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1 Generalized Hypergeometric Series of Two Variables

We show some relations between well-known hypergeometric functions and the hypergeometric functions denoted
by FELT (z,y), which we will study and were essentially introduced by J. Kampé de Fériet [AK].
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2 Generalized Hypergeometric Functions (one variable)

We review the generalized hypergeometric function ,F,_1(x) of one variable (for example, see [§13.4, Ow]).
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Note that (1), = n! and if (a'); (= @] -+ a},) = 0, then the above =" can be replaced by "=". Since
Ad(zM)h(D) == 27> o h(¥9) o 2™ = h(¥ + \)
for a polynomial f(¥) of 1, the functions
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give p solutions of the generalized HG equation
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Moreover we have the following.

Generalized Riemann scheme (p = 2: Gauss’ HG):
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3 Equations satisfied by Hypergeometric Series

Recall the power series introduced in §1. Then as in the last section it is easy to see that the p’q’ functions
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4 Some Conditions

P,q a B v, a,B,y
Consider the following conditions for F i - (a/ B 4T y) and /\/la,ﬁ,ﬁ,.

prr=p+r, qtr=q+r
p=p,q=q,r=""
p=p'-1q=¢-1r=1r"=0
Pl=p-1,4¢=q-1r=01r"=1
We always assume the condition (F) in this note.

P, P.q,r tis . ; ; ;
(F) & F0 . (2,0) and FJ0 (0, y) satisfy a Fuchsian differential equation

= /\/la’ﬁ,e7 , : Fuchsian

= F%" . (z,y) has an integral representation given by [Oi] (cf. §6).

Note that (F1) or (F2) or (F3) implies (F).

5 Examples: Known Series
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We introduce another function Gg;q(f’r/ (x,y). Appell’s hypergeometric functions and some Horn’s hypergeo-

metric functions (cf. [Er]) are examples of the functions we introduced:

Fi(o; B, 8572,y

) =
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6 Integral Representation
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These and the following transformation of convergent power series are introduced by [O1].
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These transformations have the following properties:
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etc. with o, = 8}, = 0.

7 Transformation of Hypergeometric Equations

By a fractional linear transformation of P{., 5 points xo, @1, 2, x3 and x4 in P{ can be uniquely transformed to 5
points x, y, 1, 0 and oo . Some hypergeometric functions with the variables (x, y) has a symmetry corresponding
to the permutation of 5 points xg, 1, T2, x3 and x4 under this correspondence. This permutation group
isomorphic to S5 is realized by a group of coordinate transformations of (z,y) generated by 4 elements:
PE > (20,21, 22,23, 74) = (2,9,1,0,00) (= KZ-type)
S5 D To4r T TP T To 4T3 T3 T4
© 1 ¢ 191
xr
(I,y)H(y,I) (575) (lixvlfy) (575)
The subgroup generated by the transformations (z,y) — (y, ), (¥, %) and (% %) define transformations of
the equation ./\/la’ﬁ[;’ , as follows. Note that the subgroup is isomorphic to S3 x S5 with 12 elements.

:SgXSQ

Equations satisfied by (X,Y) with X = X(z,y), Y =Y (z,y) (under (F)):
V) [ ) [ CED T Gep [ G [ ] | G T
(z,y) XY) | (3.9) | (x.x) | (x.¢x) | .€F) (Y, X) (x.v)
a,B,y (a?IB77) (a’7/ /6/) (7/’aa/61) (’Y /@a l) (67 lval) (ﬂ’aa'y) (alv lv’yl)
@B (o, B8Y) | (@ 7.8) | (v.e\B) | (7.8 ) | (B y.a) | (B eY) || (e.B,7)
(0,0) « Yy =00 Yy =00 xr =00 X =00 (0,0) (00, )
(0,00) « | (0%,0) | (00%,00) | (00,00%) | (0,0% (00,0) (00,0)
P
Consider another transformation (z,y) — (X,Y) = (=, %)
Then (9,,9,) = (Ix, —Vy) and the equation Ma’ﬁ37 , in (X,Y) coordinate is
p’ r’ D r
(Wx — o)) [[Wx = vy —v)u=X[[(0x + ai) [[(0x =0y +w)u,
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q r q v’
[Ty - 8) [10x = 0y —w)u= (-1)7 7y Hwy = 6) [Tx = 9y —7i)u,
];1 kq:l , y k=1
(0x —oz)H(z?y—B])u_XY( D7 [[Wx + i) [y — Bj)u
i=1 i=1
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The local solution of this system in a neighborhood of the origin in (X,Y’) coordinate corresponds to a local

solution in a neighborhood of (0,00) € IED%: X IP’}C. In fact we have p’q solutions corresponding to the solutions
e (a B ol By X, eY) (cf. §6):

a’ B~

Gﬁ’qq’r (3 % v o, By, ) pq solutions of Ma’ﬁﬁTY , at (0,00) with e=(=1)"""".



8 Solutions

Owing to the coordinate transformations in §7, we have solutions of M a’ﬁ 37 , (12 types):
pq : F (S g o sag, B, y) around (0, 0) (1)
Pa:G (5% ial i el) at (0, 00) (2)
P (577 alest) along y = 00 3 (00, o0%) 3)
drF (75 B ket along & = 00 3 (00?, 0) (4)
ar:G (78 Bt %) at (00,00%) (5)
pq: F (D;: %, vw’ sy, B L, i) around (0o, 00) (6)
ar' (20 5 B, e2) along = = 0 3 (0,0) (7)
PG (57l m ek, ey) at (0%,0) (8)
(F1): (p,q,7m30".¢',7") = (p, g, 7500, 7), Fr:(1,1,1;1,1,1)
(FQ) (p,q,'f’;p,,q,,T’,)F—)(pfl,Q71,1;p,q,O) F2 (1,171723270)7 F3 (2 2 0717171)
(F4) (p,q,’f’,p/,q/77’/) — (p_27q_2727paq70) F4 (01072727270)
solutions | # solutions | (F1): pg+gqr+rp (F2) :p (F4): pq
(00,00%) | B)@)®) | p'r+qr+pg | pr+ar+pg | pHg—1)+(p- 1)(q—1) 2p+2(¢—2)+(p—2)(¢—2)
(0,00) | @@)(@) | pg+p'r+q | pg+pr+ar p(g—1)+p+0 plg—2)+2p+0
(02,0) | @M@)®) | p'q’+gr'+p'r" | pg+qr+pr pg+0+0 pg+0+0

(F) = pr4+qr+pg=p'q+pr+q’ =p'qd +q’ +p'r’" =rank (Theorem).

We consider M5

o'\B
The local coordinates are (%,

8 and (2,

) at (oo

(0%,0) represents the point of X corresponding to the origin under the coordinate (%, Y).

2 00), (00,0) and (0,0?),

Theorem. In a neighborhood of any one of 6 points (02,0), (0,00), (00, 0?), (
we have pg+qr +rp+ (p+q+7)(r — ")+ (r — r’)? local solutions which span the space of local solutions.

Note that the 6 points in the theorem is in the orbit of (02,0

in §7 which is isomorphic to S3 x S5.

9 Connection Problem

007, 00

We study the connection problem among the local solutions given in the last section

(x 71, 20,23, 24) O = T3 To = T2 Lo = T4 Fig.1
05 L1, L2,L3, L4 1,0:1:1 ]
— (z,y,1,0,00) e, local solutions of 12 types
p,q’,r v i qr" ( ) O
(2): GH T (@, ed) 1 (0, 00) @ oo) (o0, oo)_/\{ Ty =14 (0, 00 <=_> (OO 00?)
SR e o @ =),
(002, 0): G (e;,e ) © (002 OO)
@) | wo = s
(0,1) N _ (o0, 1) T = Ty
(7) : F: ‘Iq ;’ (z,eZ ) * X3 = X4 $ F:Y;’/q’f (%,e%) ) zo = x4 | (A)
© g 0oy ) N
o &l (B0 €y = g (DN (12)
/?\(mo% (1,0) GO o (0,02) t?;o 0)
(1) FROT (@, y) o (el y) e | G (L ey) x1(1=1)x3

, on the space X which is constructed from PL x P& by blowing up at (0, 0) and (oo, 00).

y) and (z, %) at (0,0) and they are (£, 00). Then for example,

) under the group of coordinate transformations




We solve the connection problem along the path {(0, —t) | t € (0, 00)}:
(02,0) < (0,00) : (M) F[e’ : B']+ B)G[a : v'] < (B)G[e’ : B] + (B)Fla' : ]
2% : F, ﬁ"ﬁai( ;y) :0 4> 00 = connection problem (@)+(8) < (2)+(B)

q+r 6177/_a
TT,.; T(1+0; — b,) 1,2 T(ay — ay)

(a, b € CT+7).
Tz, T0s + ) I T(L— by — ay) )

c(Fygr: p;0:b; ~ 00:aj) =

Note that ¢ +r = ¢ + 7’ and
(m): F (5, 5, ;’,;ag,ﬁ;;wﬂﬁx,y) around (0, 0) 1<i<p,1<ji<q)
o \B ata) BB v+ai+h )
ST o B8} ol —f Y

x—0 . , .
~ xaquJ"r ( ﬁ’7+0‘@ A 7,y) ,

=X

q’+r’ ﬁ/,')‘/*ai 3 j’
®):G (&5 5alak—— ()77 (—1)7y) at (020)  (1<i<pl<k<r)

— (Y0 Vk ata; vty Btoi—vi . 1ya—d'z (_q1\a—d )
(=2) (=g kG (ST 2 Bl (1 e ()i
=0 ol NN —al patr Y+Vi-B—ai 4y, . _ .o patr BAtai 1 .
z%i(—y) Fq/+r/(7',7;€)5/+a;,7;7y =x%Fy L, B —al Tk T QY )
@) : F(;“,’Y ¢ ;aé,Vk;—e,—l;(—l)q’q%,i) alongy=o0  (1<i<pl,1<k<r)

P(— L1y "B . . ¢z 1
= (D (7 b e ()75 )
v30 ol pa'+r' (B —al. .
N (Bﬁ;mﬂz 7»y,€+a§,—,§>
@:G (25 0 a8+ —aael) at(0,00) (1<i<p 1<j<q)
P(—1)\B; "y . . 1
= xal(_ﬁﬂiG (S’% :YY, ,a;,ﬁj,—i-,—e,a:,eg)
t_>‘0 / q/+T/ B/,v/fa; . . . 1
~ waqu—‘,-'r‘ (,67‘}'-‘1-04 75‘7',—’5)‘

Owing to the coordinate transformations in §7, we have solutions of other connection problems.

10 Singularities

type Singularities

(gg:) x,yE{O,l,oo}, r=y (KZ type)
(;Df—l qj_l(l)) z,y €{0,1,00}, x+y=1 (KZ type)
(p—zij-lq—(il-lrj:l) $,y€{0,1,00},$+y:07{17+y:1
(990), r>1 | z,y € {0,00}, fr(z,y) =0 (r=2:Fy)

00
2284;[1 :v,yE{O,oo}7 x+(_1>Ly:O7 fL(-T,y):O
pﬁLgé Z‘ZO,OO, y:O71aOOa fL('ryy):O

(20 o8 ") | wve 01,00}, 24 (- =0, fu(ey) =0
(5 E ) [wetonooh o+ ()P =0, (2, ) =0

q
Fa:(3338) [zuy2e{0 oo}, sty z+zy+z,atyt+z=1
(3337) z,y,2 €{0,1,00}, z+y,x+ 2,y +zr+y+2e{0,1}
Fp:(b&rs) z,y,2€{0,1,00}, z=y, y=2, z=2 (KZ type)
p, q, r, s, L : positive integer
filz,y)=1-2—y
fo(z,y) = (1 — 2 —y)? — day
fa(@,y) = (1 —z —y)* — 2Ty
fa(w,y) = (1 —z —y)* —8ay(2” + v + 14(z +y) + 17)
fo(z,y) = (1 — 2 —y)° — 6252y (2” +y* — 3wy —z —y) +1)



fr(z,y) = resultant of polynomials z(1 +¢)* — 1 and y(1 + )~ —t* of t (L >0)
= H (1—wat —wyt), Up:={weC|wk=1}
w,w' el
. oy 3,
Singularities of MZ,, ﬂjyrr'
4t 4
< P q 7‘+2)
p+2 qg+2 T s
f2 .
3l 5 p q rJTS
7>0 750 q>0 (p+3 ks )
2t 2
r>0
p>0 p>0
i [~
‘ ‘ ‘ ‘ 3 ‘
0 1 2 3 4 -1 T 2 4
O =0ey=1 N
fr(se,s %)—fL(Wv(lfrit)L):O (t € CU{oo})

11 Example: Generalization of Appell’s F}

Case (F1) : F, 4» (aa, g ,};x,y) =

The spectral type and the Riemann scheme of the corresponding KZ type equation (cf.
as follows. For a given (p, ¢,r) the calculation of them is supported by [Or].
P

P,q,T
p,q,7

a B v
o' By

15, y)

——
,q+r, 1, ...

qr

[O1]) in this case are

Here (q 4 r)P19" means the partition of pg + gr +rp: ¢+1r,--- 1
To=2T T, =19 o =1 z3=0 Ty = 00
o (R—r)r  (R—q)g (qg+r)P17" (g+r)P17"
x| (R=r)r (R=p)p (p+r)11P"  (p+r)71F"
2| (R—qq (R—pp (p+a) 177 (p+q)"1%
z3 | (q+7)PL7  (p+7r)91P" (p+q) 1P S
zy | (@+7)PL" (p+7)IPT (p+q)"1P9 S
rank : R:=pq+qr+rp, S:=(R-p-q—r+1)(p—1)(¢—1)(r—1)2
Ap Aoa Aos Aps Aro
[O]pq-}-/(p-&-q;l)r [O]p7+(p+r //1)q [O‘”q-«-rl’ [?‘i]q—kr [O]qr-j-/(qﬂ - 1)p
[ = 5"y =" ="y Bitwn Bitw [
Ais Aas A1y Azq A3y
[5§}p+r hk]p+q [ﬁj]err [’V/I/g]ertg [0]pq+qr+7“p /(p+q+/r)+1
it ait B aity o +p; [ =" - /]
[—a” = "],
[75// _ ,Y//]p_l
[—O/I o ’Y//]qfl
P q r
o= (it ap), B7=> (Bi+B), v =D (A ), 1<i<p 1<j<q 1<k<r

Jj=1 k=1



F, :p=gq=r=1(rank: 3)

p=gq=r=2(rank: 12)

Tog T1 To X3 x4 | idx To T To T3 T4 idx
To 21 21 21 21| 2 To (10)2  (10)2 421 4%17 -8
x| 21 21 21 21 2 z1 | (10)2 (10)2 4211 4%14 -8
o | 21 21 21 21| 2 zy | (10)2  (10)2 4214 421t -8
3 | 21 21 21 21 | 2 w3 | 4214 4214 4214 7213 | —124
rq |21 21 21 21 2 xy | 421% 0 4210 421t 7218 —124
: By @zl a8,
Special symmetry : Fy : Mgy, ——————> Mgy 5
Symmetry : Stz 1) X S{0,00} (S{w,y,1,07oo} p=q=r=1)
Rank : pq+ qr +rp
idxz, = (R—q)* + >+ (R—7)* + 7% +2(p(g +1)* + qr) — 2R?
=2-2(q-1(r—-1)(g+r+1)
Irreducibility : o+, B + Blry Vi + Vs @i+ B + Vg G+ B+ ¢ Z
(#:p* + ¢ + 1% + 2pgr)
dm;) =(R—r)+(R—q)+(¢+r)+(q+r)—2R=q+r
= Katz-Haraoka reduction : p—p—1—--- = p=1
(R—r)r,(R—q)r,(¢+7)P17, (¢ +r)P1"  R=(q+7r)p+qr
12 Example: Generalization of Appell’s F, and Fj
Case (F2): I, , (s, g 'Y;x,y) = F;’;}J’q_l’l (aa, g, W;x,y)
. a B | — PO o« B .
Case (F3) : Jp 4 (a, 3 W,I,y) = F57q1,q71,1 (a, L W,x,y)
Note that the transformation (z,y) — (1, %) induces Mz;:aﬁ)jxy/ > Mg/ﬂﬁ;y/
Spectral type of I, ,
Tog=1 r1=1—y o =1 x3 =0 Ty = o0 |idx
o (pg — 1)1 (pg—q+1)197" @ e 2
1 (pg— 1)1 p? (pg—p+11P~t prTl1P | 2
zy | (pg—gq+1)197" P (p+q— 1P~V (g —1)rp
w3 ¢ (pg—p+1)1P" (p+gq— 11Dl (r—1)%
4 g’ g> e (g—1)Pp (p—1)%
Ap Ap2 Aoz Aos A
[0]pg—1 [0]pg—g+1 [ilg  lailq [5§]p
—a" =B =y Bj—a"—x Bi +
A13 A23 A14 A24 A34
(0] pg—p+1 Vp+q-1  [Bilp [ilg—1 [ﬂ;]p—l
ai—p" =y i +B; ait+y [F8" =9l [-a" =7
Fy:p=q=2(rank: 4) Iy 3:p=4, ¢=3(rank: 12)
o T T2 I3 T4 idx To=z x1=1—y 2o =1 2z3=0 x4 =00 idx
T 31 31 22 211 2 To 1nt (1012 3t 3313 2
x| 31 22 31 211 2 | (11)1 43 913 4713 2
o | 31 22 31 211 | 2 xy | (10)12 43 616 424 | —64
zs | 22 31 31 211 2 z3 34 913 616 3t —90
xg | 211 211 211 211 -8 xy | 3313 4710 42¢ 3% —154
Rank : pq

Symmetry : Sg,,3 = ((01)(2 3))
(B2 =((0 1)(2 3), (1 2)) which keeps {{0,3}, {1,2}} =p=qg=2)
Irreducibility : o + o, 85 + B, o+ B+ ¢Z (= [Oir]),

#=p"+¢+pe—p—q




Rigid decomposition:
(pg — DL, ((p— g+ 11971 g7, ¢g?~ 117

=(pl@-1D)-DL((p-1(g-1+1)1" (¢—

@ p0, (p— 1)1,17,17711

= 101 ]-01 ]-70]- 2] (pq - 2)17 ((p - 1)q)1q—

17, (¢ — Pt

Lg—1)g" g1t

= Q(107 10) 17 10) & ((p - 1)(] - 1)17 ((p - 2)q + I)IQ71a qpila qp721q

d(m,)
m,; = p=1:(¢—1)1,11971,0q,017 : (F,

(pg — 1)+ (pg—q+1) +q+q—2pg = ¢ = reduction : prrp—1

Ipq = F,’f,;t’q_l’l(m, Y)
Ip,q = Fzz)j,—ql,?q—l,l(%a %)
Hyq= nglg‘{:(l)(:r, *i)
Ppq= F;’Eiz’g’lq(—%, %)
Qqp = G(l):gfl,p—l(;v %)

z=0 r=1 =00
IIF\Jp,q o
y — >
tHp,q: Pp,q < HPp,q»QX&‘/ Yy
y=1
Ip.q K Yy = 0

: . _ 1;71,0,2
Special symmetry : Ps o = Fyny e (! 0).0."

Fy(a;by;b9;1 — ¢, 1 —chyz,y) HBo

r=0

€Tr = 1 r = o0
22 31 11
Y= GQ e 211 1
2Hy, 2Fp 2Fp Fs& 51 4
F31
8
211
O 2Fp 2
@), F3o 31 4
=1
\ Y 1
2Ho 9
11 1:
Yy = 0 ﬁ 22 9 -
4Fy \ :
31
_ b b
Fp(a,bl,bg,l—0/1,1—0/2;$,y):y aF21:10,712< 10 o

c1,0 0 1—a—bs
Here the function Fp is introduced by Olsson [O]].

By symmetry for Fy, =

Fy(a;b,bse,ciwy) = (1—y) " F (Cl; b,d —bse,d

:(1—;1:—y)7“F2(a;c—b;c—

Ma,@,(vl,vz) (z,9)—=(—z,1-y) Ma,@,('n,vz)

(a’,0),0,1—y1 —v2—v’

%22 N\ 22 4F,
1022 N211:2Hy + 2Fp
:031A211:Gg +2Fp + F3
L 031 A31:2F; + (2)
L Fy = Fyyy
= F
= FL
tGo =GV
Hz = Gy

.z
,Z
—chry?

1- i) around (0,1).

T Yy

71—y’y—1>

T

Y

Ve, s :
z+y—1 z+y—1

).



13 Generalization to many variables

We generalize the functions F)%" (2, y) and G347, (z,y) and the results stated in this note are extended
as follows.

g (05 ) = T et e e
mezn Lma n/mn |ma
G (S0 0y )= Y e e
mezz, 1)my n)mn Y')em
a; € Cl, o) € CPi, yeC’, 4 eC”, Ay = =ap,, =0 (j=1,...,n)

ee{l,-1}"~{+,—}", pitegr=pj+er (G=1,...,n)

e (n + 1)! normally crossing singular points with free multiplicity < blowing up
e Rank of FEVbr" (1)
P

’ ’
W IR &
1

= (D1 = pre e pat’) (r#1")
n

PLo Pat X P1PiciPiv1par (r=17)
i=1

N

Fa:(356):2" Fpa(3019):2% Fo:(§058):2" Fp:(1i1):in+1
n n
oIrreducibility@aw—l—ag)y,, Av+ AL, z:lozi,w—&—’y,'j, Z:lag’ui+fy,,¢Z.
1= i=
#=pipy + +papy, + 17+ p1p2c Pt + pips cpyLT
Remark. Tsuda [Ts| studied the case p; =+~ =p, =q1 =+ =¢, =1 and r =1,
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