Integral transformations of hypergeometric functions with
several variables

Toshio OSHIMA

ABSTRACT. As a generalization of Riemann-Liouville integral, we introduce
integral transformations of convergent power series which can be applied to
hypergeometric functions with several variables.

1. Introduction

Suppose a function ¢(z) satisfies a linear ordinary differential equation on P!.
Then the Riemann-Liouville integral (1) of ¢(x) induces a middle convolution of the
differential equation defined by Katz [Ka]. The multiplication of ¢(x) by a simple
function (xz — ¢)* induces an addition of the differential equation which is also
important. For example, any rigid irreducible linear Fuchsian differential equation
is constructed by successive applications of middle convolutions and additions from
the trivial equation u’ = 0. Hence we have an integral representation of its solution,
which is shown first by Katz [Ka] in the case of Fuchsian systems of the first order
and by the author [O1] in the case of single differential equations of higher orders.
Here the equation is called rigid if it is free from accessory parameters, namely,
the equation is globally determined by the local structure at the singular points.
Applying these transformations to linear ordinary differential equations on P!, we
study many fundamental problems on their solutions in [O1].

The rigid Fuchsian ordinary differential equation on P! can be extended to a
Knizhnik-Zamolodchikov type equation (KZ equation in short, cf. [KZ]) regarding
the singular points as new variables. Haraoka [Ha] shows this by extending middle
convolutions on K7 equations and its generalization for equations with irregular
singularities is given by the author [O4, O5]. Then these transformations are
also useful to hypergeometric functions with several variables including Appell’s
hypergeometric functions (cf. [03]).

These transformations do not give an integral representation of Appell’s hyper-
geometric series F; but K. Aomoto gives an integral representation of Fy, which
is written in [O1, §13.10.2]. We define integral transformations on the space of
convergent power series of several variables in §2 and study hypergeometric func-
tions with several variables, which extend a brief study of Appell’s hypergeometric
functions in [O1, §3.10]. The transformations are invertible and they are gener-
alizations of Riemann-Liouville integrals of functions with a single variable. On
the space of hypergeometric functions with several variables we have important
transformations such as the multiplications of suitable functions and coordinate

2010 Mathematics Subject Classification. Primary 34M35; Secondary 34A30, 33C70.
Key words and phrases. integral transformation, hypergeometric function.
This work was supported by Grant-in-Aid for Scientific Researches (C), No. 18 K03341, Japan
Society of Promotion of Science.
1
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transformations. Note that a holonomic Fuchsian differential equation of several
variables has solutions of convergent power series times simple functions z}* - - - z\»
at its normally crossing singular points (cf. [KO]). We study a combination of the
integral transformations and multiplications by these simple functions.

In §3 we show that the transformations defined in §2 give integral representa-
tions of Appell’s or Lauricella’s hypergeometric series and certain Horn’s hyperge-
ometric series with irregular singularities.

In §4 we show that our study gives a result related to the connection problem
on the solutions, which will be discussed in another paper and related to the study
by Matsubara [Ma, §3].

In §5 a combination of the integral transformations with coordinate transfor-
mations defined by products of powers of coordinate functions parametrized by
GL(n,Z). The transformations given in §5 are related to A-hypergeometric series
introduced by Gel'fand, Kapranov and Zelevinsky [GKZ]. The transformation

(oo} (oo} (oo} (oo}
(e
Z Zcmmxmyn — Z Zcmm( )p1m+q1n(/8)p2m+qzn xm,yn

m=0 n=0 m=0 n=0 (’y) (p1+p2)m+((11+q2)n

of convergent power series is an example. Here p1, p2, ¢1 and g2 are non-negative
integers with (41 72) € GL(2,Z) and we put (a)y =ala+1)---(a+k —1).
In §6 we study the transformation of differential equations corresponding to
the transformations of their solutions.
In §7 we study the transformation given in §5 which keeps the space of KZ
equations
@ = Ao U+ — Ao u—+ @u
M : or x—vy e 1"
Ou  Apg Aqo " A13u

—_— u
oy y—-x y—1 Y

and give the induced transformations of the residue matrices A; ; defining the equa-
tions. The transformation is reduced to a coordinate transformation corresponding
to the coordinate symmetries described in [O3, §6] and a middle convolution of the
KZ equation. Hence we apply the result in [Ha, O3] to them. The hypergeometric
series

1 1(ai)m Hj’:l(ﬂj)n szl(’yk)mjtn m. n
ZZ (= a)m I (L= Bl (L Yp)men 7

with of = 1 = 0 is a typical example satisfying a KZ equation, which is a gener-
alization of Appell’s F}.

To the KZ equation we show Theorem 7.1 which gives an interesting correspon-
dence between simple solutions along a line (cf. Definition 7.3) and simple solutions
at a singular point where three singular lines meet.

In §8 we restrict our transformations in §7 to certain ordinary differential equa-
tions of Shlesinger canonical form. The transformation may be interesting since it
may change the index of rigidity defined by [Ka].

Several applications of the results in this paper will be given in other papers.

m=0n=0

2. Integral transformations

The Riemann-Liouville transform [#¢ of a function ¢(z) is defined by

(1) (I ,0)(x) = (") / o()(x — t)P1dt.
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Here c is usually a singular point of an integrable function ¢(z). Since
x 1
/ o(t)(z — ) 1dt = / d(xs)(z — xs)" tads (t =xs)
0 0

1
= x”/o B(sx)(1 — )" tds,

the transformation

(2) (KF¢)(x / o(tx)(1 —t)y*~tdt
of a function ¢(x) satisfies
3) Ki =a g,

M'a+p+1)

DEFINITION 2.1. We extend the integral transform K* to a function ¢(z) of
several variables © = (x1,...,%,) by

1

1 = —ty — =t )L

Kto(x) = F(M)Awwmou t ta) Loty oy )t - .
titettn <1

Note that
1—s 1—s
/ t*(1—s—t)ytdt = / tY (1 —s)" M1 = )P dt
0 0

= (1—s)*t# /1 t9 (1 — ) tdt
0
(o +1)I(p)

= W/ g)ets
Fa+p+1) ( )
and hence
T4 (] . pu—=1
50, 1,50 t (1 t1 tn) dt
t1+-+Ht, <1
1 1—t1 1—t;——tn—1
:/ t;“dtl/ tgzdtg'“/ ton (1 —ty — -+ — t,) " dt,
0
_ T()T(an +1) / ST
L 2 tde - tor (L=t — o — b)) T HAt,
T D(an+p+1) Jo ! 0 (=t - 1) !
_ )T (om + 1) Dlan + p+ DI (-1 +1)
- I(ay +u+1) I'on—1+on+p+2)

XF(ag—i— tap+p+n—1T(ar +1)
(i +---+a, +p+n)
_ T(w)(ag +1)---T(a, +1)
C Tla++ag+tptn)

Therefore we have

 I(a+1) .
-~ T(lee+ 1]+ p)

[0 2

(5) Kyz®

Kﬂ(ﬁ(ﬂh) ax—1 xgn—l
(6) D(az) - --Tlan)  asttantu . -
:F(O‘2+"'+O¢ ”+u)(10,2+ ren @) (z1) - x5~ Lo pan—l
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Here and hereafter we use the notation
N={0,1,2,,...},
m>0< m; >0,....m, >0,

lal=a1+-+a,, a+tc=(a1+¢...,a, +c¢), m=mq!l---m,]
(7) o o @ @ % «@ «@

TT=XT =Ty Xy, (C*X) :(c*xl) 1"'(673771) ",

r
I(@) = Dlar) -+ T(a), (@ = o2
for @« = (a1,...,a,) € C", m = (my,...,my,) € N" and the variable z =
(@1, @),
The arguments in this section are valid when Rea; > 0,...,Rea,, > 0 and

Re p1 > 0 but the right hand side of (5) is meromorphic for o and p and we define
KEz* by the analytic continuation with respect to these parameters.

We will define the inverse L# of K*. Suppose 0 < Res < land 0 < ¢ < 1—Res.
Then

c+to0 ct+ioco
/ el —s )T = (1 —s)_"/ fre(l - by
C

—100 c—100

c+ioco ctioco ctico
—a—T I=s & —7dt e
=(1-s) (1 —t) T

c—100
i—;zsoo 6 c < 1 +oo
=(1- s)—a—f/ o1 —t) T

c

—100

_ (1 _ S)—Oc—‘l'(_e—Tﬂ'i T erﬂ-i)/l t—a(t _ 1)—7’%

=(1—-9)7". 2isin7'7r/0 (L *E -1 (u=1)

_ 27T7’(1 — 5)7a77' ! uaJr'rfl — )" "du
= T, (1-wd
Coni LOHT) (g eamr

I(r)T(a+1)
Here the path of the integration of the above first line is (—00,00) 3 s — c+is and

we also use the path ( oo of the integration in the above.

Thus we have

1. 1.
T—H—HOO T—H—HOO —a —7dty dt
/1 4 /1 ' t (1—t1—-~-—tn) GG
P e Py e
_ (2mi)" Ty, + 1) llan1tan+7) IN|la|+ 1)
D) (an + 1) T(ay + 1) (-1 +1) T(ag+-+a,+7)(ag +1)
r 1 —

T(o+ 1)I(7)

DEFINITION 2.2. We define the transformation

L-‘riOO L-i-ioo
(o)) = Tt [T T e

(2mi)n i —ico e —ico Ve tr T
F(u+n)/ /
= o n d(s121, .+, Snn)
il Nz afa
—p-nd d
X(l_i ..... i)un%...%ﬂn.
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In the above, we mainly consider the case when ¢(z) = 2*¢(z) with a conver-
gent power series ¢(x). Then we have

I(la+ 1]+ p)
8 LHz® = —————— %,
When n = 1, we have

5+ioco
ro)w) = XD [P gy -y

211

_ sin(pt Dr - D(p+1) /loo ET—

™

1 /1 " -
= — sto(s)(x —s)™H " ds
D) Jy O
=Iy"(a"¢).
In general, we have
Flag + -+ apn + p)
I(az) - T(an)

% (1;1?5,7..Afan7ux1112+~~-+an+#¢(x1))Igz—l .. Ignfl'

Li(p(ar)az® ™t -oapn ™) =

(9) !
DEFINITION 2.3. We define two transformations

(10) KA = g7 A KA1 and LA = g7 A LHpA ]
which act on the ring Qg of convergent power series of © = (x1,...,Z,).

‘We have

Kg/;,)\xa _ F(A + a)
LA+ o + p)

THEOREM 2.1. Putting

u(z) = Zcmxm: Z Z cmT™ € Oy (em € C).

m>0 m1=0 my,=0

KM u(x) = Z cKa™ and LPu(x) = Z cka™ (K, ke,

P(A+al+p) o

® and LEAz® =
T~ an » T A +a)

we have
x T Mm
(11) TN+ ) (N + W ™
LA+ ) (A + 1))
(12) ST N, ™

By the analytic continuation with respect to the parameters the transformations
KM and LA are well-defined if

(13) MEZcy (v=1,...,n)
and
(14) Al + 1 ¢ Z<o,

respectively. Namely, we may consider that K** and L** are defined by Theo-
rem 2.1 by using (11) and (12). Hence if (13) and (14) are valid, K** and L**
are bijective on Oy and the map K> o L* is the identity map.
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PROPOSITION 2.4. By the equations (6) and (9) we have

M) T(ha) - 1
(15) Kﬂ7>‘¢( ) ()\2(+2) ¥ >(\n 4)» ILL) Ty IxI= u+1[‘m)1“0 At )\1 1¢($1)7
A Qe+ A+ ) PN |>\|+/\1 . |>\|+u 1

3. Some hypergeometric functions
Under the notation (7) we note that
-2 _ (/\)\m\ m x| _ g
A=|xh™r=>" ™ and e _Zm!.
m>0 m>0

Lauricella’s hypergeometric series (cf. [La, Er]) and their integral representations
are given as follows (cf. Theorem 2.1).

Falho o xix) = 3 Qo)im (Blen

2 (N
(1) = RO (1
— LA )
09 FoNpx) = 3 (?Z;Tiﬁj“x% T RE AL =),
(19)  Fe(udo.Aix) = gwx — O A
@) FpQu g = Y OB o

m>0

When n = 2, namely, the number of variables equals 2, the functions Fp,
Fa, Fp and F¢ are Appell’s hypergeometric series Fy, Fy, F3 and Fy (cf. [AK]),
respectively. Moreover we give examples of confluent Horn’s series (cf. [Ho, Er]):

o (8, 8573 2, y) mz(mzo o~ m,n, y

_ T B—B'5.6 jut
r(mrw/)m’y "

Uy (a; 857,72, 9) Z Z (a)m+" Sy
=0n

(22) ( o ,)7)'” mw
_ a - Yo (1 - ) Bey
Uy(a;7, 75 2,y) Z Z (Cz m”?%,n,xmy"
(23) Sz O
('}/ ( /) Le—7— ~ v ery

[(a) Y

When n =1, (17), (18), (19) and (20) are reduced to an integral representation
of Gauss hypergeometric series. In fact, putting (Ao, p, A) = (o, 8,7) in (17), we
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have

F(o,B,7;2) = Y 7(a)m(6).mmm

(24) — MK’Yfa,a(l _ x)fﬁ

and Kummer function is

1P (i) =)

_ Fi Yoo r Y ! a—1 _ 'y—(x—leta:
") Ol A

4. A connection problem

Integral representations of hypergeometric functions are useful for the study of
global structure of the functions. Rigid linear ordinary differential equations on the
Riemann sphere with regular or unramified irregular irregularities are reduced to
the trivial equation by successive applications of middle convolutions and additions.
These transformations correspond to the transformations of their solutions defined
by Riemann-Liouville integrals and multiplications by elementary functions such as
(x —¢)* or e"®) with rational functions r(z) of z.

In [O1, Chapter 12] and [O6], analyzing the asymptotic behavior of the Rie-
mann Liouville integral when the variable x tends to a singular point of the function,
we get the change of connection coefficients and Stokes coefficients under the in-
tegral transformations and finally such coefficients of the hypergeometric function
we are interested in.

In this section a generalization of this way of study is shown in the case of
several variables, which will be explained by using Fj. Since

T'(c)

F LT, Y) = S
1(a7 b7b 7c7 Jj’ y) I\(b)l’\(b/)

—b— ! / —
K;(L:',yb bbb (1 — = y) a’

Proposition 2.4 implies

r X
Fi(a,b,V,c;x,0) = I‘ngl_ngxb_l(l —x)
The equalities (3) and (24) show Fi(a,b, V', c;x,0) = F (b, a,c; x) but first we do not
use this fact.
We pursue the changes of the Riemann scheme under the procedure given by
Proposition 2.4 (cf. [O1, Chapter 5]). They are the change when we apply 15" to

2%71(1—2)~* and the change when we multiply the resulting function by 11:213 e,

which are
b—177  .n—a.jx=0 1 o0
2 (1 - ) '{b—l —a a—b—l—l}
Joob =0 1 00
SN 0 0 b—c+1
c—1 c—a—b a—c+1
w L(e) p1—c z=0 1 o0
NGRS
(26) —3<1-c 0 b

0 c—a—b a
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Then Fy(a,b, v, c;z,0) is characterized as the holomorphic function in a neighbor-
hood of 0 with the Riemann scheme (26) and Fi(a,b,b’,¢;0,0) = 1.

Since Fi(a,b, b, c;xz,y) satisfies a system of differential equations with singu-
larities z = 0,1, 00, y = 0,1, 00 and = = y in P' x P!, we have a connection relation

(27) Fl (CL, b7 bl) Gz, y) = (—%)acaff(l'7 y) + (_%)bcbff(x7 y)

in a neighborhood of (—o0,0) x {0} in P! x P'. Here f&(x,y) and f}(z,y) are
holomorphic in a neighborhood of [—00,0) x {0} and f{(—00,0) = fP(—00,0) = 1
and the connection coefficients C,, and C} are given by those of Fi(a,b, V', c;x,0),
namely,

T(c)T'(b—a) T'(c)T'(a —b)
I'®)I(c—a) I'(a)l'(c—b)
REMARK 4.1. We note that the general expression [O1, (0.25)] of the connec-

tion coefficient of Gauss hypergeometric function is simple and easy to be specialized
(cf. [02]). Moreover the connection formula

F(a,b,c;z) = (—2)*CoF(a,a—c+1,a—b+1;2)
+(=1)PCF(bb—c+1,b—a+1;1)

(28) C, = and Cp =

follows from

x=0 1 0 r=0 1 o)
0 0 a =4 a 0 0, 1
l1—c c—a—b b b c—a—b 1-c¢

=0 1 00
= (—x2)" 0 0 a; e
1-(a—b+1) ¢c—a—b a—c+1

We explicitly calculate (27) in the following way.

Fi(a,b,b,c;z,y) Z Z ern—bl)n:vmy”

m=0n=0 nmint
= i (CE)C"S;?”y" mZ:O (C(Lcinrzg’:j:i? Z™ = ni) (CL()T)L(b/?"y"F( +n,b,c+ ;)
B Z a()c ! (
(—x)~ nLle JE(T;;EEi:Z)_n)F(aJrn,a—H1,a—b+n+1;;)
+(—a)™" E ))F((Z_Zing(b,b—c—n—i-1,b—a—n+1;316))
= (=) F! + (-3)"F
- B o
=3 T bt Do b T Do (T
S r(c)r(a ~ b+ Db = @)(@menMn 0= ¢+ Ui 1)1 1)

F)T(c—a)l(a—b+ 14+ m+n)mln!
— Z F(C)F b— a)(a)m-i-n(b ) (a —ct 1) (%)m(%)n

I'(c—a)(a—b+1)pminmIn!

_ LT —a)(@)men(a—c+ Dm)n 1 ym yyn
=2 (b)) (c 2" (E)

—a)(a—b+ 1)yqpnmlin!



INTEGRAL TRANSFORMATIONS OF HYPERGEOMETRIC FUNCTIONS 9

GOt PR »
_F(b)F(C—G)Fl(’ +17b7 b+171,7_7;)7
L(A)®)nl(a=b+n)B)mb—c=n+Dm 1\m n
F{’,Z T(@)T(c—=b+n)b—a—n+1),mn! )"y
-3 L(e)(B)m (V)L (a—b+m)I(b—c—n+1)(b—c—n+ Lm(—3)"(-y)"
N F@)I(c=blb—c+1)(a—b+n—1)---(a—b+n—m)mln!
=S L(e)(B)m(¥)nl(a—b+n—m)I(b—c—n+1+m)(—3)"(-y)"
I'(a)'(c—b)I'(b—c+ 1)m!n!

L) (0)m(b)nI(a—b)(a—=b)n—mb—=c+Lmon, 1.m n
=y 0 (F(a)F)((c—b)Zn!n!( D

_ ()T (a —b) , 1
_7I‘(a)1“(c—b)a2(b’b’a b,b—c+1; o ).
Here
5 n m(6)m—71 m. n
(29) (a ﬂv’% x,y Z Z m'n| Ty

m=0n=0
and we have

fi(z,y) = Fi(a,a — c+ 1,0, a—b+1 104y

Tl

(30) , B ,
fl(x7y)_G2(b7b7 bb—C+1 z y)

n (27).

REMARK 4.2. The argument above is justified since Fy(a;b,’; ¢; z,y) satisfies a
differential equation which has regular singularities along the hypersurface defined
by y =0 in {(z,y) € C? | Rex < 0} or Kummer’s formula

Fla,B,viz) = (1—2)"“F(a,y = 8,7 757)-

We give an answer to a part of connection problem of Appell’s F; which satisfies

a KZ equation of rank 3 and the equation allows the coordinate transformations
n (P')® corresponding to the permutations of 5 coordinates. By the action of
this transformation we get Kummer type formula for F; and solve the connection
problem for Fj. Note that the singularity of the origin is not of the normally
crossing type but for example, the map (x,y) — (%, Z) is one of the coordinate
transformations and the blowing up of the origin naturally corresponds to this
coordinate transformation. This enables us to get all the analytic continuation of
Fy in P! x P! in terms of F} and G5 as is given in the above special case (cf. §7).
Another independent solution ff of the equation at (0o, 0) is characterized by the
fact that the analytic continuation of f¢ in a suitable neighborhood of (—o0,0) x {0}
is a scalar multiple of f{ and then f{ is expressed by using Fj as in the case of

(—%)“ fi. This will be discussed in another paper with more general examples.

5. More transformations

In this section we examine transformations of power series obtained by a suit-
able class of coordinate transformations and the transformations K#* and L*?.
For a coordinate transformation x — R(z) of C™ we put

for functions ¢(z).
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DEFINITION 5.1. Choose a subset of indices {i1,...,ix} C {1,...,n}. Then we
put y = (z4y,--., 7, ). For p € C and X € C* we define

K#A = T_ K;/L’)‘ OTaﬁ—>R(ac)a

Y, x%R(m) x—R(x )
A - A
Lg,m%R(m) Tm—>R( ) °© L; °© T$_>R($)

Let p = (pi,j> 1<i<n € GL(n,Z). We denote

1<j<n
n n
P =xP = (P .. aPeon) = (H bt o H .’L‘ﬁ”‘"),
(31) v=1 1;:1
pm = (pl,*ma-”vpn *m (Zpl Vmua-”azpn,umu)
v=1
with m = (my,...,m,) € Z". Then Tm;mp =T, o1
We examine the transformations K/ y.m—sgp and i y.o—zp under the assumption
(32) Pi,; >0 (1<v<k 1<j<n).
Since
n
(T;_%mme%(tlrl Lt r")TszPQS (xl H tpu 1 T H tlzu’")a
we have

(KGD s yamar®) (@)

(33) — 1 tA—l 1 t pn—1 b tpz‘y,1 b tpiy_’n dt
= 00 oot O 0 (e [T [T )
t1+-+ v=1 v—1

te <l
]-—\(M_’_ k) c+ioco c+ioco B o
A _ A-1 k
(Létacll ..... :clk) z%zpqs) (‘T) - (27.”)k / . o / ) t (1 - |t|) .
34 c—1i00 c—1i00
( ) Iy Tn dtl dtk . o
X¢( k Py A pi”‘")T.HT Wlth C—7k+1.
Lt I tv 1 k

We note that (32) assures that these transformations are defined on O.

PROPOSITION 5.2. Denoting

n
(pm D150y (thwml/a"'vzpik,ymy)a
v=1

we have
() o
(35) Két)\ s pxm — ( + (pm)h,mﬂk) xm7
LigseerLiy ), T—T F(|)\+ (pm)h,,lk‘ +'u)
(36) Llh%\ ‘ lDxm _ F(l)‘ + (pm)il»uwik‘ + :u) e
(@iromiy ) LA+ (pm)i,....ir)
We give some examples hereafter in this section.
Let (p1,...,pn) be a non-zero vector of non-negative integers. Suppose the
greatest common divisor of pi,...,p, equals 1. Then there exists p = (pi,j) €

GL(n,Z) with p; ; = p; and

TN = F()‘) ()‘)le1+"-+:0nmn e
oL P+ p) (A + U)plml + o prmn
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In particular we have

(A Ayt tm
(37) KM, - - ™ = ( ) ( ) 1+ +my .,L,m’
218 (@15, e g ) P+ 1) (A + 1) my 4t
. _ F('u> 1—Xo0,Ao0 -
(38> FD()‘O7A7/J”X) - F(Ao)K$1:1_>($la;; 7:7;7711)(1_}{) (Cf (20))
Here we note that the coordinate transformation z — (1, %, ..., 2L) gives a trans-

formation of KZ equations of n variables (cf. [03, §6]).
Let p = (p1 p2> € GL(2,Z) with p1, p2, 1,92 > 0. Pt p=pQ1I,_o €

q1 Q2

GL(n,Z). Then

wy(A1,A2) m F()‘l)F()‘Q) ()‘1)P1m1+172m2()‘Q)Q1m1+Q2m2 ™

(@1,02),2 2P F(Al + A2 + N) ()‘1 + A2 + ﬂ)(p1+q1)m1+(pz+qz)m2 ’

1y (A1,A2) M F(Al + X+ ,u) ()‘1 + A2 + M)(p1+q1)m1+(p2+q2)m2 -y

(@1,22),2—2P F(Al)F(AQ) (Al)p1m1+p2m2 (AQ)Q1m1+qzm2

Successive applications of these transformations to (1 — |x|)™* or (1 — x)™*

or e|x‘,. .., we have many examples of integral representations of power series

whose coefficients of % are expressed by the quotient of products of the form

()‘)pl mi+-+ppmy -
The series

H av m+” H 1( V)m Hl]/V:1(Cu)n " y"
39 . : am y"
o mzon:) (a Yontn Ty (0)m TIDC (), M)

with the condition
(K+M)—(K'+M')=(K+N)—(K'+N')=1
is an example. Then Appell’s hypergeometric functions Fy, Fy, F3 and Fy corre-
spond to (K, M,N; K',N',N')=(1,1,1;1,0,0), (1,1,1;0,1,1), (0,2,2;1,0,0) and
(2,0,0;0,1,1), respectively. In general ¢(z,y) may have several integral expressions
as in the case of F; and F,. The series (39) with M = M’ +1, N = N’ + 1 and
K = K is a generalization of Appell’s F;, which will be given in §7 as an example.
The series
K’YQ*ﬁz,ﬁQ . (1 _ x)QQ . K’Yl*ﬁl,ﬁl(l _ x)*al

(40) 51 52 ZZ 041 042 (B1)m (62)m+nmm+n

In!
m=0 n=0 72)m+nmn

of z € C satisfies a Fuchsian differential equation with the spectral type 211,211, 211
(cf. [O1, §13.7.5] and Remark 7.5) and the coefficients of #* is not simple.

6. Differential equations

In this section we examine the differential equations satisfied by our invertible
integral transformations of a function u(x) in terms of the differential equation sat-
isfied by u(z). We denote by W x| the ring of differential operators with polynomial
coefficients and put W(z) = C[z] ® W(z]. Then W{z] is called a Weyl algebra.

First we review the related results in [O1]. The integral transformation u —
Ity given by (1) satisfies

(41) I7Fo Il =id

(42) IYod=0ol! and TH o = (9 —pu)oll
under the notation

(43) 0= %7 ¥ = x0.
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Hence for an ordinary differential operator P € W[z], we define the middle convo-
lution mc, (P) of P by

(44) me, (P) = 07" a; ;0'(9 — p)’ € Wlal.
,J
Here we first choose a positive integer k£ so that

(45) (9kP = Z ai7j8i?9j ([a,'7j,x] = [am’,@] = O)

i>0, j>0

and then we choose the maximal positive integer m so that mc,(P) € W{z]. The
number k can be taken to be the degree of P with respect to x. Then we have

(46) Pu=0 = (mc,(P))I}u=0.

The transformation u +— f(z)u of u(x) defined by a suitable function f(x)
induces an automorphism Ad(f) of W(x). Namely Ad(f) is called an addition and
defined by

(47) Ad(f)o=0-2L and Ad(f)z =uz.

A

% should be a rational function. Then f(z) can be a function (x — ¢)* or

Hence
f(z) = "™ with a rational function 7(z).

There is another transformation RP of P € W (z) \ {0} where we define RP =
r(z)P with r(z) € C[z] \ {0} so that r(z)P € W{z] has the minimal degree with
respect to . Then RP is called the reduced representative of P. When we consider
mc, (P), we usually replace P by RP.

Let Pu = 0 be a rigid Fuchsian differential equation on P'. Then it is proved
in [O1] that P is obtained by successive applications of Ad(f) and mc, o R to 0
and hence we have an integral representation of the solution to this equation and
moreover its expansion into a power series.

In a similar way, the author [O1, §13.10] examines Appell’s hypergeometric
functions using the integral transformation

(48)  JE(u)(x) := / (1—s121 — - — spwp)u(s1,...,8,)ds
A
1 4 t tn
with certain regions A and A’ of integrations and get integral representations of

Appell’s hypergeometric functions. For example, we put u(z) = mf71x§/71(1 -z —

x2)7’5*5"1 and A = {(s1,82) | 1 >0, s9 >0, 1 —s3 —s2 > 0} to get Appell’s F}
and put u(z) = 2211 — xl))‘rlxg‘l_l(l —x9) and A = {(s1,82) | 0 < 51 <
1, 0 < sy <1} to get Appell’s Fs .
We show there the commuting relations
Ji oy = (=1-1;)0Jf,

49
( ) Jg’joajzxj(ufﬁlffﬁn)oﬂj,

which correspond to (42) and imply the following proposition and then we get the
differential equations satisfied by Appell’s hypergeometric functions.
In general, we have the following proposition.

PROPOSITION 6.1 ([O1, Proposition 13.2]). For a differential operator

P= Y capd®d®
o,BeN?
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we have
JE(Pu(z)) = JE(P)JY (u(x)),

JiPyi= > cap(T](ortn =t == 92))™ ) (=9 = 1.

Here the sums are finite and we use the notation.

(50) Os Bac’ a = aya Uy = 20, Vy *yaya 0; = 396 , V5 = 2;0;.

Comparing the definition of integral transformations we have the following.

PROPOSITION 6.2. The integral transformations defined in §2 is expressed by
JE as follows.

1
Kt =_—T 1.0T1-X CJet
(51) * 1—‘(/1’) x*)(am’ Xy " “
with A—{tl,...,n)|t1>0,...,tn>0, b4ty <1}
and
T(p+n) .,
L= ——"— 2t "oT
G BT ey kb o
with A" = {(t1,...,t,) | Ret; = --- = Ret, = =7 }-

For p € GL(n,Z) we put q = p~*. Then

Typosge(xj) = aPri = H 2P and Thp_yow (0;) E Qij—— xpz -
v=1

In particular

T 1 1 (l‘]) = %7 T 1 1 (8]) = —1‘2»(9]‘

I—)(H,...,In J m—)(z,,z) J
and
1
T 1 1,0T1...Tp = ol 1 1
= (G ) IRERE M S Gt RO
and thus we have the following lemma.
LEMMA 6.3. Defining
o 1 1 1
u(xl,... xn) = o)

(53) =3 aal(E, . ) ] (-220, — 2.,)

v

for P = Zaa )0 € W(x),

we have
(54) Pu = Pi,
(55) @:%, é; :71'38]7.%]:71‘](19]4’1), 5]:71%71

Hence Proposition 6.1, Proposition 6.2 and Lemma 6.3 show

(56) Klod; =(-1-1;)0 Kl =90 KV,
KFtod;=(zj(n—1-21——9,)) o K
L

(57)
(1 4+ dn +pt+n—1) 0 KL
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Similarly we have L o4; =1; o L¥ and
(58) Liox;(W;+1)=(zj(01+-- +In+p+n)) oLl

These relations can be checked by applying them to . For example, it follows
from (8) that

LEox;(V; + 1)z* = LE(a; + D)z jz™
I'(la| +p+n+1) o
;T
Tar + 1) o, +2)- (a1 1)
(ol + -+ mP(laf +ptm)
MNa+1) !
= (01 + -+ 00+ p+n)LE(a).

= (a; +1)

We also note that (56) is directly given by

(W K ) () = ﬁ /0 (1 — [6)* as () () dt = (KP050) (2)
and the equality

ot (L= [t tu(te)) = —(u = D1 = [t Pulte) + (1 — 1) ai(Oiu) (tz)

shows
leg’j(‘)Z = (,u — 1)Kg_1

and therefore
1 1
u/ (1-— |t|)“_1u(tx)dt = xz/ (1 — |t])"(O;u) (tx)dt
0 0

- x/o (1= ) (L= t1 — - — t0)(Ou) (t2)dt,

Ly

x, KEOu = pKhu + ——/ 1— |t Yz, 0;u) (tz)dt
>t ) 0 6 e

n
o
= uKtu + ; ;:Kﬁ@ix,,u — Khu

n
= (n—1D)Khu+ > Ktom,u

v=1

=(pu+n—-1)Klu+ Zﬁ,,K;‘u,

v=1

which implies (57).
Thus we have the following theorem.

THEOREM 6.1. Suppose u(x) satisfies Pu(x) = 0 with a certain P € W(x).
i) Putting

(59) Q=RP= Z Qo gT0P.
o, BeEN™

we choose v € Z"™ so that

(60) Q= > capd®?® (capc€C).

o, BeNn
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Then we have KE(07Q)KEu(z) = 0 with
(61) K} ZC pO0P) : RZ%ﬁ(H (U1 + - +z9n+,u+n—1))o"“)19/3.

ii) Putting
(62) Q=RP,
we choose v € Z™ so that (60) holds. Then we have LY (07Q)LEu(x) = 0 with

(63) LY capd™d®) : chaﬁ(ﬁ (zx(p — 01 — ~--—19n))0"‘>(—19—1)'3.
k=1

REMARK 6.4. i) In Theorem 6.1 1), v = (71,...,7n) can be taken by

v = max{0,a; — Bjlaay,...an),(Br, ) #0F (1<G <)

iif) If P € W]z,y] in Theorem 6.1, it is clear that the theorem is valid under
the assumption cq g € Wyl

ili) Suppose u(z) € Op satisfies P; Pou(z) = 0 with Py, P, € W[z] and {u €
Op | Pru =0} = {0}. Then Pou(z) = 0.

iv) Without the assumption (32) we can define transformations Kfj;‘ " .p and
Lt 2 .o on Og by (35) and (36). Even in this case the results in this section are
clearly valid.

We will calculate some examples. By the integral expression

I
Fi(Ao, A1, Ag, g3, y) = 1015?)()\2)[(54;/\1)\2’/\1’/\2(1 —z—y)

=C />0 t>0(1 — sty MRl pe L g )T Rodsdt
s+t<1

corresponding to (20) and (33), we calculate the system of differential equations
satisfied by Fy(Ao, A1, A2, u; 2, y) as follows. Putting

ho=aM el — g — gy 7o

we have

Ad(h)8y = >\11—1 17)550774’

Ad(h)dy, = 8, — 22t — 2o,
Ad(h) (W +0y) = U0 + 0y — 122 — (M 4+ A — Ao — 2),
Ad(h)(9y + 9y — 0p) = Uy + 9y — O + 2L — (A1 4+ A2 — Ao — 2).

Hence we put

Q :=RAd(h) (9, + 0, — )
=W+ 1) +9y =AM = A2+ Ao +2) = 0p¥s + A1 — 1
and we have
KEM722(Q) = 2(9, + 1)U + 9y — A1 — Ag + Ao +2)
—(191+19y+,u—)\1 _)\2+1)(19m_)\1+1),
Ad(z' My ) KL(Q) = (00 + M) (0 + Dy + Xo) — (9 + 0y + 1 — 1)0,
=2((V + M) (o + 0y + No) — 0o (Vo + 0y + 1 — 1)).
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Hence Fy (Ao, A1, A2, g 2, y) is a solution of the system

(64) {wx+)\1)(19x+19y+>\0)—3x(19x+19y+u—1)u1 0,

(9 + A2) (Py + Yy + Ao) — Oy (D + 0y + po— Dy = 0.

Next we consider the integral representation

T _ _ _
Fl(AO,)\l,)Q,/J/;JT,y): F(()i))Kg(:\(;St($ £)(1_‘T) Al(l_y) A2
(T, 'y

1
= C{/ AT — )P TA(1 — ta) "M (1 — ty) " Pedt
0

corresponding to (38). Since

T yste ) a1 (0 +0y), By =20y, Do o+ 9y, Oy o =0,
we have
—X1(1_.\—A2 Tw,y‘}w,%-
o, Ad((-z) ™ (1-y)""2) . 1,\711 (z9) > (2, %) 19, +9,) - L
zro—1
MO, 1 gy
5>(l—x)(q9w+z9y—xo+1)—xlx
ey (0 =0 — V)00 + 0y — Ao+ 1) = M (9 + 1)
r—=2XAo
KT—>(a 41 193571)(19$+19y40+1)41(19x+1)
Ade T, (O + 5= =05 — M) (U +0y) — A1 (02 — No)

T .2)

(L0 +0,) + 22 =0, — 9y — Xo)0s — M1 (Y — Ao)
:8x(19x+19y+u—1)—(1993+/\1)(19x+19y+)\0).

Thus we also get the system (64) characterizing Fy (Ao, A1, A2, 1452, y).
We have similar calculations for other Appell’s hypergeometric series as follows.

(A07M17M27)\1,)\271} y) m

_CQ/ / sPth2(1 — s) Av—p = 1(1—t)’\z_“z_l(l—sx—ty)_)‘o%s%,

8 Ad(x“l 1 yH2— 1(1 r)>‘1 125 1(1 y)>‘2 no— 1) (‘) #171 + A g1
x T 1—=x

A1 —p1, 01 Fr A2 — 2, 2 —Xo
K K, (1-z-y)

LN x(1—2)0p + (A —2)x — (u1 — 1)
Oy 9pw(—0y + M\ — 2) + 0y (Vg — 1 + 1)

-0

(Vs + 14+ A —2) + (=X — VY —0y) (-1 -0y — 1 +1)
= x((ﬁx + 1) (P + Uy + Xo) — 0x(Vg + A1 — 1))
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and
['(p) e Y Y

F3(A1, Ag; AL, Mg ps, ) = K22 (1 —a) (1 A2
3( 1, A2y A1 2,M,$,y) 1’\()\1)1'\(>\2) T,y ( Z‘) ( y)
_ MpA2 (1 o VL] e )AL (] — )Mo ds dE
_03L>07t>05 Pe(l— s — )1 (1— sz) N (1 — ty) Nedsde,

s+t<1

RAd(z 1271 (1-2) M (1-4) *2)
Dz

r(1—2)0, + (M — A — Dz — (A — 1)

ey Dpr(—0p + M = Ny = 1)+ L (e 40y 4+ — Ny = Ay — 1)y — Ay + 1)
Ad(xlfklylsz)
—>

_(791 + Al)(ﬁz + /\/1) + 61(191 + ﬂy + H—= 1)

and

TADTO2) -y _
F4(M,)\o;)\1,)\2;$ay):WU;@M A2ALA(] — g — )TN

L4ico
E—'LOO
g MO oy
Op = Vo =9y = Ao (0o — V0 — 0y — Ao)(1 — 2 —y) "2 =0)

Ad(z 1~ 1yP2 1)

o — AL (9, + 9, + Ao — A+ 1 — A+ 1)
w5 w21
a0 +1) = (M —1) = (A — Dz + 0, + 9y — Ao+ A1 + Ao
ey Dy (Vg + M) + O (Ve + 0y — Ao + A1+ A2)
A (—00 — 1+ A1)
FaM 4 A —p—2— 0y —9y)(—0s — 0y — Ao+ A1+ As

ey 0w (9g + M) + Op (Vg + 0y — Ao + A1+ A2)

H—X1—X
Lm,y T2

Vp(=0 — 1 — A1)

+f£()\1+>\27,U,72719m719y)(7191719y7)\0+>\1+A272)
Ad(z17A1y17A2)
—>

x((m 0, + 1) (9a + Dy + Ao) — O (P + Ay — 1)).

Here C4, C], Ca, C3 and Cy are constants easily obtained from the integral formula
in §2 with putting x = y = 0. Hence

ug = Fo(No; pa, pi2; A1, A2; T, 9),
us = FS()\la )‘2; )\117)\/2;,11/;1'7y),
Uyqg = F4(M,)\0;)\1,)\2;$,y)

(65)
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are solutions of the system

(66) (Ug + p1) (W + 9y 4+ Xo) — 02(9p + A1 — 1)) ug = 0,
(9y + p2) (P + 9y + Ao) — Oy (Fy + A2 — 1))us = 0,

(67) (9e + A1) (W00 + X)) — 0p (V0 + 9y + pp— 1))uz =0,
(9y + A2) (W 4+ Ny) — 0y (Vg + Vy + 1 — 1) )ug = 0,

(68) (U + 0y + 1) (P2 + 9y + Xo) — 0u(Vg + A1 — 1))ug =0,
(Vg 4+ Iy + p)(Pz + Dy + Ao) — 9y (Fy + A2 — 1))ug =0

REMARK 6.5. The above systems are directly obtained from the adjacent re-
lations of the coefficients of Appell’s hypergeometric series. Here we get them by
the transformations of systems of differential equations corresponding to integral
transformations of functions discussed in this paper so that it can be applied to
general cases.

7. KZ equations
A Pfaffian system

d(x; — )
(69 Y 4l
0<i<j<q Li J
with an unknown N vector u and constant square matrices A; ; of size IV is called
a KZ (Knizhnik-Zamolodchikov type) equation of rank N (cf. [KZ]), which equals
the system of the equations

ou Az v
70 : = — i =0,...
(70) Migem= 2 s=u  (i=0....9)
0<v<q
v#£i
with denoting A;; = A; ;. The matrix A; ; is called the residue matriz of M at

x; = x;. Here we always assume the integrability condition
[Aij, Ake] =0 (W{i, 7, k, 0} € {0,...,q}),
(A, A+ Al =0 (Y{i,j,k} C{0,...,q}),

which follows from the condition ddu = 0. Here ¢, j, k, £ are mutually different
indices:

(71)

DEFINITION 7.1. Using the notation
Ai,i :A@ =A; =0, Ai’j :Aj’i (Z,j S {071,...,(]4—1}),

n
Ai,q+1 = E Ai,u»
v=0

Ail,l‘Q,..‘,ik = Z Aiy,i,,/ ({il,...7ik} C {07...,q+1}),
1<v<v’<k
we have
(72) [Ar,A;)=0 ifInJ=0orIcCJwithlI, JC{0,...,q+1}.

The matrix A; ; is called the residue matrix of M at x; = x; and x441 corre-
sponds to oo in P(é.

We note that any rigid irreducible Fuchsian system

du K B
(73) N'@’Zx—xi“

i=1
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can be extended to KZ equation M with z = z¢ and B; = Ag ;, which follows from
the result by Haraoka [Ha] extending a middle convolution on KZ equations.

We assume that M is irreducible at a generic value of the holomorphic parame-
ter contained in M. Then it is shown in (O3, §1] that Ay, . 4 is a scalar matrix I
with k € C and by the gage transformation u — (r4—1 — 2¢) "t we may assume
that M is homogeneous, which means

(74) Aig,ig =0 (0<idg <idp <+ <ig<qg+1).
Then the symmetric group 6,42 which is identified with the permutation group of
the set of indices {0,1,...,q + 1} naturally acts on the space of the homogeneous
KZ equations (cf. [03, §6]) :
Zo Z1 Z2 Lq—2 Tg—1 Lq Lg+1
O O O O O O O
T Y1 Y2 Yq—2 1 0 00
(0,1) LT &y,
(4,i+1) DY 2 Yit (1<i<qg-3), L
(q_27q_1) : (xaylw"ayqfhyqu)H(yqaizayqyiQM",zZ:;ayq72)7
(q_17q) : (x7y15-~'ayq—l7yq—2)<_>(11_1x71_y117~--a}_yq—171_yq—2)a
(Q7q+1) : (xayla"'ayq—hyq—?)H(anilv"'7yq717yq72)'
Here we put (zo,...,2¢11) = (@,¥1,...,Y4-1,1,0,00) by a transformation P* >

x + ax + b which keeps the residue matrices A4; ;.

For simplicity we assume n = g—1 = 2 and put (zo, x1, T2, x5, 24) = (z,¥, 1,0, 00).
Then (74) means

(75) A1 + Ao + Aoz + Ao+ A3+ A3 =0

and the five residue matrices Aoy, Ag1, Aoz, A12 and Ajz uniquely determine the
other five residue matrices As3 and A;y with 0 < 7 < 3 and the action of &5 is
generated by the 4 involutions

(zo,21,22,23,%4) — (z,9y,1,0,00),
To ¢ T1 — (z,y) < (y,x),
X1 > T — (@,y) < (3, ;)
Tg > T3 — (z,y) < (1—2,1—1y),
X3 > X4 — (z,y) < (2, %)

In particular, the KZ system is determined by the equation
ou A A A
%:m—MyUer—OQl +%’

(76) M: ou Ap1 A A13
— u+ U+ —
oy y-x y-1 .y

REMARK 7.2. The coordinate transformations corresponding to the involutions
(w0, 1, T2, 3, T4) <> (T2, 21, o, T4, T3) - (z,y) < (z,7)
(w0, 21, 22,23, 14) ¢ (20, T2, T1,T4,23) — (z,y) (%y)

give the local coordinates of the blowing up of the singularities of the equation (76)
at the origin:
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G5 3% <> T1 T1 > T2
O

T <> XT3 T3 <> T4 Y=
z 1 - 1°1 +
(-’177:1/) H(yv‘m) (gvy) (1_*7:;1_?/) (Evy) y—l x Y
(2.y) © (@)

{lz] <e lyl <Clal} & {lz]<e |yl >0} y=04T
z=y=0 < =0

Now we review the result in [DR, DR2, Ha] by using the transformations
defined in this paper. The convolution of the KZ equation (70) corresponds to the
transformation defined by

b+l u(z,y)
I:r 0

1 T u(t,y)
o +1 u?;y) F(HlJrl) fom(l t)u ut(;g) !
(meun)(r,) = | Lo * 52" | = | 6D Jo =t 2o
1 5 x u(t,
15745 u a;y) I‘(,u1+1) fo (1- t)”%dt

We put K’Q{,‘ = # omic, and K’g*/\ =20 f{g oz*. Then

KiH_l’A zu(m,y)
. T~y
(77) (Kg’ku)(g;’y) = Kiﬁ*l,)\ zu(z,y)

xr—

1
Kb u(z,y)

Putting & = K#*u for a solution u of the KZ equation (70), we have the KZ
equation

ol A,
(78) o,

Xr; — X
o<p<3 " v
v#£i

satisfied by .

Since this equation is reducible in general, we consider the reduced equation

aﬂ Ai,y —
M: oz, —_—

T;— X
o<p<3 7t v
v#i
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The residue matrices A; ; and A; ; are obtained from the results in [DR, DR2, Ha]:
(80)

B w4+ Aor Aoz Aoz + A ~ 0 0 0
A01 = 0 0 0 s A02 = A(Jl n+ AOQ A03 + A B
0 0 0 0 0 0
) —p— A 0 0 3 —Ao1 + A —Aop2 —Aoz — A
Agz = 0 —u—=Xx 0 |, Aps = —Ao1 Ao+ A —Aps— A,
Aoz Aoz Aoz —Ao1 —Ap2 —Aops3
~ A1z + Ao2 — Aoz 0 ~ Az +Aos+A 0 —Apz—A
A = —A01 Az + AOI 0 5 Az = 0 Az 0 )
0 0 A1z —Ao 0  Aoi+ Az
B A23 - — A 0 0
Ay = Aot Aoz + Aoz + Aas 0 )
Aot 0 Aoz + Aoz + A2z
_ Aoz 0 0
Ass=1[ 0 Aps+Az+A —Aizs—A |,
0 —Ap2 Aoz + A2z
~ Ao1 + A1z + Aos Aoz 0
Aoy = 0 Az —p—A 0 )
0 Aoz Ao1 + A1z + Aoz
~ Az + Aor + Aoz + 1 0 Aoz + A
Aszq = 0 Ao+ Aot + Aoz +p Aos+ A
0 0 A1z

Here we denote Ay; = A1 etc. for simplicity.
Then the subspace

ker A01
L:= ker Ags + ker([lm —pn—=2A)
(8]_) ker A03 + A
ker A, Ay + Ay Ag+ A
= ker A + ker Ay Ay +p Ag+ A
ker Ag + A A, Aq Ao+ p+ A

of C3N satisfies A; ;£ C L. We define 4, ; the square matrices of size 3N — dim £
which correspond to linear transformations induced by /L‘yj, respectively, on the
quotient space C3V /L.

It is known that if the equation (73) is irreducible, then the corresponding
ordinary differential equation defined by A 1, Ag 2 and Ag 3 is irreducible (cf. [DRY])
and so is the equation

ou B A01 it A02 i AO3

P + —1,
(82) or x—vy x—1 ¥
ou  Apr | An | Agz_
— = u+ U+ —1u.
oy y—z y-—1 Y
Note that if A and p are generic, we have
ker Agy
L= ker A02
0

Next we examine the transformations

—n .
(83) K= To gy y,2) © K7 0 Ty (y,2)»
Ky = Tapos) o Ki? 0 Tayyoas)-
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Note that (z,y) — (y,) and (z,y) — (x,7) correspond to (o, 1, %2, T3, 24) —
(z1,x0, 22, x3,24) and (zg, x1, T2, T3, 24) — (T2, x1, X0, T4, T3), respectively. Hence
the KZ equations satisfied by f(.{j”\u and K aﬁ‘j‘u are easily obtained from their
definition and the equation satisfied by f{é‘)‘u. We consider the equation satisfied
by K. tu.

Putting

1L, _=x x
Tiays (e, 2y KE 07 25 u(z,3)

) ey = (RN @y) = | Tewme s k0P us) | |
T(z,y)»—»(a:,%)K:z‘+L)\u(Iv%)

the residue matrices of KZ equation satisfied by @(z,y) are given by

(85)
_ Ao1 + Aoz —Ao2 0 ~ 0 0 0
Ap1 = —Ai2 Ao1 + A1z 0 , A= |A12 Ape+p A+,
0 0 Aor 0 0 0
_ Aoz Aoz 0 ~ Aogs + Aoy 0 0
A= 0 Au—p—Xx 0 ], A= 0 Aoa +Aos+ X —Aas— )|,
0 Aoz Aoz 0 —Aop2 Aoz + Aoa
_ Ao +p Aoz Asa+ A _ Aps—p—A 0 0
A12 = 0 0 0 s A13 == A12 A13 0 )
0 0 0 Az 0 Az
~ Avg + Asa + A 0 —Aoy — A
Ay = 0 Aig + Aas 0 )
—A12 0 A12 + A14
_ —Ai2 + A —Ao2 —A2s — A 5 —p =X 0 0
Aoz = —Ai —Aox+ A —Aaus— |, A= 0 —uw—Xx 0 ],
—Aio —Aop2 —Aoy A2 Aoz Ass
~ Ao + Aoz + A2+ 0 Aoy + X
Asy = 0 Aot + Aoe + Ao+ Az + A
0 0 Aot

and the invariant subspace to define the required residue matrices A; ; is

ker A1o 5
L= ker Ags + ker(Ags — pu— )
ker Aoy + A
(86)
ker By By +p Ay Aoy + A
= ker Ay + ker B AL+ p Axg + A cc.
ker Ags + A B Aq Acs + 0+ A

Lastly in this section we give an example of hypergeometric series characterized
by a KZ equation. Namely, applying

(87)

P
1=

q , T
f(;a;*ai,ai H f(y_ﬂj_ﬁjw@j H K;Z;;*’Yk’”/k
2 j=2 r=1
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to a solution of the equation du = alu T+ Blu 7, we get a KZ equation (76)
with the generalized Riemann scheme (see [03 §4] for its definition)
Ao1 Aoz Aos Aoy Aqz
[0]pq4/-l(p+q7/1)7" [O]pTJ/r/(p+r7/1)q [O‘g]qﬂ/‘ [O"i]qﬂ [O]qr-)-/(qw //1)1)
[ = 8", [ =" Bitw Bitw [
Ais Aas A1y Azg A3y
(88) [ﬁé‘]pﬂ (elp+a  Bilptr  [ilpta [0]pq+qr+rp (p+a+r)+1
Qi+ i+ B aity o +p; [=a" =B =],
T
(6" = 7"l

[_a// _A/”]qfl
of =i +ap, BY =B+ B =+ Yk 4 =61 =0,

p q T
(50 Q=Y al 5= Y = YAl
i=1 j=1 k=1

1<i<p, 1<j<q 1<k<r (p>1,¢g>1,r>1),

Here, for example, the eigenvalues of the square matrix Ag; of size R = pg+qr+rp
are 0 with multiplicity pq + (p + ¢ — 1)r and —a”’ — " with multiplicity r. If the
parameters o, (5, Yk, &, ﬁ;, 7}, are generic, the matrices A; ; are semisimple and
the KZ equation is irreducible.

Note the hypergeometric series

[T (ai)m H;Z 180 TTem1 (V) mtn Sy
mX:Onz;) p 170[) ? 1( ) Hk 1( 71;)m+n Y

with of =53] =0

(90)

is a component of a solution of this KZ equation (cf. (77)).

The Riemann scheme (88) is obtained by [O3, Theorem 7.1] and (87). The
precise argument and a further study of the hypergeometric series (90) will be
given in another paper.

The index of the rigidity of this KZ equation with respect to x equals

(91) Idx, M = (R—q)* + ¢ + (R—1)* +1° + 2(p(q + r)* + qr) — 2R?
=2-2¢—-1(r—-1)(g+r+1)
and hence the ordinary differential equation with respect to the variable x is rigid
if and only if r =1 or ¢ = 1.
If p =g =r =1, the corresponding KZ equation (78) is given by (85) with
(Ao1, Aoz, Aoz, Aoa, A1, Ars, Ara, Aoz, Aog, Aza, A, 1)
= (07 011,07 _ahﬁla 07 _Bla —Q] — 61a a1 + ﬁh’}/la -1 — ’Yi)

and if follows from (84) that the equation has a solution with the last component

¢(I,y) = Fl(’Yl,Oélaﬁl,l _7151‘724)

We define a simple local solution to (76) at the origin, which includes the
solution we have just considered.

DEFINITION 7.3. We define that a local solution to the equation (76) near the
origin have a simple monodromy if the analytic continuation of the solution in a
neighborhood of the origin spans one dimensional space. We simply call the solution
a simple solution at the origin. We also define that a local solution of the equation
to (76) near the line z = 0 have a simple monodromy and call it a simple solution
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along x = 0 if the analytic continuation of the solution in a neighborhood of x =0
spans one dimensional space.

By the correspondence between the equations (76) and (70) with ¢ = 3 and
moreover a transformation by &5 we define a local solution at z; = z; = x; and
a local solution at z; = z; to the equation (70) with ¢ = 3 when {i,j,k,s,t} =
{0,1,2,3,4}.

Here, for example, the path of the analytic continuation in the latter case,
namely along x = 0, is in {(z,y) € P! x P! | |2| < ¢, 0 < |z| < €|y|} with a small
positive number e.

Then we have the following theorem.

THEOREM 7.1. Suppose {i,j,k,s,t} ={0,1,2,3,4} as above. To the equation
(70) with ¢ = 3 there is one to one correspondence between a simle solution at
x; = x; = 11, and a simple solution along xs = ;.

ProOF. The coordinate (z, %) is a local coordinate of a blowing up of the sin-
gularities of the equation (70) around the origin. Then the origin corresponds to the
line x = 0. This coordinate transformation corresponds to the map (zg, 1, 2, 3, T4)
— (22,1, To, X4, x3), which is explained in Remark 7.2. Since x5 = x4 corresponds
to kg = x3, we have the theorem when (i, 75, k,s,t) = (0,1,3,2,4). Note that the
coordinate (£,y) gives the same conclusion. Then the symmetry &5 proves the
theorem. O

This theorem says that an eigenvalue of As4 with free multiplicity corresponds
to a simple solution at zy = 1 = x3 which is the origin in (z,y) coordinate. Hence
at the origin we have pq independent simple solutions of the KZ equation with the
Riemann scheme (88) if the parameters are generic.

REMARK 7.4. The space of local solutions at a normally crossing singular point
defined by xz; = z; and s = x; under the above notation is spanned by simple
solutions if the parameters are generic (cf. [KO]).

REMARK 7.5. The transformation
Oy>du= Zcm,nwmy" = (1—2)7 %1 —y)bu= Z(a)i(b)jcm,nx“rmyﬂ'"

induces the transformation (Age, A12) — (Ao2 + a, A2 + b) of the equation (76).
Then the coefficients of the resulting power series may be complicated (cf. (40)).

REMARK 7.6. The transformation of residue matrices induced by K}, K ;‘ and

the I?;‘y and the calculation of Riemann scheme (88) for given p, ¢ and r etc. are
supported by the functions m2mc and mc2grs in the library [O7] of the computer
algebra Risa/Asir. For example, by the commands

R=os_md.mc2grs (0, ["K", [4,3,2]1]);

os_md.mc2grs(R,"get" |dviout=1,div=5) ;
we get (88) on a display in the case (p,q,r) = (4,3,2). This is enabled by using a
PDF file output by functions in the library under the computer algebra. Here div=5
indicates to divide the Riemann scheme by 5 columns into two parts as in (88)
and R is a list of simultaneous eigenspace decomposition at 15 normally crossing
singularities of the corresponding KZ equation. The algorithm for the calculation
is given by [O83, Theorem 7.1]. Moreover by the command

os_md.mc2grs (R, "rest" |dviout=1);

we get the Riemann scheme of the induced equations on the 10 singular hypersur-
faces corresponding to eigenvalues of 10 residue matrices. If "spct" is indicated
in place of "rest", a table of spectral types with respect to the variables x; for
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i =0,...,4 and the indices of rigidities are displayed. If “dviout=-1" is indicated
in place of dviout=1, the result is given by a TEX source in place of displaying the
result on a screen. If “|dviout=1” is not indicated, the result is given in a format
recognized by Risa/Asir.

8. Fuchsian ordinary differential equations

In this section we consider a Fuchsian differential equation

d A A A
(92) NS By By 20y
dr x—vy x—1 x

with regular singularities at = 0, 1, y and oco. Here the residue matrices A,, A;
and Ap are constant square matrices of size N. If (92) is irreducible and rigid or

(93) dim(Z(A,) N Z(A1) N Z(Ag)) =1
and
(94) dim Z(A,) +dim Z(A;) + dim Z(Ag) + dim Z(A, + Ay + Ap) — 2N? =2,

the equation (92) is constructed by successive applications of middle convolutions
and additions to the trivial equation «' = 0. Here Z(A) denotes the space of the
centralizer in M (N, C) for A € M (N, C) and the left hand side of (94) is the index
of the rigidity of the equation. We note that middle convolutions can be replaced
by the transformation of equations induced by K* with additions.
We assume that the equation (92) can be extended to the compatible equation
ou Ay Bl BO

95 —_— = u+ U+ —u.
(95) oy w—y y—1 y

If the equation (92) is rigid, it extends to the compatible equation and moreover if
the equation satisfies (93), the matrices By and Bj are uniquely determined by (92)
up to the difference of scalar matrices. We can apply the transformations induced
by K 4 and K 1, to (92). Note that these transformations may change the index of
rigidity as was shown in the last section.

The transformations induced by f{g’c‘, K’g and I?g’jy are given by the following
(96), (97) and (98), respectively, with calculating the induced matrices of the residue
matrices on C3V /L.

1 0 0
Ay+p Ay Ag 0 0 0 wot
4 ( AL o) (AyAlon) I
_ 0 0 0/~ o o o0/~ y 41 4o /)
U+ U

(96) dz x—y u x—1 x ’

ker A, Ay+p Ay Ag
ker A, | + ker Ay, Ai+p Ao s

Ay Ar Aotp

A1+B, —B; 0 Ao+Boy 0 — By
~ Az/OJF” Ef)l %0 —A, Aj+A, 0 0 A 0
du 0 0 0/~ 0 0 A ) _ —A, 0 Ag+a, ) _
-— = u + u—+ u,
(97) dz T—y z—1 x
ker A, Ay+p B Bo
L= kerB;, | + ker B, Ai+p Bo s
ker By By A1 Bo+p
A E o 0 0 0 T afiiu o
- —bB; y+B1 14—H
da 0 0 Ay ) - (%1 AIJ“ A@“) . 0 A Ay ) -
-— = U+ u + Uu,
(98) dz x—y x—1 x

ker By Bi4p A Azq
ker Aq + ker By Ai+p Asg .
B, A1 Asatp
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Here
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Ay =—-Ay — By — By,
Agy = —(Apa + A12 + Asz) = (Ag1 + Aoz + Aoz + A12 + A13) — Aoz — A2

[AK]
[DR]
[DR2]
[Ex]
[GKZ]
[Ha]
[Ho]
[KO]
[Ka]
[KZ]
[La]
[Ma]
[01]
[02]
(03]
[04]

[05]

[06]

[07]

= A1 + Aoz + A3 = Ay + Ao + Bo.
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