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Abstract

The middle convolution introduced by Katz is extended to an operation on a regular holonomic
system by Haraoka. Using this operation on a KZ type equation together with other related
transformations, we can analyze the equation, in particular, its residue matrices and the ir-
reducibility of its solution space. We examine examples of hypergeometric functions with two
variables realized by solutions of these KZ type equations, which include Appell’s hypergeometric

functions.

1 [FC®HIZ

(w0, ..., zn) BEORMBIEZ KT & T2V A XN ORE~7 Fv u(x) [T 2D
du = ( Z A, jdlog(z; — acj)>u (1)
0<i<n

&) HE KZ (Knizhnik-Zamolodchikov [9]) 5 (LT, B KZ AREX) Lo
A, j I FEFER D N ROIEFTHIT, N 2 HRAOEE VS . 2

3u4: Z ﬂu (t=0,...,n)

T;y — Ty
ve{0,...,n}\{i}

EWVH TR L FETH 505, ORI

[Aij, Ake] = [Aij, Aik + Ajr] =0 2)

2185 (BARDIRXTFERRIBTEET LT ).
HMCBARDIRZT A, § & i1y im ICXFLT

n
Aii =0, Aig=Aji, Aingri=—Y Ay, Aipini= Y Ay, (3)
v=1

1<p<g<m
LK E (@ =00 (kT 5), I, JC{0,...,n+1} & LC{0,...,n} ICx LT

[Af,A;]=0 if InJ=0 or ICJ or JCI, (4)
Ao,..on = AL — Afo,....n+11\L (5)



MY LH, Ao

.....

-----

ERDEREBE R DHLELTEY CLLFINERET D).
2Ty, xy EEELTCx =00 2K EHIT L

du

o AO,V
N.deE: u (7)

£\ 9 Schlesinger #OF M HFREANGE LS. 2D XK 9 7 Fuchs BUH#r HREAIZEE L T,
Katz @3 A L7 middle convolution mc,, 73& >737F & 722 TREBINZIRST S, <D &
BEE Sz (8], [11], [4]). 7238, mcy, 1 ‘o ZEUZOWTO —p OIS L RSN 6D TH
v, B u(x) \2xF L T Riemann-Liouville f53 217 9 Z & IZxHi&3 % . Schlesinger B J7#25IC
%9 % middle convolution X Dettweiler-Reiter [2] 1 & > THEEATHIOM {Ao1, ..., Ao pnt1} PE
BUCHIRR SN2, 2R E BITER [3] IC & » T KZ FRRERE2 G0 EEROLAICES -,

Schlesinger B DM HFEAUTK L, BREEATH Ao, (i=1,...,n+1) OB E 52 DL F
BAR—BMICRESTLEISA, 77205 (Ao, .., Adontr) ORIEEENRE ST LE S
HEVDY FEWS . Ay, BxtAbATRER & &, TOMAMEOEEEIT N O4E

N=myi1+-+my,, Ww=1,....,n+1) (8)

DAL (ENZARY MLELL WD) 25250,

n+1 Tj
idx A= 2N% = Y (N2 - Zm?,u) (9)
v=1 v=1

YDy RE#HEVNS. NBBERNARLIZdx N <2 THY, 2—idx N IZHBRXORKR L TORT
IR (A, OEIEEEE) PORELRVEY 27 ZMORITERD. ThbLIdx N =20
FRARY Do R e BEbdOUEEEE RS (of. [8).

Uy Riaw sy e (7) 1X, middle convolution & % — U2 #1 (FfIZ addition &\ 9)
u (= z,)u OV LIS > TR LT o A#R R & =0 KERShS. £/, Zh
OOEBUL W72 DT, Uy RREMKS A (7) 1B A2 GEX2 5 middle convolution &
addition THEL TZ 5 Z L1025, —OLEAILdx N DI b OEBIZEBIT 5 RE R E D,
AR MO ZERNT idx N BICARPUEICRIN D (cf. [12, 11]). £ DZHaE, Crawley-Boevy [1]
2% quiver OFBL & BHE L CE A L7 R e D 2 Kac-Moody /v— k& D Weyl #E12 L5 1EH &
7232 &3k T, Riemann ki = Fuchs A 5RO RROZER~DIEM D3 b 72 o 7.

U ¥y R B (7) 13 B2 5K 5 middle convolution & addition TR TE 5D T, Ji
[ [3] OEFUCILRT UL, Uy R (7) 76 KZ R (1) »fEonsdZ Lickhsd. 2o
JEIRIE ((y2, ..., yn) OBEBEZRNT) —E, KXo T KZ FEX (1) oS o= s itk
XL (7) BEEAIY ¥y RR6I1E, ZAUIZOLIICL TR ENLI LD THDLZ L band.

KZ R E0 /I, xo 22 H L7z middle convolution Oz, sfFRMEICER 4 54
o, OBBPER L T\%. Fuchs BV RO KIBMENTIZIL, RATHIMERN &0 L 5 128 H#H



ENDINEMBHB LN —Thot-. KZ FRRCHOWTOZ DX ) R, ZanboiETh
L. ZOJGAT, £ (14 MELNED, BREHALNICTDHITITE > TWew. B fEic
RoThH Y Py hEWIDPTIZHUARWEWEBBELND Z & THEBEZEN (cf. §5.11).

2 AREADEE S EHERFAER

KZ 5 (1) 138 EATH A, ; CEEDN, urs (11 —x2) "u LWIEHICLEY, Ay, =0 N
ilmShde LThv. Z0&E&E Agpp1+- -+ Apnt1 =0 £R2DT, BEAITH {A;;} PDn+1
TIEW)#%Z%%E ANEZTb Db KZ HRBRA LR L. 77205 (n+2) IRAFEE S0 2 KZ F
oz 1”E)Eﬁ LTW5

KZ jﬁf‘ﬁ %, Riemann Bk P! W n + 2 B & {xg, ..., 0na2} OEEZEM EO R E B

—RGBIRPMER L T D, —IRBERIZ L > T3 /30,1, 00 ICBLTEZD Z LA
5’%5 DT, KZ HRAOIIFERTIEY O n — 1 ZHOEK (BEAEK sExond. &z
X Gauss OHEEMEIE Fo(a, B,v; ) 1%

ulto,t1,t2) = F(a, 5,7 $=82) = Fla, B, =iii==tel)
LB E 3B o, t,t, D KZ FRAEZWETZEND0D (n=21Zx07 5. 7B, oo b#EIn
i b, t1, too, ty D AEEELTRD).

n =2 DOLEE, HMORRICREE SN, k=0 & L2 KZ HREAICBNT Ag 1+ A2+ 412=0
LARBDOT, Alg = Ags BHOLL, EEHCIE 63 OER L 2t s (R {1,2,3) OffiH).

KZ 5 (1) "EICZEROBEMM S AL R0 n>30L&THY, fliHO:
W, ZO/—FTEECn =305, Thbb 2EROBEMBROES A IR . ZOBE
i, mExiF g =2,21 =0, 20 =y, 24 = 00 & BT KZ HEX (1) Ofif uw(z,0,y,1) 2[R
BrE2%. Appell DBETEEIE, ZORLMERFILL>THDZERGHD (f. §5).

u i (2 — )M LD EBIT, Aij, Aing1, Ajnpr D3 DETNZN A+ A, Ajngr — A,
Ajpp1 — XN EEHT L2 Licxtiid 5 (addition).

zo BHUTKT % middle convolution mey, , IZLATDO XL D ICEREND. BHOTZDH, n =3 DY
BEB<ES (— ﬁx@%é\f%ﬂﬁ) JLD HFERDY Schlesinger B HFEA & L CRER 2 BT (T720
B Ag, DIEAPILE AL ZEM AR & E) mey, o IFMEFEFHEERSIND. £T, p#0
?D & =1L, convolution 7°

~ Aor+p Aoz Aogs 5 0 0 0
Ao = 0 0 0o 1, Apo =401 Ao2+pn Aoz |,
0 0 0 0 0 0
~ 0 0 0 _ A072 + A072 —A072 0
Apz=1 0 0 0 ; Ao = —Aon Agp+A12 0 |,
Aon Ao Aoz +p 0 0 Al
B Az 3 0 0 ~ Aoz +A1zs 0 —Ap,3
Asz=1| 0 Ags+ Aszs —Aos , Az = 0 Az 0
0 —Ag2 Apa + Azz —Aon A1+ Ai3



(CE - TEELEDMEE BN O (—fRICITTHZ) KZ TRANE LTERSND. 20L&

K= {(Ziz;> e 3N ) v € ker(Ap1 + Aoz + Aoz + 1), vj € kerAOJ,} (10)

vtvs
M A OIRO RIS ZER L 72D 0T, CN/K BT Ay DSFHET 5 MR 82 7 SIS TR
BUERBATIE A, L%, B5h 5 KZ iR % middle convolution mey, , & & %2 H# & &
#7925, FEAOBEIIN 226 3N —dimK 12805, £ mey, , OUESIE me,, _, &75.

ZOEHIT K > THRERADOWEZ TE 52720 TiF 5121, addition (2 & > TH ker A, DRI
RKRIZRDEIICHOENUDERL, £/ p 2B L T ker(Aop1 + Ao2 + Aoz + 1) DIRITTA KK
(2722 KO RV, O A; j AL RTREL LT, Ag, OEAMEDEBEL (8) DL
o> TNDHEL LS. ZD& & Schlesinger G (7) D AR F %

m:=mMp411  Mptlrp ;M1 Mlp, 0, Mp 17 M r,

)

TEHRT L. BFRATOHERGEEIT
mju > mjui1 (Y, j)
EREVIEIZIEATHND E L TR, 2ok
dm)=my1+---+mpt11— (n—1)N (11)

&< &, Lo middle convolution (2 X % reduction 1%, % mj1 2% mj1 —d(m) IZED5H T &R
5D, Lo THEIE N 75 N — d(m) b 5.

m MY Yy RRFRADARY NAE G2 5120 OEA 351, ZOEBOH & KRR A
TEMEEZREWIEICENEZ 2B E 2 b EARes B 2, ThEKETHZ LK B 1
FTCHRIZEAT52LTHLZLNERD BT TADOEBENBENTZR L, BRI EBR N R AEE
IRANRY MABITHY, WOHRNZ ENRHIE, FIUTEBRAREENY Uy REFeb7e0).

72 & 21 Gauss OO A7 M AAT 11,11,11 T, Appell ® Fy (272 58B%MD AT K
NANT 22,22,31,22 L7 M, TRODART MABIO Y X7 23 0% ([16] R0 [17] TR ATEE

11,11,11 = 01,01,01 —> 10, 10, 10 12)

22.922.31,22 = 12,12, 21,12 — 21,21, 21,21 = 01,01, 01,01 —> 10,10, 10, 10
Lo TI Yy RRAXRY MVITHD Z LD (= O EOFFIT —d(m)).

WEATH Ay, DEBEE m;, (SHIET 2EAEZ N, &35 L, A (T) D—#&{E Riemann

scheme %

Tnt1 Ea e Ly
[Ant 1] Alme, 0 Palman
. . . (13)
[)‘n+17Tn+1]mn+1,Tn+1 [)‘1’ Tl]ml,rl T P‘n,rn]mn,rn

Lo TERT D (N FHIC A LB L TH LWy, middle convolution (285 A; ; OFEAHE &
A7 MV ORI ONWTIE §4 TR 5.



n= 30k Xz 2B (v,y) OREME Y 27 & % 0 2, OIRAFOBRBNLFEEAS (2,y)
DVEFEEWZFFET D (xg =2, 21 =0, 29 =y, 3 = 1).
&5 AR 120 EOEEL R
1—y1-2), (1-y 122), QA —y, Y, 1 —y, 20,
(W 2), (1, L), (, 122), (y, 220),
(1—2,1-y), (1—2,=2), (1 -2, 122), (1 -2, L2208,

Y T l-y y—z
(2,9), (@, 522), (2, %), (v, E242),

(ﬁv ﬁ)v (liy’ (1m:yy)m)’ (ﬁ’ xfy)’ (liy’ %)’
(5 ) (s %) (T 179 (T d5):
(1,1), (1,2), (1,220, (L, 452,

(L,D), (2, 12), (1,9), &, &=L),

G ) G B9, G ), G, 2,
G220, G852 (G5, (s, ),
L 74) G 20, (G 55), G 53Y),
(L) (% 3), (5120 (5 o),

(51, o), (15, =), (151 a2y (2L (o,
(22,1 -9), (122, 155), (24 9), (122, 299,
(_Iy+y’]' x), (—ry-l-y’yT—l)’ ( zy—i—y alz::y)7 ( y+y’ (1y Iév)y)
(322, 2), (322, 54), (322, =2h), (322, =%,
(= =) (@ o)) <ﬁ =) (a5 %)
(), (509 (G359, G i),
(23t G ty) G 0 GEn ()
(5 ) (25 220 (5 500, (25, 42,
G50 - =), (55 ) G559 G5 o)

_ _ _ _ _ T _ 1
(252,20, (252, 220, (=5, =), (=L, =),

(01, (32 2. (3255, (5. O,

-y’ r—y’x—y’/’ \z—y’ x r—y’ y—=x
(5541 - ), (554, k), (554, 250, (55, 429,

(=), O= 2510), =0 50 (=0 as)s

(@ o) (55 ) (55 =5, (55 450)

Gyt iz Ty i ey o)y 1=2)
(U, 1), (U7, 0), (U2, 2o, (U2, 2,
(G2, (21— o), (52 355), (52,25,
(2, ), (), (38, =), (=2, =20,
(85, (628 10, (289, (522



3 lIrreducibility of Equations

U > F7% Schlesinger M523 (7) 3 E Wy AL LCEBER (ZEMOE /) o I —FE2RE
KEVSTHRIL) LRDTDDOBEIEMEEGDL BERNLT VT A LE 52 85, KT,
Kac-Moody /— FZROFHETHE~ G D (cf. [11, 14]).

zhg, FERAOAXZ MM m OV X7 varnbU TFToL3cEond. VE 7 v a il
middle convolution |2 X 2D AT » 7 L EHEE 2 RE W ~NER DRI AT v 7 &
MBIRDD, BAT v FIK L—2DRMEDBRIET D, HFAT v T TOAXT MATIDZENG HFE L
T, 2ol m ETEES>THELNDI AT M Im; = k,m; O m; ZEDTHES X(m) &
FEAD. 2L my TRKRAKIETHE->T Em; &RT. 0B

ki =2NN; — Z(NNz — ij,y : (mi)j,u) (14)

J 14
ﬁ)ﬁkj—g—é (foCL, Nz :Zy(mz)lj,/) ZZT
m = k;m; @ my; (15)

EWVWO RN EETH D, HREADO %k Riemann scheme (13) (ZxF L

{Z(mi)j,u “Ajv

Jv

izl,...} (16)

DONTNOTEHE LT 202 ERBHNEONRETSEH 705,
Appell @ Fy IZxlid % 222 hUR 21,21, 21,21 OFICIE

21,21,21,21 523 01,01,01,01 -+ 10,01,01,01 — 10,10,01,01 — 10,10,10,01
1
2(10, 10,10, 10)£ « 10, 10,10, 10
01,10,10,10 £ —11,00,00,00 « =
10,01,10,10 £ 00,—11,00,00 + 00, —11,00,00 + =
10,10,01,10 £ 00,00, —11,00 + 00,00, —11,00 « 00,00, —11,00 « =

10,10,10,01 £ 00,00, 00, —11 < 00, 00,00, —11 < 00,00, 00, —11 < 00, 00, 00, —11 <

LR HDT
¥(21,21,21,21) = {10, 10, 10, 10, 01,10, 10,10, 10,01, 10,10, 10,10,01,10, 10,10,10,10}

&5 DDANRY MAINL Y, 2 BEERI DRSS D m O5ER 5 S bs ¢

21,21,21,21 = 2(10, 10, 10, 10) & (01,01, 01, 01)

21,21,21,21 = 01,10, 10,10 & 20, 11, 11, 11

21,21,21,21 = 10,01,10,10 & 11,20, 11, 11 (17)
21,21,21,21 = 10,10,01,10 & 11, 11,20, 11

21,21, 21,21 = 10,10, 10,01 & 11, 11,11, 20



A~ RV 21,21, 21,21 @O FFER O Riemann scheme 73

r=0 =1 z=9y =00
{ [0z [0z  [0]2 [a]2 }
ai ag as b

TholcT5&,(16) &Y
{a, a+ a1, a+ a2, a+ as, b}

DWTNHEH TN L BB LB 55t E 78 5.
B m; € B(m) 1LY Py RRAAY7 MARIL 255, Ziudm O (15) O m) THEERS

Definition 1. X(m) (2815 m; (ZLLTFD 3 DOWTNND X A T30 5.
Type 1 : m] D& IFIFATELL
Type 2 : m, DERHIC (% —>DRERET) 1 & —1 2% —o>ToBN, Y ORMERTO
Type 3 : mj OFRIIIERZITH 200

Type 1 Tl m} 73, Type 3 Tix —m] 23V ¥y RRAXT MALZR S,

Theorem 2 ([14, Proposition 2.5]). BEFIZATZ T (16) Lo T, Type 3 (IZxET 5 HDIE
BOTEY (OB RDFEMICEEND).

U ¥ R72 Schlesinger TG (7) (23t d 2 KZ G (1) OBEKIMEIZ DWW TR TR E R 5.

Theorem 3 ([14, Theorem 3.3]). BEfIZMHFZFET (16) Do H T, Type 1 = Type 2 (TS
5 H OB TRIFUTHFEN (1) 1T (£ e I—#2R) BHTHD. £72, Type 1 IZHIET 5
LOPEHTCHIITAHITHS. Type 3 IZXHETHHDIFENTEY (flld Type 1 DL bHks
FECEEND).

Remark 4. FOFEHT, KZ HEADOBEFIMESRIFIC Type 2 IZHIET 2 b DIIARETH A 9 & T8
ENd. WTFHICH X, Type 2 OFGENRNLT 2L X1, £/ NI —#AENTYH, OO
FRDIFAET D Z RN nind. T2& z21E, u(z,y) = Fla,B8,v;x) - Fa, 8,7; y) 1EBEE 4 O FFER %
el a, B,y W= bZDE/ Fu I — 3N TH D, FEEE Appell ® Fy Tz L o7z &
W5, Type 2 DSMENEZ DL X1, HEDO 1 L —1 OEREEEZ —DIZE LD AT [ LR
M2ULDOHLEETEIVGIND EEDHT, ZOX I3 IIHEV 22y (cf. §5.9).

4 Middle convolution
Ao DAY WA L AN mey, , 1o &> TED E 5 I % oitdi (2] Kb 5 & 510)
BHTHHN, Ay (0<i<j) DAY MBOEIEL L 0 ERARETH 7. 2 Omika [14]
XS THLNTEDOTHHT L. MHOTZD A; j (T rieE 325 (cf. [11, Theorem 12.10]).
XL AREITSI A DEAIE N, & ZDOEBEE m, OMOESZ

[Al = {Mi)ms Palmss - -}



DX

KT AOJ = {[)‘j,l]mg 1’[)‘1 2]m] 25
mj1=0&705Z LEFTE

} Lo TnEET S
>\1,1 =
LIRELTEN

Tl
.
<
]

LRz HEIZT 572
- >\TL71 = Oa >\n+1 1=M
BT mey, , 1IZ&E-T

[Ao,j] = {10]im; ,—d(m)s [Nj2 + 1m0,
[Ao.ny1] = {]
EEHIND

]mn+1,1*d(m)a [An—i—l 2

- M]mn+1 29
KZ HRROBEATIN LT {[4,
=)

MBI TIEZ LR, ZNZEH 51T
N WRIEFATH A, B [ 45%.

Gl meg, ,, TEDIIITEBMINDNE, {[A4;;]} DIFH
TIXATRE S (4) ¥ — L2 5.
AL FTRE & 32 & RIRE AL kD DT, FIFRE (
fi%) EAZEMSRNTTREE 725 . [RIRFEAZEM OFEAAE & £ DEEEZ (X plmy

DEHITENT, £
0 1
DA% [A: B] & tkziA:(OO ),B:< 2, )@ag
—1 3

[A:B] ={[0:1]1,[0:2]5,[-1:3]1} ={[0:1],[0:2],[-1: 3]}
Th2d RAFOLEFBLTEY). ZoX)RfFREM> ZLI2XkY, UTOFERRIELNLD
Theorem 5 ([14, Theorem 4.1]). {[A;; : Ao, [Aoy : Aoy | {i,7.k} C {1,...,n+1}} 2%
Do TR, b % mey,,, CEMLIZLDONRE D RDNNIND.
BARMICIE [14] 22 LTRSS
nZB@&%iAglg—H—A374fcﬁgk7—£é Eb, KDRE
#J=2,INJ =0} OAHTHL TLLFOEHE)

EHNPLEHRTE S
Theorem 6 ([14, Theorem 7.1]). n=3 £35%

73?’3—({[ I: AJ] | #I:
. (10) © K iZ.
kerA01 0 0 v

Kl ( 0 ) ]C2_ (kerﬁoyg) ’C3_ <ker?40,3)’ K4:{<5) ‘UEker(AOA_:U’)}
D4 o0 CN OELGZEMOER & 7250, EBROFRATFOES {i,j,k} ={1,2,3}
[Aij s Aog] = [Aij - Ao+ p] U [As;: 0] U
_ 5 [Ak,4 +K: OHKerAO y
[Aij: Aokllic, [A;

WXL
[A0,4 — K O]
[Aij :
[AiA : AO k]

/~L]|Ker Ao,k

] ‘Ker (Ao,a—p)
[Aia: Aok + 1

(V =1, .7)7

[Aia :0JU[A;p — Kk —p:0],
[A] k— K[! O]Keeryi
[Ai a2 0]|Ker Ao
[A
[

i,4 - M”Keer k

[/LA : Ao,k] |IC

(v
(v=17),
(v
k=K =1 0]Ker (Ao.4—p) (v



[Aij: Aga) = [Aijt Ao — Pl U [Asj 1 —p] U [Apa + k0 —p,

[Ag,a + K 0 —p][Ker Ao, (v=1,j),
[Aij s Aoallic, = 4 [Aij + —llKer Ao (v=k),
[Aij : O]|Ker (Ao s—p) (v=4),
[/Nlm : flkA] =[A;;:Aij—Kk—pU[Aij: Apa)U[Ara + K Ag 4],
[Aka+ 2 Agal|Ker 0, (v =1, 7),
[Aij s Apallc, = § [Aiy s Aij = 5 = plker 4.0 (v=F),

[Aij s Aij— K = illKer (Agu—py) (¥ =4).

b, Thbb I, JC{0,1,2,3,4}, #I =#J =2, INJ =0 D& [Ar: Aj] 1T mey, , I
Lo T
~ ~ 4 ~ ~
[Ar: Aj) = [Ar s AN\ JIAr: Adlle,, e mtop

v=1

EEBEIND.

Remark 7. i) EOEHZFH LT, Bl2E [A12: Aos] 7S mey,,, TEDRIITEDLNEMD
01, [Ars : Aos), [Asa : Aoal [Asa : Aol [Ars : Aga] OF — 4 BUETHS.

i) n=30&%, LOFEMHD [Ar: Aj] X156 5.

i) I, J C{0,1,2,3,4}, #I =#J =2 L 7F5. INJ =00 L XL, [A: Ayl S [A] R
[Ar+ Aj] B350 %. K #INJT) =1 DL X1, Ao+ Ags = Apra — Ars = k— (Asa+ Ays)
MENBSND. B, klidtraced; ; 1Y [A; ;] MHENDDT {[Aij]} hHAND.

5 Rigid spectral types

Yy RIgAR7 b AIITKZ RERISHIST 203, n— 1 23RO IR D FHE R 2 B DL
2725 DT, n>3 0L EINBEEO KZRBEMBEEIIGIET 5. HTRADEENMENT G, fif
FHDY 2y RIg AT FARINFET 272 DFK % £ 112872 (cf. Remark 14).

#& 1 Hypergeometric equations with less than 7 variables

Order— |2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
lvariable |1 1 3 5 13 20 45 74 142 212 421 588 1004 1481 2388
2 variables| 0 1 2 4 11 16 35 58 109 156 299 402 685 924 1517
3variables| 0 0 1 1 3 5 12 17 43 52 104 135 263 327 560
4 variables| 0 0 0 1 0 1 3 5 § 14 24 39 60 79 137
5 variables| 0 0 0 0O 1 0 0 2 3 4 6 6 14 20 30
6 variables| 0 0 0 0 O 1 0 O 0 2 2 4 3 5 6

AR ROVBIA 21,21, 21,21 & 72 % %5 UL Jordan-Pochhammer Oy HEA & 72 5
N, TOMOIESFE RS, T Appell D Fy (ICR25 ZERMbA TV, L —%lZ oo b5



# 2 Hierarchy of rigid quartets (cf. [11])

Hy
31,1111, 1111
Hy Hg . = EOg4
111,11 e 21,111,111 0o 22,211, 1111
' A 211,211,211 -

51,222, 33,411
33,42,33,411

411,42,411, 411

Is

41,32, 311,311 42,33,411,411
I

41,41,221,221 51,33,411,3111

: 31,22,31,211 51,33,411,3111
Cn
N 21,21,21,21 <::i . 41,32, 32,221 51,51,222,2211
: 4

31,22,22,22 51,42, 321,321
b b b P4’5
\\\\\ 32,32, 32, 32

Fy, F3

51,42,33,2211
51,33, 33,222

42,42, 42,321

P46

«p
31,31,31,31,31 42,33, 33,33

DT p+ 2 EMOEERRSEZFF> TAXZ MVAIN plpl, ... ,pl L7256 HDITV Py RTH-T
Lauricella @ Fp IZxHE L TW5D. 2 BE T 4 BIZHHIGET 5 A7 hAET 2 HdH > T, Appell ©
Fo, Fy, Fy ICHE LTS, BARECIE 31,31,22,211 78 Fy, Fy 12, 31,22,22,22 7% Fy (kG L
TWD. BEHEDBRELIRDITHEST, 2EBOL OBEBMBHELNLD, FRHIFASETHLNT
WP TZbDTHAS .

Ao/ S22 Do &, 180 middle convolution (2 k> TED X S AT MAFINE(LT
L RAITRLTRIZLIEDNRE 2 TH D (B TORAIZHN TV LR TIERW).

Remark 8. i) Uy RRARY MAFRNIKRIIST 2RO /T A —2 OHuT

n+1
RGA—H DW= (# FBERATORES 70y 7O —1) = (r;—1)  (18)
j=1

THZbND. R, BHROFHERATEIRRLEAHEET 2 v 7 OfKH 5723, #2472 addition
TOEEOM GBHIZ0) I2TE5. —%, Y1 tracedp; = 0 ICERT 57 v o ROBF

ijy)\j,y =0 (19)
j?l/

WHHDT, FENRNRTA—=208IT (18) DXk o2k s, UV ¥y R AL, —#{t Riemann
scheme 6 —EIZEE 5 Z LIZHEE.

i) #& 2 2BV TRANE DD AT FAIA addition & —-2>0 middle convolution TEH#L X 4L
HIEHEBHLTWS., Fiz, Appell © Fy & F3 1 Z[6—0 KZ HERO 72 2% S CTo R[PTEREIZ X
HIEDOREREERIH G L, I5 & J5 1Em—0 KZ RO e 52855025695 Schlesinger /5
B LTS,
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i) Vv RAFRALENICHIET 5 KZ HRRXOMITE SR & Fo. —#{k Riemann
scheme (2815 2 RFEFEL N, 235090 Uiz b OISKHIR T 2 ARSI TE#E ThH 2 DL 2 R
BRANFIET D (cf. [11, Theorem 11.2])). Z D Z &b HRROBENSGM (£ /7 Fa I —HENEEN
EIRDENE) X, FREREEEET O LT EDLL RN LR E A D (cf. [13, Lemma 2.1]).

iv) Uy RigAr MABNIRE L, FrtkfEdds K OB O LA AR5 & 3 2 Bl m B oy e
XN —BIHFETHZ ENFE 2D (cf. [11, Theorem 6.14]). L» L7235 Schlesinger Ao S 2D
LalE, K E 2 DRFEE A OIRIRN — B L IFR S 2niad, —EMEARND. 72L& 21X Gauss D
Aol A1 A2
Aoz A2 Agp
D, N = 0D SEoTWD2, ZOHBRAT Ao+ A1+ =0 (j=1,2) OL&E7]
KNZ72 5. Zo L&, (—MRITITERTH TR BERIPED Riemann scheme 7% {Ag1 A11 A2} I
72275 {02 A2 Aoo} (272 2 MEBEN 22 R D OFEIE (—E T2V IKFT 5. addition &
middle convolution Zfff > 72 DAETTIZ L D &L F - TH L.

A2 KIS 7% Schlesinger A0 72X Riemann scheme { } (23T Fuchs

5.1 Examples

middle convolution mc, R/ fiF4 52 5 X(m) OFFE (BEkalb Zha W TERED (cf. [11)))
> Theorem 6 % FI I L7235 % 814 % 72, HtH Risa/Asir DT 4 77 U [17] 2R L T
BY, ZOMOHOE ORFREENEHOTHIT 5 2 LR T 5.

MR DRI TR E I L BRI [11] ORERDFEE TE 20T, =2 TR EAFEHR
£/ Fr L —REOBAIMAR L1205 .

5.2 Appe”’S F

du = 0 (2RSS 2 trivial 220 addition 1 — ([[°_, (zo — 2,)™) - 112 L > TH%K 1 © KZ
type equation (1) 2336 T, Ziu

Aoi = Ni, Aoa= X123, Aij =0, Aja=—-Xi, K= X\23 ({3, 4.k} = {1,2,3})

<1_’ f£6 ()\zg = )\z + )\j, A123 == )\1 + )\2 + )\3) /kﬁi 1% € (C i:;d’ LT mcmo’u %ﬁ’ﬁ‘a—& Appell @%
ATt By OG- RIS 5 KZ HTRARH{oN . £

ap = —ft, aj = Aj +p, ajp3 = ay +az +az and a;; =a; +a; (0<i<j<3),

bl SR
a1 ao2 o3 0 0 O 0 0 0
A071 = 0 0 0 5 Ao’g = aol as as s Ao,3 = 0 0 0 N
0 0 0 0 0 0 apl1 Qo2 a3

aop2 —an2 0 0 0 0 aos 0 —aons
Aip=|—-ann aox 0], Az3=10 aps —aos |, A1z = 0 0 0 .
0 0 0 0 —aop2 aop2 —aon1i 0 aoi

11



E720 (cf. §1), ZO—{t Riemann scheme (% A;; OREAE L ZOEHEDOR) X

Ao1 A2 Aoz Aoa Aqo Aqs Ass
=0 z=y x=1 T = 00 y=20 y=1 to =11
[0]2  [0]2  [0]2 [ao]2 [0]2 [0]2 [0]2
ax as as —2a0 —a123 2ap + a2 2a0 + a1z 2ag + a3
A1 Aoy Aza
tg = o0 Y = 00 t] = 00
[—aoﬂz [—002]2 [-%3}2

—2a0 — a123  —2ap — a123  —2ap — a123

L%, TR 6 2 EMT D LLUTRRELNS.

[Aij: Aol = {[O cag), [0:0], [ ¢ 0]},

[Aia: Ao] = {[=Xi s Ak + ], [=Xi 0], [=A123 — 2 0]},
[Aij: Aoa) = {[0: =M1z — ], [0 —p], [=Xij : =4},
[A;;: Apa] = {[0 t =Xz — ), [0 =Ag], [ —)\k]}.

m = 21,21,21,21 : rank= 3 with 4 parameters and [X(m)] = 14 - 2!
728, [2(m)] 1% X(m) O (cf. [11, Remark 7.11 ii)] @ [A(m)] LR L).
21,21,21,21 — 01,01,01,01 H:11,11,11,20 (middle convolution T Z )
=10,10,10,01 & 11,11,11,20 (AT KFMEND 4 cases, cf. §3 (17))
= 2(10, 10,10, 10) @ 01,01,01,01 (1 case)

10,10,10,10: ag € Z
INHONEITET Type 1 (=5 5&f)

10,10,10,01 : 2ag + a123 € Z (WERISAE) too to ty t1 tp |idx
10,10,01,10 : ag3 ¢ Z too 21 21 21 21| 2
10,01,10,10 : ag2 ¢ Z to | 21 21 21 21| 2
01,10,10,10 : ap1 ¢ Z ty | 21 21 21 21 2
tp | 21 21 21 21 | 2

2

t, | 21 21 21 21

KZ FfRAORIZE W TCrg=2,21 =0, 20 =y, x3 = 1, 14 = 00 £ FBVT 2 2% (2, y) OEEKT
B EEZXD. 00T T57), ETiEay =1, 21 =to, x2 = by, 3 =11, Ta = too £V
TW5. EOROEFITIL, o =t, £4® Schlesinger Ay TR & ATz & & DALY F AN
21,21,21,21 THHZ & (HIZ 00, 0, y, 1 TOEFHEOEHET —4) ZaxL, dx ZTEDOY v R
D2 LB 2 LER LTS (5 2DEHK o, ..., 24 12 G5 DIEATEIRSND).

Appell O#BLAEL

Fi(e; 8,8 57vie,y) = ) (a)(:;"iﬂm(ﬁ)" a"y"

m,n=0

X
G/o:ﬁ, al:/B,_’Y—i_L a2:_6_6/7 a3:’y—a—6—1

ko TKZ HFRADfE LG L, £DZ &2 b EBEKIMED MBI Fethix

{Oé, Ba 5/7 a—7, ﬁ+ﬂ/—7}ﬂZ:®

12



THDLZ WIS,

vo = Fi(e; 8,872,y), v = 25, vy = y 5o, v = (v, v1,02) LB L& v IE

i biE4eT Type 1.
EOSfEE, UTFOXEICLTHLND.
211,22,31,31 = 011,02,11,11 — 101,02,11,11 — 110,02,11,11 — 110,20,11,11 = ---

d d(x — d(z —1 d dly—1
dv = BO,lj + BO’2M + BOBM + Bl,27y + BQ’3M v, (20)
x T — r—1 Y —1
0 1 0 0 0 0
BO,IZ 0 6/_’7—’—1 0 ) BO,QZ —Oéﬁ —Oé—ﬁ‘f"Y—l 5 )
0 o 0 0 0 0
0 0 0 00 1
B0,3 = 0 ﬁ, B y BI,Q == 0 0 _/8 )
0 —-p -p 00 B—v+1
0 0 0
Bas = 0 0 0
—afff —f —a-pf+v-1
Lo Paff FREXAN-305, i
Ai,j = R_lBi,jR ((Za]) € {(Oal)a (032)7 (073)7 (172)a (273)})7
1 0 0
R:= |88 -v+1 -3 —a+y-1
B B 0
THZOND (7%, Alg=rls — Ao — Agg— S0, Ao, ITTETE).
5.3 Appell's F5, Fj
211,22,31,31 : rank = 4, 5 parameters, (1°-22)
— F1:201,21,21,21 H,:011,02,11,11 to to t, t t. | idx
= 010,01,10,10 & 201,21,21,21 (4) too 211 211 211 211 | -8
=101,11,11,20 © 110,11,20,11 (2) to | 211 3L 3L 22 2
— 2(100,01, 10,10) @ 011,20,11,11  (2) by | 2113l 22 31} 2
t| 211 31 22 31 2
2

te | 211 22 31 31

2(100, 10, 10,10) £ «

010,10,10,10 £ —110,00,00,00 « =

001,10,10,10 £ —101,00,00,00 <« 0—11,00,00,00 < =

2(100, 01, 10, 10)£2(000, —11, 00, 00) + 2(000, —11, 00, 00) +— 2(000, —11, 00, 00) +—

010,01,10,10 £ 100,01,10,10 + 100,01,10,10 < 100,10,10,10 £ «

£ 010,01,10,10 +

001,01,10,10 £ 001,01,10,10 <« 001,01,10,10 < 110,01,10,10 < 010,10,10,10 £ ...
110,11,11,20 £ 010,01,01,10 <« 100,01,01,10 <« 100,01,01,10 <« 100,10,01,10 £ ...
110,11,20,11 £ 010,01,10,01 <« 100,01,10,01 <« 100,01,10,01 <« 100,10,10,01 £ ...

13



—%{t. Riemann scheme 1%

Ap1 Aga A3 Aps Agg Ay
r=0 z=y z=1 x=0 y=20 to =11
[0 [0 [0]s  [d] [0]3 (0]
[a]2 b c e a+b+2d a+c+2d
/
A23 A14 A24 A34
y=1 tg=00 Yy = 00 11 =00
[6]2 [—a—d]2 [a+c+d]2 [a+b+d]2
[f2 e a a
f 0 0

L%, 22U
20 +b+c+2d+e+ f=0

Thd. FoTHRAEMZ

{d,e,a+d,a+e,a+b+d+e, at+c+d+e, f,a+ f}NZ=0.

LA, F T RN E A R

[Aor : Azs] = {la €, [a: /1, 05 €], [0: 1}
[Ap1 : Aoa] ={[a:a+c+d],[a:a],[0:a+c+d],[0:0]},

[Ao1 : Asg] ={[la:a+b+d], [a:a],[0:a+b+d], [0:0]},

[Ag2 : A13] ={[b: 0], [0:0]2, [0:a+c+2d]},

[Ag2 : A1a] ={[b:—a—d],[0: —a—d], [0:¢], [0: f]},

[Ag2 : Asa] ={[b:a+b+d],[0:a+b+d],[0:al], [0:0]},

[Aps : A12] = {[c: 0], [0:0]2, [0:a+b+2d]},

[Aps : A1a] ={[c: —a—d], [0: —a—d], [0:€], [0: f]},

[Aps : Agg] ={[c:a+c+d],[0:a+c+d],[0:a], [0:0]},
[Agg : A1) ={[e: 0], [f:0],[d:0], [d:a+b+2d]},

[Aoa = Asa] = {le: 0], [f: 0], [d: 0], [d: a+c+2d]},

Ao+ Asg) = {le ], [ < /1, [d: ), [d: 71},

[A12 : Asq] ={[0:a+b+d],[0:a],[0:0], [a+b+2d:a+b+d]},
[A13 1 Aaa] = {[O :a+c+d], 0:a],[0:0], [a+c+2d:a+c+d},
A s Agg] = {[—a—d e, [~a—d: ], [e: ], [f : 1T}

CRALAR

Z O KZ AT Appell OB&M Fo(a; 8, 857,72, 1 —y) Ofilc T HEXNE 705

Fy(ai 8, 8577 529) = ) (?izzzsiztiﬁgnéﬂnyﬂ

m,n=0

a=1-7v b=y+y -a-pF-F -2, c=y-a-p+p -1,

dzﬁa GZO{—’}//—FL f:OL

14
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i & 720, BERISAE (21) 1%
{Oé, 57 Bla a—7, Oé—’}/,, /3_’77 6,_"}/7 a_,-y_fy’}mZ:@. (22)

BRI RS &, T R (20) B FCH 2 BbLE.

— . I, I, _ Lt z0vg y Ouy wxy 0 v
Vo .—FQ(OZ,B,ﬁ,’Y,’Y,IE,l y), U= <an Baxa B/ ay, Bﬂ’@x@y)’

0o B8 0 0 o0 g 0
[0 1—v 0 0 oo 0 B’
BO,l - 0 0 0 5 Y BO,Q - O 0 1 _ ,.YI 0 bl
0 0 0 1—+ 00 0 11—
0 0 0 0
Bo.— | @ —a—pf+~v-1 =g =p
S 0 0 0 |’
e B B
0 0 0 0
0 0 0 0
B1,2 - —« _B 0 B )
a B a+p —-9+1 p
0 0 0 0
0 0 0 0
Bas=| 0 0 0

—a —a—-fB+7-1 —a-pf - —a—-F-F+v+79 -2
I HIFEENH Risa/Asir DT A 7TV [14] ZHWVTUTO LI L THLND.

(0] s="211,22,31,31"$

[1] os_md.mc2grs(S,"A11")$

[2] F2=os_md.mc2grs("S",0)$

[3] F2=subst(F2,d1,d,d2,e)$

[4] F2S=os_md.simplify(F2, [2*a+b+c+2*d+e+f] ,4)$
[5] F2T=os_md.mc2grs(F2S,[[[2,3],£f]11)$

[6] Si1=os_md.mc2grs(F2T,"get" |dviout=1)$

[7] Si=os_md.divmattex(S1,[6]);

[8] S2=o0s_md.mc2grs(F2T,"show");

[9] S3=o0s_md.mc2grs(F2T,"spct" |dviout=1);

[1] THEA~Z MR 211,22, 31,31 1255 LT (2, y) 2500 Plaff Ay iAok L, —ift
Riemann scheme, A2 MO R, BEKIGM, Plaff 2HBRAN TEX OV —ATHLD.

[2] TIHFAFEANY MSROT — 57 %155, [8] TRTA—2 dy, do % d, e IEX Mz, [4]
T2a+b+c+2d+e+ f=0DFHDOL L TRRAVBHIZARD L OICEZEL ([2] 12BN T
os_md.mc2grs("sS",3)$ L+ 5 & [3], [4] & THBMIZITY), [6] Tur (2 —x3)fu &
addition ZJi L72 b DICEE S 5. Z4Ulxi LT [6] T—fi%{k Riemann scheme #13C, £® TEX
DY —A% 6 HATHITLIZS D 81T [7] TE#L, FRFEAZEM D TEX © Y —Z 82 & idx
DT —TND TEX OV —A 83 ZZnLh [8], [9] THTWAS.
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5.4 Appell's F}

too to ty tl tw idx
31,22,22,22 : rank = 4, 4 parameters,
too 211 22 211 22| —4
(18.2Y — Fy:12,12,21,12
to | 211 22 211 22| —4
=10,01,01,01 ® 21,21,21,21 (8)
ty 22 22 22 31 2
=2(20,11,11,11) & (—1)1,00,00,00 (1)
) tp [ 211 211 22 22 | —4
L OEB% DL Type 2 L7205,
te 22 22 31 22 2

ZDOGFRITILL TN D30 5.
31,22,22,22;} 21,12,12,12 — 21,21,12,12 — 21,21,21,12 — 21,21,21,21 =

+
Ju

10,10,10,10 £ «
10,01,10,10 £ 00,-11,00,00 <« =
10,10,01,10 £ 00,00, 11,00 <« 00,00, —11,00 + *

10,10,10,01 £ 00,00,00, —11 <« 00,00,00, —11 < 00, 00,00, —11 + =

2(20,11,11,11) £ 2(10,01,01, 01) +2(10, 10, 01,01) + 2(10, 10, 10, 01) +2(10, 10, 10, 10) <

+

21,21,21,21 £ 01,01,01,01 <« 01,01,01,01 <« 01,01,10,01 < 01,10,10,10 <
10,10,01,01 £ 10,10,01,01 <« 10,01,01,01 < 10,01,10,01 <« 10,01,10,10 <
10,01,10,01 £ 10,01,10,01 <« 10,10,10,01 < 10,10,01,01 <« 10,10,01,10 <«
10,01,01,10 £ 10,01,01,10 <« 10,10,01,10 <« 10,01,10,10 « 10,10,10,01 <

sithind 5 —#%{t Riemann scheme I
at+b+c+d+e=0

EWVO DL ET

Aor Aoz Aos Aoa Aiz Ais Aas Aig Aay Asy
r=0 =y =1 =00 y=0 tg=t1 y=1 tg=00 y=00 t;1 =
0] [0l [0z [d2 [0z [-b—c2 [0z [a+cz [d2 |a+0b]2
[b]g 2a [0]2 [6]2 [b]g 2d [C]z 2c [6]2 2b
2e 0 0
L%, 22U, x =z ZBEITEIT 5 addition & middle convolution DAfl, w— (21 — x2)*(z2 —

x3)¢(r1 — @3) " “u \ZHIET 5 addition (RiE OZEHE L A[H#) Z1T-o7-.

Remark 9. © Z#T® Schlesinger BUE 5y HHEA (7) 73V ¥ v R T, 2D —#%{t Riemann scheme
WELW2 20 KZ HRERIT, %72 a, b, ce CIZE>Turs (11 —x2)% (w2 —23)°(71 —23) "4 “u
TEE % addition TV & 5 (cf. [13, Theorem 3.2]).

[Fi e 1 A 22 ] R 1

[Aor : Agg] = {[b: 0], [b:¢], [0:0], [0: ]},

Aoy + Aga] = {[b=d), b+ e], [0: ), [0+ €]}

[Apr : Asa] ={[b:b+a], [b:2b],[0:b+al, [0:0]},

[Ag2 : A13] ={[2a: =b—¢], [0: =b—c], [0:2d], [0: 2¢]},
[Aoz : Ara] ={[2a: a], [0:a], [0:¢], [0: =]},

[Aga : Ass] ={[2a :a], [0:a], [0:0], [0:—b]},
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[Aos : Ar2] = {[c: ], [e: 0], [0:0], [0: 0]},

[Agg : A1a] ={[c:a],[c:¢],[0:a], [0: =]},

[Agg : Aog] ={[c:d], [c:¢€],[0:d], [0:€]},

[Aoa : Ar] = {[d: 0], [d: ], [e: 0], [e: ]},

[Agg : A1) ={[d: =b—¢], [d:2d], [e: =b— ], [e : 2¢]},
[Aoa : Agg] = {[d: 0], [d: —c], [e: 0], [e: =]},

[A12 : Asa] = {[0:al], [0: 0], [c:a], [c:=b]},

[A13 : Aos] ={[-b—c:e], [-b—c:d], [2d: €], [2e:d]},
[A14 2 Aos] ={[a: 0], [c: 0], [a:—c], [-c: —c|}

MR
Appell 8% (7 Bk

F4(a,5;’y,’y’;:c,y): Z

m=n=

(D) mtn (B)m+n _m n
0 (V)m (7 )n m!n!

(:;(ATLVC, j][]ﬁ%é [67 7] (S U(Ji,y) = F4(a,6,'y,’y/,a:y, (1 - .fl?)(l - y))’

ooz v (g e (ov oy
N "adr’ ady’ ala+te) \ dy 4 r—y\dx Oy

LBWEbh o TR

2

0” v dv y—1/ Ov dvy
x(l—x)@—l—(’y—(oz—l—ﬁ—i—l)x)a—x—aﬂv+e$_y<xa—x—ya—y)—0,
9% v 0w r—17 0v dv (23)
1—y)=— - y) e — - =
VA=) g+ (= (et Bt y) g —afvte — (v —ag ) =0,
e=7++ —a—-p-1 (24)
BIORLU T TEE 5 KZ A1 (20)
0 e 0 0 0 O 0 O 0 O « 0
10 1—-~ O 0 10 € —e O 10 0 € a+e
Boi=1o ¢ 0 ate|’B2=l0 — ¢ of Po3=10 o 1—y 0 |°
0 0 0 1—x 0 0 0 0 00 0 1—x
0 0 0 0 0 0 0 0
[ S 0 | o 0 0 0
Bia=1 0 0 0 | Bes= -8 € -0
0 0 —B—e — 0 —B—¢ 0 —
il ER LT
T 7o KZ (1) & oxfiiix
a=e bzl_’Y? C:_7/7 d=a, 62,8
THZ DL, Z1b ORISR
{d,e,b+d,b+e,ct+d,c+e,b+c+d,bt+ct+elNZ=10 (25)
Thabb
{a, Bia—v, 8=y, a=7, 8=, a—y=7,8-7=7}NZ=0 (26)
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THEZOND. ZHUIRIICS 272 84+ 1L HD A~ S AHIDSED 5 5 Type 2 D fiR % 7= 8
D> Type 1 ORENOFOLNLEZMETHS.

Remark 10. ¢ =0 @ & & HA (23) 13FE I ET 5 fig
’0(06577;9072/):F(Oéaﬂ,%x)'F(Oéaﬁ»’Y;y) (27)

ZRFON, o, B,y B2 LIFMER DT/ Fo I =3B & D,
Schlesinger T 185y T2 (7) BEEANC 722 D 72O DM E A3 54 1E, LD (26) 230 2e ¢ Z D3k
WIS ETHD.

Remark 11. ##O SRR G = (9 4 12 + (03 Ju (FAR7 MVRZ 22,22, 211,211, U ¥
FIRHG 4T, ROE ) K1 S —RHL BRAY OIEICKD R, —Z, Uy FTAN IO
&9 72 Bl ORI 7RI TR RV, Z O F R AP RANICES LU TO X DIk 5.

0 «a 0 0 0 0 0 0
du [0 1—-5 0 0 v -8 - € 0 u
dr |0 € 0 a+t+elx 0 0 0 0 |z—y
0 0 0 1-v 0 0 —(B+g =
0 -« -« 0
B a+B —e¢ —(a+e) U p
- —a-f-1
* B —e a+fB —(a+te) x—1 (e=v+y-a-F-1)

0 B+e PB+e 2a+B+e)

5.5 Rank 5 with 6 parameters

Is 41,32,311,311, Js; 41,41,221,221: (1°.2%)

41,41,221,221 — F :21,21,021,021 e
41,32,311,311 — H,: 11,02,011,011 - a4 4 221 21| 2
41,41, 221,221 x| 41 32 311 311 2
— 10,10,001,010 @ 31, 31,220,211 (4) v | 41 32 311 311 | 2
— 20,11,110,110 ® 21,30, 111,111 (2) v | 221 311 311 991 | —10
= 2(10,10,100,100) © 21,21,021,021 (4) | . | 991 311 311 221 ~10

D 10 HD 53X T~ T Type 1

a+b+2c+d+2e+2f+g=0

EWVWOIEBNTA=ZEME) LUTOL RS,

Ao+ Aag) = {[a 0], [0: 02, [0: —a—c—e—gl, [0: —a—c— [ — g},
[Ao1: A2a] ={la: —b—c—e—f],[0: =b—c—e— f]2, [0:c+g], [0: 9]},
[Ao1: Asa] ={la: —c—d—e—f],[0: —c—d—e— ], [0: g]2, [0: =d]},
[Aoz : A13] ={[b:0],[0:0]2,[0: =b—c—e—g],[0: =b—c— f —gl]},
[Aoz : Aig] ={[b: —a—c—e—f],[0: —a—c—e— f]2, [0:c+g], [0: 9]},
Az s Ags] = {[b: —c—d—e— 1, [0 —c—d—e— f], [0: gla, [0+ ~d]},
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:0], [c:0],[c: —=d—g],[0:0],[0: =d—g]},

t—a—c—e—fl,lci:—a—c—e—f],[cic+yg],[0: —a—c—e— f], [0:¢]},

i=b—c—e—f],[c:=b—c—e—fl,[cict+yg],[0: =b—c—e—f],[0: 4]},

0, [ 0L, [f - —d—gl, [e: 0], [e: —d— g},

0L 17 50) [f i —b—c—e—gl,[e:0], [e:—b—c— f — g},

0L 17 50) [f i —a—c—e—gl [e:0) e: —a—c— [ — g},

e—d—e—fl.[d—g:—c—d—c—f].[0: g [-d—g: —d},

i—=b—c—e—f],[0:c+g],[-b—c—e—g:—b—c—e— f],[0:9],
be—fg:bc—cf)},

:Ags] ={[-a—c—e—f:0],[c+g:0,[-a—c—e—f:—a—c—e—g], [g:0],
[~a—c—e—f:—a—c—[f—gl},

SH

ISH

e

Q

o o o & =8

o

Aot Aoz Aos Ao Arg Az
=0 z=y z=1 z=00 y=20 to =11
[0« [0la [0z [e] (0] [0]5
a b e [fla [-d—gls —-b-c—e—g
d g —b—c—f—g
Agg A14 A24 A34
y=1 to = 00 y =00 t1 =00
[0]3 [Fa—c—e—flz [-b—c—e—fls [-c—d—e—flay,
—a—c—c—g c+g ctg lgl2
—a—c—f—g g g —d

{e, fyg,c+e, c+f,c+g, d+e, d+ f,a+c+e+ f,b+c+e+ f}NZ=0.
XI5 (z,y) BEOBEMMS X% Plalf RO TERRT D L

h=c+d+e+ f &BNT

a btcte+f (a+e)h+(f+e)(f+d) (b+ct+e+f)h (d+e)(d+f)
< 0 0 0 0 0 d
du = 0 0 0 0 0 —
0 0 0 0 0 v
0 0 0 0 0
0 0 0 0 0
atctetf b (atctetHh (b+eh+c+Hd+S) @+ed+h) | 40
+ 0 0 0 0 0
0 0 0 0 0 Ty
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
+11 0 c 0 o |dz=1)
0 1 0 c o] #-1
0 0 a+ct+e+f bt+ct+e+f d
b+c+e+f —(b+c+e+f) 0 0 0
—(a+c+e+f) at+ct+e+ f 0 0 0 d
+ 0 0 btcte+f —(b+ctet+f) 0|
0 0 —(a+c+e+f) atct+e+f 0] Y
0 0 0 0 0
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0 0 0 0 0
0 h —(atctetPHh —(breh—(c+d+f) —(d+ed+) | 40, 1
+]o o 0 0 0 y : >u
0 -1 a+cte+f bt+d+e+ f 0 vy
0 0 0 —(b+c+e+f) b+ct+e+f
5.6 Rank 5 with 5 parameters
41,32,32,221 : (17-23) .
Lo T T2 T3 Ty idx
— 31,22,22,220 F,:31,22,31,121 o 2 1 32 921 5
F1:21,12,12,021 x| 32 32 311 2111 | -6
= 10,10, 10,001 & 31,22,22,220 (1) 5 | 41 3 5 991 )
=10,01,10,010 & 31,31,22,211 (4) v | 32 311 32 0111 | _6
=20,11,11,101 @ 21,21,21,120 (2) s | 221 2111 221 2111 13
= 2(10,10,10,100) ® 21,12,12,021  (2)
=2(20,11,11,110) & 01,10,10,001 (1) Z# 5 10 EDOHfRIZT T Type 1
f=b-2g9, g=a+b+c+d+e
L B < & Riemann scheme 1%
Aot Aoz Aoz Ao Ao Ais Aos Ay Aoy Asy
[0 [0« [0z [d]2 [0]s UE [0]3 b—gl2 [-d—gl2 [b—g]
[a]2 b [c]l2 [e]2 [c+d+e+gls a+c+2d [a+d+e+gle c+f [-e—gla a+f
f a-+c+2e f f f
—C —a
BER S

{d,e, f,a+d,a+e,c+d,c+e,a+c+d+e,at+c+d+f,atct+e+ f}NZ=0,

[FTHR [ 22 ] o R 1

Apy : Agg) ={la:0], [a:a+d+e+g],[0:0]2,[0:a+d+e+g]},
Aoyt Asa] ={la: —d—g], [a: —e—g], [0: =d—g], [0: —e —g], [0: f]},
Ay Asq] ={la:b—gl, [a:a+ f],[0:b—g],[0: f], [0: —a]},
Ago : A13] ={[b:0],[0:0]2, [0:a+c+2e], [0:a+c+ 2d]},

Ago : A1g] ={[b:b—9g, [0:b—g], [0:c+ f], [0: f], [0: =]},
Ago : Asa] ={[b:b—9g], [0:b—g], [0:a+ f], [0: f], [0: —a]},

10, [c:c+d+e+g],[0:0]2,[0:c+d+e+g]},
:b—g], [C:C‘i'f]? [O:b_g]’ [O:f]a [O:_C]}a
:_d_g]v [C:—e—g], [0:_d_g]’ [0:_6_9]’ [Olf]},

s
&
N
=
o

N 8N
o o
w w
N 0N
N o
R L L R L B L S
1
e i e N e e e N e i e N e S o Wi e S )

s T T T &8 s s S S s =

o

Apg : Ao ={[f:0],[e:0],[e:c+d+e+g], [d:0],[d:c+d+e+g]},

Aog : Azl ={[f:0],[e:0],[e:a+c+2¢,[d:0], [d:a+c+2d]},

Apg : Aos) ={[f:0],[e:0],[e:a+d+e+g],[d:0],[d:a+d+e+g]},

Apg : Asy] ={[0:b—yg], [0:a+ fl,[c+d+e+g:b—g],[0:f],[c+d+e+g:—al},
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s : Asa) = {[0: —d—gl, [0: —e —g), la+c+2¢: —d—gl, [0: f], [a+c+2d: —e— g},
[A14:A23]:{[b—g:0],[c—f—f:O],[b—g:a—l—d—i—e—l—gL[f:O],[—c:a—{—d—i—e—}-g]}.
Pfaff 50T
a 0 g-—b 0 c+d 0 0 0 0 0
0 a 0 ct+e d+yg 0 0 0 0 0 B
du:( o0 o o o |Z4] o 0O 0 00 ﬂx:p
00 0 0 0 r d+g a+e 0 ¢ 0| *7
00 0 0 0 a+d 0 g—b 0 ¢
0 0 0 0 0
0 0 0 0 0
d —
+lg—a a+e b c+e g-—c M
0 0o 0 0 0 vy
0 0 0 0 0
—(a—g) a+e b—g 0 0
0 0 0 0 0 d
Y
+| a-g9g —(a+e) —(b—yg) 0 0 —
0 0 0 d+g —(d+g)| Y
0 0 0 —(c+e) c+e
at+e —(a+e) 0 0 0
—(d+g) d+g 0 0 0 d
-1
+ 0 0 —(b—g) —(c+e) c—g y 1)>u
0 0 0 0 0 vy
0 0 b—g cte —(c—yg)
5.7 Rank 5 with 4 parameters
. (18 .92
Py5 32,32,32,32: (18.22) R R
> F,:22,22,22.31 F):12,12,12,12 - 32 32 32 32| 29
= 10,10, 10,01 & 22,22,22,31  (4) x| 32 221 221 221 | —10
=21,21,21,12 & 11,11,11,20 (4) zo | 32 221 221 221 | —10
= 2(10, 10,10, 10) & 12,12,12,12 (1) x5 | 32 221 221 221 | —10
=2(21,21,21,21) @ —(10,10,10,10) (1) Ty | 32 221 221 221 —10

% DR Type 3 72D T, BERORMFICIIARE (ZDEATOSEICHINT 2HREBICEEND).
a+b+c+3d+e=0
Db & THERP L O Riemann scheme 13

a a+d —(a+e) —(a+d) a+e

0 a+d c+d 0 —(c+2d) d

du:< 0 a+d c+d 0 —(c+2d) | —
0 a+d c+d 0 —(c+2d) | *
0 a+d c+d 0 —(c+2d)
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0 0 0 0 0
—(c+d) b 0 c+2d 0 B
+| a+2d 0 b —(a+d) —(b+d) dx =)
0 0 0 0 0 =y
0 0 0 0 0
0 0 0 0 O
0 0 0 0 O
+ 0 0 0 0 0 d(x_ll)
—(c+d)  b+2d 0 c 0] *7
0 —(a+d) —(c+d) 0 ¢
—(a+e) —(a+4d) a+e 0 0
2(c+4d) at+d+e —2(c+d) 0 0 d
—(a—c+d) —(a+d) a—c+d 0 0 il
c+d —(a+d) —(c+d) —(b+d b+d | Y
c+d —(a+d) —(c+4d) a+d —(a+d)
at+d+e 0 0 0 0
—(c+d) —(a+d) —(b+d) a+d b+d . )u
—(c+d) —(b+2d) 0 b+2d 0 vy
—(c+4d) a+d c+d —(a+d) —(c+d)
A Aga  Ags Apy Aqo Aqs
=0 z=y z=1 z=00 y=20 to =11
[0]s [0l  [0]s  [2d]s [0]2 [0]2
[a]2 [b]g [C]Q [6]2 [C+d+€]2 [b+d+€]2
—c+d—e —-b+td-—e
Ass Ay Azy Asy
y=1 to = too Yy =00 1 =1l
[0]2 [—d]2 [—d]2 [—d]2 :
[a+d+els [—a—d—e]s [-b—d—e€]s [-c—d—¢]s
—a+d-—e a+d+e b+d+e ct+d+e

TRERISAFIZ
{d,e;a+d,b+d,c+d,d—e,a+2d,b+2d, c+2d}NZ =10,

(R[5 22 ] o A 1

[Ap1 : Ags] ={[a:0],[a:a+d+e],[0:0],[0:a+d+e],[0: —a+d—e]},
[Ap1 : Agg] ={[a:—d], [a: =b—d—e€],[0:=d], [0: =b—d—¢], [0:b+d+e]},
[Apr : Asg] ={[a:—=d], [a: —c—d—e€],[0: =d],[0: —c—d—¢€], [0: c+d+e]},
[Aga : A13] ={[b: 0], [b:b+d+e€],[0:0,[0:0+d+e], [0: =b+d—el]},
[Aga : Arg] ={[b:—d], [b: —a—d—e€],[0: =d], [0: —a—d—¢€], [0: a+d+ €]},
[Aga : Agq] ={[b: —d], [b: —c—d—¢€],[0: =d], [0: —c—d—¢], [0: c+d+e]},
[Aos : A2l ={[c: 0], [c:c+d+e],[0:0],[0:c+d+e], [0: —c+d—el]},
[Ags : A1l ={[c: —d], [c: —a—d—e¢€],[0: =d], [0: —a—d—e€],[0:a+d+e]},
[Aog : Aoa] ={[c: —d], [c: —b—d—e€],[0:—d],[0: =b—d—¢], [0:b+d+ €]},
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e:0),[e:c+d+e],[2d:0
e:0],[e:b+d+e], [2d

+ 0]
: 0]

[c+d—e:—c—d—e]},

[-b+d—e:—b—d—e]},

[~a—d—e:—a+d—e]}.

5.8 Rank 6

,[2d:c+d+e], [2d: —c+d — e},
,[2d:b+d+e],[2d: —b+d—e€]},
(0, [e:a+d+e]l,[2d:0],[2d:a+d+e], [2d: —a+d— €]},
0:—d],[0: —c—d—e],[c+d+e:—d], [c+d+e:c+d+e,

t Aoy ={[0:=d], [0: =b—d—¢],[b+d+e:—d], [b+d+e:b+d+e,

[-d:0],[-a—d—e:0],[-d:a+d+e]|,[a+d+e:a+d+ ¢,

B 6 oV 2w K7 Schlesinger 25 HERICKkHET 5 KZ HREXIFLLTO 10 flE L 72 5.

51,51,222,2211 G785 A —4
= 10,10, 001, 0001 @ 41,41, 221,2210
=30,21,111,1110 & 21, 30, 111, 1101

(6)
(2)

= 2(10, 10,001, 0100) & 31, 31,220, 2011
51,33,411,411 b & FEN 5 (y = 20 £%).

(6)

RZ A =2 DOEOREF%RA L %k Riemann scheme i

a+b+2c+2d+2e+2f+g+h=0,

AOl A02 AOB
[0]5 [0]s [0]2
a b [c]2
[d]2
Ay
b+c+d+e+ fls

C

d

0

5.

Apy
[e]2
[fl2

9
h

A12

[9]3
WE

[a+c+d+e+ f3

a+c+d+e+2f btc+d+e+2f
a+c+d+2e+f b+c+d+2e+f

Azq

c
d

0

INBIFEEEE O Risa/Asir T [14] # W T

(o]
[1]
(2]
(3]
[4]

S="51,51,222,2211"$

P=o0s_md.mc2grs(S,3)$

mELLTHELND. EBIT

os_md.sproot (S, "pairs" |dviout=1)$

os_md.mc2grs(P[1],"get" |dviout=1)$
os_md.mc2grs(P[1],"spct" |dviout=1)$
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/*
/
/%
/*

*

Aszy

~e—d=e—fls

ETOHR
BIREEEHfE
—#%1t Riemann scheme

ARG MLBE idx OF

[9]2
[h]2

*/
*/
*/
*/

To T1 T2 T3 T4 idx

To 51 51 222 2211 2

T1 51 33 411 3111 2

T2 51 33 411 3111 2

T3 222 411 411 222 | —12

T4 | 2211 3111 3111 222 —26
A13 A23
[0]4 [0]4

O Z LT LR, T D KZ TRAOBRIED BB SRENEZIHELND.




Q=os_md.mc2grs(P[1], [[[1,2],h]])

T2 b addition u — (21 — x2) u IZXIET 2 HE4TV, [3], [4] © P[1] % Q CTEE#Z T,
Riemann scheme M & D B3 <25 K512l TWa.
PLF, 0D 9PN HONWT HEERT — X 22815 5.

42,411,411,411 6 W7 /55 A —X e
= 10, 100,100,010 & 32,311,311,401  (6) o 42 4l Al Al 2
1 42 411 411 411 2
= 21,210,210,210 & 21,201, 201,201  (4) i D 22 29 | 19
= 2(01,100,100,100) & 40,211,211,211 (1) | oo | 411 411 222 999 | _19
= 4(10, 100, 100,100) & 02,011,011,011 (1) | =4 | 411 411 222 222 —12
2a+b+c+d+e+4df +g+h=0,
Ao Aoz Aoz Aos Ao Ais Aos Ay Aoy A3y
(02 [0]s [0]a [fla [0]4 [0]4 [—alz  [~a— fla [0]2 [0]2
a2 b d g a+b+2f a+d+2f [g] g [a+d+fl2 [a+b+f]2
c e h a+c+2f a+e+2f [h]2 h [a+e+ flo [a+cH+ fl2
51,42,321,321 656 /55 A—4 :
= 10,10, 100,001 & 41, 32,221,320 (2) To T %2 %3 34| X
— 10,10,010,010 & 41, 32,311,311 (1) o 51 42321 32l 2
—10,01,100,100 & 41,41,221,221 (1) T 5l 42 321 321 2
= 20,11,110,101 & 31,31,211,220 (2) z2 | 42 42 3111 3lll ) -8
= 30,21, 111,111 4 21, 21,210,210 (1) 7z | 321 321 3111 2211 | =22
= 2(10, 10,010, 100) & 31, 31,220,211 (2) Ta | 321 321 311 2211 —22

= 2(20,11,110,110) @ 11, 20,101,101 (1) a+2b+2c+d+3e+2f+g=0,
= 3(10, 10,100, 100) @ 21,12,021,021 (1)

Aot Aoz Aoz Ao A1z A1z
(05 [0]a [0]s [e]s [0]4 [0]s
a [bl2 [co [fl2 [-b—d—e—g [—c—gl2
d g —b—c—f—-g
Aoss Ara Aga A3z
[0]3 b+ct+d+e+f+gls [-b—c—e—flz [a+b+ct+e+ f+gl
bt+c+d+e+2f b+c+e+gl c+tyg l9]2
b+c+d+2e+ f g g b+g
b+ c—+ 2e —c —-b—d—e
51,42,33,2211 6 M6 /X A —X To T1 T2 T3 T4 idx
=10, 10, 10,0010 ¢ 41, 32,23,2201  (4) o 51 42 33 2211 2
—20,11,11,1010 31, 31,22,1201  (4) ze | 5l 4233 2211 2
T2 42 42 411 21111 —6
= 2(10, 10, 10,1000) & 31,22,13,0211  (4) I o011 | s
=2(10,11,11,1100) & 11,20,11,0011 (1) rs | 2211 2211 21111 2211 —34

a+2b+3c+2d+2+f+g=0,
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Ap1
[0]5

a

Ap2
[0]4
[0]2

A03
[c]3
[0]5

Ass
[0]4
b+ c+ 2e
b+c+ 2d

Aoa
le]2
[d]2

A12
[0]4

g
/
A14
b+ c+d+gl2
b+c+e+gla
c+g
g

51,411,33,222 6[56 /3T A—#

= 20,101, 11,011 & 31, 310,

= 2(10,100, 10, 100) & 31,211, 13,022

22,211

(6)
(6)

a+b+c+3d+2e+2f+29=0,

Aot
[0]5
a

Apo
[0]4
b

c
Ags
[0]s
—a—d—e—f
—a—d—e—g
—a—d—f—g

A03
[0]5
[d]3

AN
S
N

Aro
[—el2
[—fl2
[—9gl2
Ay
d+e+ f+gls

—-b—c
—b—c—d

Az
[0]5
2 [0]3

2

e
f
g

42,411,411,33 656 XT7 A —4

= 11,110,200, 11 & 31,301,
= 21,210,201, 12 & 21,201,

= 3(10, 100, 100, 10) @ 12,111,111, 03

2a0+b+c+d+e+

AOl
[0]4
[a]2

A02
[0]4
b

Cc

A03
[0]4
d

e

Aoa

/s
9]3

211,22
210, 21

(4)
(4)
(2)
3f+39=0,
A12
[d]2
[e]2
—f
—g

A13
[0]2
[c]2
—f
—9g

A23
[als
—f
—g

[~b—c—f—

Aqs
(0]
gl [f—4gls
A24 A34
[-b—c—d—e€]s [a+b+c+d+e+gls
ctyg [g]2
c+ f b+g
g —b—c—f
f
To T T2 T3 T4 idx
zo 51 411 33 222 2
z | 51 222 33 411 2
zy | 411 222 3111 21111 | —22
T3 33 33 3111 3111 | —12
x4 | 222 411 21111 3111 —22
A24 A34
atd+etf+glr la+td+et [+l
—b —b—c—d-—ce
—c —b—c—d—-f
—b—d b—c—d—g
—c—d J
To T T2 T3 T4 idx
zo 42 411 411 33 2
x| 42 2211 2211 42 | —12
zy | 411 2211 411 411 | -8
z3 | 411 2211 411 411 | -8
x4 | 33 42 411 411 2
Ay Aoy Aszy
[f +gla [f +9la [f +9la
[a+2f +2g]a b+2f+29 d+2f+2g
c+2f+29 e+2f+2g
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51,33,33,222 GRS /NT A—X Zo 1 To T3 T4 idx
=10,10,10,100 & 41,23,23,122 (12) To 51 33 33 222 2
=2(20,11,11,11) @ 11,11,11,02 (3) T | 51 8 88 222 2

z2 | 33 33 3111 21111 | —16
zs | 33 33 3111 21111 | —16
a+3b+3c+2d+2e+2f=0, T4 | 222 222 21111 21111 —32
Aor Aoz Aoz Aos Az Ais Aos Ava Aoy Asq
[0 [0]s [0]s [d2 [0]s [0]s [-b—c]s [d2 [-b—c—d—e—flo [-b—c—d—e—[]2
a [bls [c]s le]l2 [c]s  [b]s 2d [€]2 b+c b+c
[f]2 2e [f]2 b b
2f c c
0 0

42,411,33,33 65 T A—¥ S E
=20,110,11,11 & 22,301, 22,22 (2) o 42 411 33 33| 2
=21,210,21,12 @ 21,201,12,21 (4) Ty | 42 222 411 411 | 4
— 2(10,100, 10, 10) @ 22,211, 13,13 (4) T2 | 411222 2211 2211 ) =22

T3 33 411 2211 2211 | —16
= 2(11,200,11,11) 620,011, 11,11 (1) v | 33 a1 2211 2211 6
2a+b+c+3d+3e+3f =0,
AOl AO2 AOS A04 AlZ A13
(0]« [0]« [0]5 [els [0]2 [0]4
a2 b [z [fls [Fa—c—d—e—fla a+d+2e
¢ [~a—b—d—e—flo a+d+2f
Ass Ay Aoy Aszy
02 [~a—d—e—fla [a+fl2 la+b+e+ fl2
[d]2 d [a + €]2 [a+c+e+ fla
—a—e —d 0 —a—b—2d—e—f
—a—f —d —a—c—2d—e—f
42,33,33,33 6437 XA —X B
Zo T T2 T3 T4 idx
= 10,10, 10,10 @ 32, 23,23,23  (8) - VRS —T R
=21,21,21,21®21,12,12,12 (4) o1 | 42 222 222 222 | —16
=2(20,11,11,11) @ 02,11,11,11 (1) x2 | 33 222 2211 2211 | —22
= 2(31,22,22,22) & —(20,11,11,11) (1) T3 | 33 222 2211 2211 | =22
- zq | 33 222 2211 2211 —22
Type 3 D3N — 2B 5.
20 +b+c+d+e=0,
Aor Aoz Aoz Aos Az Ais Aos Ay Aoy A3y
[0l [0]s [0]s [d]ls [a]2 [a]2 [d]2 [—al2 [-b—d—elz [-c—d—e]2
[Bala [b]s [c]s [els [tz [c] [e]2 [—2a —d +e]2 [2a]2 2al2
[<bl2 [—cl2 b4+c+3d [-2a+d—e]2 2¢ 2b
b+c+ 3e —c —b
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42,42,42,321 6fE5 T A—X

To T T2 T3 T4 idx
=10,10,01,100 & 32,32,41,221 (3) - o
=11,11,20,110 ® 31, 31,22,211 (3) x| 42 321 321 2211 | —14
= 21,21,21,200 ¢ 21,21,21,120 (1) T2 42 321 321 2211 | —14
= 2(10, 10, 10, 010) & 22,22, 22,301 (1) z3 | 42 321 321 2211 | -14
x4 | 321 2211 2211 2211 928
= 2(21,21, 21, 210) & 00, 00, 00, (—1)01 (1)
= 3(10, 10, 10,100) & 12,12,12,021 (1) 2a+2b+2c+3d + 2+ f =0,
Aor Aoz Aoz Aosa Al Ais
[0la [0]« [0]a [d]s [0]3 [0]3
lal2 [bl2 [z [e]lo [-a—b—d—fl2 [-a—c—d—f]2
f a+b+2d a+c+2d
Ass Aqa Aoy Asy
0] [—3d+ 3 /2 [—3d+ 5 /]2 [—3d+ 5 /]2
[b—c—d—fl2 [b+tc+d+fla [a+ct+d+fl2 [a+b+d+ fl2
b+c+2d f f f
—b—c—d —a—c—d —a—b-—d

LOARIZIE Type 2 Db DR —SHNBD. 20L& Fy ORAD (27) & [k
Fl(a,ﬁ—é,d,’y,x,y)F(a,ﬁ,’y,y) (28)

EWVI X RMENR D LHLGEICRE L, KZ FREAE L TEBERNTH 58, o Z% DD Schlesinger
AHRERE L CIEaific/e s,

Z DR ORFIE 42,42,42,321 — 42,42,42,42 = 2(21,21,21,21) 253 % (cf. Remark 4).
21,21,21,21 1% Appell ® Fy D A~20 M T B = & ICHETE.

5.9 Decompositions of Type 2 and Type 3

4 SULEORERSIZHIGT D 10 LT D U ¥y R AT R LB (347 fl)) ©4TO Type 2 &
Type 3 DRz LI TICHNZET S, Type 2 DRET — TREINTZY Py FANZ AT, ZD X
D /NE 72 EE D Type 2 O43f#1Z middle convolution TIRE SNDHZ 2R LTS (k- TKZ
FRRXDOBERIFIFITIIED S RN R E 72 5).

22,22,22,31 = 2(11, 11, 11, 20) & 00, 00, 00, (—1)1

21,21,21,21) & —(10, 10, 10, 10)

21,21,21,201) & 00,00, 00, (—1)10 — 22,22, 22, 310
31,22,22,22) & —(20,11,11,11)

31,31,22,211) & —(10, 10, 01, 100)

32,32,32,32) & —(21,21,21,21)

31,31,31,31,31) @ 00, 00, 00,00, (—1)1 ~ 12,12, 12, 12,03
31,31, 220,211) & 00, 00,0(—1)1,000 — 42, 42, 231,402
31,31, 22,2110) & 00, 00, 00, (—1)001 — 42, 42, 24, 3021
41,32,32,221) & —(20, 11,11, 110)

32,32,32,32 =2
42,42,42,312 = 2
42,33,33,33 = 2
52,52,43,322 = 2
43,43,43,43 =2
62,62, 62,62,53 = 2
62, 62,431,422 = 2
62,62,44,3221 = 2
62,53,53,332 = 2

A~~~ Y~ N I~ I/~
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62,53,44,422 = 2(31, 31, 22, 211) & 00, (—1)1, 00, 000
62,44, 44,431 = 2(31,22, 22, 220) & 00, 00, 00, 0(—1)1 — 42,24, 24, 231
53,44, 44, 44 = 2(42, 33, 33,33) & — (31, 22, 22, 22)
= 2(31,22,22,22) ® (—1)1,00, 00,00

72,72,72,63,54 = 2(41,41,41,32,32) ® —(10, 10, 10, 01, 10)

81,63, 63, 63,63 = 3(30,21,21,21,21) & (—1)1, 00, 00, 00, 00
81,63,333,333 = 3(30, 21,111, 111) & (—1)1, 00, 000, 000
72,72,432,432 = 2(41, 41,221, 221) & —(10, 10, 010, 010)
72,63,522,522 = 2(41, 32,311, 311) & —(10, 01, 100, 100)

72,54, 54,432 = 2(41, 32, 32, 221) & —(10, 10, 10, 010)
63,63,63,432 = 2(42, 42,42, 321) & —(21, 21, 21, 210)
54,54, 54,54 = 2(43,43,43,43) & — (32, 32, 32, 32)

= 2(32,32,32,32) & —(10, 10, 10, 10)

82,82,82, 64,631 = 2(41,41, 41,32, 320) & 00, 00, 00,00, 0(—1)1 — 42, 42, 42, 60, 231

82,82,73,73,55 = 2(51, 51,42, 42,33) & —(20,20, 11,11, 11)

82,82,442,4321 = 2(41, 41, 221,2210) @ 00, 00, 000, 0(—1)01 — 62, 62, 242, 4301

82,631,622, 622 = 2(41,320, 311, 311) & 00, 0(—1)1,000, 000 — 62, 62, 422, 4301
82,73,55,3322 = 2(51,42, 33,2211) & —(20, 11, 11, 1100)
82,73,532,532 = 2(51,42,321,321) &

82,64, 64,4321 = 2(41, 32, 32, 2210) & 00, 00, 00, 0(—1)01 — 62, 62, 44, 4301
82,64, 631,442 = 2(41, 32, 320, 221) & 00, 00, 0(—1)1,000 — 62, 62, 431, 440
82,64,622,532 = 2(41, 32,311, 311) & 00, 00, 000, (—1)10 — 62, 44, 422, 530
82,55, 55,433 = 2(51, 33,33,222) & —(20, 11, 11, 011)

(

(

(

(

= 2(

—(20,11,110,110)

73,73,64,433 = 2(52, 52, 43, 322) & — (31, 31, 22, 211)
73,622, 55,55 = 2(42,411,33,33) & —(11,200, 11, 11)
64,64,64,631 = 2(32, 32, 32, 320) & 00,00, 00,0(—1)1 — 44, 44, 62, 431
64,55, 55, 55 = 2(53, 44, 44, 44) & — (42, 33, 33, 33)
42,33,33,33) & —(20,11,11,11)

7ol 20X, 8 PETHRE AN 4 LN LTS T DY ¥y Rig A~ AT, Type 2 & Type 3 O
HDOERTHDHITIE, [14] % Risa/Asir T A TEL T 2 FATT AU L.

Rank=8; /* give rank */
G=os_md.spgen(Rank|eq=1,str=1,pt=[4,100]); /* get spectral types */
for(T=G;T!=[];T=cdr(T)){
if ((os_md.sproot(car(T),"pairs"|only=6))!=[]1) /* only type 2, 3 */
os_md.sproot(os_md.s2sp(car(T) |std=-1), /* in standard order */
"pairs"|only=6,dviout=1) ;
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5.10 Multiplicities of simultaneous eigenvalues

U ¥ K¢ Schlesinger WGFERD A7 S A (Ag 1, Aoz, Aoz, Aoa DIE) & KZ NI

R L7z E ZOREWIZAHREEATHIO 15 1 (§5.3 DI LR UIE) OFRIFFEAEEOEEEDERTHD.
[21,21,21,21] : 13,13, 13,13,13,13,13,13,13, 13,13, 13, 13,13, 13

2141414212, 14,14, 212,14, 1414 14 14 14 14 1
R S S L N R O B S R S R O

[22,31,31,211
[22,31,22,22
213,213,213, 213,213,213, 15,15, 1°,15,1°, 15,213, 15,1°
:213,15,1°,213,1°, 15,213, 1°,15,1°,15,1°, 15,15, 1°
15,1°,15,1%,1°,15,1°%,15,1°,15,1°,1°,1°,1°,1°

[41,41,221,221
[41,32, 23,211
(32,32, 32,32 :
: 313,214, 2212 313, 214,2212,16,15,1°,16, 15,16, 2212, 16 1¢
214,214,214, 214, 214, 214, 214, 214, 214, 214, 214, 214, 21%, 21, 21

]

]

]

]

]

]

[51,51,222,2211]

[42,411,411,411] :
[51,42,33,2211] : 313,1°,214 2212 1,214 221%,1°¢,1°,15,15,15 21%,16,1°
[51,42,321,321] : 21%,21%, 214,214, 214,214, 214,1%,15,21%,16,1°¢, 214 16,16
[42,411,411,33] : 2212,221%,2212, 1% 2212 21%, 16,2212 21%,15,16 22121616, 2212
[51,411,33,222] : 21*, 16,214 2212, 21%,16,16,2212 16,1°,15,16,16,16,16

[51,33,33,222] : 21*,1%,15 2212 16,16 2212 1°6,15,16,1°,15,16,16,16
[42,42,42,321] : 21*,1%,15 214,16 16,21*,16,15 16,1615 16 16,16
[42,411,33,33] : 16,15,1°6,21%,21%,1°,15, 221215, 15,2212 16,16,16,16
[42,33,33,33] : 1°,1°,1°,1°,15,15,16,1°,16,1°,16,16,15,16 16
]:314,314,3212 314,314,321, 17,17,17,17,17,17, 3212, 17,17

[ ]:2213,215,2213,2213, 314, 215,17, 2%13,17, 17,17, 215,21%,17, 21°

[52,511,43,4111] : 3212,231,2213,321%,215 215,17, 215 231,17, 2213, 215,17, 231, 21°

[511,511,43,421] : 31%,21° 2213, 314, 21°,2213, 2213, 215, 21°, 2213, 2213 2213, 2213, 215 21°

[ ]

[ ]

]
]
]
]
]
]
]
]

[61,61,2221,2221
61,511, 331,322] :

61,52,331,3211] : 31%,21°,31%,2213, 215,314, 2213, 17,17, 215, 17,17, 314,17, 17
221322132213 21°,21°, 21°, 21°, 215, 215,215,215, 21°, 21°, 21°, 21°
:215,21°, 2213, 2213 2213, 2213, 215,17,17,215,17,17, 2213,17,17
61,43,43,2221] : 314,215, 21° 231,17, 21°,2%1,17,215,17,17,17, 215,215, 17
:215,21°,21°,21°, 2213, 215,2213,21°,17,215,17,17,21°, 17,17

- 215,215 21°%, 215,215,215, 215, 17,17,215,17,17,215, 17,17
:215,21%, 17,314, 21,17, 21°, 2213, 21°,17, 2%13,17,17, 215,17
[52,52,43,322] : 2213,17,17,2%13,17, 17,215, 17,17,17,17,17,17, 17,17
[52,43,43,421] : 21°,17,17,2%13,17,17,2213,17,17,215,21%,17,17, 17,17
217,17,17,17,17,17,17,17,17,17,17,17,17,17 1

61,421,421, 421
61, 52,322,322

52,52, 421,421

[
[
[61,43,421, 322
[
52,511, 43,331

43, 43,43, 43

Remark 12 (F#FED KZ HRX). TIZFERR2OTTHDOY Ty RRAXT MR m T3 LT
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Y(m) 21X Type 3 Db DIF72v. T D K 5 7¢ & Z1d Schlesinger BN L, T afnik L7z KZ
FRROBRIRMEIR T THS.

Remark 13 (/37 A —X Offi$k). U ¥ > K¢ Schlesinger BRI xHin L7z KZ HREXOfE L& 72
% 2 BHoBEMEEIY, FRXOBEEn ET5L, W>30LE) RNTA—ZOKDOE/NL4T
RREn+1E725. FhOLDIE Py, RKOGDIX L, J, L7225 (cf. [11, §13.9)]) :

Py oy, = m+ 1m — 1, mm, mm, mm
Pyomi1 =m~+1m,m+1Im,m+1m,m+ 1m
Ipm = (2m — 1)1, mm, m1™,m — 11™*!
Ipmy1 = (2m)1,m + Im,m + 11", m + 11™
(2m — 1)1, (2m — 1)1,2™1,2m 112
Jom+1 = (2m)1,(2m)1,2™1,2™1

Remark 14 (U ¥ v FZ810 1), FRAD 450 TRELLFO Y 2w K Schlesinger AT, 24
FRBMIZILIE L7c & IR U KZ HRAUCRD DI T O 44 (A7 MABROMTERT) Th
L. T A THRR V230D THLLT O 2 BHIBEME 22 5.
(41,41,221,221 : 41, 32,311, 311) (51,51,222,2211 : 51,411, 33,222)
(61,61,2221,2221 : 61,43,4111,4111) (61,52,322,322 : 61,43, 331,331)
— I AT ST, & T 1 =D KZ BRI T 5.

4 mORREZ S-S ) Yy b Fuchs BBFFRRD 227 M AR OH L o TE—0 KZ BRI
AT DO A BEEANCRICTH LU TDO LD, LLFOR—O KZ R GRcxt i3 26T
X, nBEOYGE, HOFRSTn—11 LD AT MRIEVLTELTND ZERFENPLSDD.

K3 VOB ERDY Py RRAXT M E D 2 BHEGE KM

(29)

WEE — 34 5 6 7 8 9 10 11 12 13 14 15 16
Fuchs ® ODE |1 2 4 11 16 35 58 109 156 299 402 658 924 1517
F—DKZ% |0 0 1 12 4 9 12 18 31 47 68 94 141
2AEE&M |1 2 3 10 14 31 49 97 138 268 355 590 830 1376

Remark 15 (FEV v F2RUI0D H). U Py F722 4 mifF5 R0 Schlesinger B 5y 72U kST
% KZ HEXDBROE (11,29, 23,04 D 423 %) @ Schlesinger B FFRANGF LN D0, #%#E
DYy RN p L2 b0%EE 25 (LOBITlEp =2 THDIEINART MAAINGTE LR L H D
EEZT). I6BEETITNE, p=0 -2 &5 LDiER0.

Uy R -4 =6 Db ONRBNDDIZLLTOGAEIZES (= 13V ¥ 7 2 a ) X basic
97245 middle convolution TR FiF Haiv/avy).

idx = —4:31,22,22,22 = 22,22 211,211 %
42,411,33,33 = 42,411,411,222 — 22,22,211,211

idx = —6: 41,32,32,221 = 32,32,311,2111 — 22,22,211,1111 =
51,42, 33,2211 =  42,42,411,21111 — 32,32,311,2111
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—7J, Uy M -8 38BN DI

idx = —8: 51,42, 33,2211 =  411,33,33,2211 %
51,42,321, 321 =  42,42,3111,3111  — 22,22,1111,1111 *
61,52,331,3211 =  52,52,4111,31111 — 42,42,3111,3111
71,62,3311,3311 = 62,62,41111,41111 — 52,52,4111,31111
62,611,431,431 = 62,5111,5111,422 — 42.42,3111,3111
72,711,441,4311 = 72,6111,522,51111 — 62,5111,5111,422
82,811,4411,4411 = 82,622,61111,61111 — 72,6111,522,51111
DIFH 31,31,22,211 = 211,211,211,211 « THE3

(4m —2)11, (2m + 1)2™ 711, (2m 4+ 1)2™7 11, (2m)(2m)

= (4m — 2)11, (4m — 2)11,4™1211,4™ 1211
(4m)11, (2m + 2)2™, (2m + 2)2™ 11, (2m + 1)(2m + 1)

= (4m)11, (4m)11,4™11,4™ 12211

EWVHBEEORINDOE DR DD (m=1,2,...).

5.11 Middle convolution of F}

§5.4 TEE LK Fy loxhist 5 KZ HRRIC u— (21 — 23) 2% 12353 % addition ZHid &,
Z O—f%{t Riemann scheme %

AOl A02 A03 A04 A12 A13 A23 A14 A24 A34

[0 [0z [0z [d]2 [0]2 [a—d+ela [0z [-b+d—ela [das [-c+d—e]o

[b]z 2a [0}2 [6]2 [b}g 0 [C]g 2¢c + 2d [6]2 2b + 2d ’
—2d + 2e 2d 2d

a+b+c+d+e=0

LD NT A—=H N7 BIX x BN T3 Schlesinger BUHE 5 HFERXIIBEN TH 5.
S HIZEE 1 (22T middle convolution me,, og ZHid &, 6 O KZ HEANBEON, £
D —f%{t Riemann scheme [

Ao1 Aoz Aos Ao A1 A1s Asgs A Aoy A3
[0]4 [0]3 [0]2 [d]2 [0]4 [0]3 [0]2 [—2d]s [dlz2 [-c+d—¢€]2
[b+2d2 [2a]2  [cJs  [e]s [b+2d]2 [-b—cl2 [ds [at+c2 [e]s  [2b+2d]2
2b —2d+e c 2e —2d+e 2c c 0
2a
Zo 42 321 321 321 | 10
o | 42 42 321 321 4
zs | 321 42 321 321 | —10
25 | 321 321 321 2211 | —20
x| 321 321 321 2211 20
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T, EOEH x; (0 <j<4) Dlifi7=F Schlesinger TH M HFEAD U ¥y FTIEZR.
[Fi) R 1A 222 1 4 i 1

[Apr : Aas] ={[b+2d:¢], [b+2d:0],[0:¢|, [0:0], [0: —2d + €]},

[Aor : Aoy ={[b+2d:e],[b+2d:d], [0:€]z, [0:d], [0:]},

[Apr : Asa] ={[b+2d: —c+d—e],[b+2d:2b+2d], [0: —c+d—¢e], [0:2b+ 2d], [0:0],
[0+ 2a]},

[Ag2 : A13] ={[2a: —=b—¢]|, [0: =b—¢], [0:2¢], [0:0], [2a: 0], [2b: 0]},

[Agz : Ara] ={[2a:a+¢], [0:a+¢], [0:2¢], [0: —2d], [2a : —2d], [2b: —2d]},

[Aga : Asq] ={[2a: —c+d—e¢],[0: —c+d—e€], [0:20+2d], [0:0], [2a: 2a], [2b: 2b+ 2d]},
[Apg : A1a] ={[c:b+2d], [0: b+ 2d], [c: 0]z, [0:0], [-2d + e : 0]},

[Aps : A1a] ={[c:a+c], [c:2c], [0:a+ ], [c: —2d], [0: —2d], [-2d + e : —2d]},

[Ags : Aoa] ={[c: €], [c:d],[0:€],[0:d], [c:¢], [-2d+e: e},

[Agg : Ara] ={[e:b+2d], [d: b+ 2d], [e: 0]z, [d:0], [c: 0]},

[Ags : A1zl ={[e: —b—c], [e:2¢], [d: =b—(], [e:0], [d:0], [c: 0]},

[Agg : Aas] ={[e:¢],[e:0],[d:¢],[d:0], [c:¢], [e: —2d + €]},

[A12 : Asa] ={[b+2d: —c+d—e],[b+2d:2b+2d], [0: —c+d—¢€], [0:2b+2d], [0:0],

(0= 2a]},
[A13 : Aoa] ={[-b—c:e],[-b—c:d], [2e:€],[0:€],[0:4d], [0: ]},
[A14: Ags] ={la+c:c], [2c:¢], [a+c:0], [-2d: ¢, [-2d : 0], [-2d : —2d + €]}

L%,

T =11 BEIZHKTDEMBDFENX (vg & o ZRWTHEELZTHLWY) 13U Py REERD —4
T, Ok Riemann scheme %

=0 rT=Y r=1 T =00
[0]4 [0]4 [0] [—2d] -
b2 B2 [b-ca latdp( (@HITerdre=0)
2e 2¢

L%,

5.12 KZ equation

FV Ao KZ HRERT

8¢:EZQ#¢ (1<i<n),

0z K oy 2 — 2
Qi,j = 12 ]In — Di,j = Qjﬂ' (1 <1< ] < n), 7 J
) m; —m;
D;,j = (mj5p,z'(5q,z‘ — 0q,5) + Mibp,;(0q,5 — 5q,i))1gpgn =
1<g<n j —m; m;
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EWVWIHIEELTWT, jEHDOEDD

/y 1<z<]<n

ThHx N5 u i b (cf [18]).
DIEEILIEZ {eq,. ..,

mim;

— z;) %

[[t—=0",

k=1

€iy,.ip = €iy T €
e SR
Di,jel/zo (V#iv .7)7
D jeij =0,
D; je; = mje; —mie; = (m; +my)e; mod Cey j
THHND
Q] = {[mzmj]n—h mamj —m; mj}
Ed
_Ql,oo = Q1,2 + -+ Ql,n = %(mQ + -+ mn)In - Bl,ooa
mo + -+ +my, —Msy —my,
—my mq
Biow=Bia+ -+ By, = :
—my mi
e SR
Bl,ooel,...,n =0,
Bio€1 = (ma+ -+ my)e; —myeg — -+ —maey,
=(mi1+---+my)er mod Ceq
By e = —mje; +mie; =my(v); mod (C61
v
[Q1,00] = {[_%(T@ +o g = 2) 2, m1— (5 = 1) (ma 4o+ my,),
M (my A+ -+ )}
Qi,jel ..... n€Cei. . .n THDIMD, Qz] ne V= C”/(C61 ..... FlzHIE Qi,j NHE I
Q] = {["5% )2, ™5™ —m; —my},
[Q1,00) = {[= 2L (M2 + -+ mp — 2)]n—z, m1— (B —1)(m2+ - +my)}
_ m2 m2 m;
Qoc] = {[F = 5 0ma o mn =D, 5= (5= D+ ma)}
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FifT. SBIC ues [[ (@ — )" 2 u &5 addition 12 £ Y
[inj] = {[O]nf% —m; — mj}, [Qj,oo] = {[mj]nf% my+ -+ mn}

EEMEND.

B 2 OWT=TEWMG RO A7 AR Y ¥y R72 Jordan-Pochhammer % n — 21, n —
21,...,n—21 722 (nEORSEZFFDL, n=3 DL & Gauss DB E72%) OT, KZ Gk
AU Lauricella @ Fp Olii7= 3085 HREAXUISHIET 2 2 LR850 5.

FDART MO RIT

n—21l,n—-21,---,n—21=01,10,--- ,10®n —-20,n —31,--- ,n — 31 (n)
— (n — 2)(10,10,--- ,10) © 01,01, --- , 01 (1)

Thdhb (cf [11, §13.3]), 21 24 Schlesinger M5 2D —f%{k Riemann scheme %

{[al,o]n—2 T [an,O]n—2} 7 Zn:((n —2)ajo+aj1) =0

a1,1 Gn,1 =

<l (= g olag, a11}, 2 = {[aj0ln 2, aja}, 5 =2,...,n), BKIOEDOKREL

Sy AR

kzl,...,n}ﬁZ:@

n n
{: :a]717 : :a])éj,k
Jj=1 Jj=1

LD, bbb
{my,...,mp,my + -+ mu} NKZ = .
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