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Middle convolution of KZ-type equations
and Single-elimination tournaments

By

Toshio OSHIMA

Abstract

We introduce an extension of the generalized Riemann scheme for Fuchsian ordinary differ-
ential equations in the case of a KZ-type equation and denote it by Sp M. This extension
describes the local structure of the equation obtained by resolving the singularities of the
KZ-type equation. We present the transformation of this extension under middle convolu-
tions. The transformation was determined by [Ok| when n = 4 and in general, we interpret
it in terms of the combinatorics of single-elimination tournaments. Here n is the number
of variables of M. Since many hypergeometric functions with several variables including
Lauricella’s Fp and its generalizations are solutions to KZ-type equations, the results in
this paper can be applied to the analysis of these functions (cf. [Oi, MO]).
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L, :=L,U{o0}, A;=A4p=0
Ajy iy = Z Aiyi, ({i1,..., ik} C Ly)  (generalized) BEATS

1<p<q<k
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o [A7,AL,]=0 = AL, =r:scalar (&M : B (k=0: HARZWVD)
o/ CL, = A]:Ain\l-f-li
LS. [A,B]=0 = 3J[FEK (—fk) EH2ZR- 7
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A= (0 ) mo (s
= [A:B]={[0:1]1,[0: 2], [4:3]1}={[0:1],[0: 1]o,[4: 3]}
O[Bi,Bj]:O (i,jzl,..,r) = [Bl:"':Br]:{[)\l,l:"':)\r,l]mla"'}
& 3. AMRES L oSS REHI = {1, |v=1,...,r}
& p, L, |[I>1and (I, CLyor I, 5L, or I, NI, =)
THfR &L (7, T AR EAETICT > T=1)

EE4 L, ={L,—1{0,..., n—1} OMCKRHER T EETE )

Sp ./\/l = {[A[1 R A[nil] ’I: {Il""’In*%I”*l}}IeLn
Sp M = {[Ah st Ap LT = {Il,...,In,Q,Ln}}ZeL,n
Fact 1. £, ~ {L,DILTINAIF6N/an F—LDh—F X MK}
Lol = (2031 |T|=n—1 (T€ L) o
Bl 1. Ls = {0,1,2,3,4}, |£5] =105 It
7 ={{0,1},{0,1,2,3},{2,3}.{0,1.2.3,4}} 01234
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I={L,....In2, Ly} € L: L, ={0,1,...,n—1} OEAFHHHFETHEAE

J,J €L:=TU,cp, {{v}} with L, = JUJ" : T DHERBORE
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t3—T0=2=2 y:(l_Y)Z7
' r—y=(X+Y -1)Z,
(r,y,2) =(0,0,0): S a1 —2pg=a=XZ, y=I ) FL‘—‘
r3—T0=z2—-y=YZ z-z=(X-1)% 0zYy 21
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Ay = eM((n-1n,c)  (Haraoka [H]).
J —Aoi Aij +Aoi

Ay
0
x5z tj(v) == (v); =3 v e c(n—ON (ve M), Lj: CN — ctr-DN
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K =Ky —i-@ﬁj (direct sum < p#0) = Aj-invariant (I C Ly,)
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Ar = Aflgm-vyn g € M((n = 1)N — dim K, C)
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2 & 2T M @ middle convolution (& M = mc,, , M: % = Z “—u LERIND
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J=1{3,4}: {3,4} — {0,3,4}, {1,2,3,4} — {0,1,2,3,4}, {0,5,6} — {5,6}

oo
oo
HldoJ
= s
123405678910 J={3} 120345678910

j=3:{3,4}—{0,3,4}, {1,

]
0123

2,3,4}—{0,1,2,3,4}, {0,5,6} —{5,6}, +{0,3}

n =4 DF\E (cf. [Ok, Oi, Or midkz( )])
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Ao = 0 0 0 — O 0 0

7 = {{0,1},{0,1,2}, {0,1,2,3}}

S O =

1
U=1|0
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S = O
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1 0|, A.—-VAU
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. Ag12+p 0 Ao12+u Aos
Api2 = 0 Apra+p A03 — A012+M Ap3
0 0 A12 0 A12
[Ao1 : Aorz) = {[Ao1 -+ : Aora+u],[0: Agra+pl,[0: Apz]}
[Am : A012]|IC1 Aot + 1o Ao + 1] |ker Aoy

0: A12] |ker Aops

0 : Avo]lker (Ago—p)

[Ao1 = Ao1a]lic; =

[

[Ao1 = Ao12]lic, = [0 2 Aotz + 1] [ker Ago
[

[Ao1 : Aoi2]lk.. =

-
2. 1203 ZI={{0,1,2},{1,2},{0,1,2,3}} & {{1 2},{1},{3}}
1 10 0O 1 0 B .
U=|(10 0|, v=utl=[1 -1 0], A, —-VAU
0 0 1 0O 0 1
3 A2+ 0 Aos Aoi2+p 0 Aos
Ap12 = 0 Apra+p Aoz | — 0 Apro+p 0
0 0 A12 0 0 A12
} Apiz—Ao1  —Ao2 0 Az Ao 0
Ay = —Aoi Apiz—Ap2 0 | = | 0 Api2 O
0 0 A12 0 0 A12
[Ao1a = A1a] = {[Aora+p = Aral, [Aora+p : Apia], [Arz : Ara]}

[14012 : A12]|IC1
[AOIQ : AIQ:HICQ
[;1012 : ;112]|IC3
[14012 : A12”IC<X,

012 + 1 Ao12)ker Aoy

[A
[Ao12 + 1 Ao12]|ker Ags
[A12 © A12]|ker Aos

[

A12 A12] ‘ker (Apoo—p)
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-
1230 ZI={{0123}{123}{1,2}} & {{123}{12}{1}}
1 1 1 0 O 1 3 3
U=(110], v=Uu'l=[|0o 1 -1]|, A —-VAU
1 00 1 -1 0
) —Apr —Aope —Aos Aoz —Aor —Aoe —An
Az = | —Aor —Aoz —Aoz| — | O 0 0
—Aor —Aop2 —Aps 0 0 0
3 Api2—Aor —Aop2 0 A 0 0
Ap = —Aopr Aoie2—Age 0 | = | 0 A —An
0 0 Al 0 0 Ao
[A123 : Ara] = {[A123 : A12],[0: A1a], [0 : Ag12]}
[121 123 1 A2]licy = [0 1 Aoz |ker Aqy
[A123 = A1a]lic, = [0 Ao1a]|ker Aoy
[A123 : Aa]lics = [0 2 Ara]|ker Ags
[A123 : Avalics = [A123 1 Ar2]lker (Ao —p0)
T
0123 T={{014{0,1,23},{23}} 5 {{1},{2.3},{2}}
100 10 0 ) )
U=[o01 1|, v=ut'lt=l00 1|, A —-VAU
010 01 -1
) Aopt+p A2 Aos Aoiztp Aoz+Aos Aoz
Agp = 0 0 0 — 0 0 0
0 0 0 0 0 0
) Ay 0 0 Ay 00
Apz=| 0 Aps—Ape —Ao — | 0 Ay —Ap
0 —Ap2 Aoz —Ap3 0 0  Ag2s
[Ao1 : Agg] = {[Ao1+p : Assl, [0 : Ass), [0 : Apas]}
[Ao1 : Ass)lic, = [Ao1 + 1 Az lker Ao,
[Ao1 = Asallic, = [0 : Ao lker Aoy
[Apr : A23]|1c3 = [0 : Ap23]|ker Aos
[Ao1 = Ags]lica. = [0+ Ass)ler (Agm—p0)
DEGE DEGE 3 OEE 4 DEE
J\A | 01 012 J\A| 012 | 12 J\A | 123 | 12 J\A| 01 | 23
01 | 014 | 0124 | | 012 | 01244 | 12 | [0123 [ 123 | 12 01 | Ol+p | 23
012 0 0124p 12 0124 | 012 123 0 12 0123 0 23
0123 0 12 0123 12 12 12 0 012 23 0 023
1 | Ol+u | 01244 1 | 012+ | 012 1 | 0 |o12 1 | 0l+p | 23
2 0 0124p 2 0124 | 012 2 0 012 2 0 023
3 0 12 3 12 12 3 0 12 3 0 023
o0 0 12 o0 12 12 o0 123 | 12 00 0 23
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2 patterns : F‘;‘_‘ ’_‘FL\ 3 teams
S e B e e B R
012 102 201

120021
1 type, 2 patterns, 3 (cases of) tournaments, 2 win types

rlj—‘—rlj : 1 pattern 4 teams
91 23:;13 3 cases
| | |

¢ 4 patterns yeinieaniys

Q g§§':12cases 2013 3012 3201
2 types, 5 patterns, 15 tournaments, 4 win types
5 teams

’_|_‘—I$_“—‘ 2 patterns ’_E:j“—’_‘_‘ 4 patterns ﬁ : 8 patterns
01234 5—15CdSCb 01234 2—300(1505 glggé:%zmcases

3 types, 14 patterns, 105 tournaments, 9 win types
=7 X2 FEICEAD D IZEDH

teams  [2[3] 4] 5] 6] 7] 8 | 9 | 10 n |
patterns | 1] 2| 5| 14| 42| 132 420 1430 1862 | T, = T2
win types 112] 4 91| 20 46 106 248 582 Wy
types 1]1] 2| 3| 6 11 23 46 98 U,
tournaments | 1 | 3 | 15 | 105 | 945 | 10395 | 135135 | 2027025 | 34459425 | K,, = (2n — 3)!!
T, = Z T, -Thep, Th =1, (patterns)
W= > Wi-Upy, Wi=1, (win types)
1<k<n—1
1 . .
U, = 5( Z Ur - Up_i (+ U% if nis even) ), U =1, (types)
1<k<n 1
Z wCr Ky Ky, Kp=1. (tournaments)
n teams n+1 teams

insertion
(7.
nox x % % % % x x deletion  n % % % x x x x *

2n—1 vertical line segments = K, 1 = (2n—1)K,, = K,, = (2n—3)!l.

T, < Ty - T,_
1<k<n= " koink
n teams W Wi -Up_i
k teams (n—k) teams U «—U.-U
; ; k<n—k = n k n—=k
0, k=1 k, ,N KneanKkank

ko {UneéUk(Ukl)nLUk,



Identities
n—1
1
Kn=(2n-3)! =7 ;nck S(2k = D! (20 — 2k — 1!

Lek-2)0  2mn-—k) —2)!

(2n—-2)!
(n—1)n! Z (k=D (n—k—1)l(n—k)!

Tn = Cnfl =

1= (1 Y0 (3 Wena?),
k=1 =0

C), : Catalan number

U,, : Wedderburn-Etherington number

5 TIE3DIADF—RAL >

A1a+Ap2  —Ap2 0 A1z+Aos 0 —Aos Aog 0 0
—1301 A124+A01 O + 0 A1z 0 + 0 Az3+Aps —Aos

0 A1z —Ap1 0 Aiz+Aor 0 —Ao2 Az3+Ap2
A —A —A —A
- < 01—2?401 o A01232%402 —Agg ) (&= Arg + Aiz + Aoz = Aq23)
—Ao1 —Ao2  Aop123—Ao3
Ag.x—Ap1 - — Aok
5 —Aog1 < A — Aok
A=
Lok Ay
Aik
ICcLy(={1,..., n—1}), 1€l, jeL,\1I
Ar(v); = (Agv)y in Vy = 15(CY) (I cVJcCLy,)
A[(U)i = (Aoﬂ))i — (AOi'U)I = (A()]’U)i mod Vj (7, S I)
A;(v); = (Arv); (J¢1)
Ar(v)r, = (Arv),
[A1] = [Ar]n—n U [Aor]j11-1
Ap(v); = (Aorv); (v € ker Ag;)
Aglp_1 + Ao+ Aona
~ . AOlmk—l +u Aok t AOn—l
AOw-kfl = A
1k
Arg

IcL, (I={l,...k=1}1), iel, jeL,\I
Apr(v)i = ((Aor + p)v);
AOI(’U)]‘ = (Aojv)] + (Aﬂ})j = (A]U)j mod Vi

n—1

(Aor + p)v + Z Agv = AIU+( Aoy + M)U
veL,\I v=1



= A mod ker(Ageo — )
[Aoﬂ = [Ar]pn—1-y1) + [Aor + i1

wE wo WQ—EH@HM (I=IVecT)rBLL

(i) 0¢€lel Qujﬁb V[, V;)O([), VI\bO( I c Wry.
(i) dimW® =¢N (£=1,...,n-1).
(m)LKEIZL,J:WMjZBQUECNKﬁL

0elkbid i (A (oyv)s (I > K),
AI(U)J = ((AI + IU)U)J + (ZE:JAOVU)I\{O} (I ) K)
0¢17%51E ) (Arv) s (I 2 K),
Ar(v)y = (Aorv)y — (ZJAOVU)I (I D K).

(iv) A;WO cw® (TeZ, 1<l<n).
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KZBARERE b—F X2 FEOX
| " EBO KZBAER | nF—LOF—FXUFE
TONGIELSeeh S ER )i F—F X HEE
KZ B HEADART ML F—F X MO 2E
ST AETR IS
2 AT ERBICELZZTDO P —F XV DGR
middle convolution %17 5 2% BisErRD %
MR AT BATAIRD E=ALDEE | b —F XV VOB T — L DBEEZRD 5
middle convolution BT — 4 @D deletion & insertion
middle convolution DEFED kernel =T basic/top insertion
X5 m EDEERRADD 255 nF—2u% m BT — T
Bl 5. B8 xo, 21, 20, FEIERFRMS ys3,ya,y5  — 105 DM LA T 5
ou >
8331‘: Z Z_myu—i-zxZ (1=0,1,2)
0<v<2 v=3
v#£i

3 4 5 3 4 5 3 4 5
{0} u {1} u{2} {0,2} L {1} U0 {0,1,2} P U0

oL < L | o] |
031425 032145 012345

{{0,3},{1,4}, {2,5}} {{0,3},{1,4},{0,2,3}} {{0,1},{2,3},{0,1,2,3}}
5l 6. Dettweiler—Reiter [DR] 1%, ZHD 1 HTW L D2 DREIERERD D 255105 T 5.
#l 7. MO, Oi] TEZENIL L 0 DEERD B L

Z (al)ml T (an)mn (7)m1+-"+mn mi . ,.mn

(ma,...;mp ) €LY (1 N all)ml o (1 o a;l)mn(l - ’7/)m1+---+mn
----- n >0

(@m :=ala+1)---(a+m—1), (a1)m =
a;, a; € CP, By, B € CU, ., v, €CY g = B0 =




WErigid 72 KZBAGBEROE 725, —7, LUV 1 OZER—BERME O 3 HERORRES
HHFHOEPFTH 523, braid arrangement & IZR 5720, — OB FHECE 1SN BRI R R 2o
Pfaff 2 & LT [Oh] TEREN 2. B, MO] T LOBEMPHOERAICB VT of € CritE, g e
Cuth, 4 eCl v LEbDRERL, BRLEZLNLVE XAZ.

fORE. B AR o = 0 25 addition £ middle convolution Z#E DR LT T %= 2 B2 KZ B
R M idrigid 2522 (F2DE SpM P MBP—EIZEES) H, ZHLINIEHIT rigid 72 KZ
FERXIIFET 207 Xh—Miz, BN KZ AHEAXDOZEMIZE W T, addition, middle convolution
B I KZ BZ RO FEREE ) AR I N OWIEZ IRER K.

THEER R A Z & KZ BAFERUTH LT Sp M ZHRRE K (cf. [OV]).

— % DFEHIBLE ISV R R A2 B D Plaff RICH L TH, [FARRLRREEZEEE X (cf. [Oh)).

NRIRAXA=REBERE AR LY 7 MEARLED THERAREZM—IICEEE X (of. [Os) .
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