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ABSTRACT. The middle convolution introduced by Katz is extended to an
operation on a regular holonomic system by Haraoka. We study this operation
on a KZ type equation and we clarify how the conjugacy classes of resulting
reside matrices under this operation are determined in terms of the original
residue matrices and examine the relation with other related transformations.

1. INTRODUCTION

Katz [4] introduces the middle convolution and Dettweiler-Reiter [2] interprets
this and an addition as operations on a Fuchsian system of Schlesinger canoni-
cal form. The author [5] defines these operations on linear ordinary differential
equations of arbitrary order and studies the analytic properties of their solutions.

Since the rigid Fuchsian ordinary differential equation is obtained by a successive
application of these operations on the trivial equation u’ = 0, we obtain many global
analytic properties of its solution by the analysis of these operations (cf. [5]). In this
analysis it is a key that the structure of the transformation by these operations on
the space of Fuchsian differential equations is understood as an action of the Weyl
group of a Kac-Moody root space by Crawley-Boevey [CB] and then the equations
are classified by their local monodromies of its solutions or their spectral types
which are identified with roots of the root space.

Haraoka [3] extends the middle convolution to an operation on regular holonomic
systems. As a consequence, any rigid Fuchsian system of Schlesinger canonical form
can be naturally extended to a KZ type equation. If the rigid Fuchsian system has
more than three singular points, the solution of the corresponding KZ type equation
can be regarded as a hypergeometric function with several variables and hence we
have a plenty of examples as is shown in §5. Appell’s hypergeometric function is
the simplest example. The irreducibility of the monodromy group of the solution
space of the KZ type equation is studied by [7] in this point of view.

For our further study of the KZ type equation we need to analyze the transfor-
mation of local monodromies or the spectral type under these operations, which we
will study in this paper. The integrability condition of the equation plays an essen-
tial role in analyzing the transformation. We will also examine the symmetry of the
KZ type equation related to these operations, which also give other transformations
of the equation.
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2. KZ TYPE EQUATION AND INTEGRABILITY CONDITION

A Pfaffian system
(1) M du= }:_&Jﬁﬁifﬁu

— Ti — T
0<i<j<n
with an unknown N vector u and constant square matrices A; ; of size IV is called
a KZ (Knizhnik-Zamolodchikov) type equation of rank N, which equals the system
of the equations
ou A;

2) or; T —“/l‘

2 0<v<n 3 v

vF£i

with denoting A;; = A; ;. The matrix A;; is called the residue matrix of M at
x; = x;. Here we always assume the integrability condition

(3) [Ai,jy Ak,d =0 (V{Z,], k‘, 6} C {0, ey n}),
[Aij, Ak +Aj] =0 (V{i,5,k} € {0,...,n}),

which follows from the condition ddu = 0. Here ¢, j, k, £ are mutually different
indices.

Remark 1. We can also study the KZ type equation (1) such that u is a function
of (zg,...,z4) and x, = a, € C for v = ¢+ 1,...,n. In this case A4;; have no
meaning for {i,j} C ¢+ 1,...,n and in the integrability condition (3) the relations
containing such A; ; are not necessary. Most of the results in this paper are naturally
extended to this case (cf. Theorem 4.1 ii)).

Definition 2.1. We use the following notation.

Ai7i:A@:Ai:0, A :Aj;i (i,jE{O,l,...,n—i—l}%

n
Ai,nJrl == E Ai,m
v=0

> Ai, ikl €{O, o+ 1)),

1<p<q<k

4,9

A

11,02, 050k

The matrix A; ,+1 is called the residue matrix of M at x; = oo.

‘We have

[A1,2, Ao ny1] = —[A1 2, ZAO,V] = —[A1,2, 401 + Ao2] = 0,
v=1

n

[Aon+1, Ao + At ng1] = [Z Aovs Z Aig] = Z[A(u + Aoks A1) = 0,
v=0 k=2 k=2

[Ao1,A0,1 + Aont1 + A1 nr1] = [Aog + Aont1 + A1, Aot + Aot + A1)
- [AO,n-l-laAO,l + Ao py1 + Al,n+1]
—[A1n+1, 401 + Aont1 + A1n11] =0

and therefore in general, A; ; satisfy

(4) [Ai,ijk,Z] =0 (V{Zajakae} c {O,'~~an+1})a

(5) [Ai,j; Ak + Aj,k] =0 (Wi,4,k}C{0,...,n+1}).

Conversely the assumption (4) implies (3) and moreover (5), which follows from
[Aij, Aik + Ajk] = —[Aij, Z Ag k]

£e{0,...,n+1}\{i,5}
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for {i,j,k} € {0,...,n}.
Hereafter we assume (4) and (5). If 1 <k <n+ 1, we have

k k
[Ao,1, Ao,...k] = [Ao,1, Z A; il =[Ao1, Ao + ZAO,j + ZALJ'] =0.

0<i<j<k =2 =
Then by the symmetry of indices we have
(6) [4,;,A;) =0 if {i,j} CcJor {4,5}NnJ =0
for J C {0,...,n+ 1} and therefore we have the following lemma.
Lemma 2.2. IfI, JC{0,...,n+ 1} satisfy INJ =0 or I C J, then

(A7, 4] = 0.
Note that
n n n
ZAi,n+1 = Z(- ZAi,j) = —24q,. n,
i—0 i=0 = j=0
n 1 n n n n
Ap,ont1 = Ag,on + ZAi,n-H =5 Z ZAi,j - Z ZAi,j
i—k i—k j—k i—k j=0
n k—1 1 n n
== D A3 2. Au
2
i=k j=0 i—k j=k
1 k—1k—1 n k—1 n n
Ao, k-1 — Ak, 1 = 3 (Z Z A +2 Z Z A+ Z Z Ai,j) =A01,..n-
i=0 j=0 i—k j=0 i—k j—k

We assume that the system {4, ;} is irreducible, namely, there exists no proper
invariant subspace V of CV with A4; ;V C V for all {i,j}. Since any A;; with
{i,5} € {0,...,n} satisfies [A; ;, Ao,..n] = 0, Ao, n commutes with any A, ;.

Hence Ay,... , is a scalar matrix and there is a complex number & satisfying
(7) AO,...,n = KIN
and therefore
(8) ZAi,nJrl = —2rlN,
i=0
9) Ar— A, nrpg =rkIn (VI CH{0,...,n}).

3. ADDITION AND MIDDLE CONVOLUTION OF KZ TYPE EQUATION

In this section we review the middle convolution of the KZ type equation defined
by [3]. The addition M’ = Ad ((z}, — z¢) )M with 1 <k <j<nand A€ Cis a
transformation of (1) defined by

d(.’l?z —.Z’j) u,.

M cdd = > (Aij+ A6ikbi0)

Xr; —X;
0<i<j<n v J

The convolution M = mc,, , M of M with y € C is given by

T — T
0<i<j<n v J
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with
k
0 0 0
(10) Ao,k =k AU,1 cee Ao,k +up o Ao,n € M(nN, C) (1 <k< TL)
0 . 0 . 0
= (@4Qq4‘ﬂ5pﬂ)5nk)lgpgnv
1<q<n
4 J
Ai,]'
1 Az,] + AO,] 7A0,j
(12) Ay = .. € M(nN,C)
' (1<i<j<n)
J —Ao,i Ai i+ Aoy
A17]
= (Ai,j@,,q + A0,j0p,i(8g,i = 8q.5) + Ao,i0p,j(0q,5 — 5q,i))1§P§n-
1<g<n

Here Ap and A; ; are block matrices of size n whose entries are square matrices
of size N and M (r,C) denotes the space of square matrices of size r whose entries
are complex numbers.

Definition 3.1. The above matrices flo,k and /L, ; define linear transformations of
C"™V and then we introduce the following notation.

V1

oot o= (1) e o)

pi(¥) == <v=<s)e<c"N,j=1,...7n>,

ti(v) == (v)j:= | v (pi 0 15 (v) = & jv, v e CN),

Vj = (CY) = CV,
Vigriiny 7= Vin @ - @ Vi,
Uinrgi () = () g = 1, (0) -+, () (0 e CY),
Vit 7= Ljaynin (CY) = CV.

1reesJk
Under the above notation we put
0

K:j =1 (Ker Ao}j) =7 Ker:a,j ~ Ker Ao’j,

Koo = {<> | Ap,cov = /w} =11, n(Ker (Ao — 1)) ~ Ker (Ao, — 1),

v
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K'=PK;, K=Ko+K'.
j=1
Then K; and K are stable under fli’j and fl” induce linear transformations on
C™V /K and then the corresponding matrices with respect to a base of C™V /K are
denoted by A; ;, respectively. Note that Ko N K’ = {0} if u # 0. Then A4, ; are
square matrices of size nIN — dim K and the middle convolution M = mc, , M is
the KZ type equation

0<i<j<n

Here we note that mc,,,_,, o mcy, , = id.

When zy,...,z, are fixed in (1), w is a solution of the ordinary differential
equation
du - AO i
14 - = 0
(14) dx ; T —T; “

with & = xg. Dettweiler-Reiter [2] studied its middle convolution

di  ~~ Ao
15 — = — g
(15) dz Z T — T
J=1
and analyzed the conjugacy classes of Ag 1, ..., Ag 41 in terms of those of Ag 1, .. .,
Ao,n+1. The main purpose of this paper is to determine the conjugacy classes of

other A; ;.

4. CONJUGACY CLASSES OF RESIDUE MATRICES

Let A be a square matrix of size N. Then there exist positive integers r, m1, ..., m,
and complex numbers Aq, ..., A, such that

N:m1+...+m7"

my, >my if A\, =X\, and v >

and moreover

k

(16) rank [J(A=X)=N—=(mi+-+mp) (k=1,...,7),
j=1

Then the set

(17) {P‘l]mu BERE) [)‘?”]mr}

determines the conjugacy class of A and we call this set the eigenvalue class of A
and denote it by [A]. If m; = 1 in (17), the element [A;],,; in (17) may be simply
expressed by ;. Moreover we put

[A]r = {P‘l]kmlv ceey P‘T]kmr} and  [[Alm]rk = [Arm

for a positive integer k.

If a square matrix B belongs to the closure of the conjugacy class in M (N, C),
B is said to be in the eigenvalue class (17) in the weak sense. If \; # A; for
1 <i < j <r, then A is semisimple and the conjugacy class is closed and the
eigenvalue class of the matrix B equals (17) in the above.

For the KZ type equations which we want to study, the reside matrices A; ; have
complex parameters and in most cases they are semisimple for generic values of the
parameters. For some special values of the parameters A; ; may not be semisimple,
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but the conjugacy classes of A; ; may be obtained by the analytic continuation of
the parameters and therefore we assume A; ; are semisimple. Even without this
assumption most of our results in this paper are valid.

If A, B € M(N,C) satisty AB = BA, then A and B have a simultaneous
(generalized) eigenspace decomposition and we can define a simultaneous eigenvalue

0 1
class denoted by [A : B]. For example A = ( % ) and B = ( z, ), we put
-1 3
[A:B] = {[0:1]1,[0:2]5,[-1:3]1}.
Putting
[Ao,j] = {[)‘jyl]mjg P [)‘j,Tj]mj,rj } (] = ]-7 N N 1)3

we define the generalized Riemann scheme of the equation (14) by
(18)

T =21 T = T2 T =Tk T = Tpt1 = 00
P‘LﬂmlJ [)‘271]7711,1 T [/\k71]mk,1 T [An+171}mn+1,1
[)‘177'1]7”1,” [)\277'2]7”2,7‘2 e [)‘k,v‘k]mk,7-k e [An+177'n+1]7”n+1,7‘n+1

Here and hereafter in this section we use the notation
(19) AO,OO = AO,n+17 )\oo,l/ = )\n+l,ua Too = T'n+1 and Moo,y = Mp+1,v-

For Ay given by (10) we have

, =0 mod V, (ve{l,...,n}\ {k}),
Agp(v)=pv  (veEKy),
(v)=0 (veK,,ve{l,...,no0}\ {k}).

Hence we have
[Aok] = [Aok + 1] U 0] (n-1)n
and

~ [M‘Keer,k] (1/ = k)’
[Ao.rllc, = 4 [Olker a0, ] (ve{l,....,n}\{k}),
[O|Ker(A0,m—u)] (V = 00)7

from which we obtain

(20) [Aok] = ([Aok + 1] U 0] (n—1)N—dim ctdim iz ) \ 4] dim i, -
Here A, B € M(N,C) and a subspace U € C¥ satisfying AU C U and BU C U,

put [A]ly = [Aly] and [A : B]|yv = [Alv : Bly] for simplicity.
For the residue matrix at xg = oo we have

n n
AO,oo = - § AO,V; AO,oo = - § AO,IM
v=1 v=1
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and therefore

Aoi+p - Aok - Ao.n
1210,00 = - Ao,l s Ao,k +uo AO,n = - (AO,q + M5p,qIN> 1<p<n’
. . . . 1<g<n
Ag e Ag e Aot p

_/~‘|Keer,V] (1 <v< n)a
O‘Ker (Ao,oofu)] (V = 00),
(21) [A0,00] = ([Ao,00 = 1] U [=t) (n—1)N—dim /) \ [0]dim K e -

Suppose A\, 1 =0fork=1,...,nand A\py11 =pand m; > my, if A1 =Ny,
which can be assumed by allowing m; 1 = 0 for some i. Moreover we assume g # 0
and ); ; are generic under the Fuchs condition

OEI
8,
s
I
—_

n+1l 7j

(22) Z Z mj;V)\j7V =0,

j=1v=1

which follows from A; 1 +---+ Ag n+1 = 0. Then the above calculation shows that
the generalized Riemann scheme of (15) equals

(23)
=1 T =z T =Tyl = 00
[0]m1,1*d T [O]Mk,lfd T [_M]mn+l,17d
[)‘172 + :u]ml,z T [)‘k,Q + N]mk,z T [/\n+1,2 - I’L]mn+1,2
[>\1,r1 + /’l’}ml,rl T [)\k""k + M]mk,rk T [)‘nJrl»Tnﬂ - M]mn+1,rn+1

with the integer
n+1

d= mel — (TL* ].)N
j=1

This result is given in [2].
Note that rank M = rank M — d and therefore the rank of the KZ type equation

may be changed by the middle convolution. We will calculate [4; ;] for 1 <i < j <
n + 1. By the definition (11) we have

A;j(0)i; = (Aij0)i;,
Ai,j(v)i = (Ao’i’jv)i mod V;;J,
Aij(0)y = Ai(v), (v #1, )

and therefore

(24) [Aij] = [Aij]ln—1 U [Ao,i]s
i [Ai j]Ker Aq,,] (vel{l,....,n}\{i,7}),
(25) [Aijllc, = 4 [AoijlKer A0.,] (ved{i,j}),

[Ai jlKer (A0 c—p)] (¥ = 00).
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Hence we should know [A; ; : Aok), [Ao,i,; @ Aos] and [A;; @ Ao for {i,4,k} C
{1,...,n}. Then

(26) [Ai,j : AO,k] = [Ai,j : AO,k + ,U,] U [Ai,j : O]n,Q U [AO,i,j : 0],
[Ai j]Ker Ao, : 0] (ve{l,...,n}\{i,7,k}),
t i (A 1J|KerA k:ﬂ} (v=k),
(27) [Aij « Aosllc, = > .
! 0 [AO z]|Keer vt 0] (V S {Za]})v
[ ,leer (Ap,00—1) :0] (V = OO)
and
(28) [Aij + Aoeo] = [Aij t Agoo = p] U A s+ —ptln—2 U Aot —l,

o [Aijlkerag, =l (ve{l,...,n}\{i,j}),
(29) [Ai,j : AO,OOHIC,, = [AO,i,j|Kcer‘,, : _/” (V € {7".7})7

[Ai jlKer (A0 cc—p) 1 0] (¥ = 00).

Since
(30) Ai,oo = — Z Ai,l/ and Ai,oo = — Z Ai,ua
0<v<n 0<v<n
v#i v#i
we have
)
Ai oo Ao
Ai,oo AO,i
Ai,oo = . '
{ Ajoo + Apoo + Ao —
Ao, A oo

)

and therefore

Ai,OO(U)V = (Aj,000) (v #1),
A o(v); = ((Ap,i00 — )U)Z- mod V1. i—1,i+1,...,n
o0 (V)1,.n = ((Avjieo = 1)V)1,n ((V)1,.0 € Koo),
(31) [As 0] = [Ai 0)n—1 U [Aoi,00 — 1,
i [Ai o0 Ker 4., ] (ve{l,....,n}\{i}),
(32) [Aicollic, = 9 [(Aosi,co — )| Ker Ao, (v =1),
[(A0,4,00 — M)|Ker(A0,oo—u)} (v =o0).

Thus we have

(33) [Aico : Ao k] = [Airo : 02 U [Ai oo : Ao g + 1] U [Agico — 2 0],

[ iOO|Keer,u:0] (VE{l,...,n}\{i,k}),
A A _ [A zleeer,k s (v=~Fk),
B4 Pooe - Aolies = (000 ka0 (=)
[(AO 1,00 T :u‘)|Ker (Ag,co—p) * O] (V = OO)

We will study a successive application of additions and middle convolutions to
KZ type equations. Hence to complete our calculation it is sufficient to know
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[AO,i,j : AO,i]7 [AO,i,oo : AOJ]» [AO,i,oo : Ao)oo] and their transformations under the

middle convolution. The calculation is symmetric for the indices in {1,...,n} and

hence we have only to examine [Ag 1,2 : Ao 1], [A0,1,00 : Ao,1] and [Ap 1,00 : A0,00)-
Since

Ap12=A01+Ag2+ A12 and A0,172 = 210,1 + /1072 + ALQ,

we have
AO,1,2 +u A()’g v AO,n
Avr2+p Aoz - Aon
Apra2 = Ao 7
Aqo

((Ao2 +pv), (v=1,2),
Ap12(v), = (A12v), mod Vi o (v=3,...,n),

Ao o), = (A1 gv)y (veKerdy,, v=3,...,n),
Apr 201, n = (A120)1,.n (v € Ker(Ag oo — 1))

IRs]

and therefore

[Ao,1,2) = [Ao,1.2 + pl2 U [A1 2]n—2,

[1210,1,2 : ;10,1] =[Ap12+p: A1 +plU[Ap12+p:0]U[A12 : 02,
[(Ao,1,2 + 1) |Ker Ao, t 1] (v =1),
[Ao 121 Ag 1k, = [(Ao,1,2 + 1)|Ker 40, : 0] (v =2),
; T [A1 2]Ker 4, : 0] (v=3,...,n),
[A12|Ker (A9, cc—p) * 0] (v = 00).

The indices 1 and 2 in the above may be changed into arbitrary different numbers
in {1,...,n}. Similarly we have

(35) [Ao1: Aro) = [Aoa2+p: Ao U[Ao 12+ p: Aro]U[A1g : Al ln_s,
[Ao12 + 10 Ao1ollker a0, (¥ =1,2),

(36) [Ao,2: Aralli, =4 [A12 + A1 2]Ker Ao, (v=3,...,n),
[A12 0 ArollKer (Ao co—p) (¥ =00),
which will be used in §7.
Since
Ap1,00 = Ao1 + Ao + A10o and AO,l = 1‘10,1 + zzlo,oo + Al,ooa
we have
Ao,1,00 =1
At o—p—Aos  —Aos —Ao.n
Ao - e
— Ao “Aos o Aveo—pi—Aon
A01oo( )1 = ((Ao1,00 — 1)0),,
Ao 1,00(V)2, 0 = ((Ao,1,00 — 1)y s
AO 1 00( )V = ((A1,00 —)v), mod Vo p (2 <wv <n),
Ap1oo(v), = ((A100 — ), (veKerdg,, v=2,...,n),
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and therefore

[AO,l,oo] = [AO,I,oo - /14]2 U [Al,oo - u}nf%
~ [(AO,l,oo - U)'KerAUYl] (V = 1)7
[AO,Lool)C,,] = [(Al,oo - M)|KcrA0,V] (V = 27 cee an)a
[(AO,l,oo - ,U*)|Kcr (Agyoo—ﬂ)] (V = 00)7
[121071,00 : ;10,1] = [Ao,1,00 — 12 Aot + ] U Ao 1,00 — 11 0] U A1 oo — 1 0],
[(AO,LOO - :LL)|KCTAO,1 : ,LL] (V )
[(Al,oo - M)|Keer,u : 0] ( = ),
[(AO,].,OO - /J/)|Ker (Ao 00— 1) : O] (V )
[/10,1700 : Ao,oo] = [A0 1,00 = 111 Aooo — ] U[Ao 1,00 — 0 —pt] U AL oo — 11 —ft]n—2,
~ ~ [(AO,l,oo - ,U*)|KerA0,1 : _/1'} (V = 1)7
[AO,I,OO : AO,oo”lC,, - [(Al,oo - M)|KerA0,,, . _/J/] (V = 27 ce ,n),
[(AO,I,OO - u)'Ker (Ao 00— 1) : O] (V = OO)

[1210,1,00 : AO,l”ICU

The index 1 in the above may be changed into arbitrary number in {1,...,n}.
Thus we have the following theorem.

Theorem 4.1. i) If [A;; : Aox] and [Ag, ; : Aos] of the KZ type equation (1) are
known for all mutually different indices i, j and k in {1,...,n,00}, their transfor-
mations under the middle convolution mcg, , can be obtained by the calculation in
this section if the eigenvalues of the reside matrices are generic.

ll) Choose iy € {1, Lo, n, OO} Then Zf [Aio,j : AO,k]; [AO,io,j : AO,ig] and [AO,io,j :
Ao ;] of the KZ type equation (1) are known for all mutually different indices j and k
in {1,...,n,00} \ {io}, their transformations under the middle convolution mcy, ,
can be obtained by the calculation in this section if the eigenvalues of the reside
matrices are generic.

Remark 2. i) If [Ag ] of the KZ type equation (1) are known for 1 < k < mn 41,
then their transformations under the middle convolution mc,, , can be obtained
by the calculation in this section if the eigenvalues are generic, which was given by

[2].

ii) By our calculation we have

Z?:() Ai,oo - 2;“/

n
AO,oo + Z 121
and therefore if A = k under identifying a scalar matrix with the scalar, then

(37) K= AO _____
5. RIGID FUCHSIAN ORDINARY DIFFERENTIAL EQUATIONS AND KZ TYPE
EQUATIONS

Consider a Fuchsian ordinary differential equation of Schlesinger canonical form.
Suppose the equation is of rank N and has ¢ + 3 singular points. By a frac-
tional linear transformation we may assume that the singular points are 0,1, c0
and y1,...,Ys. Then the equation is

d Aue A Ap— A
(38) N:—u: o4 L YLy Ya |
dx T r—1 x—uy T —y,
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with constant square matrices Ay—o, Az=1, Az=y,,.-., Az=y, of size N. Here u
is a column vector of N unknown functions of x. The matrix A,—. in the above
is called the residue matrix of the equation at the singular point z = ¢ (¢ €
{07 17y1, <5 Yqgs OO}) and

(39) AZ:OO - — (A;E:O + Az:l + Ax:yl + -+ Aa::yq) .
We define that the set of generalized exponents of the equation at the singular
point x = ¢ by the eigenvalue class {[A¢;1]m.,»- - [Aerelme.,, } Of the matrix A,—.

defined in §4. Note that this set of generalized exponents determines the conjugacy
class of the matrix A,—.. The number

idx/\/:< > Zm > (m 4+ 1)N?
ce{0,1

s L Y1, yYm,00) V=1

is called the index of rigidity of A, which is defined by Katz [4] and the ¢ + 3
partitions

]\/v:7nc,1_|""_‘_7nc,rC (06{0717y1a-~'quaoo})
of N is called the spectral type of N, which can be expressed by
mo,1 - Morgy " 3y Moo, 1 " Moo,re

if there is no confusion. Then the generalized Riemann scheme of N is

=0 =1 T =Yk T =00
[/\0,1]7710,1 P‘l,l]mm T [)‘yk,l]mm T [/\oo,l]moo‘l
(40) ) ) ) :
[)‘07ro]mo,m [)‘l,ﬁ}ml,rl e [)‘yk,rk]mk,rk o [)\OO;Too]moo,roo

When the generalized Riemann scheme is given, the dimension of the moduli space
of the corresponding equations equals 2—idx A. Then if idx N' = 2 and the equation
is irreducible, namely, the space of its solutions has an irreducible monodromy
group, the equation and its spectral type is called rigid. In this case, the equation
and the monodromy group is uniquely determined by the generalized Riemann
scheme.

By the correspondence of the spectral type and an element of a space spanned by
a star-shaped Kac-Moody root system, which is introduced by [1], the existence of
an irreducible equation with a given spectral type is characterized that the spectral
type corresponds to a positive root of the system. In particular, the rigid spectral
type correspond to the real root of the root system. Moreover for a given rigid
spectral type and generic numbers A, € C under the Fuchs condition

(41) Z imc,l/)\c,u =0,

ce{0,1,y1,...,yq,00} V=1
there uniquely exists an irreducible equation A/ with the corresponding generalized
Riemann scheme (40). Here we note that the Fuchs condition follows from (39).
Moreover any rigid irreducible equation N can be obtained by a successive appli-
cation of middle convolutions and additions from the trivial equation du = 0 with
rank 1 and therefore N can be extended to a KZ type equation

(12)
8u_ Azzo T=Yu
89&( T x—1+zx—yy>

0 Ai A; Aasf Az v .
7“’ _ ( ,q+1 + 1,q+2 4 Yi + Z >u (Z — 177q)
9y Yi vimbowimw T YW

N
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Putting

(43) r= 20" %et2 4 yi:m (i=1,...,q),

Lg+1 — Lg+2 Lg+1 — Lg+2
this equation is transformed into our equation (1) with
Ao = Aa—y,s Aog+1 = Az=1, Aogr2 = Az—0, n=q+2,

44 1
(4 Agprgra=— Y Aij = (Aigy1+ Aigra).

0<i<j<q i=1

Note that x given by (7) equals 0 in this case. The solution of this KZ type
equation has an integral representation since the middle convolution corresponds
to an integral transformation given by a Riemann-Liouville integral and it is a
hypergeometric function with (essentially) ¢ + 1 variables.

Thus we have a plenty of KZ type equations corresponding to rigid spectral
types. The numbers of rigid spectral types with rank at most 15 are as follows.

The numbers of rigid spectral types with rank < 15

g+1\rank|2 3 4 5 6 7 8 9 10 11 12 13 14 15
1 1 1 3 5 13 20 45 74 142 212 421 588 1004 1481
1 2 4 11 16 35 58 109 156 299 402 685 924
1
1

1 3 5 12 17 43 52 104 135 263 327
0o 2 3 5 8 14 24 39 60 79
1 0 0 2 3 4 6 6 14 20

G | W N

There are 9 rigid spectral types whose order are smaller than 5 and larger than
1. The corresponding hypergeometric functions are Gauss hypergeometric func-
tion, generalized hypergeometric functions expressed by 3F5 and 4F3, a function
belonging to the even family, another function corresponding to 211,211,211 with
a single variable and Appell’s hypergeometric functions F; (j = 1,2,3,4) with two
variables and Lauricella’s Fp with three variables.

Some of the spectral types are in the following figure.

Hierarchy of rigid quartets (cf. [5])

Hy
231, 1111, 1111

Hy Hs = EQO4
11,11, 11 o> 21,111,111 -7 > 92,211, 1111 51,222, 33,411

CAALALAL- 33,42, 33,411

5 411,42, 411,411

I
41, 32,311,311 42,33,411,411

: Fy, F 41,41, 221, 221 s
r 51,22.31, 211 % 51,33, 41,3111
1

A 21,21,21,21<<:: - 41,32,32,221 5},51,222,2211

N 37,22,22,99 ., 51,42,321, 321

4,5

32,32,32,32 51,42, 33,2211

51,33,33,222

42,42, 42,321

;1FD Py
31,31,31,31,31 42,33,33,33
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6. A SYMMETRY OF KZ TYPE EQUATIONS

We define a KZ type equation is homogeneous if k defined by (7) equals 0. By
the addition Ad((xn_l — xn)*") which corresponds to the transformation of u into
(Tp—1 — zn)"u, the KZ equation is transformed to homogeneous.

If o is an element of transposition of the set of indices {0,1,...,n}, then the
transformations of A; ; into Ay ;) »(;) for 0 <7 < j < n+1 defines a transformation
in homogeneous KZ equations. This group of transformations is isomorphic to the
symmetric group Sy, 42 whose number of elements is (n+2)!. The group is generated
by o9, ..., on, where 0; = 0, ;11 and o; ; corresponds to the transposition of indices
i and j.

We realize these transformations in the equation (42) which is obtained from (1)
by putting x,, = 0 and x,,_; = 1. Then the transposition of y; and y;41 corresponds
to o; for 1 < ¢ < n — 3A the transposition of x and y corresponds to o¢ and the
map (z,y1,...,Yq) — (1 —z,1 —wy1,...,1 —y,) and the map (z,y1,...,yq) —

(%, y%, R yi) correspond to 0,1 and o, respectively. Note that ¢ = n — 2 and
{oi,00n-1 |1 €{0,....,n —3,n—1,n}} is a set of generators of the group and
the following involution corresponds to ¢g,—1. Then the element of the group
corresponds to a coordinate transformation of the variable (z,y1,...,Y,)-
Under the involution o : (z,y1,...,yq) — (X, Y1,...,Y,) = (3,2, ..., %) we
have
dX d(%) 1 dz
dX -1 d+-1) —%& de  d(z—1) du
X—-1 11 1-z zx-1) x—1 x’
i dy; idx
ay; d(3) T - dyi dw
Yi % yll Yi x’
d(Y; — 1) B dgl y;tg:r B dy; yzjm B d(yi — ) (yi—z)dx B dz —y) da
vi-1  wr o y—x Yyi — oz z’
dX-Y,) % - WU (y,—1)de Ly de o dlyi— 1)
X-Y, %—% Coa(l-y) w1 @ yi—1
Putting
dx d (X -Y)) dy; d(y; —1
Ax—o— + A A Ay, — Ay —— 2
X0X+X1 +;<XY1XY+Y1_OY+Y1_1Y¢—1
dx 1 ) dyl d(yz - 1)
=Ap—o— + Asz — =+ A Ay 1 ———-2),
"z — +;< ’x—yz R
we have

AX:O = _AwZO - Aw:l - Z (Az:yl + Ay¢:0 + Ay¢:1) ;
=1
Ax=1=Ap=1, Ay,=0 = Ayi:(J’

Avi=1 = Asey,, Ax=y, = Ay=1.

Hence it follows from (44) that this involution corresponds to the transposition of
xo and x,_; of the KZ type equation (1).
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7. SYSTEMS OF HYPERGEOMETRIC EQUATIONS WITH TWO VARIABLES

In this section we examine the KZ equations corresponding to the hypergeometric
functions with two variables, such as Appell’s hypergeometric functions. Then the
equation is (1) with n = 3 or (42) with ¢ = 1. Then the group of symmetry defined
by coordinate transformations is of order 120.

To get the conjugacy classes of the residue matrices under the middle convolution
MCqg,p it is sufficient to know [Ai,j : Ao7k], [Ai,j : A074], [AO,i,j : AOJ‘], [AO,iA : A(m']
and [Ag;a @ Ao 4] for any (7,7, k) satisfying {7, 7, k} = {1,2,3} (cf. Theorem 4.1).
By the relation (9) we have Ay, ; = A4+ r and Ag ;4 = A, — k and therefore

[Aoyia: Aos] = [Ajk — Kt Aoal,  [Aoia: Aoal = [Ajk — K Aol

[AO,i,j : AO,i] = [Ak’zl +K: AO,i]a [Ao,i,j : Ai,j] = [Ak,4 + K Ai,j]~
Hence the calculation in §3 gives the transformation of simultaneous eigenvalue
classes [Ar : Ay] for all I, J C {0,1,2,3,4} satisfying #I = #J = 2 and I N
J = 0 and therefore we can also get the transformation of them under the middle
convolution mcy; u for 0 < j < 3. Here we note that there are 15 simultaneous

eigenvalue classes and the calculation in §3 shows that their transformation under
mcg,,, are obtained by the following:

Theorem 7.1. Retain the above notation. For {i,j, k} = {1,2,3} we have
[Ai,j : Ang] = [Ai,j : AO,k + /,[,] U [Ai,j : 0] U [Ak74 + K OL

o [Aka + £ 2 Of[ker 4., (v =1, j),
[Aij: Aokllc, = [Aij : 1lKer Ao (v =k),
[Aij : OllKer (40,4~ ) (v=4)

[/11'74 : AO,k] = [Ai74 . AO,k + /L] U [Ai74 . 0] U [AJ k—R—U: OL

,K

[Ajk — K — i OKer Ay, (v=1),

Ay : Ao, = [Ai.a 2 O] [Ker A0, (v =),
’ ’ [Ai,4 : N]‘Ker Aok (V = k)v
[Ajk — K — 112 O]|Ker (Ag.4—p) (v=14)

[Ai’j : Ag 4] = [Ai’j : A0’4 — /L] U [Ai’j : —,U,] @] [Ak 4+ K: —/L],

[A,a + £ 0 =] Ker A, (v=1,7),
[;h‘,j : A0,4]|K:, = q [Aij o —1]|Ker A9k (v =k),
[Aij : Ollker (A0.4—p) (v =4),
[Aij: Apa] =[Aij: Aij — Kk —p] U[Aij: Apa] U[Aga + 52 Apd],
[Aka + Kt Apa][Ker 4o, (v =1, 3j),
[ Aralli, = [Aij: Aij — K — pllker Ag 1 (v=~F),

[Aij s Aij — k= pllKer (ag4—p) (¥ =14).

Remark 3. i) When n = 3, the above theorem describes the transformation of
equivalence classes of local monodromy of the KZ equation under the successive
operation of additions, middle convolutions and transformations by its symmetry
in §6.

ii) When n > 3, we require more simultaneous conjugacy classes, which we will
study in another paper. When n = 4, we require simultaneous eigenvalue classes

(45) [Alél) : AI§2) : Alés)] and [A[2 : AIs : AI4]

for #1") =2, #I; = j, $VurPur® ={0,...,5} and I, C Iy C I, C {0,...,5}.
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8. EXAMPLES
Applying Ad(H?j:1 (zo—z,)™) to the trivial equation, we get a KZ type equation
(1) of rank 1 with
Ao =Niy Aoa=—Xi23, Ai; =0, Aiqa=—Xi, K= Ai23
for {i,7,k} = {1,2,3}. Here A\jj = A\; + \j and Aiag = A1 + Ao + A3,

Then we apply mc,, , with u € C to this equation and we get a KZ type equation
corresponding to Appell’s F;. In this case K = 0 and the residue matrices satisfy

[Ao,i] = {)‘i + W, [0]2}, [A0,4} = {—)\123 - K, [—ﬂ]2}7
[Ai,j] = {)‘ija [0]2}, [Ai,4] = {*)\123 — My [*)\i]z}-

The spectral type of the ordinary differential equation equation with the variable
xg is 21,21, 21,21 and the simultaneous conjugacy classes obtained by Theorem 4.1
are

(46)

[A;j : Aog) = {[0: Xk + 4], [0:0], [=A; : 0]},
(47) [Aia: Aog] = {[=Xi s A +p, [=Ai : 0], [~ X123 — 2 0]},
[Aij: Aol = {[0: —Ni2g — pal, [0 —pa], [=Xij = =},
[Ai i+ Agal = {[0: —A1as — p], (00 =Xg], [= s 0 =Mkl }
Putting
ap=—p, a;j =X +p and aj; =a;+a; (0<i<j<3),
we have

ai @o2 Qo3 0 0 O 0 0 0
Aoi=10 0 01, Ao =lao1 a2 a3, Aps=1| 0 0 01,
0 0 0 0 0 0 ap1 Ao2 a3

a2 —aoz O 0 0 0 a3 0 —aop3
Arp=|—-aox an 0], A3=1|0 a3 —aos|, Aiz= 0 0 0 .
0 0 0 0 —an2 ao2 —ao1 0 ao1

Next apply Ad((a:o - xl)_’\l_”) to the above equation. Then for ¢ = 2, 3 and
{p,q} C {1,2,3}, the residue matrices of the resulting KZ type equation satisfy

[Ao1] = {0, [=A1 — pl2}, [Aoi] = {Ni +w, [0]2}, [Aoa] = {—A2s, [M]2},

[Ap,q] = {Apq, [0]2}, [Ara] = {=A2s, [uo}, [Aia] = {23 — p, [ Ai]2}
and
[Aij s Aoal = {[0:0], [0: A1 — gl [=Xij : =M1 — pl},
[Aia: Aga] = {[=Xi : 0], [N 0 =A1 — 4], [~ 123 — p: =M1 — ]},
[Ai,j : A0,4] = {[0 : —/\23}7 [0 : /\1], [_)\ij . )\1]},
[Aij: Ara) = {[0: —Xas], [0: ], [=Aij : 4]}

and other simultaneous conjugacy classes are same as in (47).
Applying mcy, - and mc,, , to the above, we have the resulting residue matrices
with

A 4T, 006}, [Ao = { XN+ pu+7 [7]2, (06},

Aoz — 7, [\ — 7], [-7l6}, [Ar] = {2, [0]a, =M1 — 1, [N]2 ),

(A 4] = {[=X2sl2, [a, —7, [ A5 — 7]2},
[—A12s — pil2, [“Aday A — X — 7, [“Aas — Tla}, E= Az +7

e

»
i

I
J NI NI N Ny

>

no

&,

[ V)

=

t

S

[V

w

_|_

=

[ V)

—
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and

dim/Cy =1, dimK; =dimK3 =2, dim/y =0,
[Aoa]) = {[-M —p+72, 02}, [Aogl={N+p+7 [0} (i=23),
[Ag 4] = {—)\23 -7, [AM — 7], —T}.

Hence under the transformation mc,, -, the spectral type of the resulting ordi-
nary differential equation with the variable z¢ is 22,31, 31,211. Moreover owing to
Theorem 4.1, we have

(48)

Avile, =Ny Assle, =0, Avalic, = —Aas — 7, Aialie, = — i,
[Avilc,] = {=M — u, N}, [Avilic,] = {1, 0},
[Aaslk.] = {0, Ao + p}, [Aralk,] = {3, 1},
Aialc) = {0 =N =7 —das — 7}, [Aiali,] = {123 — 1, =i}
for {i, j} = {2, 3} and therefore we get
[A1] = { i, [0]3}, [A2,3] = {[A2s]2, [0]2},

49) [Ara] = {[ul2, =7, X2z — 7}, [Asa] = {123 — p, [~ Ail2, A2z — 7}

In fact, for example,

=1
= {izl2, [0]1, =X =, M2} \ (A U{=A1 — 1, A} U {Arg, 0})
= {12, [0]3}

Putting
alz)\l_ljf—’_’ra a2:)\2+/1'+7-7 GSZ)\3+N+T; 4 = —T, A5 = —U4 — T

and a;; = a; + a;j, we have

ar 0 aisa O a24 azs —ais O
- [0 a 0 a4 O 0 0 0 0
Adoi=1¢9 o o o | A2=1 —am aw 0]
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
T azs  aza 0  —auns - |0 0 0 0
Arg = 0 0 0 0 ’ Aoz = a24 @25 a2 a |’
—azs —aszs 0 aua 0 0 0 0
0 0 0 0 ass —azs 0 0
< _ 0 0 0 0 < _ —ass azs 0 0
Ads=179 0o o0 |’ Az =1 0 ass  —ass
ass Q34 G35 a3 0 0 —ass  ass

In this case the resulting KZ type equation corresponds to Appell’s Fy and Fj.

Remark 4. The calculation based on Theorem 4.1 and Theorem 7.1 is implemented
in a library [8] of a computer algebra Risa/Asir.
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