Middle convolutions of KZ-type equations
Toshio Oshima

Single-elimination tournaments (cf. [B))

We consider single-elimination tournaments of n teams. The tournament of 3 teams dsitinguished

by the labels 0, 1 and 2 are expressed by ( 1 2 . This chart means that team 0 and team 1 play first
and the winner of this game and team 2 play the final game. If the teams are not distiguished, there

are two patterns F‘;‘_‘ and ’_‘r_“‘\ In the case of the tournaments of n teams, the patterns correspond
binary trees with n — 1 non-leaf nodes and a root and n leaves and the total number of them are given
by the Catalan number C),_1. In this case, there are n — 1 games and each game determines a final
winner of somel teams.

The single-elimination tournament of three teams is determined by the teams playing the first
game and there are 3 cases of the tournaments, which are given by

{£0,1},{0,1,2}}, {{1,2},{0,1,2}}, {{0,2},{0,1,2}}. (1)

These are the sets of games in the tournaments and each game is shown by the set of teams such that
the game determines the final winner of the teams.

We call an isomorphic class of patterns under suitable permutation of teams a type of the tourna-
ment. If we distingush the final winner, there are two types of the tournaments of 3 teams, which we
call win types. There is one type of the tournaments of 3 teams and there are two win types of them.
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012:102:201#120 021

The above left hand side shows the expression of the tournament and the thick segment indicates that
the two tournaments selecting two players of the game are isomorphic. The right hand side gives the
tournaments distinguhed only by the final winner indicated by o. Thus we have

2 patterns : 7 1 [

120021

3 teams

o O
1 type, 2 patterns, 3 (cases of) tournaments, 2 win types

4 teams
!_l_\—‘—!—“\ : 1 pattern
g123:§—§:3cases
. 4 patterns
g1g§;45!:12cases 2013 3012 3201

2 types, b patterns, 15 tournaments, 4 win types

5 teams

: 2 patterns m : 4 patterns FQIJ—‘:“—‘ : 8 patterns

01234:%:15cases 012341%230&%868, 012 4:%!:60cases
O o (@] o O (o] (@] (o]

ow

3 types, 14 patterns, 105 tournaments, 9 win types



Numbers of single-elimination tournaments

teams 213 4 ) 6 7 8 9 10 11
variables as HG | 0 | 1 | 2 3 4 5 6 7 8 9
pointsin Pt [3 4] 5 6 7 8 9 10 11 12
types 111] 2 3 6 11 23 46 98 207
patterns 112 5] 14| 42 132 429 1430 4862 16796
tournaments 113]15] 105 | 945 | 10395 | 135135 | 2027025 | 34459425 | 654729075
win types 112 4 91 20 46 106 248 582 1376

Middle convolution of KZ-type equation (cf. [B)
For a KZ-type equation

ou A;
M : - L A;y € M(N,C), Ajj=A;;, i=0,...,n—1
ox; 0<¥<n x; —xuu (Aiv ( ) Y B b " )
Vi
Setting
Ajoo 1= —Ajo = = Ajjo1 = Ajjer = = Ajnet,
Ari= Y Ay (1C{0,...,n—1,00}).
pq€l, p<q

the integrability condition for M shows

[A7,A;]=0 (INnJ=0orIcCJorJcCI).

For a matrix A € M(N,C), let {[Ai]m,,---,[M]m,} denote the eigenvalues with multiplicities of

A, namely, N =mj + --- + my and
rank(A—X\)...(A=X)=N-my—---—my, (=1,...,k)
if m; > mg > -+ > my. In this case, we write [A] = [[AM]m,s .-, [Me)my]- When Ay, ..., A € M(N,C)
satisfies [4;, A;] =0 (1 <i < j <L), we set
[Al Lo AL} = H)\lvl PRI )‘Li]ml?"'?[Al,k PRI )\L7k]mk]'

Here (A1,,...,Ar,) are simultaneous eigenvalues with multiplisities m, of (Ai,..., Ar).

Let L,, be the set of single-elimination tournaments of n teams labeled by L,, := {0,1,...,n—1}.

Then L,, is the set of three element given in (1). Then for any Z € L,,, |Z| = n — 1 and the residue
matrices A7 (I € Z) commute to each other (cf. [0, B]).

The convolution of M with a parameter 1 € C change A; into A; € M((n—1)N,C). Then, there
exist invariant subspaces £; for j = 1,...,n—1 and j = oo and the middle convolutions mc,, ,Ar are
defined by A[lc(n—l)N/(El+W+En71+ﬁoo). Here, we note that £1+ -+ £,,—1 + L is a direct sum, and
L, ~ker Ay, and Lo >~ ker(Ag oo — 11).

We can calculate [mcg, ,Ar] by Theorem 5.1 in [2], which gives the middle convolution mcg, , of

We may assume I = [ and Ar, = 0in the above, In this case, mcy, , Az, = p.



In the following, we interpret the claim of [2, Theorem 5.1] in the case n < 6. See Section
6. Examples and Remark 6.2 in [2] for more details. We first show every win-type by a tournament
diagram of n-teams. Then

P (Gl AU (O PR 15 A [[ZEO) C I{En_l)]

is shown. We start from the case when n = 4, which is a repetition of 6. Examples in [2].

]

0123 [0,1],[0,1,2]] - [[A],[21,3]]  [[0,1],[0,2],[0,3]]

1 00 1 00 i i
U=(0 1 0 v=Uut=|(01 0|, A VAU
00 1 00 1
A

4 teams, 2 variables, 4 cases (5 points in P!)

: p+Aor Aoz Aos ptAo Aoz Aoz
Apr = 0 0 0 — 0 0 0
0 0 0 0 0 0
. p+Aoi2 0 Aoz pt Aoz 0 Aos
Ao12 = 0 ptAo2 Aoz | — 0 p+Aor2 Aoz
0 0 Aqs 0 0 Aqo

[Ao1 : Aora] = {[p+Aor = i+ Aora], [0 p+Aoia], [0 1 Aro]}
[Aor : Aoi2]z, = [Aor + 1 2 Aotz + 1] ker 40,
[Aor : Avt2]z, = [0 Aotz + 11][ker Ao

[0: A1a]ker Ags

[

0 : A12]|ker (Agoe—p)

[Ao1 = Aoiales =
[Ao1 : Avialco, =

-
1203 [[0,1,2],[1,2]] [[1,2],[1],[3]] [10,2],[1,2],[0,3]]
110 o1 0y
U=[|10 0|, Vv=U'=[1 -1 0|, A, VAU
0 0 1 0 0 1
N ptAorz 0 Aos ptAoiz Aos
Agi2 = 0 p+Aoiz Aoz | — 0 /H—Aou
0 0 Ao 0
} —Ao1 + Aoi2 —Ap2 0 Arz —A01 0
Ajp = —Ao1 —Apz+A02 0 | = 0 Apz O
0 0 Ao 0 0 Aqo

[Ao12 : Ara] = {[u+Ao12 : Ara], [+ Aoz : Aora], [A12 : Ara]}
(Ao : Aio|g, = |
[Aoi2 : Arz]z, = [Aot2 + 1t : Aora]lker A
[Aoiz : Ai2]zy = [A12 : Ara]lker A
[Aor2 : A, =

Aoi2 + 1 Aoi2)ker Aoy

Aqg : 12] ’ker (Aoco—1)



1230 (L2321 (123102 [0,3],[1,3],[1,2]]

—Ao1 + Aoi2 —Ap2 0 Az 0 0
—Ao1 —App+A4012 0 | = 0 A —An
0 0 A1o 0 0 Aoz

[Ayos : A1a] = {[A123 1 A12],[0: A1a], [0 : Ao2]}

[A123 : Asa|r,
(A3 : Arar,
[A123 = Avalr,

[121123 : 12112 ’Loo

S
23

=
= |
=
=

01 [[0,1],[2,3]] [[1],[2,3],[2]] [[0,1],[0,3],[2,3]]
10 0 10 0 ) )
U=1(01 1|, v=u'l=|00 1], A —-VAU
01 0 01 -1
5 ptAor Aoz Aos pt+Aor Aoz + Aoz Aoe
Ag = 0 0 0 — 0 0 0
0 0 0 0 0 0
) A 0 0 Az 00
Az = | 0 —Ap2+ Ao23 —Aopz — | 0 Az —Ap
0 —Ap2 —Aps + Ao2s 0 0 Ags
[Aop @ Ags] = {[u+Ao1 : Aa3], [0 : Ass], [0 : Agas]}
[Ao1 = Agslz, = [Aor + 1 A2z |ker Ao,
[Ao1 : Aozl = [0 1 Ag2s)|ker Ags
[Ao1 = Agzls = [0: Ao2s] [ker Ags
[Ao1 : Agslreo, = 10+ Azs]lier (Agw—p)

0

: Ao12] |ker Aoy

0: AOIQ”keerg
0 : A12]|ker Ags

A123 1 A1a]lker (Agoo—p)




5 teams, 3 variables, 9 cases (6 points in P!)

T

01234 ([0,1],[0,1,2],0,1,2,3]]  [[1],[2],[3],[4]]  [[0,1],[0,2],[0,3],[0,4]]

1 0 0 O 1 0 0 O
o100 ot o0] -
U=lo o010l V=V =001 of A2VAU
0 0 0 1 0 0 0 1
p+Aor Ao Aoz Aos p+Aor Ao Aoz Aos
A= 0 0 0 0 - 0 0 0 0
o= 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
p4Agi2 0 Ags  Aos ptAgiz 0 Ags  Aos
Ao — 0 u+Aore Aoz Aos - 0 pt+Agiz Agz Aos
012 0 0 Ais 0 0 0 Ais 0
0 0 0 Aqo 0 0 0 Aqo
ptAgias 0 0 Apy p+Agias 0 0 Ao
i _ 0 pu+Ap23 0 Aos . 0 pu+Api2s 0 Aps
0123 0 0 p+Aoros  Aos 0 0 p+Aoras Aoy
0 0 0 Aqo3 0 0 0 Aqos

[[101 : /1012 : /10123] = {[p+Ao1 : p+Aoi2 : p+Api2s], [0 p+Aoie : p+Aoi2s], [0 Ara : p+Api23], [0 : Aro @ Aias]}

[Ao1 : Aorz : Aorasl, = [Aor + 2 Aotz + 1 Aoiaz + 4] |ker Ao,
[Ao1 : Aotz : Aoraslz, = [0 Aorz + o Aotz + i lker Ao
[Ao1 : Aotz : Aoraslc, = [0 A1z Aotz + i lker Ao
[Ao1 = Aora = Aoraz|c, = [0 A1z A193] ker Ap,
=

[Aor = Aorz : Aorasle.. = [0 A1z A12s]lker (Ao —n)



-
12034 [0,1,2],[1,2],[0,1,2,3]]  [[1,2],[1},[3],[4]]  [[0,2],[1,2],[0,3],[0,4]]
1 1 0 O 0 1 0 O
{100 0 I bl 0 0
U= 001 0l V=U""= 0 0 L ol A, s VAU
0 0 0 1 0O 0 0 1
1+ Aoi2 0 Aoz Aoy M+Ao12 0 Aps A04
Ao — 0 n+Aoi2 Aoz A04 p+Aoz 0
012 0 0 Ao o Aip
0 0 0 0 A12
—Ap1 + Aoi2 —Ap2 A12 —Apr O 0
A, = —Ao1 —Ap2 + Aoi2 0 0 - 0 Apz2 O 0
12 0 0 A 0 0 0 A 0
0 0 0 Ais 0 0 0 Aio
p+Aogi23 0 0 Apy 1+ Aoi23 0 0 Aps
i _ 0 pA4Agias 0 Aos . 0 p+Agios 0 0
0128 0 0 A2z Aos 0 0 pAAgizz  Aos
0 0 0 Aqos 0 0 0 Ajos

[Ao1a : A1z : Aoras] = {[u+Aorz : Ara : ptAoras], [+ Aor2 : Aorz : i+ Aoiasl, [Arz : Ara : ptAores), [Ar2 : Ara : Aras]}

[121 A 1210123|£1 = [Ao12 + p = Aoz : Ao123 + 1] ker Aoy
[ 5t Apa /10123|£2 = [Ao12 + 2 Aoz : Ao123 + 1 |ker Ags
[ 12112 : 1210123|£3 = [Au tAig A0123 + M]|kerA03

[A s Arg t Aorasle, = [Arz + Ava  A1as]lker Ao

[Ao1a : A1a = Aoras|c, = [A12 : A1a : Aras]|ker (Aoso—p)

-
12304 [[0,1,2,3],[1,2,3],[1,2]] [[1,2,3],[1,2],[1],[4]] [10,3],[1,3],[1,2],[0,4]]
1 1 1 0 0 O 1 0
110 0 T R GRS T -
U=11 000 V=U =|1 21 o of A—2VAU
0 0 0 1 0 0 0 1
4 Agias 0 0 Agy p+Agias 0 0 Aps
Agros = 0 p+Agi23 0 Ao . 0 pA4-Agias 0 0
0 0 p+Apras Aos 0 0 n+Aprs 0
0 0 0 Aio3 0 0 0 Aio3
—Ao1 + Aoi23 —Ap2 —Aos 0 Atz —Ao1t — A2 —Ao1 O
Aygs — —Ao —Ap2 + Aoi23 —Aps 0 . 0 Ap123 0 0
—Ao —Ap2 —Ap3 + Apizz 0 0 0 Aoz 0
0 0 0 Ajos 0 0 0 Aqo3
—A()l + A012 —AQQ 0 0 A12 O 0 0
Ao — —Ao1 —Ap2+Api2 0 0 N 0 A —-Ann O
12 0 0 Ay 0 0 0 Apz O
0 0 0 Aqs 0 0 0 Ao



[Ao123 : A1os @ Ara] = {[u+Ao123 : A12s : Ara], [u+Aor2s : Aoraz : Ara), [+ Aoraz : Aorzs : Aoz, [Ar2s : A1z : Ar2]}
A0123 : A123 : z‘~112|£1 o123 + 4 ¢ A0123 : A012]|kcrA01
Apraz : Avaz : Avale, = [Aoras + 12 Ao1as : Aoia]|ker Ao,
A0123 : 121123 : z‘~112|c4 A123 A123 A12]|ker Ags

[A
[

Ao12s + Aoz : Avaz, = [Aoras + 1 Ao12s © Ar2]]ker Aos
[

[A0123 : A123 : A12|£ [

Az : A123  Ava]lker (Ago —p)

-
12340 [[1727374]7[17273]7[172” [[17273a4]7[17273]7[172]7[1” [[074}7[174],[173]7[1,2”
1 1 1 1 0 O 0 1
{1110 P ) R R R I .
U= 110 ol V=U""= 0 1 -1 o |’ A, - VAU
1 0 0 O 1 -1 0 0
—Aogr —Ap2 —Aoz —Aw, —Aog1 — Ags — Aoz — Apa —Aor — Aoz — Aoz —Ao1 — Aoz —Ao
Aoy — | ~Aor —Aoz —Aos —Aos | | 0 0 0 0
1234 —Apr —Aoz —Aos —Aows 0 0 0 0
—Apr —Aoz —Aoz —Aons 0 0 0 0
—Ap1 + Ao12s —Ap2 —Aps 0 Aps 0 0 0
Ao — —Ag —Ag2 + Api23 —Aops3 0 . 0 Az —Aoi — A2 —An
123 —An —Ap2 —Aps + A2z 0 0 0 Ap123 0
0 0 0 Aqas 0 0 0 Api23
—Ao1 + Ao12 —Ap2 0 0 A 0 0 0
Ao — —Ao1 —Apa +A4012 0 0 . 0 A, O 0
12 0 0 Ay 0 0 0 Ay —An
0 0 0 A 0 0 0 Aoz

[A1234 : Atag s Ajo] = {[A1234 : A1z : A12],[0: Ajog s A1o], [0 Apras : Ara], [0: Agizs : Aoi2]}

A1234 A123 : A12|,c1 : A0123 : AOlQ”ker Aor

[ [0

[A1234 + A12s : Ava|z, = [0 Aorzs  Aorz]|ker Ao

[A1234 : A12s : Ara|z, = [0 Aor2s 1 Ara]lker Ao

[ [
=

A1234 A123 : A12|£4
[A1234 : A123 : A12|L

e

0: A123 : A12]|ker Aos

At234 1 A123 0 Ara]|ker (A9 —p)

01234 [10,1],[0,1,2,3],[2,3]]  [[1],[2,3],[2],[4]] [[0,1],[0,3],[2,3],[0,4]]
100 0 10 0 0
lo 110 v oo 1 o0 . .
U=lo1 ool V=V =lo1 -1 o A7VAU
000 1 00 0 1
u+Aor Aoz Aoz Aos p+Aor Aoz + Aoz Aoz Ao
I 0 00 0| 0 0 0 0
oL = 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0



0
0
0

1+ Aoi23 0 0 Agy pw+Api23 0 0 Apy
Ao 0 p+Agias 0 Agy . 0 pA4Agias 0 Aos
0123 0 0 p+Aoras  Aos 0 0 p+Agi2z 0
A23 0 0 0 A23 0 0 0
Aoe — 0  —Agz+ Ap2s —Ap3 0 . 0 Az —Apx O
3 0 —Ags —Ags + Agaz 0 0 0 Ags O
O O 0 A23 0 0 0 A23
[Ao1 : Aor2s : Asz] = {[u+Ao1 : p+Apras : Azs), [0: p+Agraz = Aos), [0: p+Agraz : Aoas), [0 Agos :
[Ao1 : Aor2s @ Aazlz, = [Aor + 12 Aoras + 1 Asslker Aoy
[Ao1 : Ao12s t Aazlz, = [0 Aoras + 1 0 Aoz lker Ao,
[Ao1 : Aor2s : Aazlr, = [0: Aoizs + 111 Aoas]|ker Aos
[Ao1 = Aoraz : Aazle, = [0 Aoz Az |ker A0s
[Ao1 : Apras @ Aazle.. = [0: A2z @ Aas]|ker (Ao —p)
Fq r
ToEh o mesapan M23an2BE [0404B.A02)
1 1 0 1 O 0 0 1
110 0 et 0 ) -
U= 101 ol V=U""= 0 0o 1 -1l A, - VAU
1 0 0 O 1 -1 0 O
—Aor —Ao2z —Aoz —Aps —Apr — Aos — Aoz — Aga —Ap1 — Aoz —Aos
Ay = —Aor —Ap2 —Agz —Awn N 0 0 0
8 Aot —Ao2 —Aoz —Aps 0 0 0
—Apn —Ao2 —Aos —Ap 0 0 0
At 0 0 0 Asi 0 —Ag 0
BTl 0o 00 —Ags+ Ao —Aos 0 0 Apa O
0 0 —A03 —A04 + A034 O O O A34
—Aop1 + Ao1o —Ao2 0 0 Alo 0 0 0
A = —Ao1 A+ Az 0 0 | f 0 A 0 —Ap
12 0 0 A 0 0 0 A, 0
0 0 0 A 0 0 0 Aoz

[A1234 : Azy s Ara] = {[Araza : Aza s A1a], [0 Azg: A1o], [0 Agsa : A1), [0 Azg @ Agio]}

[A1234 : 12134 : 12112|£oo

[1211234 D Asy A12|£1 =[0:
[A1234 P Agy A12|£2 =[0:
[1211234 D Agy A12|£3 =10:
[;11234 D Agg 12112|£4 =1[0:
=

Asy : Ao12]|ker Aoy

]
Aszy A012]
]

‘kcr A02

Apza : A12]|ker Ags

Aoza : A12]|ker Ao

A1g3q 0 Asg A12]|ker (Apoc —1t)

Aasl}

—Ao



[AOI : A012 : 1434]

{lp+Ao1 : p+Aoi2 = Azal, [0 : pp+Agio = Azal,[0: Arg 0 Aza],[0: Aja : Agsa]}

[Ao1 = Aora s Asalz, = [Aor + 2 Aotz + 12 Aza]lker Ao,
[Ao1 = Apra s Asale, = [0 Aorz + 1 Aza]|ker Ag,
[Ao1 : Aora : Asale, = [0 Ara : Aoza]|ker Aos
[Ao1 @ Aorz : Asale, = [0 Ava : Aoza]|ker Ao,
[Am Aot Az, = [0 Ava  Asa]lker (Ao —p)
FE:%‘ r
12034 [0,1,2,[1,2),[3,4])  [[1,2],[1],[3,4,[3]]  [[0,2],[1,2],[0,4],[3,4]]
1 1 0 O 0 1 0 0
1 0 0 O _ 1 -1 0 O
U=1o 01 1| V=U'=|o 0 0 1| A—VAU
0 0 1 0 0O 0 1 -1
1+ Aoi2 0 Aoz Aps M+A012 0 Aos + Aops
i 0 p+Aoi2 Ao A04 /H-Aou 0
012 = 0 0 Aio Ajo
0 0 0 0
—Ao1 + Aoiz —Ap2 Aio —A01 0 0
fi _ —A01 —A02 + A012 0 0 s O A012 0 0
12 0 0 A, 0 0 0 A 0
0 0 0 Aig 0 0 0 Aio
A34 0 0 0 A34 0 0 0
i 0 Asy 0 0 . 0 Asy 0 0
3 0 0  —Agz+ Agss —Aps 0 0 Azy —Aps
0 0 —Aps —Aos + Aosa 0 0 0 Aoz

01234 [[0,1],[0,1,2],[3,4]] [[1],[2],[3,4],[3]] [10,1],[0,2],[0,4],[3,4]]
1 0 0 O 1 0 0 O
o1 0 0 o o1 0 o0 . -
U=lo 011" V=V =000 1] A2VAU
0 010 0 0 1 -1
u+Aor Aoz Aoz Aos p+Aor Aoz Aos+ Aps  Aos
Ao — 0 0 0 0 N 0 0 0 0
o= 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
ptAgiz 0 Apzs  Aos ptAgrz 0 Ags + Az Aps
Ao — 0 n+Aoiz Aoz Aos . 0 w+Aoi2 Aos+ Aoz Aps
012 0 0 A 0 0 0 Ais 0
0 0 0 Ao 0 0 0 Aio
Asy 0 0 0 Asy 0 0 0
A - 0 A34 0 0 _ 0 A34 0 0
34 0 0 —Aps + Agsa —Apa 0 0 Azqs —Aos
O O —A03 —A04 + A034 O 0 0 A034

Aops
0
0

Aqo




[[1012 : 12112 : /134] = {[H+A012 tAig A34], [M+A012 A012 A34] [Alz t A A34] [A12 t A A034]}

?

[Ao1z : Ao
[[1 : Aps
[[1 D Apg
[Ao1z ¢ Az

[A012 : A12 : A34|£

o]

I }
23401
1 0 0 O
01 1 1
U= 01 1 0]’ V=
01 0 O
p+Agr  Aga Aps
- 0 0 0
Ao = 0 0 0
0 0 0
Agza 0
Aopas — 0 —Ap2 + Ao23a
234 = 0 ~Ag
0 —Ap2
A23 0
Aon — 0 —Apz+ Ap2s
23 — O _A02
0 0

s Asale, = |

: ;134|£3 [A12

t Azale, = [A12
[AIQ

s Asale, = [Aorz + it Aoiz  Asa]lker Aor
A012 + 1t Apiz t Asallker Ao

2 1 Aoza]|ker As

A : A034] |ker Apa

A12 . A34} |ker (Agoo— 1)

[0,1],2,34],12.3]]  [[1],[2,:34,12,3,[2]]  [[0,1],[0,4],[2,4],[2,3]]

[AOI : A234 : AQS}

;101 : ;1234 : A23|£1
;101 : /1234 : A23|£2
12101 : 121234 : A23|£3
1‘101 : A234 : A23|z:4

[AOI : AZS4 : A23|£

1 0 O 0
L oo 0o 1 . .
vii=|o o 1 | A-vAu
01 -1 0
Aps ptAgr  Ags + Aoz + Agz Aoz + Apa Ap
0 . 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 Agzy 0 0 0
—Aps —Aos L1 0 Aggy  —Agz —Aga —Ap2
—Aps + Ao2sa —Aoa 0 0 Ap23a 0
—Aos —Aps + Ao2sa 0 0 0 Ap234
0 0 Ass 0 0 0
—Aops 0 - 0 Aos 0 0
—Apz + A2z 0 0 0 Az —Ap
0 Ass 0 0 0  Aoges

{lp+Aor : Agga : Ags), [0 : Agsa : Aas], [0 Agaza = Azl [0: Aoasa : Aoas]}

(A

[0:
[0:
[
=10

O

o1 + 1 = Aasa : Assllker Aoy

A0234 : A023]|ker Aga
Ao234 + Ao2a]|ker Ags
: Aoasa + Ags)lker Ags

2 Aozg t Aos]lker (Age—p)

10



6 teams, 4 variables, 20 cases (7 points in P!)

012345 [0,1],0,1,2],[0,1,2,3],[0,1,2,3.4]]  [[1].[2],[3].[4],[5]]  [[0,1],[0,2],[0,3],[0,4],[0,5]]
A= [ ~01 : ;1012 : 1210123 : 12101234] [[1]; [2}7 [3]7 [4], [5]]
= {[p+Ao1 : p+Ao12 : ptAoi2s : pp+Ao1234), [0 0 p+Aorz - ptAor2s : p+Ao1234),

0: Az ptAoi2s - pp+Aoi23a), [0 0 Arg 0 Aros : putAor23a), [0 0 Aro - Aozt Aigsal}

[
Az, =[0: Agra + 10 Aoros + o0 Ao123a + 1] |ker Ao
=1[0: A1 : Aor2z + o = Aoi23a + 1] |ker Ags
Alz, =10 A1 Ar23 + Ap1234 + tt|ker Aoy
= [0 t A A123 : A1234]|ker Aps
Al =10 Aip Aoz - A134]|ker (A0 —p)

120345 0,1,2],[1,2],[0,1,2,3],[0,1,2,3.4]]  [[L,2],[1},[3],[4],[5]]  [[0,2],[1,2],[0,3],[0,4],[0,5]]
A= [ ~012 : 12112 : 140123 : 1401234} Hl, 2], [1], [3]7 [4], [5]]
= {[p+Ao12 - A1z : ptAo12s : pp+Aogr23a), [t Aotz = Aorz : it Aor2s i+ Ao1234],

Aigt Avo s p+Aois - pptAoiasal, [Are 0 Arg 0 Arag t ptAogiosal, [Are © Arg : Aoz Arazal}

Alz, = [Aor2 + 12 Aoiz : Aoraz + 12 Aoi234 + 1] |ker gy
Alz, = [Aora + 12 Aoiz = Aoras + 1 Ao1234 + 4 |ker Aos
Alzy, = [A12 1 Aia : Aoias + 102 Aor23a + 1] |ker Aos
Alz, = [A12 : Aia : Aias - Aoi2sa + 1] [ker Aos
A\LE, = [A12 t At Ajgs /11234]\1«3“405
Al = [A12 1 A1a 1 A2z 1 A1234]lker (Agoe —p)
rﬁ%
123045 [0,1,2,3],[1,2,3],[1,2],[0,1,2,3.4]]  [[1,2,3],[1,2],[1].[4],[5]]  [[0,3],[1,3],[1,2],[0,4],[0,5]]
A:=[Aoros : Arag : Ara s Aorasa]  [[1,2,3],[1,2], [1], [4], [5]]

=
= {[u+Ao123 : A123 : A1z : p+Ao123a], [+ Aor23 = Aoi23 1 A1z @ i+ Agi2sal,
[+ Ao123 = Aoi2s = Aoiz @ pitAo1234], [A123 © A123 @ Arg 1 pitAo1234], [A123 : A2z Ao - Ar23s]}

Alz, = [Aor2s + 1 2 Aoies - Aoz © Ao123a + 1 ker Ao
Alz, = [Ao123 + 1 Aoi2s : Aotz Ao1234 + 4] [ker Ao,
Alzy = [Aor23 + 12 Aoias © A1z 1 Ao1234 + 4] |ker Aos
A|£4 = [A123 : A123 tAg A01234 + u]|kcrA04

A|£ = [A123 t A3t Agy A1234]|ker Aos

Alz,, = [A123 1 A123 : A1z : A1234] ker (Agee—n)
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123405 [[0,1,2,3,4],[1,2,3,4],[1,2,3],[1,2]]  [[1,2,3,4],[1,2,3],[1,2],[1,[5]]  [[0,4],[1,4],[1,3],[1,2],[0,5]]

A:=[Aorosa s Argga : Avas : Ap]  [[1,2,3,4],[1,2,3],[1,2], [1], [5]]
= {[#+A01234 t Ayozg t Arag e A12L [M+A01234 : Agiaza t Ajog : A12],
[H+A01234 : A01234 : A0123 : A12]7 [M+Ao1234 : A01234 : A0123 : Ao12], [A1234 : A1234 : A123 : Alz]}

Alz, = [Aor2sa + 1 - Aor23a : Aor2s : Aor2]|ker Ao
Alz, = [Aor2sa + o - Ao1234 + Ao123 : Ao12]|ker Ags
Alzy = [Ao1234 + 1t Apr234  Ao123  Ar2]lker Ags
-A|L4 = [A01234 + o Api2ss Aqos A12err Aoa
Alzy = [A123a : A123a  A123 + A12]|ker Aos

[

Alz,, = [A1234 1 A1234 1 A123 0 A12]lker (Ao —p1)

{ 2 3 4 5 O [[1’27374’5]7[17273’4]7[17273}7[1’2” [[1727374’5]7[17273’4]7[172’3]7[172]’[1]] [[075]7[1’5]’[174]7[1’3]’[172“

Ai=[A1zs45 : Aroga s Aiag 1 A1) [[1,2,3,4,5),1,2,3,4],[1,2,3], [1,2], [1]]
= {[-Ao1 — Aos — Aoy — Aoz — Aoz : Ara3a = Aoz Ar2], [0 Ajgsgy : Arag : Ajal,
[0 t Aoi2sa * Aios A12]7 [0 : Aoi23a * Aoios ¢ A12], [0 : Ao1234  Aoi2s ¢ A012]}

Alz, = [Ao123as : Aoi234 : Aoi23 : Ao12]|ker Ao,
Alz, = [Ao12345 - Ao1234 + Ao123 © Aoi2]|ker Ags
Alz, = [Ao12345 : Ao1234 : Ao123 © A12]|ker Ags
Alz, = [Ao12345 : Ao1234 : A123 © Ar2][ker Ao,
Alzy = [Ao12345 : A1234 © A123 + A12]|ker Aos
Alz,, = [A12345  A123a  A123 : Aro][ker (Aooo —p1)
5]
012345 [0,1],[0,1,2,3],[2,3],[0,1,2,3,4]]  [[1],[2,3],[2].[4],[5]]  [[0,1],[0,3],[2,3],[0,4],[0,5]]

A:=[Aps : Ao+ Apg s Agiosa]  [[1],[2,3], (2], [4], [5]]
= {[u+Ao1 : p+Ao123 : Aoz 1 pt+Ap123a], [0 : p+Ap12s : Aaz 1 it Agr234],
[0: p+Aor2s : Ao2s @ pit-Ao123a], [0 0 Araz 0 Aozt i+ Aogr23al, [0 : Aras : Aoz 0 Aroay]}

Alzg, = [Aor + p 2 Aoz + 12 Azz - Ao123a + 1] [ker Aoy
Alz, = [0: Agiaz + 12 Aoaz : Ao1234 + 4] |ker Aos

Alz, =10 Apras + 1 1 Aoz + Ao1234 + 1 |ker Aos

Alz, =[0: A1as : Aoz : Ao1234 + 1] |ker Aoy

Alz, =10 Aoz 1 Aoz 0 A1234]ker Ags

A\Lm = [O t Aozt Aos A1234]|ker(,40007u)

12



]
405 [0,1,2,3,4],[1,2,34],[34],[1,2]]  [[1,2,34],[1,2],[3,1[5]  [[0,4],[1,4],[3,4],[1,2],[0,5]]

= [Ao123a : Argsa s Asa: Ap]  [[1,2,3,4],[1,2], (3], [1], [5]]
= {[p+Ao1234 : A1234 : Azs 2 Ao, [u+Ao1234 : Ao123a : Aza 2 Asa],

(114 Ao1234 : Aor23a4 : Aoza : Ara], [+ Ao1234 + Ao123s : Azg @ Ao1a], [A1234 = Aro3s : Azg 2 Aro]}
= [Ap123a + 1t : Ao1234 : Aza : Ao12]|ker 40:
= [A01234 + A01234 : A34 : A012]|kerA02
= [Ao1234 + 1 : Ao1234 © Aoza + A2][ker Ao
= [Ao1234 + 1 1 Ao1234 © Apza + A12]|ker Aoy
= [A1234 : A1234 : A34 : A12]|ker Aps

[A1234 : A1234 : A34 : A12]|ker (Aoco —pt)

0 [[1,2,3,4,5],[1,2,3,4],[3,4],[1,2]]  [[1,2,3,4,5],[1,2,3,4],[1,2],[3},[1]]  [[0,5],[1,5],[1,4],[3,4],[1,2]]

= [Aio34s : Arosa : Asg s Aol [[1,2,3,4,5],[1,2,3,4],[1,2],[3], [1]]
= {[ o1 — Aos — Aoa — Aoz — Aoz : A1234 : Azq: Au] [0 : Ayozg t Azg Alz],
[0: Ag1234 : Az : A12],[0: Ag123s 1 Aoza : A12], [0 Ap123a : Az Ao12]}
=1[0: Ao1234 : Azs : Ao12]ker A0,
=[0: Azq : Ao12][ker Ags
=[0: Ap1234 : Aoz : A12]|ker Ags
Alz, = [0: Ao123a © Aoza : Ara]|ker Aos
=[0: A1234 : Azg : Ar2][ker Ags
= [A12345  A1234 1 Azs 0 Ara]ker (Ao —p)

5 [[0,1],[0,1,2],0,1,2,3,4],[3,4])  [[1],[2},[3,4],[3],[5]]  [[0,1],[0,2},[0,4],[3,4],[0,5]]

[ 121012 : 12101234 : 12134} Hl], [2], [37 4]7 [3]7 [5]]
= {[p +A01 pu+Aoiz i+ Aor2sa  Aszal, [0 p+Apr © ptAoiesa © Asal,
[0: Aot pu+Ao1234 : A3a],[0: A1 pu+Ao1234  Aosal, [0 Ao Ajoza : Asa]}

Alz, = [Aor + e Agrz + - Aor2sa + 10 Asallier Aoy
Alz, =[0: Agio + o Aor23a + 112 Azalker Age

Alz, = [0 A1g : Api2sa + 10 Aoza]lker Ao

Alz, = [0: A1a : Agiass + 112 Aosa]lker Ao

Alz, = [0: A1z Ara3g : Asallker Aos

Alz, = 1[0 A1z A1234 © Aza]lker (Ao —p)
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[0,1,2],[1,2],0,1,2,3,4],[3,4]]

012 : A12 1 Agraza : A34]

[[1,2],[1],34L31, (5] [[0,2],[1,2],[0,4],[3,4],[0,5]]

[[1, 2], [1],[3,4], [3], [5]]

= {[u+Aoi2 : A1z 1 p+Ao123a : Asal, [u+Ao12 : Aotz - i+ Aoi2sa - Asal,
[A12 : A1 pp+Aoiasa - Agal, [Ara 0 Arg o p+Aor23a = Aozal, [Ar2 : A1g : Avoza @ Asal}

s Aora  Aoiosa + 1 Asallker Agy
t Aoiz : Aoi2sa + 14t Asa]ker Ags

12 1 A1z 2 Ag123a + 1 Aosallker Aos

12 0 Ar2 : Aor2za + 11 Aosallker Ao,

121 Ajg A1234 : A34]|ker (Apoo—p)

-A|£5 =[A1p: Ajp: Ajasy : A34]|keer5

Alz. =14

|
34015 [0,1],0,1,2,3,4],[2,3,4],[2,3]]
A= [ ~01 : 12101234 : ;1234 : 12123]

=Al

[

[

Alz, =10

Alzgy =10

Ale, =10
Als =10 A123a + Aoza : Aos]lker Aos

Alz. =10

A

: Atazs Aoz Aos]lker (Age—p)

([1,2,3,4,5],[1,2,3],[4,5],[1,2]]

= [12112345 : A123 : A45 : Alﬂ
={

[[1],[2,3,4],[2,3,[21,5]]  [[0,1],[0,4],[2,4],[2,3],[0,5]]

(1], [2,3,4], [2,3], 2], [5]]
pAAor i Aoiaga : Aoga t Aag), [0 - Agiasa + Agga  Asg),
0: M+A01234 : Aoposa A23]7 [0 : H+A01234 t Ao2sa ¢ A023], [O t Ajaga  Agsa A23H’

: Aoi2sa + 1t Aoasa © Ao2s|ker Ags
: Aoi2sa + o Ao2sa + Ao2a|ker Ags
: Aoi2sa + 1t Aoasa t Azs]lker Ao,

[11,2,3,4,5],[1,2,3],[1,2],[4],[1]]

[[1,2,3,4,5],[1,2,3], [1, 2], [4], [1]]

[[0,5],[1,5],[1,3],[4,5],[1,2]]

[—Ao1 — Aos — Aoa — Aoz — Ao2 : Aras @ Aus : A1), [0 Aias : Ags @ Aso],
[0: Ag123 : Aus : A12],[0: Atz Agas : Ai2], [0 Agras @ Aus = Aor2]}

0: Agros : Aus
: Apres  Aus
: Apias : Aus
: Ajas : Aoas

o O o O

=
=
= |
= |
=
=

: Ao12]|ker Aoy
: A012]|kcrA02
s A12]|ker Ags
¢ Ara]lker Aoy
: Ajaz  Agas

At23ss : A123 0 Aus 0 Ara]|ker (A0 —p)

A12] |ker A[)5
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Hﬂ

012345 [[0,1],0,1,2},0,1,2,3),[4,5]]  [[1},[2],[3];[4,5],[4]]  [[0,1},[0,2],[0,3],[0,5],[4,5]]

[;1 /1012 : /10123 : /145] [[1], [2], [3], [4. 5], [4]]
= {[u+Ao1 : pt+Ao1z2 : ptAor23 1 Ags], [0 1 p+Aoro 1 p+ Aoz Ass],
[0: Ayt pu4Aproz = Aus], [0: Arp 0 Aoz Ays], [0 Aro : Avag : Apas]}

= [Ao1 + 1 Aprz + p 2 Aor2s + 0 Aus]lker A0,
[0: Ag1z + 1 : Ao123 + 2 Ass)ker Ags

=1[0: A1z : Agr2z + 11 2 Ags]lker Ao

Alz, =[0: A1z Aoz 0 Agas]|ker A,
=[0: A2 : A193 : Aoas]|ker Ags
=[0: A1z A123 : Aus]lker (Ao —p)

0345 [0,1,2],1,2],0,1,2,3],[4,5])  [[1,2],[1},[3],[4,5],[4]]  [[0,2],[1,2],[0,3],[0,5],[4,5]]

A= [Aga: Avg: Agias + Ags) [[1,2],[1], 3], [4, 5], [4]]
= {[u+Ao12 : A12 1 p+Aoi2s : Aus), [ut+Aoi2 : Aorz : pp+Aoias - Aus),
[A12 Arg H+A0123 A45] [A12 t A A123 : A45], [A12 t A A123 : A045H’

Alz, = [Aor2 + 12 Aoiz : Aoz + 1 2 Aas)lker Agy
Alz, = [Aorz + 12 Aoiz = Aoi23 + 1 Ass]|ker Ags
Alz, = [A12 + Ara 0 Aoias + 12 Assllier Aos
A|L4 = [Alz tAjgt Ajag A045]|keer4
Alzs = [A12 1 A1z A1 = Aoas]|ker Ags
Alzo, = [A12 0 A1z A1z Ags]lker (Ao —p)
AL
123045 [0,1,2,3],[1,2,3],[1,2],[4,5]]  [[1,2,3],[1,2},[1],[4,5),[4]]  [[0,3],[1,3],[1,2],[0,5],[4,5]]
A= A0123 : A123 : Al? : A45] [[L 273]a [17 2]7 [1]7 [47 5]’ [4“

[
= {[p+Ao123 : A123 : A1 Aus), [p+Ao123 + Aoies © Ara @ Aus],
[+ Aoi2s : Aoi2s = Aotz : Aus|, [A12s : Aras : Ao Aus), [Aras : Aoz + Ara - Aoas}

Alz, = [Ao12s + 1 Aor2s : Aotz Ass]lker Aoy
Alz, = [Aor2z + 1 2 Aoi2s © Ao12  Aus)|ker Aoy
Alz, = [Aor2z + 1 Aois + Ai @ Aus||ker Ags
Alz, = [A123 : A123 + A1z 0 Agas]|ker Aoy
-«4|[:5 [A123 Aozt Arg A045]|keer5
A|£ = [A123 : A123 1 A12 : Ass|ker (Aooe—11)
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234501

[0

= [4o
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=
=
=
=
=
=0

[[0,

A1,[2,3,4,50,2,3,41, 2.3 [[1),2,3,4,5],2,3,4,12.3,[21]  [[0,1],[0,5],[2,5],[2,4],[2

2345 A234 A23] [[1}7 [27 37 47 5}7 [25 37 4]3 [Qa 3]7 [2]]
+Ao1 Agzas 0 Agzg : Aag), [0 1 Aggys : Asy : Ags),
0: Aoagas : Agga : Aag), [0 : Agazas = Aoasa + Aag], [0 Aoasas + Aoaza : Ao2s]}

Aor + 1 Agzas ¢ Aoasa t Asz]lker Agy
0:

Apozas  Aozsa © Ao23]|ker Ags
: Ap23as © Ao23a : Ao2s)lker Ao
: Ap23as © Ao2sa : Azs]lker Aoy
: Apasas : Aosga t Aozllker Ags

: Aozas + Aoza  Aoa]lker (Age—p)

1,00,1,2,3],(2,3],[4,5]]  [[1],2,3],[2},[4,5],[4]]  [[0,1],[0,3],[2,3],[0,5],[4,5]]

[A Aous : A23 : A45] [[1}7 [2, 3], [2], [4a 5]7 [4H
= {[u+Ao1 : p+Agi23 : Aoz : Ays),[0: p+Agios : Aoz 1 Ays],
[0 ptAoi2s + Aoz : Aus], [0 Araz 2 Aoz Ays), [0 Aoz Aozt Aoasl}
o1+t Agraz + it Aozt Aus]lker Ay
0: Ao123 + 1 Ao2s : Aus)lker Ags
0: Agiaz + 12 A2z : Ausllker Aos
0: Ajoz 1 Aozt Agus]|ker Ao,
0: A2z : Aozt Aoas]|ker Ags
0: Ajos : Aozt Aus]lker (Age—p)

h>

[[0,1],[2,3,4,5],[4,5,[2,3]]  [[1],[2,3,4,5],[2,3],[4,[2]]  [[0,1],[0,5],[2,5],[4,5],[2,3]]

[ A2345 : ;145 : AQS] [[1], [27 3,4, 5], [27 3]7 [4]7 [2”
{[M+A01 Agszas + Ags 2 Aaz), [0 Agzys : Ags @ Aag),
[0: Ag2zas : Ass = A23], [0 : Ap2sas 1 Aoas = Aas), [0 Aogsas : Ags : Ao2sl}
Aot +p: A2345 Aus : Aoalker Ag
0: Ap2sas : : Ao23] |ker Ags

=[0: Ag2sas : Aoas © Aoz |ker Ags

=

[ ]

[0: Agazas : A45 Ap23]|ker Ags
[ ]

[0: Ap2sas : Aoas + A23]|ker Aos
[

0: Agzys @ Ags : Aos]lker (g —p)
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012345 [[0,1],00,1,2],[3,4,5],[3,4]]  [[1],[2],[3,4,5},[3,4),[3]]  [[0,1],[0,2],[0,5],[3,5],[3,4]]

.A = [AOI : A()lg : 14345 . A34] [[1]7 [2], [37 4, 5]7 [3, 4], [3]]
= {[u+Ao1 : p+Ao12 : Asas  Asal, [0 p+Aorz : Asas - Asdl,
[0: Ao : Azas : Aza], [0: A1g : Agzas : Asal, [0 : Arg 1 Aosas : Agzal}

Alz, = [Aor + 2 Agrz + 12 Azas - Asa]lker Ao,

Alz, =1[0: Agio + o Aszss - Asallker Ags

Alz, =10 A1a : Aosas : Aosal|ker Ags

Alz, =[0: A1 Apzas  Aosal|ker Ao,

Alzs =1[0: A1z Apzas @ Asalker Aps

Al =1[0: A1z Azas : Aza]lier (A9 —n)
O] ]
120345 [0,1,2],[1,2],(3,4,5],[34]]  [[1.2].[1},[3,4,5],[3,4],[3]]  [[0,2],[1,2],[0,5],[3,5],[3.,4]]

A:=[Ags: A1g: Asys : Azg]  [[1,2],[1],[3,4, 5], [3,4], [3]]
= {[u+Ao12 : A12 = Asys @ Aza], [+ Aor2 = Aorz @ Asys @ Asal,

Avg t Arg  Agas : Aga), [Ar2 0 Aro : Agsas - Aszal, [A12  Ara  Agsas @ Aosal}
Alz, = [Aor2 + 12 Aoiz = Asas : Asallier Aoy

[
Alz, = [Aor2 + 1 = A1z : Azas  Asallier Ao,
Al = [A12 : A1z Aozas © Aoza]lker As
~A|£4 = [Au s Ao Agaas ¢ A034]|kcer4
-A|£5 = [A12 s Ao Agaas A34]|ker Aos
Alz.. = [A12 0 A1z 2 Asas 2 Asa]lker (A0 —p)
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