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0. INTRODUCTION

The principal aim of this paper is to study the Fourier analysis on
Riemannian symmetric spaces. In particular, the Paley-Wiener theo-
rems of some types of function spaces on the symmetric space will be
discussed throughout the paper. As the application of these results,
the solvability of the single differential equation defined by the invariant
differential operator on the symmetric space will be shown in the last sec-
tion. Furthermore, in the forthcoming paper we will discuss Eherenpreis’
fundamental principle on Riemmanian symmetric space. The statement
of this fundamental principle is appeared in [OSW1]. In this point of
view, the results of this paper is the preliminary investigation for the
proof of the fundamental principle.

We introduce distributions and hyperfunctions of exponential type on
a Riemannian symmetric space and discuss their Fourier transforms.
Our study is originated from the preceding works on two subjects. One
is the theory of the Fourier transformation on a Riemannian symmet-
ric space developed by Harish-Chandra, Helgason, Trombi-Varadarajan,
Kostant, Eguchi and others. The another one is the theory of the Fourier
transforms of distributions and hyperfunctions of some types on a Eu-
clidean space. As to the theory of the Fourier transformation of distri-
butions of exponential type on a Euclidean space, there are works by
Hasumi, Sebastiace Silva and others. As to the theory of Fourier trans-
forms of hyperfunctions of some types on a Euclidean space, there are
works by Sato, Kawai, Morimoto, Zharinov, Nagamachi, Saburi, Kaneko
and others. The basic means and facts on introducing these generalized
functions are of the establishment of Eherenpreis’ fundamental principle.

Now we explain the series of contents of this paper. In §1 we set up the
notations and basic facts about the real reductive linear Lie group and
define a Riemmanian symmetric space which we deal with throughout
the paper briefly. In §2 we introduce the notion of the invariant differ-
ential operator of infra exponential type which is, in fact, the infinite
order differential operator on our symmetric space. Using these differ-
ential operator we define the function space A,(G/K). Also we define
the function space C.(G/K). This space is the inductive limit of the
space of LP Shwartz functions discussed in [Egl] and has the structure
of the FS space. The space A, (G/K) is the subspace of C.(G/K) and it
consists to the real analytic functions those are belong to C.(G/K). In
§3 we review the Fourier-Laplace transformations on symmetric spaces
and state the main results. We devote the proof of the theorem in the
case of C«(G/K) in §4. Since the proof of it is owed to the results of
[Egl], we review it in this section. In order to prove the theorem in the



case of A,(G/K), we must get the knowledge of the Fourier series of the
analytic functions on the isotropy group at the origin of the symmetric
space. We discuss them in detail in §5. By means of the theorem in
the case of C,(G/K) and the results of §5, we can get the proof of the
theorem in the case of A,(G/K) in §6. For the sake of studies in the
forthcoming paper, we describe the Fourier coefficients of the Fourier-
Laplace images of our function spaces on the boundary of the symmetric
space. In the last section we derive some results on the solvability of a
single differential equation on the symmetric space.

In Appendix 1, we devote to study the fundamental lemma for our
discussion on the differential operator of infra exponential type. The
elementary lemmas on the infra exponential functions and the important
properties of the differential operators of infra exponential type deduced
from the results in Appendix 1 is collected in Appendix 2.

1. NOTATION AND PRELIMINARIES

We use the standard notation Z, R and C for the ring of integers,
the field of real numbers and the field of complex numbers, respectively.
We denote by N the set of nonnegative integers. For any finite set F',
we denote the number of elements of F' by #F. For a C'°° manifold
V', we denote by C*°(V) the space of C*° functions on V. Let G be
a connected real reductive linear Lie group and K a maximal compact
subgroup of G. We denote by g and £ the Lie algebras of G and K,
respectively. Then g = ¢ + g; where ¢ is the center of g and g; is the
derived algebra of g. Let 6 be the Cartan involution of g with respect to
€. Let p be the subspace of g corresponding to the eigenvalue —1 of 6.
Then we have the Cartan decomposition g =€+ p. If we put ¢g =cNée
and ¢, = cNp, we have ¢ = cg+¢,. Let (, )¢ (resp. (, )p ) be a positive
definite symmetric bilinear form on ¢ (resp. ¢, ). Let B( , ) denote the
Killing form on g;. We define and fix an Ad(G) invariant form Q( , )
on g by the following equation:

QX1+ Y1+ 21, Xo + Yo+ Z2) = B(X1, Xa) + (Y1, Y2)e + (21, Z2)y
for X; € g1,Y; € ¢¢ and ZiGCp (i=1,2).

It is clear that Q( , ) defines a scalar product on p. For any subspace [
of g, we denote by [. and [* the complexification and the real dual space
of [ respectively. Furthermore denote by [}, the complexification of I*.
We fix a maximal abelian subspace a of p and introduce a linear order
in a*. Let ¥ and X7 be the set of all restricted roots and restricted
positive roots, respectively. For any root « in ¥, we denote by g, the



root space in g corresponding to a and by m,, the dimension of g,. We
putn=>_ v:gaandp= 3> . mea. Let Aand N be the analytic
subgroups of G corresponding to a and n, respectively. Then we have
the Iwasawa decomposition G = KAN (resp. g = ¢+ a+n) of G (resp.
g). For any g in G, we denote k(g) and H(g) for the unique elements k in
K and H in a such that g = kexp Hn where n in N. For any a in A, we
write H(a) by loga. Let M’ and M be the normalizer and centralizer of
Ain K, respectively. The quotient group W = M’/M is the Weyl group
and acts on a.,a* and a’ in the obvious way. Let [ denote a real rank of
G, that is [ = dim A. The form @( , ) induces Euclidean measures on
A and a*; multiplying these by the factor (27?)‘” 2 we have measures da
and d\ on A and a*, respectively, and the Fourier transform

() = /Af(a) exp —iA(log a)da (Aea))

is inverted without any multiplicative constant, where ¢ denotes the
square root of —1. The Haar measures dk on K and dm on M are
so normalized that the total measures are one, respectively. Moreover,
we denote the induced invariant measure on K/M by dkM. The Haar
measures of the nilpotent groups N and N = §(N) are normalized so
that 6(dn) = dn and the integral of exp —2p(H (7)) with respect to dn
over N is one. Then the Haar measure dg on G can be normalized with
dg = exp 2p(log a)dkdadn (g = kan). The homogeneous space G/K is a
Riemannian symmetric space. By means of the polar decomposition of
G, there is a real analytic diffeomorphism:

exp:pd X +— (exp X)K € G/K.

Also, we can define a norm on G/K by

NI

2| = Qexp ™! (z),exp ™ (x))

2. FuncTION SPACE C.(G/K) AND A, (G/K)

Let Xy, X5, ---,X,, be an ordered basis of g. X, determine right
G-invariant vector fields on G:

(x € G/K).

(X31)(5) = S Flep(-tX)g)hmo (9 € G)

where f is a C* function on G. They act also on functions on G/K
which are identified with right K-invariant functions on G. Let U(g)
denote the universal enveloping algebra of g.. Naturally, each element
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of U(g) is regarded as a right invariant differential operator on G. We
put X = (X1,...,Xm). For @ = (a1,...,a5,) € N, we define a
differential operator X* on G/K by X = X" --- X5m.

For a finite dimensional C-vector space V', we denote by O(V') the
space of entire holomorphic functions on V. A function f(z) in O(V) is
called to be infra-exponential type if it satisfies the growth condition:

lim f(z)e 1*l =0 for any ¢ > 0,

|z|—o0

where |z| denotes a norm of z in V. Let O(V) be the set of all functions
of infra-exponential type on V.

Definition 1. Let {Xy,...,X,,} be an ordered basis of g. We call the
right G-invariant differential operator J(X) = 3 cym CoaX® of infinite
order is of infra exponential type if and only if the function J(§) =
S enm Cal® with € = (&1,... &) € C™ belongs to O(C™). Further,

we denote by O(g}) the set of all right G-invariant differential operators
of infra exponential type on G.

The following lemma can be proved directly from Lemma 1 in Appen-
dix 1 and guarantees the well-definedness of O(g?).

Lemma 1. Let {X;,...,X,,} and {Y1,...,Y,,} be two ordered basis
of g and we put

m
Y, = E a; ;X forv=1,...,m.
Jj=1

Suppose that J(Y) = ) cym CaY® is a right G-invariant differential
operator of infra exponential type. If we put

J(X)= > C.Xx°

then J(X) is also the right G-invariant differential operator of infra
exponential type.

The elementary and necessary facts on the functions and differential
operators of infra exponential type are collected in Appendix 2.

If J(X) = > ,enm CaX® belongs to O(g?), then we put Jo(X) =
Co X for all « € N™. We now introduce the following two function
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spaces on G/K. These are main objects of our study throughout this
paper.
C(G/K) = {6 € C®(G/K);[|¢]lar = sup [(XV)()]e"™! < o0
2€G/K
for Voo € N Vr > 0}

A(G/K) = {¢ € C(G/K);

[¢llsr = sup sup |(Ja(X)@) (@)™ < oo
z€G/K a€N™

for V.J € O(g’), Vr > 0}

It is easy to see that A, (G/K) is a subspace of C,(G/K) and the ele-
ments of ¢ of A,(G/K) are real analytic on G/K. The space C,(G/K)
is a so-called FS space. We denote the dual space of C.(G/K) (resp.
A.(G/K)) by C.(G/K) (resp. A,(G/K)) and call its element a distri-
bution (resp. hyperfunction) of exponential type on G/K.

Remark 1. Let 5/7/( be the compactification of G/K discussed in [O1]
(see [Sc]). Then the element in C.(G/K) is characterized by the fact that

it is in fact the restriction of a distribution on G/K.

Remark 2. Suppose G is abelian. Then as a linear space A.(G/K) is
nothing but the inductive limit of the following spaces:

A (G/K) = injlim Og(R™ x i(—e,&)™),
e>0

where
Op(R™ xi(—e,e)™) ={f € OR™ x i(g,e)™);

for Vr > 0,36 > 0 such that sup 1f(2)]e"?l < oo}
z€R™ xi(—4,0)™
Here O(R™ x i(—e,e)™) stands for the space of holomorphic functions
of the tube domain R™ x i(—e,e)™.

Remark 3. A C*-function ¢ on G/K belongs to A.(G/K) if and only
if
ap |37 CulX* ()l < o
z€G/K aeN™

for any J(X) = > cym CaX® € O(g?) and r > 0 (See Appendix 2,
Lemma 2). Moreover, the topology of A.(G/K) is independent to the
choice of our ordered base {X1,...,X,,}. This is non-trivial fact, but
in the proof of the Paley-Wiener theorem (see §6), we will see that it is
the legitimate one.



3. FOURIER-LAPLACE TRANSFORMATIONS AND MAIN RESULTS.

The Fourier-Laplace transform F¢ of ¢ € C.(G/K) is a function on
al x K/M and defined by

Fo(\: kM) = / d(z)ePPHE R g for (A, kM) € a* x K/M.
G

We now introduce the following two function spaces on a} x K/M:
Z9(ar x K/M) = {® € C*°(a} x K/M); ® is holomorphic in
A€ aland ||®|" < oo for Vj € N, Vr >0}
and
ZMaz < K/M) = {® € 27 (az x K/M); [|@]|"" < o
for VJ = (J1, J2) € O(a’) x O5(C), Vr = 0}
where, denoted by Ag /s the Laplacian on K /M,
o] = S A% @O RM)[(1 4 A,
keK
@77 = sup  sup [Jy(A)Jo,n(Dx/ar) (A : kM)

[ImA|Sr 7
keK

and
O0(C) = {J € O(C); J(2?) is of infra-exponential type}.

Of course, the meaning of the differential operator J2(Ag /) of infinite
order is similar to that of J(X) is the definition of A.(G/K), and if
Jo(Agar) is of the form Jo(Ag ) = D00, ¢nA% /5o then we put

J2.n(AK/M) = CnA?(/M
Let U be the subset of a*. For a continuous function ® on U x K /M
we define its Poisson integral ® by

d(\: ) :/ (N : kM)e~ AFIHE R g for (A, z) € U x G.
K

We put
ZEar x K/M)w = {® € Z%(aX x K/M); ®(w\ : z) = ®(\ : x)
for Vw € W, V(\,z) € a x G}
and
ZAa2 x K/M)w = Z3(a? x K/M) 1 28 (a x K/M)w.

Then it is clear that Z¢(a¥ x K/M)w (resp. Z2(a¥ x K/M)w) is the
closed subspace of Z&(a x K/M) (resp. Z2(a} x K/M)).
Now we state the following Paley-Wiener theorem.
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Theorem 1. Let G be a connected real reductive linear Lie group and
K its maximal compact subgroup. Then we have the following linear
topological isomorphisms:

F: C.(G/K) = 2 (af x K/M)w.
F: AJ(G/K) = Z2(aX x K/M)w.

The inverse F~! of F is given by
1 .
Flo(zK :—/ DN, z)|e(N)|2d\ for x € G,
(zK) muy s (A @)|e(N)]

where c¢() is Harish-Chandra’s c-function for the principal series of class
1 with respect to K.

Remark 4. As to the theory of Fourier transformation of distributions
of exponential type on the Euclidean space, there are works by [Ha|, [M]
[SS] and others. Also the Fourier hyperfunctions on the Euclidean space
was studied in [Sat] [Kaw| [Kan] and others.

4. PROOF OF THE THEOREM IN THE CASE OF C,(G/K).

We can get the proof of the theorem with respect to C.(G/K) thanks
to Theorem 4.1.1 in [Eg 1]. Also, our proof of the theorem in the case
of A,(G/K) is owed to the works of [Kan] in addition to that of [Eg 1].
So we review the result of it in the first place.

In this section, we will identify U(g) with the algebra of left-invariant
differential operators on GG, as usual. It is known that there exists an anti
isomorphism ¢ from U(g) with the algebra of right-invariant differential
operators on G. If f is a function on G and u,u’ € U(g), then we write

((wd' f)(@) = flu:zu’) (2 €G).

For any element v of the symmetric algebra S(a}) over aX, let 0(v)
denote the corresponding differential operator on a*. Then S(a}) can
be regarded as the algebra of all differential operators with constant
coefficients on a.

Let 0 < p < 2 and let CP(G/K) denote the set of C*° function ¢ on G
which satisfy the following conditions: (i) ¢(zk) = ¢(x) for any z € G
and k € K; (ii) for any j € N and u,u’ € U(g),

72 v (0) = sup |d(u : 23 0))[E72P(2) (1 + |2])7 < oo,
Y zeG



where = is the zonal spherical function defined by

(1]

(z) = / e PHERN gL (z e @),
K

The seminorms 7, ,, ; convert C?(G//K) into an FS space.

Put € = 2/p — 1. We define the tube domain F? by setting
FP = {)\ € a’;|Im(wA)(H)| < ep(H)for anyH € a*and anyw € W},

where at denotes the positive Weyl chamber of a. We denote the interior
of the domain FP by Int FP. For brevity of notation, we put F? =
Int F? = a*. We define ZP(a* x K/M) to the space of all C™° complex
valued functions ® on a* x K /M which satisfy the following conditions :
(i) For any k € K the function A — ®(\ : kM) extends holomorphically
to Int F? ; (ii) for any (n,m) € N? and v € S(a}),

o (@)= sup (A O(v) : KM AR ) |[(1 4 [A])" < oo,
AeInt FP kEK

where the condition (i) is omitted when p = 2. The seminorms (7
convert ZP(a* x K /M) into an FS space.

For any element ® in ZP(a* x K/M), the Poisson integral ® is a
function on Int F? x G. We denote by ZP(a* x K/M)w the closed
subspace of all elements ® of ZP(a* x K /M) which satisfy the condition
d(wA : x) = d(A\ : 2) for all x € G,\ € Int FP and w € W. The
following theorem, which is fundamental for our proof of the theorem,

is the main result of [Eg 1].

sn,Mm

Lemma 2. Let 0 < p < 2. Then the Fourier-Laplace transform F' is a
linear topological isomorphism of CP(G/K) onto ZP(a* x K/M )y .

By the definition of ZP(a* x K/M)yw, it is clear that
ZP(a* x K/M)w C Z29(a* x K/M)w

if 0 <p < q <2 So we can consider the projective limit of them. We
define

Z(a; x K/M)w = projlim ZP(a* x K/M)w.

0<p<L2

Then Z(af x K/M)y is also an FS space. Since each element ® of
Z(aX x K/M)w is an entire holomorphic function with respect to the
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variable )\, it is easy to see that the topology of this space is given by
the seminorms

() = i B RM NI+ (G eNr>0).
m T, S

This means that Z(a* x K/M)w coincides with our space Z€(af x
K/M)w defined in §3.
Moreover we define

C(G/K) = projlimCP(G/K).

0<p<L2

It is well known that there exist constants ¢ > 0 and d > 0 such that
for all h € C4(A™T),

(4.1) e—Ploeh) < =(p) < ce P8R (1 4 |p|)e,

where AT = expa®™ and C/(AT") stands for the closure of A*. Using

this estimate, we can easily find that C(G/K) consists of the functions
¢ € C°(G) which satisfy the conditions: (i) ¢(zk) = ¢(x) for any x € G
and k € K; (ii) for any » > 0 and u,u’ € U(g),

e () = sup |(u = z;u") e < oo,
zeG

Of course, C(G/K) is an FS space under the system of seminorms 7, 4, -
Furthermore, by means of Lemma 2, we see that the Fourier-Laplace
transform F gives a linear topological isomorphism of C(G/K) onto
ZC(ar x K/M)yw.

Therefore, in order to prove the Paley-Wiener theorem in the case of

C.(G/K), it is sufficient to show that C(G/K) coincides with C,(G/K).
As to the set theoretically, it is clear that

C.(G/K) > C(G/K).

Hence we nee to show that C,(G/K) C C(G/K). In other words, it
suffices to prove that the Fourier-Laplace image of C,(G/K) is contained
in Z8(a% x K/M)y .

The following lemma can be proved easily in the similar way of proving
Lemma 4.1 and Lemma 4.2 of [EK]. So we omit the proof.
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Lemma 3. Let ¢ € C.(G/K). The integral
(Fo)(\: kM) = / d(z)eA =P H@ k) gy
G

= p(kan)e 7 =P)108a) g4 dn
AN

is uniformly convergent on FP x K/M for any p(0 < p < 2), and for
any fixed k in K the function A — (F'¢)(A : kM) is an entire holomor-
phic function on a}. Moreover the Poisson integral of F'¢ satisfies the
following functional equation with respect to the Weyl group:

(Fo)(wA :z) = (Fo)(\: x) (we W, € aandzx € G).

For the purpose of proving the theorem, we now prove the following
estimate.

Lemma 4. For any r > 0 and (m,n) € N? we can select v’ > 0 and a
positive constant C' such that

sup  [(F)(\: kM3 AR ) |(1+ A"
| Im A\ |<r,ke K

< C sup |g(A"AR,, x)e” 17,
zeG

where A is the Laplacian on G/K.

Proof. Since A is G-invariant differential operator on G/ K,
AeliA=p)(H(z ™ k) _ —(A]2+ |p|2)e(i/\—p)(H(r’1k)),
it is easy to see that
(FA"G)(X: kM) = (=1)"(IA” + [p*)" (F¢) (A : kM).
Also, it is clear that Ag /s and F' commute with each other we obtain
(AP + 1pI*)" (o) (A : kM; A )
= (-1)" /G GATAR @) AP HE@TI0) gy
Hence we have
(A + 1) [(Fo) (A - kM AR pp)

< Sup(|¢(A”A?}/M : x)’er’|w|)/ 6—7"'|9€|e—(1m>\+p)(H(9€_1k))dx‘
zeG Ie.
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Since the function z — |z| (z € G) is the K-invariant function, we have

/ o] o= (Im A p) (H (21 0)) g
G

:/ e—r'\an\e(lm)\+p)(loga)dadn

(4.2) AN

:/ o 2] (1m A=) (H (2) gy
G

- / e~ 1ol 1 A=) (H(@h)) 5 () dq .
ATK

Here we used the well known formula dz = §(a)dk'dadk (x = K'ak €
K AT K),where the function §(a) on A% is defined by

d(a) =c H {sinh a(log a) } "~

aext

for a suitable constant ¢. Since it is known that

/ e(ImA—p)(H(ak:))dk < e(Im)\)(loga)E(a) (CL c A-f—),
K
by means of (4.1) it follows that (4.2) is bounded by
c/ e—r'|a|(1 + |a|)deImA=P)osa) 5(4)dq.
A+

By the way, since | Im A\| < 7/, for a sufficiently large positive number r’
the last integral is finite. This completes the proof of the lemma.

Combining these lemmas, it is easy to see that
F(C.(G/K)) c Z8(a* x K/M )y .
Hence we have the desired result.

5. FOURIER EXPANSIONS OF THE FUNCTION ON K /M.

In order to prove the theorem in the case of A,(G/K), we review some
results on the Fourier series of analytic functions on K.

Let T" be a maximal toral subgroup of K. We denote by t the Lie
algebra of T'. Let K denotes the set of equivalence classes of irreducible
unitary representations of K. We fix a norm | | on t, induced by the

positive definite bilinear form Q( ,6 ) on ¢. We choose once for all a
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lexicographic order in t*. Since an irreducible unitary representation
of K is uniquely determined, up to equivalence, by its highest weight
5 (€ t), we will identify § with its highest weight J, throughout this
paper. For § € K we take a Hilbert space Vs which realizes a repre-
sentation § of K. Let d(d) and ys denote the dimension of Vs and the
character of §, respectively. For each § € K , we take an orthonormal
basis {v1,- -+ ,vq(s)} of Vs, and put

5 (k) = (v, 6(k)vi),

where (, ) denotes the inner product of V5. By Peter-Weyl’s theorem,
the set R

T ={d6):fl;6 € K, 1<i,j <d(6)}
is a complete orthonormal basis of L?(K). Therefore any function &
on L?(K) can be expanded by a mean convergent Fourier series of the
functions in Y :

d(s)
(5.1) O(k)=>_d(6) > ¥ fIK) (ke K),
ek i,j=1

where we put

P = / B () 75 (k) dk.

Let F®(4) be a matrix of degree d(J) where its (i, j)-entry is given by
CID?]-. Then it is clear that

d(8)

(5.2) > @) £ (k) = Te(F®(8)(k)).

ij=1
Also we have the Parseval’s equality:

d

123 =) d) Y (9|5,

SekK i,j=1

where ||®||o denotes the L2-norm of ® on K.

Let Ak be the Casimir operator of K. Let dd be the differential of the
representation 0. Then it is well known that dé(Ax) = (6, 0 + 2pr)1,
where pr denotes the half sum of positive roots with respect to the
Cartan subalgebra t of £.For any matrix A we denote by ||A||gs the

13



Hilbert-Schmidt norm of A. If ® is a C'*° function on K, then it is known
that the Fourier series of ® given by (5.1) converges to ® absolutely and

uniformly on K. Therefore, since ||§(k)||ms = d(6)2, by means of (5.1)
and(5.2) we have

sup |®(k |<§ d(o |F<I> N es
ke K
sckK
3

(5.3) = d(8)2w(8) N FAR®()||ms

sek

for any N € N, where we put w(d) = (6, 0 + 2pr). By the Schwartz
inequality, the right hand side of (5.3) is dominated by

D d@) | FANDS) 3532 - 1D d(8)*w(8) 2N}z,

sek ek

Moreover by Weyl’s dimension formula, for any non-trivial representa-

tion & we have
d(6) < Dlo|™,

where m is the number of positive roots and D is some positive constant.
Hence, for sufficiently large N, the series Y, d(0)?w(6) "> converges.
Therefore by the Parseval’s equality, there exists a constant C'y such that

sup |®(k)| < Cn[|AKP]2.
keK

Let A(K) denotes the set of all real analytic functions on K. The
above argument and Lemma 3 in Appendix 2 imply the following lemma.

Lemma 5. Let ® € A(K). Then the following conditions (i) and (i7)

are equivalent:

(i) sup |J(Y)®(k)| < o0 for any  J e O(€),
keK

(ii) |J(Y)®|ly <oo  forany  J € O(t).

For later use, we need the following estimate.

Lemma 6. Let ® € A(K). Suppose that J € O(€?). Then there exist a
positive integer N, and a positive constant C' and J € Oy(C) such that

IT(Y)®|l2 < C|ART(AK)2]|2-

14



Proof. For ® € A(K), we put (n(k)®)(x) = ®(k~'z) (k, z € K). For
each 6 € K, we define

Moreover we put

d(s)

AK)s={ Y cijfly; cij €C .

4,j=1

Then the operator Py is an orthogonal projection of A(K) onto A(K)s.
Let {Y1,...,Ys} be an ordered orthonormal basis of ¢. For any § =
(Bi,...,Bs) € N* we put Y? = Yl’B1 - YPs. As usual, we regard Y
as a right invariant differential operator on K. We define an operator
norm of Y with respect to § by

[Y2||° = sup 1Y P £
Ifll2=1,fEA(K)s

Then it is easy to see that
(5.4) Y21 < (Yall®)™ - (IYsl1)?,
and each | Y;||° (t =1,...,s) is, in fact, given by

Y% — d(5)z Y, £
il = d)h_mas V.5l

for any choice of orthonormal basis {v;}i1<j<a(s) of V5. For any Y in
¢, there exists a Cartan subalgebra t of £ such that Y is contained in
t. We now take a weight basis {v;}1<j<q(s) as an orthonormal basis of
Vs. Then it is easy to see that Y fj = u(Y) Z-‘sj for some weight p of
the representation 6. This means that |[Y||° < |§]|Y| for each Y in €.
Therefore, by virtue of (5.4) we have

(5.5 Iv? ) < 16/,
where |B| = 1+ -+ + Ss.
Since
a(8)
(T (k) =D d(©6) > @ (J(YV)f)(k),
seR i,j=1

15



if we write J(Y) = > 5 agY?, then we obtain

d(5)
IT)®[l2 < Y dd) D 11951 Y laglllY” £ 2
seR =1 BENs

Furthermore, thanks to the estimate (5.5), we have

d(8)
T2 < S d0) S 1951 lagllé)?ld(s) =
sek ,j=1 BENS®
< > dG)|FR(0)||rsd(8)*~2 T (J0]),

seK

where we put

J(t) =Y |aglth!.
BENS

Of course, J(t) is a function of infra exponential type of one variable.
By Lemma 5 in Appendix 2, we see that there exists J' € O5(C) such
that B
J(16]) < [J"(w(9))]-

Hence the similar argumentation as in the proof of Lemma 5 shows
that for sufficiently large N there is a constant C' such that [|J(Y)®||2
is dominated by C||AXJ'(Ag)®||2. This completes the proof of the
assertion

Combining the results described in the preceding two lemmas, one can
easily find that the following fact.

Lemma 7. For & € C*(K), the following conditions (i) and (ii) are
equivalent with each other:

(i) sup |[J(Y)®(k)| < oo forany  Je O,
keK

(ii) sup |J(Ag)® (k)| < 0o for any  J € Oy(C).
keK

Proof. Since the L?-norm of a function is always dominated by its sup-
norm on the compact manifold K, by virtue of Lemma 6 and Lemma
7, it is clear that (i) is deduced from (ii). On the other hand, for any
J € O5(C), if we put J(V1,...,Y,) = J(Ag) then J € O(£) by Lemma
4 in Appendix 2. This proves the lemma.

As the corollary, we get also the following result.
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Lemma 8. For ® € C*(K/M), the following two conditions (i) and
(7i) are equivalent with each other:

(i) sup |[J(Y)®(kM)| < oo forany  J e OF),
keK

(ii) sup | J(Ag/n)®(kM) < 0o forany  J € Oy(C).
keK

6. PROOF OF THE THEOREM IN THE CASE OF A, (G/K).

By the theorem in the case of C.(G/K), it is sufficiently to show
that F(A.(G/K)) C Z2(ai x K/M)w and F~Y(Z2(af x K/M)w) C
A (G/K).

Let ® € ZA(aX x K/M)w. Put ¢(x) = (F~1®)(x). It is clear that
¢ € C+(G/K). If we can show that

(6.1) (FJ(X)@)(\: kM) € ZE(a; x K/M)w,
(A, kM) € a;, x K/M
for arbitrary Jez (g7),

then, by means of the theorem in the case of C.(G/K), we see that
(J(X)¢)(z) € C.(G/K). This means that ¢ € A, (G/K). Therefore
it is enough to verify that (6.1) for proving F~1(ZA(a} x K/M)w) C
A.(G/K). Since

Aj

e (FT(X)@)(\ : kM) = F(A) ) T(X)@)(A : kM)

for any 7 € N, by Lemma 3 in Appendix 2, the condition (6.1) is equiv-
alent to the following condition:

(6.2) sup  |(FJ(X)o)(A: kM)|(14 A" < oo
| Im M| <r,keK

for  Vr>0,v" >0 and VJeO(g).

Now we put J(¢) = > cnm 25¢%, where m = dimg. By Lemma 2 in
Appendix 2, it is also equivalent to the following condition:
(6.3) sup sup |a_o;

(FX“G)(\ : kM)|(1+ |A])" < o0
[Im A|<r, k€K aeN™ Q-

for Vr >0 and vr' > 0.

The following lemma is essential for our proof.
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Lemma 9. Let {Xy,...,X,,} (resp. {Y1,...,Ys}) be an ordered basis
of g (resp. t). Let ¢ € C.(G/K). Then for any a € N™, the Fourier-
Laplace transform of the function X“¢ can be written uniquely as

F(X“)A:kM)= > pay(A: kM :a)Y?(F)(X: kM),

[Bl+vI<|x|
BENS ,yeN!

where pg (X : kM : «) are real analytic functions with respect to the

variable kM in K /M and holomorphic in X € a’. Moreover we can find
a constant C' such that

2 < Clal ol
pgy(A EM :a)| < CTN(1 + [A]) B+

for any o € |[N™, B € N® and v € N
Proof. For any X € g and ¢ € C.(G/K), we observe that

(FX)(\: kM) / = d(exp(—tX)z)|p—oelrPHE ) gy

/ 5L e o)

where X*~! denoting the adjoint action of £~ on g. According to the
Iwasawa decomposition of g, one can write X*~1 as the following form:

XAt = X (k) + Xo(k) + Xu(k)
(Xe(k) € 8, Xo(k) € a, Xu(k) €n).

Now, let {Hi,...,H;} be an orthonormal basis of a with respect to
Q(, ). Suppose that X = X;. Then we can express X, (k) as

Since Xq(km) = Xq(k) for all m € M, it is clear that a’(k) are the real
analytic functions on K /M. We define functions b;(k) (j=1,...,s) by

the formula
F= b (R)Y;
j=1

18



By the similar way as above, we see that b;(k:) are also the real analytic
functions on K/M. Let K. be a relatively compact complex neighbor-
hood of K in K., the complexification of K, such that the functions

a’(k) and %(k) are holomorphic on there. It is clear that there is a

positive constant L such that the absolute values of a’(k) and b’ (k) are
less than L on K..
On the other hand, since H(za) = H(z) + loga (a € A) and H(zn) =
H(x)(n € N) we have
(FX;p)(\: kM)
= (p = iIN(Xa(k))(FS) (X : kM) + (Xe(k)*Fo)(A : kM)

L s
= ST B o — INH)FS) N bM) + 3B (R) (Y FO)A < kM)

Jj=1

Now, we define differential operators % (j=1,...,¢) on a. by
J

0 d
8_)\jf(H) = %f(H —tHj)|i=0

for f € C*°(a}). Furthermore we put

Since the above equality implies that
FXip = X;F¢

we have B
FX% = X“Fdo.

Thanks to Lemma 1 in Appendix 1, we can uniquely write

- 9 5
X = Z q8,~ (kM : a)YB(—)Vl e (=)
1Bl+I7I <ol oM Oy
BENS ,yeNt
and we have the estimate
|a!
lqs. (KM : o)| < DIFItI+Llal___ 20 (k € K)
. (18] + [v)!
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with some positive number D which depends only on s, ¢ and e.
On the other hand, it should be noted that there is a constant C; such
that

[(p = iA)(Hj)| < Cr(1 + |A]).

12
=1

J
We put

PN kM 2 o) = qp (KM = o)((p —iA)(H1))™ -+ ((p — iA) (He))".
Of course, we may assume that D > 1. Therefore, if we put
C =0C,D*L

then the assertion of this lemma follows immediately from the above
argument.

This Lemma implies that

sup | =5(FX"9)( : kM)

aeNm™
Qo

< sup (22 N7 pag (A kM )[[YFG(A : kM)

a€N™ s RI<al

5EN5,weNZ
B .

< sup sup |22clel|ql)| (1 + )My (X - kM)
" Nl iy (Bl + D)

NeN i o 1Bl+1vI<N 1)

BENS ,yeN!
_ |a!
If we put an = Supjy|=n,aenm 2Flaq|Clel, then ay € Aq, where we
put

.Aj = { {da}aeNj : m|a|_>oo|da|m =0 }

Therefore we have

sup |25 (FX°9)(A : kM)|

acNm .
1
<suwpay > ([1+A)yTe: kM)]W
NEN g1t ysN et
1
< sup sup  an(1+ |A)YPR(N kM|
BEN® 7ENE N> |5+ |BI!

Moreover if we define

arp, = sup an
N>L
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then it is clear that a; € A;. By means of Lemma 1 in Appendix 2,
there exist an element {b;} of A; such that

a1 +|y| < big) by

for any 5 € N° and v € N,
Therefore, in order to show that (6.3), it is sufficiently to show that

big b /
(6.4) sup sup il (1 + ANy BB - kM)| < oo
\IIEEAI\(ST‘ BENS |,3|'|")/|'

~vENt

for Vr > 0, ¥r' > 0 and {b} € A;.
Using Lemma 2 in Appendix 2, the condition (6.4) is equivalent to

(6.5) sup |J1(N)J2(Y)P(N: kM)| < oo
[ Im M| <r
keK

for Vr > 0, V.J; € O(a) and V.J, € O(&F).
By the way, since ® € Z2(aX x K/M)w, (6.5) follows immediately
from Lemma 8 in §5. This asserts F~1(ZA(aX x K/M)w) C A.(G/K).
Inversely, we will prove that the relation : F(A.(G/K)) C Z2(a} x
K/M)w . Suppose that ¢ € A, (G/K). Since J(X)¢ € C.(G/K), we see
that F.J(X)¢ € Z°(a2 x K/M)y for any J € O(g?). In particular we
find that

(6.6) sup |(FJ(X)p)(\: kM)| < o0

[ Im X |<r
keEK

for any r > 0 and J € O(g?).
Let A be the Laplace operator on G/K. Then it is well known that
there is a polynomial x of degree two on a} such that

(FAN YN : kM) = x(N)NFo(\ : kM)

for any N € N. For any J; € O(a¥) and any r > 0, by Lemma 5 in
Appendix 2, there is J; € O5(C) such that

] < A (e) - for  [TmA] <7
Let Jo € O3(C). Thanks to Lemma 3 and Lemma 4 in Appendix 2, if
we put

J(X1,. oy X)) = Ji(A) T2 (A g ar)
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then we see that J € O(g?). So we have

s A a(Ascar) PO\ : kM)

< sup | (x\)J2(Agnr) Fo(N 2 kM)

[ Im X[ <7
keK

= ‘I:li]i:)<r |F(:]1(A)J2(AK/M)¢)<)‘ t kM)

= sup [F(J(X)p) (A : kM)

This last quantity is in fact finite by the estimate (6.6). This completes
the proof of theorem.

As the corollary to the above proof of the theorem we get the following
result.

Theorem 2. The topology of A.(G/K) defined by the family of semi-

norms ||¢|| s, (J € O(g?), r > 0) coincides with the topology defined by
the family of seminorms

&l 71,000 = sup Sup’(Jl,n(A)JZ,k(AK/M)¢)(x)|€T|x|7
z€G/K n,k

where J; € O2(C) (j =1,2) and r > 0.

7. FOURIER EXPANSIONS ON K /M REVISITED.

In this section we will describe the images of Z&(a} x K/M)w and
ZA(a} x K/M)w under the Fourier transform Fy/py on K/M. At the
first place, we review certain results on the so-called Kostant matrix
[Kos1,Kos2].

For each § € K , we put

VM ={veVs; d(mv=u Vm € M },
(8) =dimVM  and Ky ={6eK; {6 >0}

Now the Poincaré-Birchoff-Witt theorem implies that U(g) = U(a) +
(U(g)t+nU(g)), where U(a) stands for the universal enveloping algebra
of af. If u e U(g), let ¢* € U(a) be the component of u in U(a) relative
to the direct sum decomposition of U(g). If a € U(a) we look upon a
as a polynomial on a. Let S(g) and S(p) denote the symmetric algebra
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over g and p, respectively, and p — p* the symmetrization map of S(g)
onto U(g). Let H = H(p) C S(p) denotes the subspace of harmonic
polynomials relative to Ad(K). Of course, for each h € H, we consider
h as a function on p via the form Q( , ). Let X be a regular element in a.
Consider the imbedding K/M = Ad(K)X C p. Since it is known [Hel2]
that each h in H is determined by its values on the orbit Ad(K)X of
X, and each K-finite function on K /M can be taken by the restriction
of a harmonic polynomial, we observe that the restriction mapping ¢ :
h — h|aq(x)x is a bijection of H onto the space £*°(K/M) of K-finite
functions on K/M. Let E(K/M) = PsE°(K/M), where Py is the
projection operator for § defined in §5. Put Hs = .1 (E(K/M)) C H.
Then there is a bijection Hs onto & (K/M). Let {v1,... ,vq5)} be an
orthonormal basis of Vs such that {vy,... ,vys)} spans V(;M . Since the
functions ffj(kM) = (v;,0(k)v;) (1 <@ <L(6), 1 <j <d(d)) form a
basis of (K /M), we see that dim Hs = ¢(5). We now take and fix a
basis €1, ... , ) of Homg (VM, H*). We define the £(8) x £(6) matrix

Q°(X) by
Q°(N)ij =" (p—iN)  (1<4d,j <)),

(cf. [Kosl,Kos2]). This is the so-called Kostant matrix.
Let ® € C°(af x K/M). For each § € Ky, we define

F;‘(/MCI)()\):CI)‘S(A):L@(A:kM)fé(kM)dk,

where f° is the £(&) x d(d) matrix with entries i‘sj. Moreover we put

Fim®(N) = {®° (M} sez,, -

Then the following result is well known (cf. [He2]).

Lemma 10. Let U be a W-invariant subset in a’. Suppose that ®(\ :
kM) is a continuous function on U x K /M. Then the Poisson integral
O\ :2) ((\, z) € UxG) of ® is invariant under W with respect
to the variable A if and only if the Fourier coefficients Fi /p®(\) =

s
(@ Wer, :
function Q°(\)~1®%(\) is invariant under W, where 0 denotes the con-
tragradient representation of J.

satisfy the following conditions : for each § € K M, the

By this lemma, we can characterize the properties possessed by the
Fourier coefficients of the functions belong to Z¢(a* x K/M)w and
ZA(ar x K/M)y, respectively.
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In order to describe these Fourier coefficients, we now introduce the
following two function spaces :

HE (a)w = {{(I)g(A)}éef{M : d°(N) satisfy the conditions
F(O), F(W) and F(RD) },

and

HA(a})w = {{@5()\)}561?1\4 D BN satisfy the conditions
F(O), F(W) and F(ED) }.

Here the conditions F'(O), F(W), F(RD) and F(ED) are as follows :

F(O) : d? is a £(9) x d(6) matrix whose entries are
holomorphic functions on a,,
F(W) : For any § € I?M,
Q(wN) 2 (wA) = Q°(N) 12 (N)
for any w € W and X € a,
F(RD) : {2}

= sup sup [[@°(N)[(1+[6)" (1 +[A)" < oo
[ TmA[[<r§e Ky,

for any v’ > 0andr >0
and

F(ED) : [{®°}||"
= sup sup [[®°(A)J2(8) (A < o0

[ Im A[<r §e Ky,

for any J = (Jy, Jo) € O(aX) x O(£") and r > 0,

where we put
0 _ 0
[0 ) = max @5,V
1<5<d(5)
Remark. Let (aX) = {\ € af : detQ°(\) # 0 forall § € Ky}
and (af)” = {\ € a} Re(i\, ) < 0 for all « € ¥}, Since it is
known that (a})’ D (a})~, the condition F(W) implies that, in particu-

Jar, Q%(\)~1®%(\) are entire holomorphic for ® € HC (a*)w .
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Theorem 3. Fk /) gives the following two linear topological isomor-
phism :
C(af x K/M)w = HE (al)w,
Freynr 2 Z2(al x K/M)w — H*(a%)w-

Moreover we have

QA kM) = Y d8) > YN f(kM)

1<i<e(5)
S€R M 125<d(8)

for Z€(a x K/M)w

Using the similar argument that of §5 and §6, the theorem can be
proved (cf.[Su]). So we omit its proof.

8. SURJECTIVITY OF INVARIANT DIFFERENTIAL OPERATORS.

In this section, we will derive some results on the solvability of a single
differential equation on G/K, as the application of the Paley-Wiener
theorem.

Let D(G/K) be the algebra of G-invariant differential operators on
G/K. It is well known that D(G/K) is commutative and there exists
a generator system {Aj,..., Ay} ({ = dima = rankG/K) such that
D(G/K) = C[Ay,...,Ay]. Weput D = (Ayq,...,Ay). For any P €
C[D] we put

(8.1) P(\) = P(D)eA=nHED) - (xea¥),

where e denotes the unit element of G. Of course, P(\) € C[A\]", the
algebra of W-invariant polynomials on a*, and for any ¢ € C,(G/K), it
is easy to see that the following formula holds:

(8.2) F(P(D)$)(\: kM) = P(\)Fo(\ : kM).

Theorem 4. Let P(D) be any non-zero G-invariant differential opera-
tor on G/K. The we have

P(D)CL(G/K) = CL(G/K),
P(D)AL(G/K) = AL(G/K),

where C,(G/K) and A, (G/K) are the strong dual spaces of C,(G/K)
and A.(G/K), respectively.

Proof. Let P()) be the polynomial on a} defined by (8.1). Suppose that
P(\) # 0. Since multiplication by P(\) is a homeomorphism of Z€ (a} x
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K/M)yw (resp. A2 (at x K/M)w) onto P - Z€(a* x K/M)w (resp. P -
ZA(ar x K/M)w), (8.2) and the Paley-Wiener theorem (Theorem 1)
imply that the mapping ¢ — P(D)¢ is a homeomorphism of C,(G/K)
(resp. A.(G/K)) onto P(D)C.(G/K) (resp. P(D)A.(G/K)). Of course,
if we denote by P(D)* the adjoint of P(D), then the mapping ¢ —
P(D)*¢ is also a homeomorphism of C,(G/K) (resp. A.(G/K)) onto
P(D)*C.(G/K) (resp. P(D)"A.(G/K)).

Therefore, if S € C,(G/K) (resp. A,(G/K)) then the linear form
P(D)*¢ — S(¢) on P(D)*C.(G/K) (resp. P(D)*A.(G/K)) is con-
tinuous. By the Hahn-Banach theorem, there exists an element T of
C.(G/K) (resp. A!(G/K)) such that T(P(D)*¢) = S(¢) for arbitrary
¢ € C.(G/K) (resp. A.(G/K)). This implies that P(D)T = S, so the
theorem is proved.

APPENDIX 1.

For a positive number L, we put U, = {z € C";|z1| + -+ |2,| < L}.
Let Xq,..., X, and Y7,...,Y,, be differential operators of the forms

(A1.1) Xi = Zai,j('z)aizja
(A1.2) Y; = wa )X, + bi(2)

which satisfy
(AL3) (X, X5 = cfj(2)Xe

Here a; (%), bij(z) bz(z) and cf ; ;(2) € O(UL) and we assume that the

1=K, 1l=>)=n

Then we have
Lemma 1. We can uniquely write

(A1.4) i Vim= > palz)XPe Xp

|| =m, €Nk

with suitable p,(z) € O(UL). Suppose there exists a positive number

M such that the absolute values of ai,j(z),bi,j(z),bi(z),cfvj(z) are less
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than M on Up. Then for any positive number L' satisfying L' < L we
have

(A1.5) Ipa(2)| £ CleHFLM™m)/|a)! for any z € Up,.
with a positive number C' which depends only on n, L and L'.

Proof. For simplicity we will write X in place of X" --- X*. It is
obvious that we can express Y7 - - - Yy, in the form (A1.4). Suppose there
exist r € N and ¢a(2) = O(UL) such that >, <, ¢a(2)X® = 0 and
suppose gg # 0 with a suitable 3 € N¥ satisfying |3] = r. Fix a point
w € Uy, so that gg(w) # 0 and moreover the rank of the matrix (a; ;(w))
equals k. We can find polynomial functions f;(z) of degree 1 which
satisfy fi(z) =0 and X;(f;)(w) =6, fori,7 =1,... k. Then we have

D (@ X [ (w) = gs(w).

lo| =7

this contradicts the assumption ) ¢, X% = 0, from which the uniqueness
of the expression (A1.4) follows.

To get the estimates for p, we employ the method of majorant. Let
O denotes the ring of formal power series of z. For ¢ = > C,z" € 9
and ¢ — S C"2" € O we write ¢ < ¢ if and only if |C,| < €/, for
anyv € N". For differential operators P, = > p; , 0 (i = 1,2,... of
finite order with p; ; € 6, we denote P; < P, if and only if pi, v < p2,v
for any v. We remark that if P, < P, and P3 < Py, then P P, < P, Ps.
Here we denote

) ) )

AR lel ZZ” and 8V == (a—Zl)Vl (%)Vn

for v € N”.

By changing z; and X; by (L + L')z;/2 and min{(L + L')/2,1} (i =
1,---, k), respectively, we may assume M =1 and L’ < 1 < L to prove
(A15). Putt =21+ --+z2,and ¢ =, t* = (1 —¢)~ . It follows from
Lemma 2 that there exists C' > 1 such that

ai,j < C(b, bi,j(Z) < C¢, bZ(Z) < Cgb and Ci,j(fZ) < C(b

Now we define

" .9
X' =Y Q¢ fori=1--- .k
¥ ‘; d) 823 OI'Z b Y

Y/ =) C¥X[j+Co fori=1,---,m.

Jj=1
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Then X; < X/, and Y; < Y'i and
N O
. . k—i—
[Xg,XJI'] = 02“(Z—J)¢4 ]Hza—z
¢
=1
k
ZCZ_] nk ¢2k+€ i— j+1X/

=1

Since C(i — j)nk 12k +0—i—j+1 < Cpif 1 £ j < i < k and
1 S0 <k, it is easy to see that there exist pl, (z) € O which satisfy

(AL.6) YYo= ) (X)) (X))

loe|=m.

and pa(z) < p ( ) for all &« € N*. On the other hand, since Y/ =
C?k¢?F (22 + -+ az ) + C¢, we can uniquely write

Z1

(A1.7) Y)Y = aiz) Zaz
J

with ¢;(z) € O. Combining (A1.6) and (A1.7), we have plpha(z) <
qa|(Z). Put L" = (L' +1)/2. Then Lemma 2 assures the existence of
C’ > 1 which satisfies C2n2¢?" < C'(L" —t)~'. Define ¢}(t) € O by

/ //_ 2 / //_
(A1.8) (c' (L —t)~ 8t+C(L t)~ Zqz

Then ¢;(2) < ¢i(z1+---+2,) and ¢,(t) = C""Cy, (L —t)i — 2m under
the notation in Lemma 3. Using the estimate for (), ; in Lemma 3, we
have

(A1.9) Pa(z)| < C'm2m=lal(Lr — [rylel=2mpp1 /o)1

for any z € Ups because pq(2) < qjq|(21+- - +2,). Now the proposition
clear.

Lemma 2. For positive numbers L and L' with L > L', we can choose
C > 0 such that

(A1.10) ¢ < C(sup [p(2)]) Y (21 + -+ 2z0)"
zeUy, k=0
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for any bounded holomorphic function ¢on Uy .

Proof. (cf. [03] Lemma 2.3 ) Put M = sup{x € Ur|¢(z)|} and ¢ =
> a,2” with a, € C. Denoting X; = |2| + 5 (L — |2]) for z € Uy, we
have

0, = (ry=1r [

|wi]|=z1

1
: / ﬁz”w*”qﬁ(w)dwl < dwy,.
(o |y, WL Wry

This proves |a,z¥| £ M for all z € Ur,. Then the rest part of the proof
of the lemma is the same as that of [O3] Lemma 2.3. In fact by an
estimate

sup{z®;x1 + -+, < L, z; 20} = Ll*lal(|a|) 7 (o + 1)177,
we can put C' = max;>,(i +1)""(L'/L)" as in [O3].

Lemma 3. Putting ¢ = (1 —t)~! and X = 4%, we have

m
(AL11) (X +¢°)™ =) Cp o™X
j=0
for any positive integer m. Here the constants Cy, ; are determined by

the relation

C()’o and Cm7_1 = 0,
(A1.12) {

Cm,j = (Qm -7 — 1)Cm_1,j + Cm—l,j—l
and satisty 0 < C,, ; < 22 Iml /4!,

Proof. Since the lemma is clear when m = 1, we will prove it by the
induction on m. Then

(X + ¢°) (X +¢°)" = (X +¢7) Y Cn j¢”" 7 X7
_ Z Cm’j(¢2m—j+1Xj+1 + QS(QTI’L . j)¢2m_j+1Xj + ¢2m—j—|—2Xj)
= (Conp—1 + (@m 42— k — 1)Cpy pp®™ T2 7F X*

and hence we have (A1.12).
Put ay,; = Cpj [11,7 (20 + j — 1)~ 1. Then

m—j

2047 —2
m,j = Qm—1,5 + (11;[1 m)am_17j_1.
Hence we can prove 0 < a,,; < 2™ by the induction on m and 0 <

Crmy 27 TIR7 (20 + 5 — 1) L 27 [1057 20 4 4) = 22 Iml /4.

7
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APPENDIX 2.

We review well known facts and elementary lemmas on the functions
and the differential operators of infra exponential type.
Let

JQ) =Y T eoE) (=g,

aeN™

Then the following conditions are mutually equivalent :
(1) J is of infra exponential type;
(2) For any € > 0 there is a constant C. > 0 such that |J({)| <
C. eslel;
(3) T 00 |aa] ™1 = 0;
(4) For any r > 0 there is a constant D, > 0 such that |a,| <
D, r~lal,

Of course, the product of functions of infra exponential type is also a
infra exponential type. Let O(C?) be the set of all (entire holomorphic)
functions of infra exponential type on C/ (j = 1,2,...). By (4) of
characterizations of O(C™), if J({) belongs to O(C™) then for any ¢ =
(c1,...,¢m) € C™, the new function J.(¢) defined by

Je(Q) = D = (eq)”

acNm™
also belongs to (5(@’”), where we put ¢ = (¢1(1, ... ,¢m(mn). Moreover,
since
L m¥
2 al T NI
|a|=N, aeN™
if we put
an = sup laq,
|a|=N, aeN™

then we observe that
_ Yol ol - 5
Ity =Y e o).
acEN™
Now we put
Ao cop — e
‘Am:{{aa}aeNm : J(C): Z JC EO(C )}
a€e Nm

Then the following lemmas can be shown immediately from the above
equivalent characterizations of O(C™).
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Lemma 1. Let {a,} € A;. For any positive integer k, we put

k
by, = sup |an|™.
n>k

Then {by} is also an element of A and the estimate
bibj > |ak+|

holds for any positive integers k and j.

Lemma 2. For any C'*° function f on G, the following conditions are
equivalent :

(1) suPzeq | Xaenm 3 Xf(2)| <oo  V{an} € Ap;
(2) Subseq pnern |24 X9 f(@) <00 Vaa} € A
where we put m = dim GG. Moreover if GG is abelian and X means the

multiplication operator (that is to say, X% : f(x) — x®f(z)), then the
assertion is also true for any C'*° function f on G.

Let O(g*) be the set of all G-invariant differential operators of infra
exponential type on G (see §2). The following important lemma can be
proved by Lemma 1 in Appendix 1.

Lemma 3. If J;(X) € O(g?) (i = 1,2) then J1(X)J2(X) € O(gr) for

any choice of the ordered basis {X1,... , X} on g. In particular O(g)
is an U(g)-module.

Proof. Let {X1,...,X,,} be an ordered basis of g and let

hx) =Y %X“, Lx)=Y 9x.

|
a€Nm ~yEN™ v

Then a
N(X)(X)= Y E‘)!‘Xah(x).

aeN™

Put
XTI (X) = > (o, B)X".

BEN™

By Lemma 1 in Appendix 1, we can express X* X7 as

XX = Z pgv'YXﬁ
|BI<|a|+]v]
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and we have the estimate

o,y

P57 < ol8t1 g lat+ iy (ol + D!

16!

M for some constants C' and M.
Hence we see that

X hX) =Y 20 Y psrxd

|
veNm V1< al+

=330 Y Semx”

|
L=0 |B|=L yEN™ v
BEN™ |a|+|v|=>L

Suppose that |5| = L. Then we observe that

C o,
C((l/,ﬁ) = Z fy_’)'lpﬁ FY'

YEN™, [v[=L—]al

Therefore we find that

DD DI el

k=L |y|=k—|a]

CL+1 oo |C‘
O Sa Y
" k=L yi=k—fal

Since for any r > 0 there is a constant d,, > 0 such that
1
|ey] < dr(_)hla
r

we have

’ |
h=L yl=k—lal T
d CL—H S mk—|a| 1
A2.1 = MFE — (ZY)k=lel
( ) L! Z (k — |a|)!(r)
k=L
d,Ct+ = k! mM




On the other hand, we have

T J(X) = 37 25> ela, B)X°
B

(A2.2)

c(a,
a 3
> Zrela, ) X",

[e%

Since there is also a constant CZ« such that

~ 1
a<dr_|a|
aa] < dr (=)0,

if |3| = L then by (A2.1) we have

al
|aa\d o= kI omM
< _ el
ZZ — () 2 )
=0 |o|=¢ k=L
dpd, CEH1 S mt 1 0T =, mM
< rr DIy
< S S T S K
=0 k=L
4 d, O S k_ﬂ(mM)k
B L! a0 or
k=L =0
B d.d, T+t & (emM)k
B L! r
k=L

Hence, if r is sufficiently large number we have

(028" d’rgi;’CL—’—l (eTrjﬂM)L
‘Z_C(@,B”S L' 1_emM

« T

ddC’ CemM ;
< Gl Cemiy

r

By (A2.2), this proves the assertion.

We denote by O3(C) the set of all functions J(z) € O(C) such that
J(2%) are of the infra exponential type. The following lemma can be
proved similar way as above lemma using Lemma 1 in Appendix 1. So
we leave the proof.
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Lemma 4. Let A be a Casimir operator of g. Suppose that J(z) €
O3(C). For any ordered basis {X1,...,X,,} of g, put

J(X) = J(X1,..., Xm) = J(A).

Then we have J(X) € O(g?).
The following similar lemma is now also obvious.

Lemma 5. Let J € O(C). Suppose that J(t™) is of the infra exponen-
tial type for some positive integer M. If we put

J(T1,...  Tm) = J(Z M 4 lower terms in x;’s)
i=1
then J € O(C™).
Moreover, by Lemma 8.1.6 in [Kan], we have the following estimate.

Lemma 6. For any J € O(C™),r <0anda; € C(i=1,...,m), there
exists J € O(C) such that

(G Gl S TG + D) aG)| for [Im¢| <
=1 =1
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