List of fundamental spectral types with index of the rigidity > —10
Toshio Oshima (2024.8.7)

idx=0 (Pidx=1), 4 basic tuples
4:211,211,1111  6:33,222,111111

3:111,111,111 2:11,11,11,11

idx=—2 (Pidx=2), 13 basic (fundamental) tuples
4:211,1111,1111 5:32,11111,11111 5:221,221,11111 6:33,2211,111111
6: 222,222 9211 8:44,332,11111111  8:44,2222.22211  10: 55,3331,22222
12:66,444,2222211  3:21,21,111,111 4:229292211  4:31,22,22.1111
2:11,11,11,11,11

idx=—4 (Pidx=3), 37 basic (fundamental) tuples
5:221,2111,11111 5:311,11111,11111
6:222,222,21111 6:222,2211,2211
7:331,331,1111111 7:331,2221,2221
8:44,22211,22211  8:332,332,2222
9:441,333,22221  10:55,442,1111111111
12:66,444,22221111  12:66,3333,33321
3:21,111,111,111  4:22,22.22,1111
4:31,31,1111,1111  6:33,33,33,321
6:51,33,222,222 3:21,21,21,21,111

4:1111,1111,1111
6:42,111111,111111
7:43,2221,1111111
8:44,3311,11111111
9:333,333,3321

10: 55,3331,222211

18:99,666,3333321
4:31,22,211,1111
6:51,33,33,111111
2:11,11,11,11,11,11

6:33,21111,111111
6:321,222,111111
8:44,2222 221111
9:54,333,111111111

10: 55,3322,22222

14: 77,554,2222222
4:22,22.211,211
6:42,33,33,222
4:31,31,22,22,22

idx=—6 (Pidx=4), 69 basic (fundamental) tuples

5:221,11111,11111
6:222,2211,21111
6:3111,222,111111
7:331,322,1111111
8:44,22211,221111
8:431,2222,2222
9:441,333,222111

10: 55,3331,2221111

12:66,552,111111111111

12: 444,444,4431

15: 771,555,33333

18:99,666,33333111
4:22,211,211,211
5:32,32,221,221
6:33,33,33,222
6:411,33,33,222
4:31,22,22,22,22
2:11,11,11,11,11,11,11

5:2111,2111,11111
6:321,2211,111111
7:43,22111,1111111
7:331,2221,22111
8:53,2222,11111111
9: 54,22221,22221

9:441,441,111111111
10:55,4411,1111111111

12: 66,3333,33222
12: 552,444,3333
16: 88,4444,44431
24: cc,888,4444431
4:31,22,1111,1111
5:41,32,221,11111
6:33,33,33,3111
8:44,44,44,431
4:31,31,22,22,211

6:33,111111,111111

6:411,111111,111111
7:52,1111111,1111111

8:44,2222,2111111
8:332,332,22211
9:333,333,3222

10:55,433,1111111111

10: 55,33211,22222
12:66,3333,333111
14: 77,554,22222211
16: 88,5551,333331
3:111,111,111,111
4:31,211,211,1111
5:41,41,11111,11111
6:42,33,33,2211
8:71,44,44,11111111
4:31,31,31,22,1111

6:222,222,111111
6:2211,2211,2211
7:322,2221,2221
8:44,3221,11111111
8:332,3311,2222
9:333,333,33111
10: 55,3322,222211
12:66,444,222111111
12: 66,4431,222222
14:77,4442,33332
18:99,666,3333222
4:22,22.211,1111
5:32,32,32,11111
5:41,221,221,221
6:51,33,222,2211
3:21,21,21,111,111
3:21,21,21,21,21,21




idx=—8 (Pidx=5), 113 fundamental (100 basic) tuples

5:2111,11111,11111
6:2211,2211,21111
7:322,2221,22111
7:421,2221,1111111
8:44,22211,2111111
£62,11111111,11111111
£ 422,2222,9222
:54,3321,111111111
:432,333,22221

10: 55,3331,22111111

10: 64,22222,22222

11: 65,3332,222221
11:551,3332,3332

12: 66,4431,2222211
12:5511,444,3333
14:77,4442,333311

16: 88,664,22222222

20: aa,776,3333332
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10: 55,55,55,541
:31,22,22.22.211

S

6:222,2211,111111
6:3111,2211,111111
7:331,2221,211111
7:511,1111111,1111111
8:44,32111,11111111
8:332,332,221111
8:431,332,11111111
9:54,22221,222111
9:441,333,2211111

10: 55,32221,22222

10: 442,442 22222
11:443,443,3332
12:66,444,2211111111
12:66,55611,111111111111
14:77,554,222221111
14:77,44411,33332

1

6: 88,4444,44422

20: aa,5555,55541

4:22,22,1111,1111

10:91,55,55,1111111111

4:31,31,22,22,1111

6:222,21111,21111
7:43,211111,1111111
7:331,3211,1111111
7:3211,2221,2221
8:44,221111,221111
8:332,3221,2222
8:431,2222,22211
9:333,333,32211
9:441,3321,22221

10:55,33211,222211
10:442,3331,3331
11:551,443,222221
12:66,3333,332211
12:66,33321,33321
14:77,662,11111111111111
15: 87,555,22222221

16: 88,5551,333322

20: aa,6662,44444

3:21,21,111,111,111
4:31,31,22,211,211

6:321,21111,111111
7:322,322,1111111
7:331,22111,22111
8:44,2222.11111111
8:53,22211,11111111
8:332,3311,22211
8:3311,3311,2222
9:333,3321,3321
10:55,3322,2221111
10:55,331111,22222
11:65,443,11111111111
11:551,551,11111111111
12:66,4422,222222
12: 444,444 4422
14:77,4433,33332
15:555,555,5541
18:99,666,33332211
24: cc,888,4444422

122,22,22,22,22
:31,31,31,211,1111

30: ff,aaa,5555541 4:22,211,211,1111 4:31,211,1111,1111
4:211,211,211,211 5:32,32,221,2111 5:32,32,311,11111 5:32,311,221,221
5:41,32,2111,11111 5:41,221,221,2111 5:41,311,221,11111 6:33,33,33,2211
6:33,33,321,321 6:42,33,33,21111 6:42,33,321,222 6:42,42,33,111111
6:42,42,222,222 6:51,33,222,21111 6:51,33,321,111111 6:51,33,2211,2211
6:51,42,222,111111 6:51,51,111111,111111 6:51,321,222,222 6:411,33,33,2211
8:44,44,44,422 8:53,44,44,332 8:62,44,44,2222 8:71,44,332,2222
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:51,42,33,33,33

6:51,51,33,33,222

3:21,21,21,21,21,111

:31,31,31,31,22,22

[\

:11,11,11,11,11,11,11,11

Numbers of fundamental spectral types with a fixed index of rigidity

rigidity index o -2 -4 -6 -8 -10 -12 -14 -16 -18 —-20 —22 -—-24
runtime (sec) 0.02 0.05 0.16 052 1.00 191 388 6.86 11.5 192 2938
total number 4 13 37 69 113 198 291 415 647 884 1186 1682 2183
3 singular points | 3 9 25 46 73127 182 249 395 522 680 963 1230
4 singular points | 1 3 9 17 29 50 76 115 172 243 345 478 625

This list is obtained by the command spbasic(idx,0) in the library os_muldif.rr of the
computer algebra Risa/Asir. The time for the calculation to get the list is given under Let’s
Note CF-SZ5 (i7-6500U), 2016 (it is about 30% of the above by Windows 11, i7-10700, 2021).

The basic spectral type is the indivisible fundamental spectral type in the original definition

but he fundamental spectral type is now often called the basic spectral type.




idx=—10 (Pidx=6), 198 basic (fundamental) tuples

5:11111,11111,11111
6:2211,21111,21111
7:322,3211,1111111
7:331,31111,1111111
7:4111,2221,1111111
8:44,311111,11111111
8:332,3221,22211
8:422,2222.22211
8:521,2222,11111111
8:4211,2222,2222
9:54,222111,222111
9:333,333,321111
9:441,333,21111111
9:441,33111,22221
10:55,3331,211111111
10: 55,33211,2221111
10: 64,22222,222211
10: 442,3331,3322
11:65,3332,2222111
11:551,3332,33311
12:66,3333,3321111
12:66,33321,33222
12:75,3333,222222
12: 552,444,33321
13:76,33331,33331
14:77,4433,333311
14:77,44411,333311
16: 88,655,22222222
16: 88,4444,444211
18:99,5553,44442
20: aa,66611,44444
24: cc,888,44444211
4:31,1111,1111,1111
5:32,221,221,221
5:41,221,221,11111
6:33,33,33,21111
6:42,33,222,222
6:42,411,33,111111
6:51,33,3111,111111
6:51,411,222,111111
7:43,43,43,2221
7:61,61,1111111,1111111
8:53,44,44,3311
8:611,44,44,2222
12:b1,66,444,3333
4:31,22,22.211,211
5:32,32,32,32,32
5:41,41,41,221,11111
3:21,21,21,21,111,111
3:21,21,21,21,21,21,21

6:222,21111,111111
6:3111,21111,111111
7:322,22111,22111
7:421,22111,1111111
7:31111,2221,2221
8:53,221111,11111111
8:332,3311,221111
8:431,2222,221111
8:611,11111111,11111111
9:54,3222,111111111
9:63,22221,111111111
9: 333,3321,3222
9:441,432,111111111
9:531,333,111111111
10:55,4321,1111111111
10: 55,322111,22222

10: 433,3331,3331

10: 442,4411,22222
11:65,33311,222221
12:66,444,21111111111
12: 66,4332,222222
12:66,33321,333111
12:444,444,4332

12: 651,444,222222
13:661,661,1111111111111
14:77,4442,333221

15: 87,555,222222111
16: 88,664,222222211
16: 88,5551,3333211
18:99,6651,333333
21:ba,777,3333333

24: cc,6666,66651
:211,211,211,1111
:32,311,221,2111
:41,221,2111,2111
:33,33,321,222
:42,33,321,2211
:42,411,222,222
:51,42,2211,111111
6:51,3111,222,222
7:43,43,331,331
7:61,331,331,2221
8:62,44,44,22211
9:81,441,333,333
3:21,111,111,111,111
4:31,31,22,211,1111
5:41,32,32,32,221
6:51,33,33,33,33
4:31,31,31,22,22,22
2:11,11,11,11,11,11,11,11,11
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6:321,111111,111111
7:43,1111111,1111111
7:331,2221,1111111
7:2221,2221,2221
8:44,22211,11111111
8:332,332,2111111
8:332,32111,2222
8:431,3311,11111111
:3311,3221,2222
:54,22221,2211111
:72,111111111,111111111
:333,3321,33111
:441,3222,22221
:4311,333,22221
10: 55,22222,22222
10: 55,331111,222211
10: 442,433,22222
10: 541,3331,22222
11:443,443,33311
12:66,543,111111111111
12: 66,4422,2222211
12: 66,44211,222222
12:444,444,44211
12:651,3333,3333
13:661,4441,33331
14:77,5531,2222222
15: 87,4443,33333
16:88,772,1111111111111111
18:99,666,33322221
18: 666,666,6651
22: bb,7771,444442
36:1i,ccc,6666651
:32,32,221,11111
:32,311,311,11111
:41,311,2111,11111
:33,33,321,3111
:42,33,3111,222
:51,33,222,111111
6:51,222,222,222
6:411,33,33,21111
7:61,43,331,1111111
8:44,44,44,332
8:71,44,332,22211
12:66,66,66,651
4:22,22,22.22.211
4:31,31,31,1111,1111
5:41,41,32,32,11111
6:51,51,33,33,2211
4:31,31,31,31,22,211
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6:2211,2211,111111
7:322,2221,211111
7:331,22111,211111
7:3211,2221,22111
8:44,221111,2111111
8:332,2222,2222
8:422,332,11111111
8:431,22211,22211
8:3311,3311,22211
9:54,33111,111111111
9:333,333,22221
9:432,333,222111
9:441,3321,222111
10:55,3322,22111111
10: 55,32221,222211
10:64,3331,1111111111
10: 442,442,222211
10:4411,3331,3331
11:551,443,2222111
12: 66,3333,322221
12:66,4431,22221111
12:75,444,111111111111
12: 543,444,3333
13:76,4441,2222221
14:77,554,2222111111
14:77,6611,11111111111111
15: 771,555,333321
16: 88,4444,44332
18:99,666,333321111
20: 2a,776,33333311
24: cc,888,4444332
4:22.211,1111,1111
5:32,32,2111,2111
5:41,32,11111,11111
5:311,311,221,221
6:42,33,33,111111
6:42,42,222 2211
6:51,33,2211,21111
6:51,321,222,2211
6:411,33,321,222
7:61,43,2221,2221
8:44,44,44,4211
8:71,44,3311,2222
12:b1,66,66,111111111111
4:31,22,22,22,1111
4:31,31,211,211,211
5:41,41,32,221,221
6:51,411,33,33,33
4:31,31,31,31,31,1111




Number of fundamental tuples of 3,...,10 partitions with given index

index 0| -2| -4| —6| -8| -10| -12| -—14| -16| -18| —20
all 4 13 37 69 | 112 | 198 | 291 | 415 | 647 884 | 1186
3 3 9 25 46 72| 127 | 182 | 249 | 395 522 680
4 1 3 9 17 29 50 76 | 115 | 172 243 345
5 0 0 1 1 2 4 6 10 18 24 34
6 0 0 0 1 0 1 2 3 4 8 11
7 0 0 0 0 1 0 0 1 2 2 3
8 0 0 0 0 0 1 0 0 0 1
9 0 0 0 0 0 0 1 0 0 0
10 0 0 0 0 0 0 0 1 0 0
index | —22| -24| —26| -28| -30| —32| —34| —36| -38| —40| —42
all | 1682 | 2183 | 2889 | 3841 | 4831 | 6203 | 8012 | 9789 | 12290 | 15379 | 18683
3| 963 | 1230 | 1577 | 2105 | 2570 | 3257 | 4187 | 5009 | 6144 | 7731 | 9153
4 478 | 625 | 861 | 1126 | 1430 | 1890 | 2411 | 2982 | 3832 | 4721 | 5785
5 50 65 93 | 131 | 171 | 231| 316| 38| 505 667 828
6 17 22 31 39 56 68 99 | 124 | 167 200 270
7 6 8 10 15 21 25 34 44 57 72 92
8 2 2 4 5 7 10 15 15 23 28 35
9 1 1 2 3 3 5 7 8 12 17
10 0 0 1 1 1 1 2 2 4 4 6
index | —44 | —46| -48 | 50| —52| —B4| —56| -—58| —60| —62| —64
all | 22910 | 28096 | 33387 | 40617 | 48703 | 57481 | 68622 | 81728 | 95216 | 112705 | 131926
3| 11072 | 13493 | 15768 | 18878 | 22594 | 26040 | 30819 | 36495 | 41764 | 48768 | 56996
4| 7227 | 8763 | 10484 | 12953 | 15392 | 18259 | 22056 | 26041 | 30500 | 36383 | 42248
5| 1044 | 1347 | 1634 | 2019 | 2510 | 3037 | 3689 | 4551 | 5378 | 6502 | 7884
6| 33| 435| 529| 691 | 827 | 1036 | 1255 | 1561 | 1854 | 2300 | 2704
7| 111 | 147 | 181 | 222| 282 | 355| 419 | 525| 645 782 951
8 42 60 63 86 | 101 | 129| 152 | 196 | 214 284 336
9 17 23 30 37 42 53 63 79 91 107 128
10 8 12 11 16 20 26 27 39 43 53 56

m = (mjvl,) o<j<p : a tuple (set) of p partitions of a positive integer n
1<v<n;
= m071 ce mO,n17m1,1 ceeMy nyy amp—l,l PPN mp—l,np_1

n=mj1 My, Mj1 > Mo > >mj,, >0 (nj>1,0<j<p)

p—1 n;
m is fundamental < 2n < ) (n - > mjj,,)
j=0 v=1
p—1 nj
index of rigidity of m : idxm = 2n? — <n2 - > miy)
7=0 v=1




