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ABSTRACT. We characterize the image of the Poisson transform on any distin-
guished boundary of a Riemannian symmetric space of the noncompact type
by a system of differential equations. The system corresponds to a genera-
tor system of two-sided ideals of a universal enveloping algebra, which are
explicitly given by analogues of minimal polynomials of matrices.

1. INTRODUCTION

The classical Poisson integral of a function on the unit circle in the complex plane
gives a harmonic function on the unit disk. More generally, each eigenfunction
of the Laplace—Beltrami operator on the Poincaré disk can be represented by a
generalized Poisson integral of a hyperfunction on the unit circle.

The notion of the Poisson integral has been generalized to a Riemannian symmet-
ric space X = G/ K of the noncompact type, where G is a connected real reductive
Lie group and K is its maximal compact subgroup. The so-called Helgason con-
jecture states that every joint eigenfunction of the invariant differential operators
on X has a Poisson integral representation by a hyperfunction on the Furstenberg
boundary G/P of X, where P is a minimal parabolic subgroup of G. Helgason
proved the conjecture for the Poincaré disk. Kashiwara et al. [K—] proved it gener-
ally by using the theory of hyperfunctions and the system of differential equations
with regular singularities and their boundary value problem due to Kashiwara and
Oshima [KO].

The Poisson transform is an intertwining operator from the spherical principal
series representation to the eigenspace representation. For generic parameter A\ of
the principal series representation, the Poisson transform P, gives an isomorphism
of the representations. The principal series representation is realized on the space
of the sections of a homogeneous line bundle over G/P whose parameter is \. If
A = p, the line bundle is trivial and the representation is realized on the space of
functions on G/P. Then the image of P, consists of the harmonic functions, that
is the functions that are annihilated by the invariant differential operators on the
symmetric space that kill the constant functions. We call this the “harmonic case”.

It is natural to pose the problem of characterizing the image of P, when the map
is not bijective. An interesting case corresponds to the problem of characterizing the
image of the Poisson transform from another distinguished boundary of X in one of
the Satake compactifications of X (cf. [Sa], [O1, O2]). Each distinguished boundary
is of the form G/Ps, where Pz is a parabolic subgroup of G. The Furstenberg
boundary is the maximal one among the distinguished boundaries.

For a classical Hermitian symmetric space of tube type, Hua [Hua] studied the
Poisson integrals of functions on the Shilov boundary, which are generalizations of
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the classical Poisson integrals on the unit disk. The Poisson integrals are harmonic
functions, and moreover, they are annihilated by second-order differential operators,
which are called the Hua operators. Kordnyi and Malliavin [KM] and Johnson [J1]
showed that the Hua operators characterize the Poisson integrals of hyperfunctions
on the Shilov boundary of the Siegel upper-half planes. Johnson and Koranyi [JK]
constructed the Hua operators for a Hermitian symmetric space of tube type in
general and proved that they characterize the Poisson integrals of hyperfunctions
on the Shilov boundary. The second author [Sn2] generalized the result to non-
harmonic cases. In [Sn4], he also constructed a system of differential equations that
characterizes the image of the Poisson transform from a certain kind of distinguished
boundary of a Hermitian symmetric space.

For a Hermitian symmetric space of non-tube type, Berline and Vergne [BV]
defined generalized Hua operators, which are third-order differential operators, and
proved that these operators, together with invariant differential equations, charac-
terize the Poisson integrals of hyperfunctions on the Shilov boundary in the har-
monic case. Koufany and Zhang [KZ] generalized the result to non-harmonic cases.
For G = U(p, q) they also showed that second-order operators characterize the im-
age of the Poisson transform from the Shilov boundary, even for non-tube cases,
that is when p > q.

Johnson constructed a system of differential equations that characterizes the
image of the Poisson transform from each distinguished boundary for G = SL(n,R)
and SL(n,C) in [J2], and for general G in [J3] in the harmonic case.

The first author [O1] proposed a method to study boundary value problems
for various boundaries of X. Oshima constructed a system of differential oper-
ators corresponding to the boundary GL(n,R)/P,_11 of GL(n,R)/O(n), where
P,_1,1 is the maximal parabolic subgroup of GL(n,R) corresponding to the par-
tition (n — 1,1). To prove that the differential equations indeed characterize the
image of the Poisson transform, he used the method of calculating differential equa-
tions for boundary values on the Furstenberg boundary, which are called “induced
equations”. All of the above mentioned works on the problem of characterizing
the image of the Poisson transform from a distinguished boundary by a system of
differential equations use essentially the method of calculating induced equations.

On the other hand, the first author ([O4, O5, O6] and [OO] with Oda), studied
two-sided ideals of a universal enveloping algebra of a complex reductive Lie algebra,
which are annihilators of generalized Verma modules, and applied them to boundary
value problems for various boundaries of a symmetric space. In this paper, we use
two-sided ideals constructed explicitly in [O6, OO] to characterize the image of
the Poisson transform from a distinguished boundary of a symmetric space, giving
several examples including previously known cases. We also study the case of
homogeneous line bundles on a Hermitian symmetric space. Since the differential
operators come from a two-sided ideal of the universal enveloping algebra of the
complexification of the Lie algebra of G, the proof that they characterize the image
of the Poisson transform is fairly easy. Indeed we do not need to calculate induced
equations on the Furstenberg boundary. For the harmonic case, our operators are
different from those constructed by Johnson [J2, J3] and they are more explicit.

This paper is organized as follows. In Section 2 we review representations realized
on a symmetric space and give basic results of the Poisson transforms on various
boundaries.

In Section 3 we review minimal polynomials on complex reductive Lie algebras,
which give a generator system of the annihilator of a generalized Verma module
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after [06, OO] and show that the corresponding differential operators on a Rie-
mannian symmetric space characterize the image of the Poisson transform from a
distinguished boundary of the symmetric space.

In Section 4, we give examples when G is U(p,q), Sp(n,R) or GL(n,R). In
particular, for G = U(p,q) or Sp(n,R) and G/P= the Shilov boundary of X, our
operators for the trivial line bundle over X = G/K coincide with the previously
known Hua operators mentioned above.

2. REPRESENTATIONS ON SYMMETRIC SPACES

In this section we review representations realized on Riemannian symmetric spaces
of the noncompact type and their characterizations by differential equations. The
statements in this section are known results or at least a reformulation or an easy
consequence of known facts (cf. [He2], [Hel], [K-], [Ko], [KR], [O1], [Snl] etc.) and
this section can be read without referring to other sections.

Let G be a connected real connected semisimple Lie group, possibly with infinite
center. Let K be a maximal compact subgroup of G modulo the center of G, let
0 be the corresponding Cartan involution, and g = €+ p the corresponding Cartan
decomposition of the Lie algebra g of G. Fix a maximal abelian subspace a, of
p. Let X(a,) be the set of the roots defined by the pair (g,a,) and fix a positive
system X(a,)*. We denote its Weyl group by W (a,) and the fundamental system
by ¥(ap). Half of the sum of the positive roots counting their multiplicities is
denoted by p. Let G = KAN be the Iwasawa decomposition of G with Lie(A) = a,
and N corresponding to ¥(a,)*. Then P = M AN is a minimal parabolic subgroup
of G. Here M is the centralizer of a, in K. We denote by €, m and n the Lie algebras
of K, M and N, respectively.

Let U(g) be the universal enveloping algebra of the complexification g¢ of g,
which we identify with the algebra of left-invariant differential operators on G. In
general, for a subalgebra [ of g, we denote by U([) the universal enveloping algebra
of the complexification I¢ of . Let S(g) be the symmetric algebra of gc. Then
the map sym of symmetrization of S(g) to U(g) defines a K-linear bijection. By
the Killing form on gc we identify the space O(pc) of polynomial functions on the
complexification pc of p with the symmetric algebra of pc. Let O(p)X be the space
of all K-invariant polynomials on pc and let H be the space of all K-harmonic
polynomials on pc. Then we have the following K-linear bijection:

~

2.1) HoOM Uk = Ug)
. h@p®k — sym(h) ®sym(p) @k

because of the Cartan decomposition g = €+ p and the K-linear bijection
(2.2) HRO0p)X >h@p— hp e O(p)

studied by [KR].

We denote by A(G) and B(G) the space of real-analytic functions and that
of hyperfunctions on G, respectively. We write A(G)k for the space of all K-
finite elements of A(G) under the left translations. Let 7w denote the left regular
representation of G on F(G) defined by

(m(9)p)(x) = p(g7'z) (z €@, ¢ e F(Q)).

Here F denotes one of the function spaces such as A (real-analytic functions),
C* (smooth functions), D’ (distributions), B (hyperfunctions). The corresponding
representation of g is denoted by 7. That is,

(r(X)p) () = Gole M 2)|,_, (p€C®(G), X €g,2€q),
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On the other hand, X € g acts as a left G-invariant differential operator on G by
the right action

(Xo)(2) = Go@e™)|,_, (peC¥(G) zeq),

and the universal enveloping algebra U(g) is identified with the algebra of left G-
invariant differential operators on G . Let ord D denote the order of the differential
operator on G corresponding to D € U(g).

By the decomposition

(2.3) U(g) =nUm+ap) @U(ay) ®U(g)t
coming from the Iwasawa decomposition g = € + a, + n, we define Dy, € Ul(ay)
for D € U(g) so that D — D,, € nU(n+ ap) + U(g)€ and put y(D) = €™ oDy, o€’.
Here e” is the function on A defined by e (a) = a”.

Note that the kernel of the restriction of + to the space of all K-invariants
U(g)® of U(g) equals U(g)X NU(g)t and the restriction defines the Harish-Chandra

isomorphism
(2.4) 7:D(G/K) = U(g)" /(U(a)* nU(g)%) = Ulap)"™”

onto the space U(ay)" of all W(ay,)-invariants in U(a,). Here D(G/K) is the
algebra of invariant differential operators on G//K. Note also that sym(O(p)¥) is
isomorphic to D(G/K) as K-modules under the isomorphisms (2.1), (2.2) and (2.4).

Identifying U(a,) with the space of polynomial functions on the complex dual
at of a,, we put

(2.5) D) =v(D)(A) €C

for A € af and D € U(g). Now we define

(2.6) I=U(@t+ > Ulg)(sym(p) — 1(sym(p)))
peO(p)¥

and

(2.7) AG/K;My) ={ue€ A(G); Du=0 for D c Jy}

and put A(G/K; M)k = A(G)k NA(G/K; My). Here A(G/K; M) is naturally
a subspace of the space A(G/K) of real-analytic functions on G/K because the
function in A(G/K; M) is right K-invariant. Now we can state our basic theorem.

Theorem 2.1. Fiz A € af and define a bilinear form
HRAG/K;M,) — C

(hyu) = (h,u) = (sym(h)u)(e)
and for a subspace V of A(G/K; M,), put
(2.9) HV)={heH; (h,uy=0 forueV}.

(i) The bilinear form { , ) is K-invariant and nondegenerate.
(ii) If V is a subspace of A(G/K; M)k, then

V={ue AG/K;M))k;(h,u) =0 forhe H(V)}.
(iil) There are natural bijections between the following sets of modules.
BN ={V C A(G/K; M) ; V is a close subspace of C*°(G) and G-invariant},
BNk ={Vk C A(G/K; M)k ; Vi is a g-invariant subspace},
JA) ={J D Jxr; J is aleft ideal of U(g)}.
Here the bijections are given by

(2.10) BN >3V = VNAG) Kk € Nk,

(2.8)
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(2.11) BNk 3Vk = L+ Y, Ulg)sym(p) €I,
pEH(VK)
(2.12) JN 2T = {ue A(G); Du=0 for D € J} € B(N).

Before the proof of this theorem we review the Poisson transform. The G-module

(2.13) B(G/P;Ly) = {f € B(G); f(gman) = a*~* f(g)

for (g,m,a,n) € G x M x Ax N}
is the space of hyperfunction sections of the spherical principal series of G parametrized
by A € ai. Put A(G/P;Ly) = B(G/P; L)) N A(G). Define the K-fixed element
KxAxN 3 (k,a,n) — 1x(kan) = a7 of A(G/P; L) and put Py(g) = 1_(g71).
By the G-invariant bilinear form

B(G/P: L)) x A(G/P;L_y) — C
(6.1) = (6 f)x = / (k) £ () dk
K

with the normalized Haar measure dk on K, we define the Poisson transform
Pr:B(G/P;Ly) — B(G)

(2.15) ¢ = Prg(g) = (m(g")d,1-) /¢gk:

- / o(k)PA (k™ g)dk
K

Then it is known that the image of P, is contained in A(G/K; M) because DPy =
Y2 (D)Py, for D € U(g)X. (If the center Z of G is infinite, integrations over K in
the definitions of pairing (-,-)x and the Poisson transform should be understood
to be normalized integral over K/Z. But we write K for simplicity.)

For a € ¥(ap) and w € W(a,), we put

S(ap)g = {o € B(ap) "5 § ¢ S(ap)},

(2.14)

N =A{T (g + %+ 5T (G + 20+ 750) )
(2.16) e = T[] e,
€S (ap)d
e =cey) [ 27%1(%),
€S (ap)d
where m,, is the multiplicity of the root «, A, = 282‘3 and C is a constant

determined by ¢(p) = 1.
The following theorem is the main result in [K-].

Theorem 2.2 (Helgason conjecture). Let A € af.

(1) Px gives a topological G-isomorphism of A(G/P; L)) onto A(G/K; M)) if
and only if e(\) # 0.

(ii) Let w be an element of W (a,) which satisfies

(2.17) Re(wA,a) >0 for all « € S(ay) ™.
Then Py gives a topological G-isomorphism
(2.18) Pux : B(G/P; Luy) = A(G/K; My).

Remark 2.3. (i) The equivalence of the injectivity of Py and the condition e(\) # 0
is proved in [He3].
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(ii) Suppose e(A) # 0. Let D'(G) and C*°(G) denote the space of distributions
and that of C°°-functions on G, respectively. Then

(2.10) Pa(B(G/P; £,) ND'(G))
. ={u € A(G/K; My)); there exist C and k with |u(g)| < Cexpkl|g|},
Pa(B(G/P; L) N C=(G))

(2.20) = {u € A(G/K; M,); there exist k such that for any D € U(¥)
we can choose Cp > 0 with |(7T(D))u(g)‘ < Cpexpklg|}.

Here C, Cp and k are positive constants, U(£) is the universal enveloping algebra
of the complexification of ¢ and |g| = (H, H)2 with the Killing form ( , ) if g €
K exp HK with H € a,. Note that U() in (2.20) may be replaced by U(g).

In fact, (2.19) is given in [OS1, Corollary 5.5]. Suppose u = Py f. Since Pj is
contained in the set (2.19), the U(g)-equivariance and the last expression in (2.15)
implies that the left-hand side of (2.20) is contained in the right-hand side of (2.20).
Note that the inverse of P, is the map of taking boundary values. We can see from
the definition that the order of distribution of the boundary value f of u is estimated
by k in (2.19) (cf. [OS1, the proof of Lemma 2.19] or [O3]). If u is contained in the
right-hand side of (2.20), the order of 7(D)f is uniformly bounded for all D € U (¥)
and hence f|xg € C*°(K). A different proof can be found in [BS].

Proof of Theorem 2.1. Let X € g, k € K and v € A(G/K). Then
(Xm(k)u)(e) = Lu(k™"exp tX)|t:0 = %u((exptAd(kfl)X)kfl)|t:0
— (Ad(R) X))

and therefore the bilinear from ( , ) in Theorem 2.1 is K-invariant.

Let K be the set of equivalence classes of irreducible representations of K.
For 4, 7 € K we denote by A(G/K;M))s and H, the § isotopic components
of A(G/K;My,) and 7 isotopic components of H, respectively. In general, for a
K-module U we denote by Uy the subspace of K-isotopic components §. Then the
K-equivariant map

AG/K;My)s o urs (Hy 2 h (hyu) € C) € Hoe

is identically zero if § # 7* by Schur’s lemma, where 7* is the dual of 7.

Suppose u € A(G/K; Mj); satisfies (h,u) = 0 for any h € Hg«. Then (h,u) =0
for any h € H and therefore it follows from (2.1), (2.6) and (2.7) that (Du)(e) =0
for all D € U(g). Hence u = 0 because u is real-analytic. On the other hand,
since # and A(G/K; My)x are isomorphic to Ind%; 1 (cf. [KR] and Theorem 2.2)
dim A(G/K; M))s = dimHs-, and hence we can conclude that ( , ) defines a
nondegenerate bilinear form on A(G/K; My)s x Hs+, and we have (i) and (ii). Here
we remark that the results follows from the weaker relation dim A(G/K; My)s >
dim Hg* .

First, note that the map (2.10) is a bijection of B(A) onto V(N) k. whose inverse
is the map of taking the closure in C*°(G). The map is still bijective even if it is
restricted to the spaces killed by a left ideal J of U(g). Moreover, remark that for
X €g,DeU(g) and u € A(G/K) we have (Dm(X)u)(e) = —(XDu)(e).

Let Vk € U(A\)g. Then (Dsym(h)u)(e) = 0 for D € U(g), h € H(Vk) and
u € Vi because of the above remark. Note that for a left ideal J of U(g) and
a function w in A(G), the condition Du = 0 for all D € J is equivalent to the
condition (Du)(e) = 0 for all D € J. Hence we have

Vi ={ue A(G/K;M))k; (hyu) =0 for h € H(Vk)}
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={u e A(G/K; M)k ; (Dsym(h)u)(e) =0 for h € H(Vk) and D € U(g)}
={ue AG)k; Du=0 for DeJy+ >  Ug)sym(h)}.
heH (Vk)
Let J be a left ideal of U(g) containing Jy. Then (2.1) and (2.6) show that
J=J,®{sym(h);h € H;} with

(2:21) Hy=sym (J)NH
and
{u e A(G)k;Du=0 for DeJ}
={ue A(G/K;M))k;sym(h)u=0 for heHs}.
Hence the map of J(A) to V(A is injective and we have Theorem 2.1. O

Theorem 2.4. (i) The map
(2.22) H>h — a(sym(h))1y € A(G/P; L))k
is K-equivariant. It is bijective if and only if e(—\) # 0.

(i)

(2.23) (D) = (7(D)1-x)(e) for D€ U(g).

(iii) Putting
(2.24) Hr={h € H; v (sym(Ad(k)h)) =0 forallk € K}
and
(2.25) Ta=Jx+ > Ulg)sym(h),

heH

we have
(2.26) ImPy ={uc AG); Du=0 for D€ Jy}.

Proof. Since 1, is K-invariant, the map (2.22) is K-equivariant. Moreover for
h € H, the condition 7(sym(h))1, = 0 is equivalent to (7(sym(Ad(k)h))1,)(e) = 0
for k € K because (m(sym(h))1,)(kan) = (w(sym(h))1,)(k)a”=*. On the other
hand, (2.23) follows from the definition of v, and 1_j.

Let h € Hy. Then w(sym(h))1_, = 0 and therefore sym(h)Py = 0, and hence it
is clear from (2.15) that ImPy C {u € A(G); Du=0 for D€ Jy}.

Since 7(D)1y € C1, for D € U(g)¥, (2.1) shows that

U(g)1x = {m(sym(h))1x; h € M},

which is the Harish-Chandra module of the minimal closed G-invariant subspace of
A(G/P; L)) containing 1. For ¢ € A(G/P; L))s, we have Pyo(g) = <¢, 7r(g)1,)\>/\
and therefore the condition Py¢ = 0 is equivalent to <¢, w(sym(h))1A>>\ = 0 for all
h € Hgs+. Hence [Ker Py : 0] = [Hy : 6*] and Theorem 2.2 shows that [Im Py : §] =
[A(G/K; M) : 8] — [Hy : %], which means dim(Im Py )s = dim{u € A(G); Du =
0 for D € Jy\}s, and furthermore (2.26) owing to Theorem 2.1 and Remark 2.3 (i).

If e(—A) # 0, the bijectivity of (2.22) follows from Theorem 2.2 because H = {0}
by the argument above. But it follows directly from the result in [Ko] (cf. [He3])
that 1, is cyclic in A(G/K; L) if and only if e(—\) # 0. O

Remark 2.5. Assume that G is a connected complex semisimple Lie group viewed
as a real Lie group and A € af satisfies Re(\, &) > 0 for all @ € X(a,)*. Then J,
is identified with the annihilator of the Verma module of g parametrized by A. It
follows from Theorem 2.1 and Theorem 2.2 that there is a natural bijection between
the set of the two-sided ideals of the universal enveloping algebra of g containing
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Jy and the set of the closed G-invariant subspaces of the spherical principal series
representation of G parametrized by .

For a subset Z of ¥(ay), let Wz be a subgroup of W (a,) generated by reflections
with respect to the elements of = and put P = PWzP. Let P = M=zA=N= be the
Langlands decomposition of Pz with Az C A. For an element p of the complex dual
ag ¢ of the Lie algebra az of Az, the space of hyperfunction sections of spherical
degenerate series is defined by

(2.27) B(G/P=;Lz,) = {f € B(G); f(gman) = a"""f(g)
for (g,m,a,n) € G x M=z x A= x N=}.

Then as in the case of the minimal parabolic subgroup, we can define the Poisson
transform as

Pz, :B(G/P=;L=,) — B(G)
(2.28) ¢ = (Pzud)(9) = (g~ )b, 1z —)z,

/¢gkdk7/¢ VP (5 g)dk.

Here ( , )z, is the bilinear form of B(G/Pz;L=,,) x A(G/Pz;Lz,—,) defined on
the integral over K, 1= ,(kman) = a*~* for (k,m,a,n) € K x Mz x Az x Nz and

Pz ,(9) = 15,—u(971)~
Now we remark the following.

Lemma 2.6. We have naturally

(2.29) B(G/P=i L2,) € BG/P; Lyt p(2).

(2.30) ImPz, =ImP,_,=.

Here we identify a, with its dual by the Killing form and regard p € af ¢ as an

element of af with value zero on aZ, and define p= = pla= and p(E) = p — pz.

Proof. The inclusion (2.29) is clear from (2.13) and (2.27), which implies 1= _,, =
1_(,—p=)) because A(G/P=, L=, ) C A(G/P;L_, 1 =) Since Pz, is left Mz=-
invariant and

B(G/Pz; Lz )|k = B(K/M= N K) and B(G/P; L,,_y=))|x = B(K/M),
we have (2.30) from (2.15) and (2.18). O

Corollary 2.7. (i) Pz, is injective if e(u+ p(E)) # 0. In particular, the Poisson
transform P, : B(G/P=z) = A(G/K; M,) is injective.

(ii) If e(—p+ p(E))e(n+ p(E)) # 0, then B(G/P=; Lz,,) is irreducible.
Proof. The claim (i) is a direct consequence of Theorem 2.2 (i) and Lemma 2.6.

The K-invariant bilinear form ( , )z, and (2.28) show that the following state-
ments are equivalent:

(2.31) Pz, is injective.
(2.32) 1z, is cyclic in B(G/P=; L=, ).
(2.33) Any nonzero closed G-invariant subspace of

B(G/P=; Lz,,) contains 1= .
Hence (ii) is clear. .

Remark 2.8. (i) The calculation of A in (2.24) is equivalent to the determination
of the kernel of PY(\) defined by [Ko, §4].
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(ii) Under the notation in Lemma 2.6
(2.34) (Hyutpz) 1 0] > [Indjy 1: 6] — [Indjy gy 1: 0] for 6 € K

and the equality holds if and only if Pz , is injective.

Most of the statements in this section can be generalized to line bundles over
G/K. We will give the necessary modifications when we consider homogeneous
line bundles over a Hermitian symmetric space G/K. For simplicity we suppose
G is simple and € have a nontrivial center. Let K’ be the analytic subgroup of G
with the Lie algebra ¢ = [€, €] and let Y be the central element of £ so normalized
that exptY € K7, if and only if ¢ € Z, where K’ is denoted by K7 when G is a
real form of a simply connected complex Lie group (cf. [Snl]). Let x¢ : K — C
be the one-dimensional representation of K defined by x,(k) = 1 if k € K’ and
Xe(exptY) = exp/—1¢t. Then we can define the space of real-analytic sections of
a homogeneous line bundle E; over G/K associated to the representation x, of K:

(2.35) A(G/K;Ey) = {u € A(G); u(gk) = xe(k) tu(g) for k € K}.

Let D(E;) be the algebra of invariant differential operators acting on sections of
E,. Defining v,(D) € U(a) for D € U(a) so that

(2.36) e?oy(D)oe™ € nlU(n+ap) & Yy U(0) (X + xe(X)),

as in the case of v, we have the Harish-Chandra isomorphism

(2:37) 9o D(Ee) 2 U(0)" /(U(@)" N xee U)X + xe(X))) = Ulay)™”
onto U(ay)". Fix A € af. Denoting v{(D) = v,(D)(\) € C for D € U(g), we put
(2:38)  JX = Txee V@) (X + x0(X) + 3 pcopmx U9) (sym(p) — 5 (sym(p)))
and

(2.39) AG/K; M) ={ue AG); Du=0 for D e J§}.

Theorem 2.9. Replacing My by MX, the statements (i), (ii) and (iii) in Theo-
rem 2.1 are valid if the K-invariance of { , ) is modified by

(2.40) (Ad(k)h, x—¢(k)m(k)u) = (h,p) fork € K,h € H and u € A(G/K;M5).
Proof. Recalling the proof of Theorem 2.1, we have only to consider
(2.41) A(G/K; M{)s0x, X Hs= 2 (u,p) = (p,u) € C

because of the K-invariance (2.40). Hence if we have dim A(G/K; M)sey, >
dim Hg+, the same argument as in the proof of Theorem 2.1 works for Theorem 2.9.
On the other hand, the proof of [Snl, Lemma 8.6] says that

[A(G/K; M), 6 @ xe] > [Ind}; xelnr, 0 ® xel.
Tensoring x_¢ to the right-hand side, we have [Indy; x¢|ar, 6 @ x¢] = [Ind%; 1, 6],
which is also equal to [H, §*]. O

Put {|af;a € X(ay)} = {c1,...,en} with ¢ > -+ > ¢ny. Then N =1 or 2 or 3
and we fix 8, € X(a,)" with |8,| = ¢,. Moreover we put
(242) B(G/P; L) = {f € B(G); f(gman) = xe(m)~'a*"* f(g)
for (g,m,a,n) € G x M x Ax N}
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and
ma m o _ -1
M) ={T (3 + 2+ (p+ 52+ 54,
e(\0) = 11 ea(M,0) x 11 ea(N),
(2.43) aeX(ay)t, |al=|B1] aeX(ay)t, |al=|B:]

2

e 0) = Cen 0 T I1 27T (),

k=1 aeX(ap)*, |a|=[Bkl
where C' € R is determined by c(p,0) = 1, e4 () is given in (2.16) and mg may be
0. Then the main result in [Snl] says

Theorem 2.10. (i) The Poisson transform
P B(G/P;LY) = B(G)

6 (PLo)(g /fbgkXe dk,/gﬁ 1o (g~ k)dk

is a G- homomorphzsm and ImP§ C A(G/K;MY). Here the function 1_4_ €
A(G/P; £L78) is defined by 1 _x(kan) = xo(k)a=>=* for (k,a,n) € K x A x N.
(ii) If
A a)
(2.44) 72<a,a> ¢{1,2,3,...} foraeX(a,)"
and e(\,€) # 0, then Pi is a topological G-isomorphism of B(G/P; LX) onto
A(G/E; MY).
(iii) Suppose Re(A,a) > 0 for a € ¥(ap)*. Then the following statements are
equivalent:

(2.45) c(A\, 0) #0.
(2.46) Py is injective.
(2.47) Im P§ = A(G/K; MY).

Notice that Theorem 2.2 (ii) does not hold in the case of nontrivial line bundles.

Now we consider the degenerate series. Let Mz  denote the semisimple part of
Mz, namely M2, is the analytic subgroup of Mz with the Lie algebra [mz, mz].
Suppose

(2.48) Xelme nx = 1.

Let Z(Mz) be the center of Mz. Then Z(Mz) C M and for 4 € aX we can define
a one-dimensional representation 7, of P= by

(249) 7= u(yman) = xe(m)a" " for (y,m,a,n) € Mg, x M x Az x N=.
Put

yS

B(G/Pz; LE,) = {f € B(G); f(gp) = T=,0u(p)f(g) for p € P=},
A(G/Pz; LE ) = B(G/P=; LE,) N A(G)
and define an element 1z ¢, € A(G/Pz; LE,) by

(2.50)

(2.51) 1z, (kan) = x—¢(k)a* ™" for (k,a,n) € K x Ax N.
Then by the G-invariant bilinear form
(2.52)

B(G/P=i ££,)  A(G/P=i L5 ,) 2 (6.0) = (6.f)z,, = [ o))k e
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we can define the Poisson transform as
PL, :B(G/P= L ,) = AG/K; M, =)
(2.53) ¢ = (PE,0)(9) = (n(97 ) Lz —t)=
= <¢’W<g)15’4**“>5,&u'
We note the following lemma which is similarly proved as in Lemma 2.6.

Lemma 2.11.
(254) (G/PH = Il) C B(G/P ‘Cp.—f—p =) )
(2.55) ImPs, =ImP;,_, =

Lastly, in this section we examine the space of harmonic functions on G/K:
H(G/K) := A(G/K; M,).

Let Xz be the Satake compactification of G/K where G/Ps appears as the unique
compact G-orbit in the closure of G/K in Xg (cf. [Sa]). For a € A we denote
by a — oo if a(loga) — oo for any o € ¥(a,). Then for any k € K the point
kaK € G/K C Xz converges to a point in G/P=s C X=. The Poisson transform
P, defines a bijective homomorphism of B(G/P) onto H(G/K). Let C(G/P=) be
the space of continuous functions on G/P=s. Note that C(G/Pz) ~ C(K/Mz) C
C(G/P) ~C(K/M).

Proposition 2.12. Let F be C or C™ or C* or D' or B. Note that F(G/Pz) ~
F(K/KNMz)C F(G/P)~F(K/M). Then we have

Pz, F(G/P=)
(2.56) = {u € H(G/K); u(ka) uniformly converges to a function on
K/K N Mz in the strong topology of F(K) when a — co}.

This is shown as follows. Suppose u is a function in the above left-hand side.
Then the boundary value Su of u equals lim,_,o u(ka) (cf. for example, [OS1] and
[BOS]) and P,fu = u. The assumption implies fu € F(G/P=) and hence P,fu =
Pz ,Bu. Moreover the Poisson transform of the function f € F(G/P=) C F(G/P)
has limit lim,— o0 (P,u)(ka) = u(ka) in the strong topology of F(K).

In particular, if v € H(G/K) can be continuously extended to the boundary
G/P= in Xz, then u satisfies many differential equations corresponding to = because
it is in the image of Pz ,

These statements can be extended for general eigenspaces A(G/K; M) by using
weighted boundary values given in [BOS, Theorem 3.2].

3. CONSTRUCTION OF THE HUA TYPE OPERATORS

3.1. Two sided ideals. We want to study a good generator system characterizing
the image of the Poisson transform Pé, . given by (2.53). Namely, we characterize
the image by a two-sided ideal of the universal enveloping algebra.

As the simplest example, we recall the case when ¢ = 0 and the Poisson transform
P given by (2.15) from the Furstenberg boundary. The image of P, is characterized
as a simultaneous eigenspace of the invariant differential operators D(G/K) on the
symmetric space G/K when the Poisson transform is injective. The image is also a
simultaneous eigenspace of the center Z(g) of U(g) with eigenvalues corresponding
to the infinitesimal character and in most cases the system of equations on G/K
defined by the generators of Z(g) is equal to that defined by D(G/K). In fact,
this holds if the image of Z(g) C U(g)® under the identification (2.4) generates
D(G/K), which is valid when G is of classical type. Moreover, even when the
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image of Z(g) does not generate D(G/K), the system of equations defined by the
generators of Z(g) characterizes the image of the Poisson transform (2.15) for the
generic parameter A, which follows from [Hed4] or [Oc].

Thus we can expect that the system of differential equations, characterizing the
image of the Poisson transform ’Pé o 1s given by a two-sided ideal of U (g) at least
when the parameter p is generic. In other words, it is expected to coincide with
the system defined by a certain left ideal of U(g) studied in the previous section.
Note that if PL , is injective, the two-sided ideal should kill B(G/P=; L£ ,,). Hence
the system obtained by the operators killing B(G/Ps; ﬁé,u) is expected to be the
desired one. The annihilator of B(G/Pz; L ,.) corresponds to that of a generalized
Verma module, which will be explained.

Let a be the Cartan subalgebra of the complexification of g containing a, and
let X(a)™ be a compatible positive system of the complexification attached to the
Cartan subalgebra a, and let b be attached to the Cartan subalgebra a, and let b
be the corresponding Borel subalgebra. Denoting the fundamental system of ¥ (a)™
by ¥(a), we have ¥(a,) = {ala,; @ € ¥(a)} \ {0}. For a subset = C ¥(a,) we
define a subset

O ={acV¥(a);al, cEU{0}} C ¥(a)
and denote by pe, go, ne and py the complexifications of p=, mz + a=, nz and the
Lie algebra of P, respectively. Note that © corresponds to a fundamental system
of the root system of gg. Let A denote the character of pg defined by

(3.1) Teou(e®) = (X € pa).

Let ag be the center of gg. Then A is identified with an element of the dual ag, of
ae. Define left ideals

Jo(N) = Y Ug)(X = MX)),

Xe€po
Jo(N) =Y Ule)(X = \(X)),
X€po
J(A) = Z U(g)(X — (X))
Xeb

of U(g). Then we can see easily that
Jo(\) ={D €U(g); Df =0 (V[ € F(G/P=;Lz,)}

Let a denote the anti-automorphism of U(g) defined by a(X) = —X, a(XY) =
YX for X, Y €g.
Proposition 3.1. Assume that Ig(\) is a two-sided ideal of U(g) that satisfies
(3.2) Jo(A) = Te(A) + Jo(A).
Then

F(G/P=iLe,) = {f € F(G/P; Ly, y=): m(a(D)f =0 (VD € Is(M)}.
Proof. Since
(m(a(D))f)(9) = (Ad(g™")D)f)(9) (Vg€ G)

and Ig()) is a two-sided ideal of U(g), the proposition follows. O

The above proposition shows that the two-sided ideal Ig(X), which satisfies (3.2)

characterizes F(G/ Px; Cfa,;) in F(G/ P; Eﬁﬂ)(g)) as a U(g)-submodule. Notice that

the condition
(GAP) Jo(\) = Ie(N) + J(N)
studied in [04, O5, 06, OO] implies (3.2).
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Theorem 3.2. Suppose that the Poisson transform
¢ . Y gl
Pu+p(5) : B(G/P; £u+p(5)) — A(G/K; MH"!‘P(E))

is bijective and assume that (3.2) holds for a two-sided ideal Ig(\) of g. Then the
image of the Poisson transform of B(G/PE;Eéu) is characterized by the system

Mft+p(5) together with the system defined by Ig()).

Proof. Since the Poisson transform and its inverse map (boundary value map) are

both G-equivariant, Proposition 3.1 implies the theorem. O
It is clear that there exists a two-sided ideal Ig () satisfying (GAP) if and only

if

(3.3) Jo(A) = Ann(Me(N)) + J(A).

Here Mg(A) is the generalized Verma module U(g)/Jo () and
Ann(Me (X)) :={D € U(g) ; DMe(X) = 0}
= () Ad(g)Je(N)

geG
={D € U(g); m(a(D))B(G/P=; Lt ,) = 0}.
The condition (3.3) is satisfied, at least A is dominant and regular, namely,

A4 p,a
(3.4) <<;’;’>> ¢10,1,2,3,...} (Vo€ X(a)"),
which is a consequence of [OO, Theorem 3.12]. Here p is half of the sum of the
elements of X(a)*. Hence (3.3) is satisfied for the harmonic case when u = p, £ =0
and A = 0.

When the complexification of g equals gl5, Oshima [O5] constructed the gener-
ator system of Ann(Me (X)) for any © C ¥(a) and any character A of pe through
quantizations of elementary divisors and gives a necessary and sufficient condition
for (3.3) (cf. [OO, Lemma 4.15]), which says that (3.3) is valid at least if X is regular,

namely,

A+pa)

(35) ()

#0 (VaeX(a)h).

Oshima [O6] constructed a generator system of a two-sided ideal Ig(\) when g is a
real form of finite copies of classical complex Lie algebras gl,,, sp,, or o, and shows
that Io(\) satisfies (GAP) if A is (strongly) regular, which will be explained in the
next subsection.

3.2. Minimal polynomials. Oshima [O6] constructed a set of generators of the
annihilator of a generalized Verma module of the scalar type for classical reductive
Lie algebras. We review the main result of [O6] and discuss its implication for the
Poisson transform on a degenerate series representation.

Let N be a positive integer and let gly ~ End(C") be the general linear Lie
algebra. Let E;; € M(N,C) be the matrix whose (i,j) entry is 1 and the other
entries are all zero. We have a triangular decomposition

g[N =ny+ay +ny,
where

N
any = ZCE“7 ny = Z (CEij, ﬁN = Z (CEZ‘j.
j=1

1<j<i<N 1<i<j<N
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Let g be one of the classical complex Lie algebras gl,,, 02, 02,41 or sp,, and put
N =n, 2n, 2n + 1, or 2n, respectively, so that g is a subalgebra of gl,. Denoting

In = (015 ) 1<icn = (1 1) and Ju = (™).

1<j<n
we naturally identify
36) o, ={X €gl,; 0o, (X) =X} with o, (X) = —1,'X1,,
' sp, = {X € gloy; 0ep, (X) = X} with ogp (X) = —J,'X J,.

Let o be the involutive automorphism of gl defined as above so that g = gl :=
{X € gly; o(X) = X} (cf. [O6, Definition 3.1]). Put F;; = E;; if g = gl,, and
F,; = E;j + o(E;;) with g = gl}; in other cases. Moreover, putting F; = F;; and
F= (Fij)lgi,jgN S M(N,g), we have

(3.7) Ad(g)q(F) ="g-q(F) - g~ (Vg€ G)
for any polynomial ¢(z) and the analytic subgroup G of GL(n,C) with the Lie
algebra g. We have a triangular decomposition of g

g=n+ta+n

where a =gNay,n=gNny and n = gNny. Then a is a Cartan subalgebra of g
and b = a + n is a Borel subalgebra of g.

Let © = {0 < n1 < ng < --- < ng =n} be a sequence of strictly increasing
positive integers ending at n and put Hg = 25:1 >oi*, F;. Define

me = {X € g; ad(He)X = 0},
ne ={X €n; (X,mg) =0}, ne={Xe€n; (X,mg) =0},
Po = me + ne.

Then pg is a parabolic subalgebra of g containing b. Put Hg = 5:—11 >oik F; and
define mg, ng, fig and pg by replacing © by © in the above definition.

For 1 <i < n withn;_1 <i <mnj, put te(i) =j. For A= (A\,...,Ar) € Ccr
define a character of pg by

)\<X + ZCQFZ) = Zci)\be)(i) for X € ng + [m@,m@] and C; € C.
i=1 i=1
In this subsection U(g) denotes the universal enveloping algebra of the complex Lie
algebra g. The generalized Verma module Mg(X\) = U(g)/Jo () is a quotient of
the Verma module M (\) = U(g)/J(\). If A\, = 0, we similarly define a character
of pg, J(:)(/\) and M(:)(/\).
Define polynomials

L
qgo(gl,;z,\) = Hl(;v —Aj—nj_1),
]:
L
go(02n4132,A) = (z —n) [] (z = Aj = nj—1)(z + Aj +n; — 2n),
(3.8) . =1
go(spy; e, A) = [1 (& = Aj =nj—1)(x +Aj +nj —2n —1),
j:
L
go(02n;2,A) = I (2 = Xj —nj-1)(@ +Aj +n; —2n+1)
j=1

and if g = 5p,,, 02,41 OT 02y,

L—-1
g6(g;2,A) = (@ —np1) [[ (@ =X —njo) @+ A +nj — 20— 6y)
j=1
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with
1 if g = sp,,,
0g =140 if g = 509,41 or gl,,,
—1 if g =s09,.
Define two-sided ideals of U(g):

To(N) = 3 35 U(@)ae(a:F. Ny + X U(g) Ay — A(A,)),
i=1j5=1 jeJ
(3.9) o
Is(N) = ; ;U(g)q@(g;lﬂk)u + ZjU(g)(Aj - (4;)),

where Ay, ..., A, are fixed generators of the center Z(g) C U(g) with

ordA; =5 (1<j<mn) if g = gl,,
OrdAj :2] (1 <7 Sn) ifg:02n+1 or g = sp,,
ordA; =25 (1<j<mn), ordA,=n ifg=o09,
and
J={1,2,...,L—-1}, N=n if g=gl,,
(3.10) J={1,2,....L}, J={1,2,....,L -1}, N=2n+1 ifg=o9,41,
’ J=J={1,2,...,L—1}, N =2n if g = sp,,,
J=J={1,2,....L-1}U{n}, N=2n if g = 09,
Here A(A;) € C are defined so that A; — A(A;) € Ann(M(X)). When g = 0y, A,
for j =1,...,n—1 are fixed and A,, is not fixed by a nontrivial outer automorphism
of 092p,.
Oshima [O6] studied sufficient conditions on A such that
(3.11) Jor(A) = Ier(A) + J (o)

with ©' = © or ©. For g = gl,,, a necessary and sufficient condition on A for (3.11)
is given ([O6, Remark 4.5 (i)]). In particular, in the case when g = gl,,, 02,41 or
sp,,, (3.11) holds for ® = © if A4 + p is regular, that is (A|q + p, @) # 0 for any
roots o € X(a). When g = 0g,, (3.11) holds for © = © if \g|q + p is strongly
regular, that is A|; + p is not fixed by the nontrivial outer automorphism of the
root system Y(a). Moreover, for g = gl,,, 02,,, 02,41 01 5p,,, (3.11) holds for © = ©
if \ satisfies the same regularity condition as above and A;, = 0. See Section 4 of
[O6] for details.

The above construction of the minimal polynomial gg(z,\) can be extended
for any complex reductive Lie algebra g by considering a faithful representation
(m,CN) of g (see [06, §2]). Oshima and Oda [OO] studied sufficient conditions
for the counterpart of (3.11) with ® = © for a general reductive Lie algebra g
([00, Theorem 3.21, Proposition 3.25, Proposition 3.27]). In particular, when g is
one of the simple exceptional Lie algebras Eg, E7, Eg, Fy or G2, the counterpart
of (3.11) with ®' = © associated with a nontrivial irreducible representation of g
with minimal degree holds if Re (Ae + p,) > 0 for all positive roots X(a)™ with
respect to a Cartan subalgebra a of g (cf. [OO, Remark 4.13]).

Lastly in this section we list the order of the elements of Ig()) associated with
the natural representation or the nontrivial representation with minimal degree
according to the condition that g is of classical type or exceptional type, respectively,
when © corresponds to a maximal parabolic subgroup Pz of G, as was described
in the previous subsection. In the following Satake diagram the number attached
to a simple root o € ¥(a) indicates the order of the elements of Ig(\) by the
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correspondence © = V¥(a,) \ {alq, }. The order is easily seen from (3.8) if g is of
the classical type and it is given in [OO, §4] if g is of the exceptional type.
The dotted circles correspond to the Shilov boundaries in Hermitian cases.
When g is a complex simple Lie algebra, the degree is obtained by the corre-
sponding Dynkin diagram with no arrow and no black circle.

“Degree of minimal polynomials associated to natural/smallest representations”

2 2 2 ... 2 2 2 e 2
0—0—O0— i —0—0 e—0—e—  —O0—@
Al SL(n+1,R) AL SU*(2n)
3 ... 393 ... 3 3 ... 3 3 ... 3
C21: SU(n,n) BC2m™21: SU(n + myn)
333 ... 33 333 ... 33 333 ... 333
0—0—0— - —0=>0 O—O0—0— - —e=>0 0—0— 00— —e—e=>0

BY':SO(m+1,n) B3™H':S50(2m +3,2) BC?" L1 SO(n+2m + 1,n)

333 ... 3 2 3 3 .- 2 3 3 .-
O—O0—O0— - —O<L=0 &—0—0—O0—  —8<=0 e—0—0—0— —8<=0
Chl: Sp(n,R) C3: Sp(n,n) BCAmA3 : Sp(n 4+ m,n)
3 3 3 3 : 3 3 3 3 3
P o [ J e (]
S o—o—o— ..—o O—0—0— - 7%0<

e

(©] ®
DL:SO(n,n) 2 By™ :SO(2+2m,2) B2™!:S0(n+2m,n)

3 3 3 5 0 3 ; 3 5 2
O, e (0] (0
o0—O0—O0— ———ko<o)\ e—O0—o— .- *o<®> e—O0—eo—- ———*o<.
B21:S0(n+2,n) BC**!:SO*(4n +2) C41: SO*(4n)
3 3 3
3 4 Z 43 68 586 6 E 6 3 I 3
0—0—5—0—0 O—OUO—O e\—\o‘—;o/—o O—e—0—e—0
E}:EI F2'EIT BCY%' EITT A3 EIV
4 4 4
35 Z7 6 54 35 i? 5 3 T 6 4
0—0—0—0—0—0 0—0—O0—0—0—@ O—0—0—e—0—0
E}:EV Fy'EVI CS'EVII
8
o o
611 [ 13119 6 6 | 196
0—0—0—0—0—0—0 O—e—e—e—0—0—o0
16
E}:EVIII FP' L EIX
3586 6 3 5
0—0=>0—0 —0—>0—0 0=>0
FylFI BCYT . FII G} :Gy

Remark 3.3. The restricted root system is shown by the notation in [OS1, Ap-
pendix] such as BC™™2™s and the Lie algebra mz and its complexification for
any Z C ¥(ap) can be easily read from the Satake diagram as was explained in
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[0S2, Appendix B]. Namely, if G is semisimple, the subdiagram corresponding to
U(0) ={ac¥(a); als, € ©U{0}} is the Satake diagram of mz.

If G is a connected real form of a simply connected semisimple complex Lie
group, Mz  is a real form of a simply connected complex Lie group, and Mz/M2
is isomorphic to the direct sum of (Z/2Z)* and ¢ copies of U(1). Here M2 is the
identity component of Mz, £ is the number of arrows pointing to roots in ¥(a)\¥(0)
and k is the number of roots in ¥(a)\ ¥(©) which are not pointed to by any arrow
and are not directly linked by any line attached to any root a € ¥(a) with aq, = 0.

4. EXAMPLES

In this section we examine in detail the differential operators on a homogeneous
line bundle over a Riemannian symmetric space G/K induced from the two-sided
ideal given in the preceding section for G = U(p, q), Sp(n,R) and GL(n,R).

4.1. U(p,q). Let o be the complex linear involution of g = gl ., defined by

P+q
. I, 0
o(X)=1,,XI,, with I,,:= 0 —-1,)

Here 1 < ¢ < p. Then G = U(p,q) = {9 € GL(p+¢q,C); g = I, 4'¢7 1,4} and
K=Up,q)nU(p+q) =U(p) xUlq).

The corresponding Satake diagram and the Dynkin diagram of the restricted
root system are as follows.

O~é1 L0 10g Qg Qi2g—1 @ ... 0g—10Qq
U(p, Q) (p = q) : Owo — O0— - —0<&0
6&1 J & 7 | Qp—1 ... Opyqg—1 @ ... 0g—10Qq

O ®— - —@—=O—— . ——0 = O0——0=>0

Va0 o e ot

In this subsection, we restrict ourselves to a parabolic subgroup P= that satisfies
(2.48) for ¢ # 0. This is the case when Z C ¥(a,) \ {ag}. We fix L 4+ 1 non-
negative integers 0 = ng < ny < -+~ <ng =q and put 2 = {o;; i € {1,...,¢} \
{’I’Ll,?’LQ, ey nL}} Then

L
0={a,;q—1<v<p-—-1}U U{dy,&pﬂ,y; nj_1 <v<mn;}.
j=1
We have
(4.1) mz+az ~gl, ©gly, v, ®---Dgl,, ,,_, Sulp—0q).
In particular, if L = 1, then = = ¥(a,) \ {o,} and G/Ps is the Shilov boundary of
G/K.

We examine the system of differential equations characterizing the image of the
Poisson transform Pé) ., of the space of hyperfunction sections over the boundary
G/P=z of G/K. If p > ¢, then the differential operators corresponding to the
generators of the two-sided ideal of U(g) given by the minimal polynomial described
in Section 3 is of order 2L + 1, but we will show that the image of the Poisson
transform can be characterized by operators of order at most 2L, by reducing the
operators in the two-sided ideals modulo Y-y, U(g) (X + x¢(X)) and taking a K-
invariant left ideal (cf. Theorem 4.2, Corollary 4.3). For L = 1 these second-order
differential operators are the Hua operators (cf. Remark 4.5).

Let 4,4, k, ¢, n and v are indices which satisfy

1<i, j<q and ¢g<k, £<p and 1<pu, v<p
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and put
t=p+q+1—i, j=p+qg+1—j.
Put
te = Z(CE,“, +Z(CE——
and

q
ac =Y CE; with E; = E;; + Ej,.
i=1
Let e; € ag defined by
ei(Ej) = biy-
Define
Yi=—-Eii + E;; - B, + Eij,
Yir =FEir+ Eg, Yii= Eki— Ey3,
Yij+ =FEi; +E; —E ;- E;; fori#j,
Y;,j,l = EiJ —+ Ez,j + Ez& -+ Egj for 7 < j,
Yijo=Eji—Ej; — Ej;+ Ej; fori<j
and let nc be the nilpotent subalgebra of gl,,, , spanned by Y;, Y ¢, Y; j  with i # j,
Yiji1 and Y; jo with ¢ < j. Then gl,,, = gc = £c + ac + nc is the complexification
of the Iwasawa decomposition u(p, q) = €+ a, + n of the Lie algebra of U(p, ¢).
For a polynomial f(z) we will examine F € M (p+ ¢,U(g)) defined by F = f(E)
with E = (E; ;) € M (p+q,U(g)). Note that V; = >_i; CFjj is a g-module by the
adjoint action of g and it is decomposed into 4 {%-submodules

(4.2) Vi= @@ Vive with V= > CFy.
€1,62=0,1 pe1 <i<p+gqer
pe2<j<p-+qez

We will calculate v,(F} ;) (cf. (2.36)) for F = (F} ;) to get V' killing the image
of the Poisson transform 7757 .- A similar calculation was done in the proof of (06,
Proposition 3.4]. The polynomial f(z) so that V; characterizes the image of Pé) u
is given in the preceding section and then the degree of f(z) which is the maximal
order of the elements of V; equals 2L + 1 or 2L if p > g or p = ¢, respectively. It
happens that Vy does not kill the image but V;"'** does so for suitable f(z) and
(€1,€2), and then we will get the system of differential equations of order < 2L
characterizing the image also in the case when p > q.
Note that for H € ac

[H,Y:] = 2e;(H)Y;,
[H,Y; x| = ei(H)Yir, [H, Yii| = ei(H) Yy,
(H, Y,J +] = (& + ;) (H)Yi 5+,
[H,Yi ;1] = (ei — €;)(H)Yi 51, [H,Yi 2] = (ei — ;) (H)Yi 2.

Then the root system X(ay) is of type BC’g(p_‘Z)’Q’1 and
U(a,) ={e1 —ez,ea —€3,...,€9-1 — €q, €4},
p=p+a-1lei+(p+q—3)ea+--+(p—q+1eg,
Eij =3B+ 3Yi+ 3(Eii — i),
By =3B — 3V — 5(Eii — Eqp),
Eyi=—Yri+ B, Ei,=Yir— Eik,

E;; = %(mel —Yij4) - Ei; fori<y,
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E- . = %(Yi’j)1 +Yij+)— Ei; fori<y,

i.j
E;; = _%(YLJH- +Y,i2)+E;; fori>j,
Ei;j=3Yij+—Yji2)+ E;; fori>j.

Suppose F,, € U(g) for 1 < a,b < p + ¢ satisfy
[Ez 'L F b] = 5j,aFi,b — 5i,bFa,j for 1 < ’i, j7 a, b < p+q.

Fix s, t € C and let 7, ; be the one-dimensional representation of ¢c with 75 +(E,, ) =
Tet(E;5) = 0if p # v and i # j and 74 4(FE, ) = s and 7, (E;;) = t. Note that
Xe(X) = 754(X) with £ = s — t for X € ¢ with Trace X = 0. Put

Consider in modulo ncU(g) + >_ xep. U(8)(X — 75,¢(X)), and we have

ZEZVFVG+ZE1]F +Ezz la+ZE;] Jra

> i<j

—Z za_ ia VV)+SFZG+ZEZJF + 3 (E +E12_E11)F€a

i>7

=2 EijFia

i<j

—t—-1 1
= (p+8 i,a 5zaZFIJV 62(1 f}:‘i;a — iéiaFi,i
i>7

1

+ 50l — > (Fia = 6:aF55),

i<j

Fk,a = ZEk,qu,a + ZEk’ij,a
v J

EZ(Fk,a_5kaFu,V)+3Fk,a+ZEk,jF3a

v J
:(p+8)Fka_5kaZFuu_Zaka R

=Y B Fja+EFiat+ Y B G+ZE”€FM+Z

> 1<J
_ZEsz]a+ (E E11+Ezz i,a ZEngja ZEszka
i>j 1<j

+Z za_ i,a ]j)+tF7,a

E,—s+t—1 1 1
=tF,—6; Fi;+———F——Fia— 5%+ 50kl
i,a ha j,g+ 9 F, 25z,an,z+25> F’
1>]
_Z(Fi,a_(si,aFj] Z i,a 5zaFkk +Z _§E,aF3,3)'
i<J k 7

Suppose

F,p=0 if Ja—b]#0, p.
Then we have

F,p=0 if |a—b/#0, p
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and
p
- E;+s—t .
Fii={p+s)F;— Z F,, - Z F; i+ (2 —q+i— 1) F;;
v=1 i<t
Ei +s—1 P =
= st (B ) R YR~ R - Xy~ Fa
v=1 j=1
~ Ez + s — t .
”—(PJrS)Fi,mL( 5 Q+Z>F“+ZF”
i<j
Ei + S t 4
=P+t —F—F+ > (F; - Fy),
j=it1
B p
Frp=(p+8)Fek— ZFL/’V - ZFLJ
v=1 j=1
q p
:SFk’k ZFJ]_Z(FV’V Fk:k)a
j=1 v=1
~ El — S —|— t . P
Fi,i = (2 —p—i—l) Fm‘-i- Z Fy,u+(Q+t)Ff,i
v=i+1
Ei—s+t u
=(q+t)F;,; + - B i+ Z (Fo, — Fii),
v=i+1
~ Ei —s+t .
== Fij+ (2 —p+i— 1) Fii=Y Fjj+(q+t—1)F;,
j<i j#i
Ei — s+ t 1 L
=thi+(————p)Fi- D (Fj5—Fiq) = Y (F5— Fa).
j=1 =1
Put

Fl = %(Ei-|-5—t)7 o= %(Ei—S—i—t), Flll = Fkl)k =s+A; and F;lg =t+A.

0,0 1,4

Suppose (u,v) are in {(i,i), (i,i), (i,4), (i,1), (k,k)} and Ff;’fv_l are defined. By

putting F, , = " 1 define F,Tv_l = F,, by the above equations and moreover
Fly = FI5 + A € Ulay).

Thus we inductively define F",. Note that

(Fl)1<a<pra = [ | ((Ea,b + /\j5a,b)1§a§p+q)
1<b<p+q i=1 1<b<p+gq
m m— E;i+s—1 m— ! m— m—
Fli=Ontpt s)E 4 =7+ > FE-FRY,
j=it+1
q
m o __ m—1 m—1 m—1
Fl=(t4+ A) FH =) (F i)
j=1
1—1
E7, s+1 m—1 m—1 m—1
+( 9 _p>F21 - (FS - FE)
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Putting
P = F £ F%
we have
m m— m— E’L +s—t m— m—
2F = (Am +p+8)(FI T — Fe, DE- f(F:I:i ! + FL Y
q q
) (P -FETE Y (R - R
j=i+1 j=i+1
q q
(A FE PR = (F T - FR) = > (R - FR Y
j=1 j=1
E,— s+t — m—
- (2—]9) (Ft 2 Y

i—1 i—1

FY_FLT - PN ) (= )
j=1 j=1

and
i—1
m El+8+t m— m— m—
F :()\m+2>Fi P> FErt - EY,
j=1
m EZ +s+1 m—1 m—1 i m—1 m—1
F—i:(/\m+p_2>Fi —(p+s—t)F" " — Z (FI7" = FI0).

j=it1
For0=ng<ny <---<np=gqand (pug,...,ur) € CL put
E; =2uy  if there exists ¢ with  ny_1 <7 < ny

and
—pp — Sy if k<L
(4.3) Ap = HE 2 sﬁk 1 1 = L,
M2L+1—k — 555 — D+ Map+1-k if L<k<2L
2L L
(44) f(x) = H(Jc—l—)\k) = H(x—,uk — STH —nk_l)(x—I—,uk— ST“ —p+nk).
j=1 k=1

Then for ¢ > 0 inductively we can prove
F"=0 if m>L or i<n,,
and moreover by the induction for i =¢,q¢—1,...,1,
FZ”% =0 if m>L and i>nop_pm.
In particular we have FZ%L = F;QEL =0 for i = 1,...,q and hence Fazlg = 0 for
a=1,....p+qgandb=p+1,...,p+gq.

Note that when p = ¢, the same argument as above proves Ff% = 0 also for
a=1,....,.p+qand b=1,...,p.

Lemma 4.1. Suppose M = (M”) 1<i<piq € M(p +q, U(g)) satisfies
1<5<p+q
[Eij, Mye] = 85 Mie — 0o My

Put M = M(Eij + /\51']') 1<i<p+q and M' = (Eij + /\(52]) 1<i<p+qM' Then
1<5<p+q 1<j<p+q
M, =0 mod Y  U@M. for 1<a<p+q p<v<p+g,
1<b<p+gq

p<c<p+tq
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Moy = Moy (A +5+4q) mod Y U@ (X —xoe(X)) + > Ulg) M.

Xet 1<b<p+q
p<c<p+gq

for 1<a<p+gq 1<v<p.
Proof. 1If 1 < v < p, then

~ p+q
Mau = Z Mab(Ebl/ + >\6bu)
b=1
p+q
=M al/ )\ + 8 Z MabEbu mod Z U X - Xs,t(X))
b=p+1 Xet
=M (A +5+9)+ Y U@(X —xoi(X)+ > Ulg) My
Xet 1<b<p+q
p<c<p+q
The former relation is clear. O

Thus we have the following theorem.

Theorem 4.2. Put E = (E; ;)1<i<p+q € M(p+q,9) and define
1<j<p+q

L
45  f@)=(-s—q [[(=—m — = —npr) (@ + e — =5 —p+ni)
k=1

and put

(4.6) I2(p,s,t) == > U(g)f(E)i; = U()Vy + Ulg)V,,
1<i<p+q, p<j<p+q

47 Iz(ust) = > U()f(E)i; = U(a)Vy,
1<i<p+gq, 1<j<p+q

(4.8)  Iz(ps,t) = > U(g)f(E)i; = U(g)V;.

1<i<p+gq, 1<j<p+gq

Then I2(p, s,t) is a left ideal of U(g) satisfying

D=0 modncU(g +ZU )(X = xs (X))
(49) no+---+mn; o
T Z > U(g)(E, —2u;) (VD € I2(u, s,1))

i1=1 v=no+--4+n;_1+1
and I=(p, s,t) is a two-side ideal of U(g) satisfying
(4.10) I=(p,5,1) C I2(p,5,1) + Y U(9) (X — xs.0(X)).
Xet
If p=q, the left ideal I2(u, s,t) in the claim (4.9) may be replaced by the two-sided
ideal Iz(p, s,t).
The polynomial f(z) or f(z) equals the minimal polynomial e (8l,4q; 7, 1) given

in the last section when p > g or p = g, respectively. Hence this theorem and the
argument in the preceding section give the following corollary.

Corollary 4.3. Suppose the infinitesimal character of B(G/PE;,C%’H) is regular
and c(p + p(Z),£) # 0. Then the image of P& 18 identified with the subspace of

A(G) killed by I2(p, s,t) (resp. I=(u, s,t)), EXEE U(g)(X — Xs,t(X)) and A; — ¢;
fori=2,...,L—1 with A; = Trace E* when p > q (resp. p = q). Here the complex
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parameters u, s, t of I3(u,s,t) or I=(u, s,t) and ¢; € C are determined according
to the parameter i and £ of P~

SN

Example 4.4 (Shilov boundary). Consider the case when L = 1. We will write

E = ([g ;;2) € M(p+q U(g))

for simplicity. Here K; = (Ei,j)lgi,jgp etc. Then

s P
]EE(Q t)’

KiP=(p+s)P mod Y Ulg)(X — xe:(X)),
Xet

KQ=(¢+1)Q mod Y Ug)(X — xsu(X)),

Xc¢t

E2_ K1 P s P o PQ+8K1 (Kl +t)P
- (Q Kz) <Q t) N <(K2+S)Q QP+tK2)

_( PQ+s* (p+s+t)P
“\(g+s+H)Q QP+t* )

(E-A— ) (E+A-p— 5t
=E - (p+s+t)E— (A+ ) (A —p— =)

_ PQ+S2_( +ST+t)S 0 " N
=" 0Pty ety ~ OO
= PQ?S( +t) 0 s+t s+t
:( (q—pl))Q Qp_t(ers))—(AJr;)(/\—p_;)

= (7900 gp) - 0 ).

Then the system of second-order equations characterizing the image of the corre-
sponding Poisson transform equals

(4.11) (@P)iju=0i;(A+3)(A—p—F)u (1<ij<q)
Note that the element Trace QP of U(g) defines a G-invariant differential operator

on the homogeneous line bundle E; over G/K with ¢ = s — ¢, which is a constant
multiple of the Laplace-Beltrami operator on E,.

Remark 4.5. The second-order operators (QP); ; in Example 4.4 are nothing but
the Hua operators for G = U(p,q). In the case of the trivial line bundle over
G/K, that is the case when s = ¢t = 0, the fact that they characterize the image
of the Poisson transform on the Shilov boundary was proved in [JK]| for p = ¢
and A = p, [Sn2] for p = ¢ and generic A, [BV] for p > ¢ and A = p, and [KZ]
for p > ¢ and generic A. Our result gives a further generalization to line bundles
over G/K. Moreover the differential operators of order 2L corresponding to G/P=
in Corollary 4.3 can be considered to be a generalization of the second-order Hua
operators corresponding to the Shilov boundary.

4.2. Sp(n,R). We calculate the system of differential equations characterizing the
image of the Poisson transform Pé’ ., attached to the Shilov boundary of the symmet-

ric space Sp(n,R)/U(n) as in the case of the symmetric space U(p, q)/U(p) x U(q).
Putting

K P 2Kij = Eij — Ejinitn,
= (Q —tK> with 2P;j = Eijyn + Ejitn,
2Qij = Eitn,j + Ejin,is
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we have 30, <o, CFij ~ sp,,.
(Eij — Ejtnitn Ejpin + Eokin] = 01 Eipn + 00 Fi ipn + 050Ek itn + 01 Epitn
[Kij, Prel = 361 Pi¢ + 50;0Pig,
[Kij, Qre) = —20iQje — 30:0Qj,
ZKiuPyj - ZPyjKiu =2P;+iP; ="Hp,,

Z —K,iQu; + ZQquui = 5PQij + 5Qij = " Qi)

K P (K +PQ KP—(P
Q —'K ( —KQ QP+('K
_(PQ+>  mflp
- n+1Q QP+€2

PQ-’-( _n+1) 0
QP + (¢ + ™EL)

ntly _ ( +1)¢ 0
(E—A)(E+A— mtl) :( ; or
S (- 2g),
Hence the system of the differential equations is

(PQ)Z'JUZ(SZ‘J()\—E)()\—FK— LH) (1
(QP)iju="6,;(A+0)(N—0—2) (1

Remark 4.6. The second-order operators (PQ); ; and (QP); ; are nothing but the
Hua operators for G = Sp(n,R). The fact that the equations (4.12) characterize the
image of the Poisson transform on the Shilov boundary was proved by the second
author [Sn3| for generic £ and A. In the case of the trivial line bundle over G/K,
which is the case when ¢ = 0, it was proved in [KM] for n = 2 and A = 2, [J1] for
A = 2L and [Se] for generic .

]E _ n+1

(4.12)

4.3. GL(n,R). In the previous examples of this section, we wrote down differen-
tial equations which characterize the image of the Poisson transform in the coor-
dinates of p. Lastly, we give a proposition that is useful in similar calculations
for the symmetric space G/K = GL(n,R);/SO(n,R), where GL(n,R); = {g €
GL(n,R); det g > 0}. Using this proposition inductively, we can obtain differential
operators on G/K in the coordinates of p from elements of U(g) that are given by
minimal polynomials.

Proposition 4.7 (GL(n,R)). Put

Kij=YE;-E
E=K+P= (sz + sz) with K 12( ]Z)
Py = }(Ey; + By,
gc = Z CL;j ~gl,, and tc = Z CK;j ~ op.
i,j=1 i, 4=1
Then form =0,1,2...
n
(4.13) KP™ =%P™ — L Trace(P™) + Y (P™),; K
v=1
= 2P™ — 1 Trace(P™) mod U(g)t,
(4.14) (E—2)P™ = P! — L Trace(P™),
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(4.15) Pr=E-2)"'E+1 Z — 2)m=F Trace(PF1),

(4.16) Trace(P™) = Trace((E — %)"HE),
Proof. Since
[Eij, Exi] = 6ju B — 015 Fyj,
[Eij, Exi + Exi] = 0 Ei — 01;Exj + 651 Bl — 0 Ej,
[Eij — Eji, By + Ew] = 06 Eq — 01:Exj + 01 Ei) — 0k Eyj
— 651 + 015 B — 0By + Opj By
= 2(0jx Pyt + 01 Pi — i Pjr — 6ixPj1)

[Kij, Pu) = (06 P + 80P — 6ixPji — 01 Pji),
Z(Pp)uvKiu(Pq)uj - Z(Perl)ukKiu(Pqil)kj

8% ok
= Z (PP ) [Kuup k](Pq_l)kJ
w,w,k
=5 > (P")u (0w Pin + 8P — 8ius Pt — 8Py ) (P71 )i
w,v,k

= %(Trace PP)(PY);; — %(Trace P”H)(Pq*l)ij,

we have (4.13) by the sum of these equations for p =m — ¢ =0,...,m. Moreover
(4.14) follows from (4.13). Then (4.14) proves (4.15) by the induction on m and
(4.16) corresponds to the trace of the matrices in (4.15). O

Remark 4.8. Our study of characterizing the images of the Poisson transform for
general boundaries of a symmetric space by two-sided ideals originated in [O4] for
the boundaries of GL(n,R);/SO(n), where generators of the ideals that are differ-
ent from minimal polynomials are constructed. The ideal spanned by the compo-
nents of v(f(E)) for any polynomial f(z) is characterized by [06, Theorem 4.19]
for the symmetric space GL(n,C)/U(n).
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