Irreducible root systems

aq (6] az ... Op—2 QOp_1 Oy A (67} [e75]
1

S={t(e—¢);1<i<j<n+1}, #Z=n(n+1),
aj=¢ —¢ip1 (j=1,...,n), g =¢€py1—€1 (n>1), #W =(n+1).

o Qp2 Qp-1  Qp @Q (65 aq
By, —O0——0—=0 By =,
2 2 2 2 1

S={%(e;—¢), tlei+e), a3 1<i<j<n, 1<k<n}, #X=2n%

- /
aj=¢ —¢ip1 (F=1,...,n—1), ap =¢,, ag = —€1 — €2, Oy = —¢€q,
4W =2 . .
C (67} aq Qg ... Op—2 QOp_1 Qp
n —O0——0=0
2 2 2 2 1

Y ={(e —¢), tlei+e), £2e31<i<j<n, 1<k<n}, #X=2n%
aj=¢ —€j11 (G=1,....,n—=1), an =2€,, ap = —2€1, aj = —€1 — €2,

#W =2".nl.

- Op—3 Qp_2 Qp_1

Dy,
S={t(e—¢), £lei+¢);1<i<j<n}, #E=2n(n-1)
QO = €5 — €541 (jzl,...,n—l), Qp = €p—1 + €n,
ap = —€1 — €9, #W = 2”_1n!.
(o731 [} Qg Qs (&7}
Es o O
1 2 3 2 1
o)
2
ag

2= {*(e—€), £ +¢), e —er—eo+ Xpoy (1) Per);
1<i<j <5, Zizl v(k) is even}, #X =72

o = %(61 +e€s) — %(62 +es+es+es+ €6+ €r),

ary =¢€1+€, oj=¢_1—€_2 (3<75<6),

ozo:—%(61+62+63+e4+e5—66—67+68), HW =27.3%.5.

1



S = {+(e; — ¢j), (e +¢5), (e —es), £L(er —es + X0_ (—1)"Wey);
1<i<j<6, S0 _ v(k)isodd}, #¥% =126

a1 =4(e1+es) — S(ea+ €3+ es+ €5+ €6+ €r),

Qo = €] + €2, Qj =€_1 —€j_2 3<j<T),

ap=€7—es, #W =219.31.5.7

aq a3 Qg Qs Qg Qv as Qo
2

©
4 6 5 4 3 2
Qa2
3

Y= {i(ei - Ej)v :l:(ei + Ej)a i% 22:1(—1)”(’“)61@;
1<i<j <8, Zizl v(k) is even}, #3¥ =240
o1 = 3(e1+es) — 3(e2+ €3+ €4 + €5 + €6 + €7),
az=e+e, aj=¢1—€6o (3<5<8),
Qg = —€7 — €3, #W=214'35-52'7.
(o)) a1 a9 Qa3 Qg

Fy e O O——0 0
2 3 4 2

Y= {:I:(ei—ej), +(e; +¢€5), Ler, i%(61i62i63i64);
1<i<j<4,1<k<4}, #¥ =48,

1
Q] =€ — €3, Qg = €3 — €4, A3 = €4, Q4 = 5(€] — €2 — €3 — €4),

Qg = —€] — €2, oz6 = —€, #W = 27 . 32,
@Q aq (%)
G2 o——0==0
2 3

Y ={%(e —€j), F(2e1 — €2 —€3), F(2e2 — €1 — €3), £(2e3 — €1 —€2);
1<i<j<3}, #u=12

/
a1 = —2€] + €2+ €3, ag = €] — €2, g = €1 + €3 — 2€3, Q = €3 — €3, #W = 12.
o o
, 0 aq Q2 ... Qp-2 Qp-1 Qp , aq a2 ag Qg 0
B, : —O0——C—=0 EFy: 0O ) >0 ©
1 1 1 1 1 1 2 3 2




Notation
=, X : reduced root systems
U ={aiy,...,a,} : a fundamental system of 3
Wy, : the Weyl group of X
Hom(Z, %) := {1 : 8 — X; 2({PLE0 — 289 (va, 8 € B)}
Aut(X) := Hom(X%, ), Out(X) := Aut(X)/ Wy

Aut’'(2) H Aut(E;) C Aut(z)
j=1
for the irreducible decomposition = =21 + -+ - + =,

=" : subsystems of ¥
G : asubgroup of Aut(X)
Na(E) :={9€G;g(E) =5}, Zg(E)={geC;yglz=id}

! def

TE = Jw € Wy such that E' = w(E)
= rg = &% 3 € Aut(D) such that = = g(=)
Hom(E, %), = {¢t € Hom(E,X); «(E) Z“\Z‘i =}
o ::{Fcz;FlgE}
~ Hom(E, ¥),/ Aut(E) ~ Aut(X)/Nau(s)(E)

Oz :={FC%: F

(1]

} >~ Ws/Nwy (2)

o ((E, EJ-) : a special dual pair = Out(Z) ~ Out(Z+))
=-) : a nonspecial dual pair)

#{O© CV; (O) % =} (if Z is fundamental)

p.J° (if = is not fundamental but L—closed)
— (L-closure of Z is given by (Z+)%)
— (L—closure of Z is given in the right column)

= is fundamental : 3w € Wy and 30 C ¥ such that (0) = w(E)
S : S-closure (S—closed ra, fEE a+pfeX=a+0€ E)
L : L-closure (L—closed : Z Ran = E)

(s dm) 2 Qs 0,,)
(\J) = (T \{ay})
#02 /#0= = #(W=\Hom(E, %),/ Aut(E)) = (#=)
#0=z = (#)- #W= [ ((#z) - #Out(2) - #W= - # Wz )
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Classical Type (Z: irreducible)

by = # | #= | #3 =R =1L P
An Ay 111 1 Ao X n
Ay (1<m<n—2) A 2 1 1 Ap_m—1 X n—m-+1
Ay (n>3) A, 2] 1] 1 0 5 2
A, (n>2) A, 211 0 5 1
¥ (n>5) S | # | #= | He =t = P
Dn A1 1 1 1 Dn,Q + A1 X n
Dn Ag 1 1 1 Dn_g A3 n—1
Dn A3 1 1 1 Dn,4 D4 n—2

(Dg) 1 1 1 Dn73 (n#?) o 1

Dy (n=1)
D, (4<k<n-—3) Ay, 1 1 1 Dy g1 Dk+1 n—k+1
D, Ao | 1 1 1 [ by 3
D, (n:odd) Apq1 ] 2 1 1 0 b 2
D, (n:even) 2 2 1
D, Di |3 1| 3 | Dusuog 2 1
0 (n=5) X
D, (a<k<n-2 | De | 1| 1 1 Dy, O (k#n—d) 1
X (k=n—4)

Dy, (n>0) Doal1 1] 1 ] 5 1
D, D, 211 1 [ by 1
S (n > 2) = | # | #= | #x =T =t P
B, AL 1 1 1 | B, o+ AP o n—1

A7 1 1 1 B, 1 o 1
Bn (n>3) AQ 1 1 1 Bn,3 B3 n—2
Bn (n>4) A3 1 1 1 Bn_4 B4 n—3
By, (n>3) (D3) [T T | 1 By Bs =
Bn (4<m<n) Am 1 1 1 anmfl Bm+1 n—m
Bn (n>4) D4 3 1 3 Bn—4 B4 —
B, (4<m<n) D, 1 1 1 Bn-m B, —
Bn (2<m<n) Bm 1 1 1 Bn—m, o 1
S (n > 2) = | # | #z | #= =1 =T P
Cn A1 1] L [CratAD o n—1

AT 1| 1 Crt ° 1
Cn (n>3) Ag 1 1 1 Cn_g Cg n—2
Cn (n>4) A3 1 1 1 Cn,4 C4 n—3
Cn (n>3) (Dg) 1 1 1 Cn_g Cg — S 03
Cn (4<m<n) Am 1 1 1 Cnfmfl Cm+1 n—m
Cn (n>4) D4 3 1 3 071,_4 04 — S 04
Cn (4<m<n) D, 1 1 1 Cnfm Cm — S Cm
Cn (2<m<n) Cm 1 1 1 Cn—m, o 1




Exceptional Type and D,
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E; 5A4 15 1 15 244 Dy+ A | + | §8.2.3
Fr 6A; 301 1 | 30 A, D — 5823
Ex TAy 30| 1 30 [} b — | §8.2.3
E7 A2 + A1 1 1 1 A3 A3 + Al 18
E; Ay + 24 1 1 1 Ay Dg 12
Er Ay + 34, 1 1 1 [} 3 1
E; 24, 2 1 1 Asy As 4
E7 2A2 + Al 2 1 1 (Z) E 3 C 3Aq
E; 34, 11111 0 ) = 18825, L: Eq
E7 Ag —|—A1 ]N 1 1 1 A3 o 2 <2,5,6,7>
' [1] 1 1 247 | Di+A1]| 9 |(3,5,6,7)
Er As+2A, " | 2 1 2 Aq Dg 3 | 3(As3 + AL = A,
11 1 1 V(A3 + At =24,
— | c b3+ Dy L : Djy
FEr Az + 34, 3 1 3 0 by C 243+ A
— | L: D5 + A1
FEr As + Ag 2 1 1 Ay Dg 3 | c245+4,
E7 Ag + Ag + Al 2 1 1 (Z) by 1 <\4> C 2A3 + Ay
E7 2A3 2 1 1 A1 D6 S | C24A3+ 44
E; 245+ Ay 2 | 1 1 0 ) — 8821
Ex Ay + Ay 1 1 1 [ by )
E; Ay + Ay 1] 1 1 0 by 1| (\5)
Er A+ A 7 1] 1 | 1 ] 5 T [ At =, (\3)
" |1 1 1 ] D) — | A+ =4, L: Eg
FEr As + A 2 1 1 0 % — | §8.2.1
FEr Dy + Ay 3 1 1 24, X 1
FEr Dy +2A; 6 1 1 Aq Dg —
E: | D+ 34, 6 | 1 1 0 ) — [ 5824
Er | Ds+ A 1] 1 |1 ] 5 T [(\6)
E, Do + A, 2 [ 1 1 0 ) —
X E # | #= | #He EL = |p
Eg A1 1 1 1 E7 O 8
Eg Ag 1 1 1 E6 9} 7
Fs As 1 1 1 Ds o 7
Eg A4 1 1 1 A4 o 6
Eg A5 1 1 1 AQ + A1 O 4
Fs Ag 1| 1 1 A, E- 3
Eg A7 ]H 1 1 1 A1 E7 —
) 1] 1 1 0 ) 1 ](0\2)
Es Asg 1 1 1 [ by —
Eg D4 1 1 1 D4 o 1
Eg D5 1 1 1 A3 o 2
Eg D6 1 1 1 2A1 9} 1
Es Dy I 1] 1 0 5 W)
Fs Dy 2 [ 1 1 0 ) —
Fs Fs 1 1 1 Ao ) 1
Eg E7 1 1 1 A1 9} 1 <\8>
Es Es 1 1 1 [ b 1
Fs 24, 1] 1 1 Dg o 21
Es 3A; 1 1 1 Dy+ Ay o 21




4A1 ]//

1 1 —
I T 1 7 [(2,3,6,8)
54, 5] 1 — [ §8.2.3
64, 5] 1 — [ §8.2.3
TA; 30| 1 — [ §8.23
84, 30| 1 — [ §8.2.3
A+ Ay 1 1 1 28
As + 24, 1 1 1 28
Ay + 344 1 1 1 7
Ay + 44, 1 1 1 — | L:Ay+ Dy
245 1 1 1 8
242+ A4 2 1 1 9
245 + 24, 2 1 1 2 | caa,
3A, 4 1 1 —
3A2+A1 4 1 1 — | C 443 LZE6+A1
14, 81 1 | 1 — | §8.25
Az + Ay 1 1 1 20
Ag + 2A1 ]N 1 1 1 —
P11 1 10 | (2,3,4,6,8)
A3+3A1 3 1 3 — LZD5+A1
A3—|—4A1 3 1 3 — CA3+D5LID7
Az + A 1 1 1 10
Ast+ Aa+ A, | 2] 1 | 1 1
As+ Ay +2A, | 2 1 1 0 CDg+2A, L:Ds+24;
2A3 ]H 1 1 1 2A1 —
I T 1 | 1 ] 2 [(2,3,4,6,7,8)
245 + A, 2 [ 1 1 A, —
245 + 24, 2 1 1 0 — | c Dg+24,
A+ A 1 1 1 Ay 12
Ay + 24, 1 1 1 [ )
Al + A 2 1 1 Ay 4
Ay + Ay + Ay 2 1 1 0 1 <\4> C 244
Ay + Az 2 | 1 1 [ 1| (\B) c2a4
24, 21 1 | 1 0 — 8821
A5 + A1 ]N 1 1 1 Ag —
P T 1 [ 1 a, 3 (1,4,5,6,7,8)
A5—|—2A1 2 1 2 (Z) C As + Az + Ay
— | L: E6 + Al
A5 —+ AQ 2 1 1 A1 —
As +As+ A4y | 2 1 1 0 — | §8.2.1
As + A T 1 1 0 1T (\3)
A7 + Ay 1 1 1 0 —
Dy + Ay 1 1 1 34, 2
D4 + 2A1 3 1 1 2A1 —
Dy + 34, 6 1 1 Ay —
Dy + 44, 6 1 | 1 0 — | §8.2.4
Dy + Ay 1] 1 1 0 1
Dy + As 3 1 1 0 — | c2py L: Dy
2D, 6 1 | 1 0 — | §8.24
1 1 1 A 3

D5+A1

=




FEyg D5+ 24, 1 1 1 0 hM — : Dy
Eg D5 —|— Ag 2 1 1 (Z) E 1 <\6> C D5 + A3
Fx D5 + A 2 | 1 1 0 ) — | §8.2.1
Es Ds + A 211 1 A Fr —
Fxg Dg + 24, 2 | 1 1 0 ) — | §8.2.1
Eq Es + Ay 1 1 1 [} 3 1| (\7)
FEg FEg + A 2 1 1 0 hM — | §8.2.1
FEs E.+ A, 1] 1 1 0 by —
F, AT 1] 1 1 o 2
A7 1] 1 1 o 2
Fy AL 1] 1 1 o 1
A3 1] 1 1 o 1
F4 Ag 1 1 1 by — : 33
AS 1] 1 1 ) — L, S:Cs
F, DF 1] 1 1 ) —
DY I 1 I ) — | S Iy
F4 Bg 1 1 1 o 1
F, Bs 1] 1 1 o 1| (\4)
F4 03 1 1 1 o 1 <\1>
F4 B4 1 1 1 by —
F4 04 1 1 1 by — | S: F4
Fy Fy 1 1 1 hM 1
Fy 2AT 1] 1 1 Bs —
214*1S 1 1 1 BQ — : BQ
AT + AT 1] 1 1 X 3
Fy 3AL 1] 1 1 Cs —
314*1S 1 1 1 Bg — : Bg
AT +2AT T 1 1 Bs —
Fy 4AL 1] 1 1 0 ) —
1A3 I 1 1 0 ¥ — [ S Fy
2A7 4+ 2AL 1] 1 1 0 by — [ S:By+2AF
Fy AL + A7 1] 1 1 0 by 1 1(\3)
AS + AL 1 1 1 0 E 1 1(0\2)
F, A5 + AL 1] 1 1 0 ¥ —
By + AY 1] 1 1 A7 Bj — | S:Bs
F, | By +2AT 1] 1 1 0 ) —
F4 232 1 1 1 @ hM — S : B4
Fy AL + A7 1] 1 1 [ ) —
Fy Cs + AT 1] 1 1 0 by —
Fy B3 + A‘ls 1 1 1 0 hM — : By
G2 AL 1] 1 1 AF o 1 )
A7 I 1 I AT o 1 )
Ga AL 1] 1 1 0 ) —
AS 1 1 1 0 by — : Gy
Go Go 1 1 1 [} by 1
G- A7 + AF 1] 1 1 0 ) —




