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Numbers of single-elimination tournaments

teams 213 4 5 6 7 8 9 10 n
patterns | 1 [ 2| 5| 14 | 42| 132 429 1430 4862 | T, = o2y
win types 1] 2 4 9 20 46 106 248 582 Wi
types 1]1 2 3 6 11 23 46 98 Un
tournaments | 1 | 3 | 15 | 105 | 945 | 10395 | 135135 | 2027025 | 34459425 | K, = (2n — 3)!!
n—1
T, = Z Te - Th—w, Th =1, (patterns)
k=1
Wy = Z Wi -Up—r, Wi=1, (win types)
1<k<n-—-1
1 . :
U, = 5 Z Uk - Un_k (—I— Uxn if n is even) ), Ui =1, (types)
1<k<n-—1
1 n—1
K, = 5 nCr K- Kn_, Ki=1. (tournaments)
k=1
n teams n+1 teams
| |
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nox ok ok k% x k oF deletion no % % * %k %k >k >k

2n—1 vertical line segments = K,4+1 = 2n—1)K,, = K,, = (2n—3)!l.
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Tn<—Tk-Tn_k
1<k<n = [«

n te|ams \Wk = Wi -U,_&

| |
k teams (n—k) teams

(
O,”.,AF—l k,”.,7l \P614_7ﬂjk'igk'}(n—k

U, <+ %Uk(Uk; — 1) -+ Uk,
Kn < nCr(3Kk(Kr — 1)) + (3nCr) Kx

k=n—k =

ldentities
Ky = (2n —3)Il = % ; WCho (2 — 1)1 - (20 — 2k — 1)1
_ C (2n—-2)! &~ (k-2 (2(n—k) —2)!
T T (=Dl & (k=D (n—k — 1)l(n — k)!
1 = (1 — Z Unazk) (Z Weii1x ),
k=1 =0

C,, : Catalan number

U, : Wedderburn-Etherington number



KZ type system

. 8U,__ 2{: _Ady "
" Ox; T; — T
oo<v<n—1"" v

YF (i e Ly :={0,...,n—1})
u = ( ), Aij:AjiEM(N,C), A;; =0

uN

with integrability condition [A;;, Ake| = [Aij, Aix + Ajx] =0
KZ system < rigid Fuchsian ODE (Haraoka) <% — Aot gy ... 4 Aoy,

dx Tr—T1 LT—2Tp_1

M

Fuchian ODE with 3 singular points on P!
middle convolutions and additions — accessory parameters and local structues
KZ system : Sp M < ODE: spectral type / (generalized) Riemann scheme
Ao = — (Ao + A1+ -+ Ajnn_1) (1€ Ly)

Lp:=L,U{cc}, Ai=A;=0

Aoy 1= Z Ai i, (i1, 50} C L,) (generalized) residue matrices
1<p<q<k

(A5, Aj)]=0 (IcJorId>JorINJ=0,1,JCL,)

A7, Ap, | =0 = Ap =k :scalarif M isirreducible (x = 0: homogeneous)



e [A, B] =0 = dSimultaneous (generalized) eigenvalue class :

(i) ()

= [A:B]={[0:1]1,[0:2]2,[4:3]1}={]0:1],[0: 1]5,[4: 3]}

® [AZ,A]] =0 (i,jzl,..,r) = [Al . AT] :{[)\1,1 . °°':>\T,1]m17”°}
Def. ZT={I, |v=1,...,r} is a commuting family of subsets of a set L
&Y 1, cL, |I,|>1and (I, C I, or I, D Iy or I, N I, = ()
def.

7 is maximal <= (Z, Z' are these families with Z C 7' =7 =171")

Def. £, := {maximal commuting families of subsets of L, }

SpM = {[Ar : - A )| T={N, ... In1} 7o,
SpM = {[Ap + A L1 Z={T1,. . Tn-2, Lot}
Fact. £, ~ {tournaments of teams labeled by L, } )
1234
L] =(2n=3)!!  |ZI|=n—-1 (Z€L,) 012?? ’
] ]
Example. L = {0,1,2,3,4} 07 1237

01 2 3 4
7 = {{0,1},{0,1,2,3},{2,3}.{0,1,2,3, 1} }

{[Aij : Age - Aijiel, [Aij  Aijis = Aoy [Aij = Aijie - Aigie) | {055,k 6,m} = Ls }



Middle convolution with respect to x
The convolution mc,, , M of M with ;o € C is given by

I ZLU (0<i<n)

- Ox; T — X
) 0<v<n ) v
k
0 0 0
Aok =k | Agy --- Agn4n --- Agn | € M((n — 1N, c)  (Dettwiler-Reiter <= Katz),
0 0 0
i j
7 AZ_] +AO] —440.7
Ay = . e M((n —1)N,c)  (Haraoka)
J — 404 Aij tAoq

1J



0
Li(v) = (v); =3 (u) e Cn=UN  (y e M), i CY cn—DN
0
Lr = sz CN — c=DN () = (v) eC N (e, Tc LY
el
0
K; = 1j(Ker Ag;) = j| Kerdo; | < C DN 10 = {1, ... n—1}
0

K. :=ker flo,oo Hz0 LL, (Ker (Apoo — ,u)) = {( : ) | Agec¥ = ,wu} c ¢n=1)N
K =Ko @IC (direct sum < p#0) = Aj-invariant (I C Ly,)

A = AI\@n_l)N/,@ € M((n—1)N —dimK, C)

. . — ot A;
middle convolution M =mc,, , M: — = Z —— 1

0x; 02, i~ T
. _ rvr<n
MCyy—y © MCy, , =1d (<= 0F 0 07H)

Fact. A, =k, IC L, = f_l]:flzn\[+/£—|—,u (k =0)



Def. Fori € L,, and I, J C L,
Tu{is} (I >DJ)
IN{i} (I2J)

ielD>JoriglpJ =md; ;(I)=1

Fact. md; ; : {commuting families} — {commuting families}

me; j([) = 0 (iglorlgqgJ)

md; s (1) ;:{ {1 (iel>J)

Theorem. i) ForZ={IW, ... 1"~ c L, andI €T

[Ar] = [A1ugoy + 1j11-1 U [Angop)n—i1

[Ajy ¢t Apneny] = U (A oo Ay
Jel
Ay o Aol = AV - AT ke ay, (5 € LY),
[Aray s Apeen e = [ATE) - 0 AT0 b lker(Aom—)  (Aoso=Aro —AL,)

A7 = Amdo e (r) +meo i (1) -

ii) Ub_o%I)AN) Uyo(z) are block upper traiangular matrices




We may assume that Z = {I(1) ... T(»=D} satisfies
={I|0clecz}y={1%), .  1Fkn)}
1. k, <k, & [e) G Jlka)
2.k, <i<j<kpy < IF)\[Fe-1) 5 [0 5 1G) ([Fo) . ()
Def. Foriv e L,,and I € 1
b(I)eL:=TU,; {{v}} sothat igbi(I) GIand I\b'(I)eT

1 < pO(10W)
GL((?’L _ ].)]\[7 C) > (Ubo(f))lﬁz’gn—l — N <Z ( ))
1<j<n—1 0 (’L g bO(I(j))) : 01534

5. Example. L = {0,1,2,3,4} F0123
rOy 237
I:{{071}7{0717273}7{273}7{071727374}} 01 2 3 4

b°({0,1}) = {1}, 6°({0,1,2,3}) = {2,3}, bo({2 3}) = {2}, ¥°(Ls) = {4}

010 r:ﬂ ﬁa o

1 23 056 78910

7 {0,5,6},{5,6},{0,...,6},{1,2,3,4},{1,2},{3,4},{0,...,10},{7,8,9, 10}, {7.8},{9,10}
W {56}, {5},{1,2,3,4}, {1,2}, {1}, {3},{7,8,9,10},  {7,8}, {7}, {9}



10 0 10 0\ )
U=|0 1 o], Vv=U'=10 1 0|, A.—>VAU
0 0 1 0 0 1
) Ao1+p Aoz Aos Aoi+p Aoz Aos
App = 0 0 0 — 0 0 0
0 0 0 0 0 0
3 Ap12+p 0 Aos Ao12+p 0 Aos
Ag12 = 0 Agi2+p Aoz | — 0 Agra+p Ao
0 0 A12 0 0 A12

[Ao1 1 Aore] = {[Aor+p : Api2+p], [0 Agro+pl, [0 Ao}
:A01 . A012: K1 — :A01 + 0 Agio + ,u]|ker Ao1
(Ao Ao12]lc, =101 Aotz + 1] |ker Ags

Ao1 : Aorz]lics = [0 1 Ara]|ker Ags

(Aot Aor2]lice = [0 Ava]|ker (Aga—p)



2 1903 Z={{012}{125{01,23} 5 {{1,2},{1},{3})

110 0 1 0\ )
U=1[1 0 o], Vv=U'=|1 -1 0|, A.—>VAU
0 0 1 0 0 1
3 Ap12+p 0 Aos Ap12+p 0 Aos
Ag12 = 0 Apr2+p Aoz | — 0 Apra+p 0
0 0 Ajg 0 0 Arg
3 Api2—Aor —Ao2 0 A —Apr O
App = — Aoz Apr2—Ao2 0 | = | 0  Ap2 O
0 0 A12 0 0 A12

[Ao12 : A12] = {[Aor2+p @ A1a], [Aoi2+ 1 : Api2], [A12 1 A1o]}
[Ap12 @ A12]le, = Aoz + 1 Ao12]|ker Aoy
[Ap12 : A12]lc, = [Ao12 + 1 Aot2]|ker Ago

Ap12 : Ar2]lics = [A12 © A12]|ker Ags

[Ao12 : A1a]lic.. = [A12 © A1a]|ker (Agm—p)



—Aor —Aog2 —Aos 0 0 0

3 Ap12—Ao1 —Ap2 0 A 0 0
Ajp = —Ao Aoi2—Ap2 0 | = | 0 A —An
0 0 Ajo 0 0 Ao

[A123 + A12] = {[A123 : A12], |0 : A12], [0 : Ap12]}

[121123 : 12112] ‘ICOO

(Aq23 : A1a]lic, = [0 Aoi2]|ker Agy
= [0 : Ap12]|ker Ago

— O . A12]|ker A03

= :A123 : A12]|ker (Aooo—1t)



4.

T

01 2 3 I:{{071}7{0717273}7{273}} i {{1}7{273}7{2}}

1 0 0 ) )
U = , Vv=Uut=l0 0 1|, A, VAU
0 1 -1

. Aoitp Aoz Aoz Ao12+p Ao2+Aoz Aoz
Ag1 = 0 0 0 — 0 0 0

o O =
—_ = O
O = O

0 0 0 0 0 0

) A 0 0 Aos 00
Aos = 0  Apaz—Aop2 —Aos — | 0 Az —Apo
0 —Aoo Aop2z—Aos 0 0  Ap2s

[Ag1 = Ags] = {[Ao1+1 = Ags], [0: Aas], [0 : Agas]}
:12101 : 12123: i, = [Ao1 + 1 A2s]lker Agy

[Ap1 = Assl|ic, =101 Ao2s]|ker Ago

(A1 Asasl|ic, = [0 1 Ao2s]|ker Ags

[Ao1 : Ags]lic. = [0 1 Ass]lker (Agw—p)



Case 1 Case 2 Case 3 Case 4

J\A | 01 012 J\A | 012 | 12 J\A | 123 | 12 J\A | o1 | 23
01 | Ol4p | 01244 012 | 01244 | 12 0123 | 123 | 12 01 | O1+p | 23
012 0 | 01244 12 | 01244 | 012 123 | 0 | 12 0123 | 0 23
0123 | 0 12 0123 | 12 12 12 | 0 |o012 23 0 |023
1 | 01+u | 01244 1 | 01244 | 012 1 0 | 012 1 | 014p | 23
2 0 | 01244 2 | 01244 | 012 2 0 | 012 2 0 | 023
3 0 12 3 12 12 3 0 | 12 3 0 | 023
0 0 12 00 12 12 co | 123 | 12 00 0 23
o0 T

_

’—I—‘_‘T—’—‘% - ‘—‘ [ ] mdo y 1l 4 1
S N N N SN [ [ 1 1 [T 1
1

1234056728910 J={3,4} 23405678910
J=1{3,4} : {3,4} — {0,3,4}, {1,2,3,4} — {0,1,2,3,4}, {0,5,6} — {5,6}

00
T —

|
o 1 d 42—‘ 4 ]
— 11 Ll 1 1

123405678910 J=3 120345678910
j=3:{3,4}—10,3,4}, {1,2,3,4} —{0,1,2,3,4}, {0,5,6} = {5,6}, + {0, 3}




A1a+Aog2  —Ao2 0 A13+Aps O —Aps Aoz 0 0
—Ao1  Ai2+Ao1 O + 0 Ais 0 + 0 As3+Aps —Aos

0 0 A1z —Ao1 0 Aiz+Ao 0 —Ap2  A23+Aop2
Aop123—Ao1 —Aop2 —Aps
= —Ao1  Aoi2z—Ao2z —Aos (<: Ao+ A3+ Ay = A123)
—Ao1 —Aop2 Ap123—Ao3
(Ao---k:—Am — Aok \
1 _A()l A0~ k:_AOk
A1 =
Ak
\ .

ICLy(={l,....n—1}), i€l, jeL,\I

Ar(v)s = (Av)s in Vy = 0s(CY) (I CVJ C Ly)
A[(?})Z‘ = (Ao[?))q; — (AOiU)I = (Ao[’v)i mod V; (Z c I)
Ar(v); = (Arv); (J¢I)

Ar(v)c, = (Arv)L,
[A7] = [Ar]n_ 1) U [Aor] |1 -1
AI('U)z' = (Aorv); (v € ker Ao;)



(A01--~k—1 + W Aok -+ AOn—l\

\ o

ICLy (I=1{1,.. k—1}1), i€I, j€L,\I

Aor(v)i = ((Aor + p)v);
AOI( ) ( ) (AI’U)J = (AIU) mod V[

(Aor + p)v + Z Aogpv = AIU+(Z Ao + ,u)

veL,\I
_AOOC
= Arv mod ker(Aopso — 1)
[Aor] = [Ar]n—1-1y + [Aor + 1)



KZ-type equations vs single-elimination Tournaments

KZ-type equation with nvariables Tournament of n teams
Family of maximal commuting residue matrices Tournament
Spectra of KZ-type equation Set of all tournaments
Variable of middle convolution Winner of tournament
Base of upper triangulation of the family Result of all games
Middle convolution Deletion and Insertion of the winner
Kernels to define middle convolution Basic/Top insertion of the winner
With other m fixed singular points Divide n teams into m groups

Example : variables xq, x1, x2, fixed singular points y3,vy4,ys — 105 families

§;_0<<2 +Zﬂ7z Yv (i=0,1,2)
i 4
(Oyu {1t U {2} {02}u{1}u® {0,1,2} U UD
=y = L | =5 |

1|’> ég 03 2145 012345
{{073}7{ 74}7{275}} {{073}7{174}7{07273}} {{071}7{273}7{0717273}}
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