇒ H1(Γ2(Ng);Z) is a Z/2Z-module.

B. Szepietowski (Kodai Math. J. (2013)) ⇒

dimZ/2ZH1(Γ2(Ng);Z) ≤ (g − 1)2 +

(
g

4

)
.

By mod2 Johnson homomorphism (explained later),

dimZ/2ZH1(Γ2(Ng);Z) ≥
(
g

2

)
+

(
g

3

)
We have better upper bound !!
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.

Lemma 1

.

.

.

. ..

.

.

When g ≥ 4, Γ2(Ng) is generated by the following elements:

.

.
.

1 Yi;j for i ∈ {1, · · · , g − 1}, j ∈ {1, · · · , g} and i ̸= j,

.

. . 2 T 2
1,j,k,l for j < k < l.

This Lemma ⇒

dimZ/2ZH1(Γ2(Ng);Z) ≤
(
g

2

)
+

(
g

3

)
.

The lower bound ⇒
H1(Γ2(Ng);Z) ∼= (Z/2Z)(

g
2)+(

g
3).

.

Corollary

.

.

.

. ..

.

.

When g ≥ 4, the set of elements given in the above Lemma is a
minimal set of generators for Γ2(Ng).
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Proof of Lemma 1

G = the subgroup of M(Ng) generated by

.

. .
1 Yi;j for i ∈ {1, · · · , g − 1}, j ∈ {1, · · · , g} and i ̸= j,

.

. . 2 T 2
1,j,k,l for j < k < l.

CONVENTION: ϕ1ϕ2 ∈ M(Ng) means apply ϕ1 first, and then ϕ2.
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1 j k l m

α1 j

α j k
αk l

α l m

B

N = the regular neighborhood of α1,j ∪ αj,k ∪ αk,l ∪ αl,m
∼= Σ2,1,

B = ∂N .

N ′ = the regular neighborhood of α1,j ∪ αj,k ∪ αk,l ∪ αl,m ∪ α1,j,k,l

in N ∼= Σ2,2,
∂N ′ = B ∪ C, C bounds a disk in Ng.
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1 j k l m

α1 j

α j k
αk l

α l m

α1 j k l
B

For short, a = Tα1,j
, b = Tαj,k

, c = Tαk,l
, d = Tαl,m

, e = Tα1,j,k,l
.

By chain relation, (abcde)6 = TB · TC = TB.

S. Hirose and M. Sato (T.U.S. and Gifu U.) The mod 2 Johnson homomorphism... June 5, 2013 12 / 34



. . . . . .

1 j k l m

α1 j

α j k
αk l

α l m

α1 j k l
B

For short, a = Tα1,j
, b = Tαj,k

, c = Tαk,l
, d = Tαl,m

, e = Tα1,j,k,l
.

By chain relation, (abcde)6 = TB · TC = TB.
By braid relations,

(abcde)6 = abcdeedcba · bcdeedcb · cdeedc · deed · ee
= abcdeed̄c̄b̄ā · abcddc̄b̄ā · abccb̄ā · abbā · aa
· bcdeed̄c̄b̄ · bcddc̄b̄ · bccb̄ · bb
· cdeed̄c̄ · cddc̄ · cc · deed̄ · dd · ee.
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1 j k l m

α1 j

α j k
αk l
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TB = (abcde)6 = Tj,k,l,m
2 · (abcdc̄b̄ā)2 · (abcb̄ā)2 · (abā)2 · a2

· (bcded̄c̄b̄)2 · (bcdc̄b̄)2 · (bcb̄)2 · b2

· (cded̄c̄)2 · (cdc̄)2 · c2 · (ded̄)2 · d2 · e2.

abcdc̄b̄ā = Dehn twist about (αl,m)c̄b̄ā = (α1,m)Y
−1
m;jY

−1
m;kY

−1
m;l

⇒ (abcdc̄b̄ā)2 = Ym;lYm;kYm;jT
2
1,mY

−1
m;jY

−1
m;kY

−1
m;l

T 2
1,m = Y −1

1;mYm;1 (by B. Szepietowski)

⇒ (abcdc̄b̄ā)2 = Ym;lYm;kYm;jY
−1
1;mYm;1Y

−1
m;jY

−1
m;kY

−1
m;l ∈ G
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By the same method, (abcb̄ā)2, (abā)2, a2, (bcded̄c̄b̄)2, (bcdc̄b̄)2,
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1 j k l m

α1 j

α j k
αk l

α l m

α1 j k l
B

TB = (abcde)6 = Tj,k,l,m
2 · an element of G.

∃ simple closed curves βn in Ng such that

TB =

( ∏
n ̸=i,j,k,l,m

Yαn,βn

)2

.

By using the non-orientable analogy of forgetful exact sequence (or
Birman exact sequence), Yαn,βn ∈ G (by B. Szepietowski).
⇒ T 2

j,k,l,m ∈ G.
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. . . . . .

In the rest of the talk,

I explain

· the mod d Johnson homomorphism,

· the mod d Johnson filtration,

· the abelianization of the level 2 mapping class
group of a nonorientable surface.
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. . . . . .

Magnus expansion

Fn = ⟨x1, x2, · · · , xn⟩,
R: a commutative ring with a unit element 1,
H := H1(Fn;R),

T̂ =
∞∏
p=0

H⊗p: the completed tensor algebra generated by H,

T̂m =
∞∏

p≥m

H⊗p: an ideal consisting of (degree ≥ m)-part.

The subset 1 + T̂1 is a subgroup of T̂ with respect to the
multiplication. The homomorphism

θ :Fn → 1 + T̂1

xi 7→ 1 + [xi],

is called the standard Magnus expansion.

S. Hirose and M. Sato (T.U.S. and Gifu U.) The mod 2 Johnson homomorphism... June 5, 2013 17 / 34



. . . . . .

Magnus expansion

Fn = ⟨x1, x2, · · · , xn⟩,
R: a commutative ring with a unit element 1,
H := H1(Fn;R),

T̂ =
∞∏
p=0

H⊗p: the completed tensor algebra generated by H,

T̂m =
∞∏

p≥m

H⊗p: an ideal consisting of (degree ≥ m)-part.

The subset 1 + T̂1 is a subgroup of T̂ with respect to the
multiplication.

The homomorphism

θ :Fn → 1 + T̂1

xi 7→ 1 + [xi],

is called the standard Magnus expansion.

S. Hirose and M. Sato (T.U.S. and Gifu U.) The mod 2 Johnson homomorphism... June 5, 2013 17 / 34



. . . . . .

Magnus expansion

Fn = ⟨x1, x2, · · · , xn⟩,
R: a commutative ring with a unit element 1,
H := H1(Fn;R),

T̂ =
∞∏
p=0

H⊗p: the completed tensor algebra generated by H,

T̂m =
∞∏

p≥m

H⊗p: an ideal consisting of (degree ≥ m)-part.

The subset 1 + T̂1 is a subgroup of T̂ with respect to the
multiplication. The homomorphism

θ :Fn → 1 + T̂1

xi 7→ 1 + [xi],

is called the standard Magnus expansion.

S. Hirose and M. Sato (T.U.S. and Gifu U.) The mod 2 Johnson homomorphism... June 5, 2013 17 / 34



. . . . . .

θp : Fn → H⊗p: the projection of θ to the degree p part.

.

Proposition (Magnus)

.

.

.

. ..

.

.

Let Γ(0) = Fn, Γ(p+ 1) = [Γ(p), Fn].
When R = Z,

Γ(m) =
m∩
p=1

Ker θp.

The sequence of subgroups

IAn(m) = Ker(AutFn → Aut(Fn/Γ(m)))

is called the Johnson filtration.
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. . . . . .

Johnson homomorphisms via Magnus expansion

H = H1(Fn;R).

.

Theorem (Kawazumi)

.

.

.

. ..

.

.

For any generalized Magnus expansion θ, the map

τ1 : AutFn → Hom(H,H⊗2)

φ 7→ ([γ] 7→ θ2(γ)− φ∗θ2(φ
−1(γ))

is a crossed homomorphism.

When R = Z, the homomorphism

τm :IAn(m) → Hom(H,H⊗m+1)

φ 7→ ([γ] 7→ θm+1(γ)− θm+1(φ
−1(γ)),

is equal to the m-th Johnson homomorphism,
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. . . . . .

mod d Johnson filtration

Consider the case when R = Z/dZ, and H = H1(Fn;Z/dZ).

Denote by Γ[d](m) =
m∩
p=1

Ker θp, and

IA[d](m) = Ker(AutFn → Aut(Fn/Γ[d](m)).

The first one

AutFn[d] := IA[d](1) = Ker(AutFn → AutH1(Fn;Z/dZ))

is called the level d subgroup of AutFn.
If we restrict the crossed homomorphism

τ1 : AutFn → Hom(H,H⊗2),

φ 7→ ([γ] 7→ θ2(γ)− φ∗θ2(φ
−1(γ))

to AutFn[d], we have a homomorphism in the same way.
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. . . . . .

(We will not use it in this talk but)
we also have the m-th mod d Johnson homomorphism

τm : IA[d](m) → Hom(H,H⊗m+1)

φ 7→ ([γ] 7→ θm+1(γ)− θm+1(φ
−1(γ)).

Note that the mod d Johnson filtration

· · · ⊂ IA[d](3) ⊂ IA[d](2) ⊂ IA[d](1) = AutFn[d].

are finite index normal subgroups of AutFn.
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. . . . . .

Mapping class groups for orientable surfaces

In the following, we assume g ≥ 4.
Let

M(Σg,1) =
Diff+(Σg,1, ∂Σg,1)

isotopy rel ∂Σg,1

.

The action M(Σg,1) ↷ π1Σg,1
∼= F2g

induces an injection M(Σg,1) ⊂ AutF2g.

Let Γd(Σg,1) be the level d mapping class group of Σg,1.
Let H = H1(Σg,1;Z/dZ).
The restriction of the crossed homomorphism

τ1 : M(Σg,1) → Hom(H,H⊗2)

to the level d mapping class group Γd(Σg,1) is a homomorphism
(the mod d Johnson homomorphism).
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. . . . . .

Remark
Broaddus-Farb-Putman and Perron also constructed the mod d
Johnson homomorphism in the level d mapping class group in
different ways.

.

Proposition

.

.

.

. ..

.

.

The image of the mod d Johnson homomophism
τ1 : Γd(Σg,1) → Hom(H,H⊗2) is

Im τ1 =

{
Λ3H when d is odd

Λ3H + ⟨d
2
X⊗3 |X ∈ H⟩ when d is even

.
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. . . . . .

Since the level d symplectic group generated by transvections, the
level d mapping class group is generated by d-powers of Dehn twists
and elements in the Torelli group. Proposition is proved using the
following lemma.

.

Lemma

.

.

.

. ..

.

.

Let c be a non-separating simple closed curve in Σg,1. Then, we have

τ1(t
d
c) =


d

2
[c]⊗3 when d is even,

0 when d is odd.
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. . . . . .

proof of Lemma

Since τ1 is a crossed homomorphism,
for φ ∈ M(Σg,1) and ψ ∈ Γ2(Σg,1), we have

τ1(φψφ
−1) = φ∗τ1(ψ) ∈ H⊗3.

Hence, it suffices to show that

τ1(t
d
c) =

d(d− 1)

2
[c]⊗3

for just one non-separating SCC c.
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. . . . . .

Choose basis {αi, βi}gi=1 and a SCC c as in Figure.

βi

αi

· · · · · ·

c

Since tdc(α1) = α1β
−d
1 , we have

τ1(t
d
c)[α1] = θ2(α1)− θ2(α1β

−d
1 )

= −d(d− 1)

2
[β1]

⊗2.

For x = α2, · · · , αg, β1, · · · , βg, we have tdc(x) = x.
Hence, we have

τ1(t
d
c) =

d(d− 1)

2
[β1]

⊗3.
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. . . . . .

.

Theorem (S.)

.

.

.

. ..

.

.

When d = 2, the sequence

0 → H1(Ig,1;Z/dZ)/(Z/2Z) → H1(Γd(Σg,1);Z)
→ H1(Sp(2g;Z)[d];Z) → 0

is exact.

Putman generalized it for even integer d such that 4 ̸ | d.

.

corollary

.

.

.

. ..

.

.

H1(Γ2(Σg,1);Z) ∼= (Z/2Z)(
2g
3 ) ⊕ (Z/4Z)(

2g
2 ) ⊕ (Z/8Z)(

2g
1 ),

H1(Γ2(Σg,1);Z/2Z) ∼= Im τ1.
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. . . . . .

.

Theorem (Perron, Putman, S)

.

.

.

. ..

.

.

When d is odd,

H1(Γd(Σg,1);Z) ∼= H1(Ig,1;Z/dZ)⊗H1(Sp(2g;Z)[d];Z).
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. . . . . .

Mapping class groups for nonorientable surfaces

Let H := H1(Ng,1;R).
We denote by

M(N∗
g ) =

Diff+(Ng, ∗)
isotopy rel ∗

the mapping class group of a pointed surface N∗
g .

Since π1Ng,1 is a free group of rank g,
we can also define a crossed homomorphism

τ1 : M(Ng,1) → Hom(H,H⊗2).

However, M(Ng,1) → M(N∗
g ) is not surjective, and it does not

induce M(N∗
g ) → Hom(H,H⊗2).

Actually, Im(M(Ng,1) → M(N∗
g )) ⊂ M(N∗

g ) is of index 2.
Instead, we define the Johnson homomorphism directly on M(N∗

g ).
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. . . . . .

Let ζ ∈ π1(Ng,1) denote the boundary curve.
The map θ2 : π1(Ng,1) → H⊗2 induces a map

θ2 : π1(Ng) → H⊗2/θ2(ζ).

Thus, we also have a crossed homomorphism

τ1 :M(N∗
g ) → Hom(H,H⊗2/θ2(ζ))

φ 7→ ([γ] 7→ θ2(γ)− φ∗θ2(φ
−1(γ)).

Since we have a forgetful exact sequence
(Earle-Eell showed Diff0Ng is contractible when g ≥ 3)

1 → π1Ng → M(N∗
g ) → M(Ng) → 1,

τ1 induces a crossed homomorphism

τ̄1 : M(Ng) → Hom(H,H⊗2/θ2(ζ))/τ1(π1Ng).
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.

Theorem

.

.

.

. ..

.

.

The image of the homomorphism

τ̄1 : Γ2(Ng) → Hom(H,H⊗2/θ2(ζ))/τ1(π1Ng)

is of (Z/2Z)-rank
(
g

3

)
+

(
g

2

)
.

.

Corollary

.

.

.

. ..

. .

The homomorphism

(τ̄1)∗ : H1(Γ2(Ng);Z) → Hom(H,H⊗2/θ2(ζ))/τ1(π1Ng)

is injective.
In particular, we have

H1(Γ2(Ng);Z) ∼= H1(Γ2(Ng);Z/2Z) ∼= Im τ1.
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.

Let a be an A-circle and m an M-circle
which intersect transversely in one point.
Then we have

τ̄1(Ym,a) = [a]⊗ [m]⊗ [m] + [m]⊗ [a]⊗ [m] + [m]⊗ [m]⊗ [a].

.

Lemma

.

.

.

. ..

.

.

Let γ ∈ π1(Ng).
Then we have

τ̄1(γ) =

g∑
i=1

([αi]⊗ [γ]⊗ [αi] + [αi]⊗ [αi]⊗ [γ]).

S. Hirose and M. Sato (T.U.S. and Gifu U.) The mod 2 Johnson homomorphism... June 5, 2013 33 / 34



. . . . . .

.

Lemma

.

.

.

. ..

.

.

Let a be an A-circle and m an M-circle
which intersect transversely in one point.
Then we have

τ̄1(Ym,a) = [a]⊗ [m]⊗ [m] + [m]⊗ [a]⊗ [m] + [m]⊗ [m]⊗ [a].

.

Lemma

.

.

.

. ..

.

.

Let γ ∈ π1(Ng).
Then we have

τ̄1(γ) =

g∑
i=1

([αi]⊗ [γ]⊗ [αi] + [αi]⊗ [αi]⊗ [γ]).

S. Hirose and M. Sato (T.U.S. and Gifu U.) The mod 2 Johnson homomorphism... June 5, 2013 33 / 34



. . . . . .

Problems

For mapping class groups of orientable surfaces,

.

. .
1 A minimal generating set for Γ2(Σg)?

.

. . 2 H1(IAn(m)[d];Q) is trivial or not?

There are also interesting subgroups of M(Ng).

.

.

.

1 H1(I(Ng))? for the Torelli group I(Ng).

.

.

.

2 Other finite index subgroups of M(Ng)?
(twist subgroup, pin mapping class group, etc.)
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