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Let G be a connected real semisimple Lie group, K a maximal compact sub-
group of G modulo the center of G and H a closed connected subgroup of G. Let
A(G/H;T) denote the space of real analytic global sections of the associate bun-
dle over G/H induced from a finite dimensional irreducible representation 7 of H.
By denoting (7(g9)f)(z) = f(g7'z) for g, x € G and f € A(G/H;T), the space
A(G/H; ) is a G-module. If 7 is trivial, we have naturally A(G/H) = A(G/H; ).

Let g, £ and b be the Lie algebras of G, K and H, respectively. We denote by
Gad the set of equivalence classes of the irreducible Harish-Chandra modules of G
and by dV the infinitesimal character of V € G4, which belongs to j*/W(j). Here
j is a Cartan subalgebra of g and W(;) is a Weyl group of G corresponding to the
complexification j. of j.

Let P be a minimal parabolic subgroup of G with the Levi decomposition P =
LN, L the equivalence classes of the irreducible representations of L and E¢ the

Harish-Chandra module of the principal series of G induced from ¢ € L.

Theorem 1 [Bien-Oshimal. i) Suppose g = b + Lie(P). Let v be the natural pro-
jection of j% onto it /W (j). Then for V € Guq

dim Hom g 5 (V, A(G/H; 7)) <

#{7N(dV)} - > dimHomg g (V; Ef) - dim Homprp (7, ).
el
dEe=dV
i) If (G, H) is algebraic and there is no open H-orbit in G/P, there exists
Ve éad with
dim Hom 4 (V, A(G/H)) = oc.

iii) If there exists a Borel subalgebra b of g. with g. = bh. + b, there exists a
positive integer m with

dim Hom g 5\ (V, A(G/H;7)) < mdimT for V € Gad.

Remark. Suppose (G, H) is algebraic with the complexification (G, H.). It
is known that if there is no open H.-orbit in the flag manifold G./B of G, then
dim Hom g x(V, A(G/H)) is not bounded for V' € Gq.

Example. Let G be the direct product of (1 + n) copies of SL(2,R) and H =
{(bos onses - B, (s,8) € R} with by = (4 2, Y and ky = (%2, %) Then

—sint cost

if A1,... A, are linearly independent over Q, dim Hom g x)(V, A(G/H; 7)) < 2 for
Ve éad-

Hereafter we suppose H is the identity component of the group G° = {g €
G;o(g) = g} with an involutive automorphism o of G satisfying o(K) = K. Then
H is a fundamental example satisfying the condition in the above 2).
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Let K be the equivalence classes of the irreducible unitary representations of K.
For § € K we denote by As(G/H;7) the space spanned by f € A(G/H;) such
that ), . Cm(k)f belong to § under 7|g.

Let g =H+ g = £+ p be the orthogonal decompositions of g with respect to the
Killing form of g. Let a, j and j be maximal abelian subspaces of pNq, qgand g,
respectively, so that a Cj Cj.

We denote by U(g) the universal enveloping algebra of g. and by Z(g) the center
of U(g). We identify U(g) with the ring of left invariant differential operators on
G.

Suppose u is a, j or ] Then we denote by S(u) the symmetric algebra over the
complexification u. of u, by W (u) the Weyl group of the root system corresponding
to the pair (g.,u.) and by I(u) the set of the W (u)-invariant elements of S(u). Let
Zrnm(a) (resp. Nxnm(a)) be the centralizer (resp. normalizer) of a in K NH. Then
the quotient group W(a; H) = Nxng(a)/Zknm(a) is identified with a subgroup of
W (a). Here we note that Z(g) is isomorphic to I(j).

The projection maps of ] to a and j to a with respect to the Killing form induce
the maps

Theorem 2 [Huang-Oshima-Wallach|. Put ¢ = dima.

i) Suppose p is surjective. Let Dq,...,Dy be elements of Z(g) whose image
under p generate I(a) as an algebra over C.

For any A = (\1,...,A\¢) € C* the dimension of the space

{ue As(G/H;7); Dju= N\ju for j=1,...,0}

equals
(W(a) : W(a; H)] - dim - dim Homy,_,, (a)(6, 7).

it) Suppose p’ is surjective and dimT = 1. Then replacing D1,... ,Dy by ¢
elements of U(g)" = {D € U(g);[X,D] = 0 for any X € b} which generate I(a)
through the Harish-Chandra homomorphism, we have the same claim as in i).

Note that the assumptions in the above theorems are satisfied if g is of classical
type.

Corollary. Ford, 8’ € K let denote by As s (G) the space of real analytic function
on G whose right and left K-types are 6 and ¢, respectively. If g is a normal real
form of g., the dimension of the simultaneous eigenspace of the { generators of Z(g)
in As5'(G) equals dim § - dim 0’ - dim Hom s (6*,6"). Here M s the centralizer of a
mazimal abelian subspace of p in K.



