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§ Generalized Riemann scheme

M : | Pu=0 (P = an(2)0™ + ap_1(2)0" 4+ - +ao(x) € W]z])

Wz] = Clz,9], 0 = £, 9 =20
cp = 00,1, ...,Cp : the singular points of M (a,(c;) = 0)

If ¢; =0, we assume M has (formal) local solutions

° A A e AV
(E) |u(z) = p(x)zvo exp(—2L — et T 1) (v=1,...,n)

d(x) =1+ a1z + asx® + -+ - € Clx]
A(x) = A"+ AT+ A € Clz], M #M (v #£V)

Theorem [Hukuhara,...] # € R = 3 R > 0, 04, 0> and solutions u, to M such

e

that 0 € (61,02) and u, have asymptotic (E) for x — ¢; = 0 on

Ve, m,(01,60) =7 € Cl |z —¢j| <R, 01 <arg(z —¢;) < b2}

¢ /

Characteristic exponents \; , € C[x]| of M at x = ¢; are defined through ¢; — 0



e No logarithmic term (< for simplicity)

e No ramified irregular singularity (<« essential)

{Njalomays - - [Aj,nj](mnj)} . characteristic exponents of M at x = ¢;
)\j,VE(C[ZC], n:mj,1‘|—"'+mj,nj (]:Ov7p)'
[)\](m) ::{)\,)\—l—l,...,)\—|—m—1} ()\EC[$])

Generalized Riemann scheme (GRS)

\

‘=, (j:()’_._7p)\ ( xgo [(C)Li:l Tr = o0 1n7(n_1)171n
. o

(a0 "y S, nFn1 (e B; )

(%) : < . SR 1 20
. . ZCLV — Zby

il (m. '
) [ 7 J]( i) ’ 1= Brn-1 —Bn Qn
e deg);, =0 (v=1,...,n;) = c;is a regular singular point

e Versal unfolding of (GRS) < (GRS) of a Fuchsian equation (cf. [Ov])
= spectral type (a tuple of partition of ord P)



Example : spectral type 211]22]22, 31
Pu=0: ord P =4 with z = oo (Poincaré rank 2) and 0 (regular singularity)

u(x) =~ x~ (1 + o(x_l))e_alx_%”xQ, gm0~ lgmae—gasz” (x = +00)

—boe—blx —Co

Q

x e 01 (x — +00)

~ (14 o(z?))z, (2 +o(x))rt!, g2 g (x — 40)

, L

Fuchs-Hukuhara relation : 2ag + bg + co + 2¢1 + ¢ +c3 =4

( T = 00 =0 (x =00 (1) (2) =0
< [ao +a1fE+6L2332](2) 1] (3) \ — o] (2) a1]2 [az]2 1] (3) >
bo + b1 C2 bo b1]2 0]2 C2
L Co + bll' ) L Co )
idx(211|22]22,31) =0 = 1(= 1 — 2*) accessory parameter ~~ versal Heun
( T = 00 T = % T = % z=0]
Jlo—wtitle i tiatmle  Eesmle  lalel
0— & =12 0](2) C2
Co — b
\ t1 J




§ Index of rigidity and operations
idxm:2n2—z n? —m Zdeg G = Ajur) M M
=2’ =) (n® - (m“)) )
di(m)=2n-) (n—mj1)—» deg(Nj— A1) my,
=2 (n—m{))

(FC) > miudw(0) —ordm + gidxm == [{{A})] o} =0

Addition
u(z) = v(x) = p(x)u(z) = 0:= % — Ad(p)d =podop =0 — %
Ad((z —e)*)0 =0 — 0=z — Ad(z*)9 =9 — A

rx—c'
Versal addition .
) T4 i, v,k

i 2 k= IMo<s<k(tr—ts) fz g AJVT dx
s (oo Y g (o

r=0 r;

Ajvr
0— 0 — g T X

—0 [Tio(z —cj —te)’



Middle convolution : a microlocal operator

u(x) —v(z) =0 Hu = ﬁ /:c u(t)(x —t)*~tdt (c: singular point, i € C)

Pu(z) =0 = mCM(P) ( ) =0 (mc,(0) =0, mc,(¥) =19 — pu)

P:Zaj( ZZCU '’ € Wlz] (a;(x) € Clz], ¢;; € C)

=0 i
n N
NP =>"Y 9Vc wzﬁj—Zch@N fW+1+1)0
j=0 i=0 j=0 i=0
n N
mc,, (P) := L( ch@N "W+ 1+i— )89) ON~Lo~HPO* € Wx]
7=0 2=0

(L € Z> : largest) (a); == (a)(a+1)---(a+i—1)
Ad(p~1) o Ad(p) =id, mc_, omc, =id = invertible operators

They keep the index of rigidity (idx m)
Spectral type m of Pu = 0 is rigid (idxm = 2)
= Pu = 0 is transformed into trivial Eq. u’ = 0 by these operations

= Existence and construction of Pu = 0 for a given (GRS)



§ Properties of middle convolution

(= cop = o0 T =cy r=c, )
[)\071](m0 1) [Al,l](ml’l) o [)‘pal](m 1)
(J) & 1 . . 7
Moo mong)  Armilomi ey o0 Ponplompn,)

6, {Dulimy} = (N ey }s Pu=01 Plo=0 (P = me,(P))

Theorem. Suppose A\p1 =p+1 (deghp1 =0), M1 ==X 1 =

and other exponents are generic (112, 1 may be 0). Then ([Of, Hi])
mj;, =mj, — 0,1 - di(m) (1<v<mn; 0<j<p),
Aig =050 (1—p) (7 =0,...,p),

A;,V =\, + (deg Njv + (—1)53"0) - L 2<v<n;, 0<5<p)
and the irreducibility is kept.

By suitable (versal) additions and transpositions of the indices, we may assume
(%) with () >, m\) > ml") (i=0.....p, v=2,....n)).

Lemma. (f) andidxm >0 = dy(m) >0 = ord P’ =ord P —d;(m) < ord P



L
(1)

(a:a singular point of u(x))

(O ru)(w) = (@) i= 1o [ " u(t) (@ — e

=

1P (2?) L /xtk( )y~ tat o /1 AL —s)Plds (¢ )
x”) = xr — — s*(1—s S = xS
’ I'(p) Jo I'(p) Jo
_ I'(A+1) Au
F'(A4+p+1)
~ 1 > 1 -
It (xhe™®) = —/ tre Tt (t — z)P T dt = —/ T+ s)te P TSsH s
A7 Em e Jy Y
A n
_ e / )n —E) st~le s
() x
/\ e~ S | o0 N
(A)n(g)n/ ghtne= g
I'(p) nz_o 0

~ QU)\G_:B i (_/\)n(:u)n (_l)n _ x)\e—a;ZFO(_)\’ 1 _l)

n!
n=0
(Jz| = oo, |argz| < 2F) : (Whittaker function)




pFolan, ... 001, ..., Bgx) = Z ((Bai)n _ .(éaf)z'a:”, which satisfies
D - (Bg)nn!

q p
[[@+8) 0u=]]0W+)u { (ot B kBt Dantis™ o u=ganan
v=1

=(n4ai) - (ntap)anx”

y

o (p<q)
1 (p=gq+1)
(p>q+1)

Radius of the convergence = <

L0
e’ = oFy(x), (1—z)=>_ Y

n=0

I(’f(x’\ pFg(ag, -+ ap; P,y ,5q;:|:x))

I'(A+1)
F()\+M+1) p+1 q_l-l(al’ » Xps T 7617 76(]7 +H+ ; Z’)

I'(A+1)
F(A4+p+1)

/ A
B0 -0 = i

ol " = 1FO(>\;CU)7

=T

IF (xe ™) = e M P AN+ LA+ 41, —2)  (Kummer)

e MG AN+ 1L, =N A+ u+ 1) (Gauss)




§ Riemann-Liouville transform

M u(xr .:L ’ U T — pu—1 :L U _ p—1
o) @) = g [ w®@ =ty = oo (e o
L:la,B]>t— L(t) €eC, L(a) =a, L(B) ==z, 0 =argL'(a),

L(s)# L(t) fora<s<t<p
e?0

\qt%@?mt t@:ﬂ

a C

~

L:Ja,7]>t— L) €C, a= L(a) and ¢ = L(7),
L(s)# L(t) fora < s <t < 7.
e u(z) is holomorphic for z = L(ty) (to € (o,7)), L = l~L|[a7tO]
Want to know the asymptotics of (I*u)(x) for tg — « and ty — ~

in terms of those of u(x).
t

<f5_ewoou><x>=ﬁ / WO — o)l T /o




§ Riemann-Liouville transform (Main Theorem)
e'?0

(Tog)@) = i [ ult)(o— 0 SO

F(/l/) 16 0 p

(1.1) u(x) ~ (Z an, ) (z — €“0)  (¢(z) :==ao+arz+--- € Clz])

n—

= (Liogu)(2 " (i ((/\+ Dt xn)xhru

o

2

FA+p+1) = (A+p+ 1)y
(1.2) u(z) ~ é(x )5’3 eXP( 930 — x%ll — - ) (r — ewO) and ReCpe ™% > 0
(Iuwo u)(z) ~ (moCo)~ ¢($)$A+(m0+1>“ exp(—fTOO — 330711 — .. )

o, ¥ € Clz], ¢(0) = (0), mog > m1 > -+ >my >0 and m; € Z>og
(2.1) w(@)~ (c—2)) (z—c—e?0) and Re (N + p) <0

= (L, u)(7) ~ F(lj()\_/):)'u) (c— CC))\/+M < Re(A=X)>0«<=c=0, (1.1))

(2.2) wu(zr) ~ (c — :E)A/ exp ( 4 9 4 ) (= e — ew/O) and

» (c—o)™0 (=)™
Re Che~"™0% >
= (1", u)(x) = (mhCH) (e — x)N TmotDrexp(—S0_ 4 G 4.

100" (c=2)™0 ' (=)™

(23) lim  w@)(c—xz) " =0 = lim wu(z)= (17

. 0/
x—c—et0' x—c—et0'



§ Outline of the Proof of (2.2) («= [Or])

Cq

/ (1— t)%(l—ci)mﬂl—t)ml T — )P re()dt (¢ e C[0,1], m>mq > )
0

(t=a(1—(1—2)""s), ReC >0, Rep >0 <« I}lu=1I,"0"w)

C 1
— CC'UJ(l _ x)>\+(m+1)ue(1—m)m +(1_m)m1 +

AT "
></(1 ) (1 + x(l o x)ms>>‘s,u—1e—f(x, (1—x) S)gb(aj _ ZE(l _ QJ)m—HS)dS,
0

_ C Cy
(. 52) = w55 (1~ ) + g (L~ )+

1
(1—z)mF1 2—1—0
° coeds —— 0,

1
(I—a)™

e (f(z,(1—2)"s), ¢p(z —z(1l—x)" s)) =170, (mC's, ¢(1)) =

/m- .- ds i ) /OO s“_le_mcs¢(1)ds =T'(p)o(1)
0 0

I4
Lebergue’'s Dom. Cov. Th.

(1.1), (2.1), (2.3) < [Of], (1.2) < [OV]



Several Path

¢
a
xr /A E t—@
Thy= L/OLU<75)(t—x)“1dt — My — e /wu(t)(x — t) " dt
© () J, “ o T(u) Jg

Singularity at oo

(Tpu)(@) = 2=t (e lu(2))(2) | a=eo0 = L =c0

e
a

S oS +00 ( FH (2 = 400)
W t’\e_t(t — ) dt




Asymptotic at co (Theorem)

(1.1) u(x) ~ (Z Ap T~ ) (x = eP00)  (¢(x) :=ag + a1z +--- € C[z])

— (iﬂ_g u)(:z;) N F( A— ,LL) (Z F(_)‘ - M)nanx”)xA‘Hi

1.2) u(z) ~ ¢(2)2) exp(—Coa™ — Crz™ — - -. r — eoo) and
( :
Re Coe™% > 0, ¢ € C[z]
= (Ifu)(x) ~ (moCo) Fap(1)a M I=modi exp(—Coz™e — Cra™ —---),

)
Y € Clz], ¢(0) =¢(0), mg >mq > --->my >0and m; € Zsg

(2.1) u(z) =~z (z—e?o0) and Re) > —

LA +1) :
= (Ifu)(z) ~ TVt 1)x>\ +p

(2.2) u(z) ~ 2 exp(C’ mo 4+ Cl ™ +- ) (z— %" 50) and Re Cei™0? >
= (IFu)(z) = (m)Cl)~Far =m0k exp(Cha™o + Cla™ 4 - - )



§ Example (,,_1F,_1 : a confluence of ,,F}, 1)

1"|(n —1)1,1" (n=2 = Kummer's Eq.)

r = 00 xr =0 n n
GT .= 1—X1,, (1<v<n) (1 <v<n) (ZAO,V:ZALV)
vr=1 vr=1

+x — )\Ln

L~ 20,1 T = 00 x =0

Ad( )> 1—>\1’V—|—>\0,1 (1 §V<7’L) 0
T — A0+ o1 2<v<n)
MCXp,1 21,1 T =00 z=0
’ — e l—X .+ X1 2 v<n) (2 <v<n)
+xr — Ai,n + o1

m>\]_,]_—>\0’2 r = OO xr = O

Ad( )> 1—>\1’V-|->\0,2 (3§1/<n) 0
T — Ai.n + Xo,1 + Xo2 — A1 3<v<n)

Ad(z0,m—17A1,n—2)
- 5

( T = 00 z =0 )
1 =X n—1+Xo,n-1 0
{ n—1 >
+x — A1,n + Xo,1 + Z(Ao,u — A,v—1)
\ v=2 J

r = o0 =20
= G;I: = 1— >\1,n—1 —|— >\0,n—1 0 (Kummer)
T+ Ai,n—1— Ao,n



<5

<5

PN n—1 20,1 {
4

Gi —

e o o

r = o0 =0
=<1 =X n_1+Xon-1 0 (Kummer)
:sz‘i‘)\l,n—l - >\O,n
X0 n—1—2 ,n—1 Tr = 00 =0 A —
’ ’ N 0,n 1,n—1,F<
’ {:l:w_*—)\l,n—l _>\O7n > " ©
N r = o0 x =0
X — X
GF ={1 =X n-1+Ao,n-1 0
T+ A n—1— Ao,n
Ad(F T = o0 z =0
M +r4+1—-—Xn-1+Xon-1 0
Al,n—1 — Ao,n

r = 00 r =20 }

T +1—A,n_1+Ao,n—1

r = 00 xr =0
1—X,, (1<v<n) 1<v<n
:|:33—>\1,n

~ ~

~

A _1—A _ AMn—1—A0.n—
Ad(x 0,n—1 1,n Q)IOol,n 1 0O,n—1

Uooa (1) = Ad(a 1) 201200 Ad(gro2 My 2o

(a,;AO,n_Al,n—l e—fﬂ)

~ gl ® (Jz| = o0, |argz| < 3%)7
+ ~ (. ETi A1 L —1 37
Uso,1-n,, (®) = (e7" )™ (lz| = oo, |argz £ 7| < ),
A~ 0 (x —0) (<14

— 1)



' x>‘0,n_>\1,n_1—m1€—m
m]_:() m1 .

A -2 1 —x L
" 0,mn 1,n—1¢ 2F0()\1,n_1 _>‘0,n—17>\1,n—1 _AO,n;_;) (LU—>—|—OO)

~ L'(Aon—1 — Aoﬁn)wko,n—ko,n—1

~ z — +0, Re Ao.n < ReAo.n_1),
C'(A,n—1 — Ao,n) ( 0, 0,n—1)
Y —\ B
’U,Q(x) = IOO].,’I’L—Q O,TL—Q Ad(xko’n_l Al’n_2)ul(a’})
o0 o, Tz (ma+ o meo1 + 30 (Mn—k — Aont1-k)),,
Up—1(x) ~ Z Z = '
my, __1=0 mq1=0 ma: My _—1:
n—1 o
X H (Al,n—k - AO,n—k)Mkz (_%)ml—k.“—kmn_l . a’;zk=1 (Aoan—i—l—k_)‘l,n—k)e_m
k=1

~ g TR0l (g 4o0)
n—1
C'(Xoxk — A _
~ |1 (Q0.k = 20m) 20,0 =20,1 (x = +0, ReXo,n <ReXg,p fork=1,...,n—1),
Ee1 F(Al,k - >\O,n)

I ={1,...
um,x—kl’n :ajAO,lun_l { 7n,Mm ' { y ,n}\{m}



Gi:

A _1—A o B
Uit(x) = Iol’n Lo 1(:13>‘0an Al,n—lesz)

'(Xon —Ain—1+1) xg . —xg,_1
) ) n =1 Fy(Ao,n — A,n— 1:20.n — Ao.m— 1;
I'Ao,n — Ao,n—1 + 1)30 11 (Ao, 1Ln—1 7+ 0, on—1+1;Fx)

v, () = 220,n " A, n—1,% (z — +00),

R N B -
vi(z) € Ce™ 0 T LT (A -1 2017167
’Ui'_(x) ~ x)\l,n—l_)\(),n_l—l (.CL' _ —|—oo)

Ty oy

T T(a) (x — +o0)

A =) . B
’Ug:(x) = Iol,n 2 O,n—2 Ad(.CCAO’n_]‘ Al’n_Q)’Uil:(;{;)

n—1
+ ( ): H F(AO,TL _Al,y +1) xAO,n_AO’l
F(AO,’I’L - )\O,y + 1)

X n—an—l(AO,n — )\1,11 +1 (1 S v < 'nz);>\(),n - >\07V +1 (1 S v < n),:Fﬂi'),

v=1

’U;_l(x)zxkl,n_ko,lefv (z — +o00)

n—2
:_1(:1;) ~ I | FEAL ! )\1’ ;ijla“_l 20,11 (x — 400, ReAi,n—1 > ReXim, me J,_2)
1,n—1 — AO,v

(v
vr=1



G Woo,1—X1 uico,l_M m(x) — woo,1—>\1,m(ei”x)

~A —A 1 _ _ _
'lUl(x) — e:c]-ooo,n 1,n—1+ (xAl,n—l >‘O,n—1 16 a:)

A _1—A _1—1 1
=" bLn=1720n=1" " Fo(Mo,n — AMyn—1 + 1L, A0n—1 — A1,n—1 + 15 —2)

_ T'(do,n—1—Ao,n +1)
F(>\O,n—1 — >\1,n—1 + 1)

A —92=A0.m— _
wo (z) = [om—27"0m 2Ad(x>‘0,n—1 >‘1,n—2)w1(x)

220,n =20, n—1 (x — 0, Re Mo.n < Re )\o,n_l),

n—2
Wn—1(x) = H Pdo,y = Aynon 4+ 1) .z l,n—1720,171
" - T(A1,y — Ain—1 + 1)

X nFn—2({>\0 v — A1 ,mn—1 + 1}1/€In; {>\1,1/ - >\1,n—1 + 1}V€Jn_2; _%)
Hy—l ]-—‘(>\O v >\O n) x>‘0,n_>‘0,1
FAon—1—Ai,n—1+1) ][ ;5 2 I'(A1,0 — Ao,n)
(x = +0, ReXg,n, <ReXg,, for 1 < v < n)

n—2

Woo,1-21 5,1 (%) = 2701 H

N

F'M,p —AM,n—1+1)
F<>\01/_>\1n 1+]—)

_1.

Wp—1(T)

— $>\1,n—1

Fn—Z({)\O V_>\1 n_1+1}V€In; {)\1 1/_>\1 n_1+1}V€Jn_2; _%)

N [T7Z7T M = A1+ DTIPZ T(ow — Aoon) A0n
Hl/—l F(AO v >\1 ,nm—1 + 1) H F()\l v >\O 'n)
(x = 40, ReXg,n < ReXg,, for1 < v < n).




Connection formula: (u™ (%) = Woe, 17, ,, (eX772))

n 00,1=A1 m

ui:o,l—klpm (z) = Z cr(co:l — Aq m ~> O:AO,k)eiXO-/km
k=1

~ (eiWix)Alvm_l (|| = oo, |argz £ | < 2F

n
uoo,w_klm(:c) = Z cr(co:x — A1 p ~> 0: Ao k)
k=1
~z e (|lz] = oo, |argz| < 37)
n
3" e 00 001 = A ()
m=1 ’

_|— CF(O:AO,k X0 — Al’n)ei(A17n_>\0,k1>71'iuoo’$_>\1,n(CU)

~ 270k (z — 40)
Stokes relations:

F(Nq —1)me + F27e + (X —1)me +
e , M . oo,l—Al,m(e x) —e ;M 'uoo,l—Al,m(m)

= 227 - cr(00:1 — A1 ~» 00T — A1 n) - Uso,z— 2y, (T),

€_>‘1,n7ri . uoo,a:—Al’n(eﬂ—ix> _ e/\l,nﬁi . uoo,m—kl’n(e_ﬂ-ix)
n—1
= —271 Z cr(co:x — A1 p ~> 00l — Ay ) - uoio,l_kl,m(e]me)
m=1
2mig® TP le®

n=2 = 2F0(0595;_ﬁ)_QFO(a’ﬂ;_e:F}Tiw>: I'(l—a)l(1—-7)

2Fo(l—a,1—B;—3



I'-factors:
HVGI” L F(AO,V — >\O,k) H’/ejn—l - F(Al,y — )\Lm + ]_)

[Toer, o TOow = Am + DIley, TR = Xok)
[oer, , PRo,v = Xok)

[Toes, T = Aok)

[Toer, 1, TOLm =2 [ler, , TOok = 2o +1)
ey, 1 PQosk = A0 +1) 1‘[,,61 T(A1.m — Mo,w)
Mer, , FGom = Ao +1)

[Les, TQor—Arw+1)

Moes, o, TOLy = Atm + 1)
Mocr. Tow — Atm 1)

Moes, 1 TOrm = A1)
[Ier, T(A1,m — Aow)

CI‘(OO:]. — )\1,m ~> OAO,k) —

cr(oo:x — A1 p ~> 0: X0 k) =

CF(O:AO,I@ ~ 00:1 — )\Lm) =

cr(0:Xp,p ~> 00T — A1 ) =

cr(cotx — Ai,p ~>00:1l — A1 ) =

cr(co:l — Ap g ~> 00T — A1 ) =

Irreducible < X —Mm¢Z (1<k<n, 1<m<n)

Kummer Whittaker
T = 00 0 PV T = 00 0 vz T = 00 0
1_)\1,1/ )\0,1/ ki ’6> —r+v7—« 0 ki 2> —%—k %—m
37_>\1,n Q 1—’}/ %—|—k %—|—m



F(«

1.

, B,y )

§ Evaluation of connection coefficients ¢(\)

r=20 r=1 r = 0O
Gauss : 0 0 Q ;x
l—v y—a-—-p B

_ MMy —a—-B)
Iy = a)l'(y = 8)

F(y—a,y=By—a-B-1l1-2)+0(1—-x)" """

Evaluation of an integral expression of the corresponding solution

. _ ]:‘(,7) 1 Bs—1 o\ —B8-—1 . —« .
F(a,ﬁ,'y,a:)—r(ﬂ)r(fy_ﬂ) ) t (1 —1¢) (1 —tx) “dt (t—1-—0)

Difference equation of ¢(\) (<= contiguous relation) and asymptotic of ¢(\)

(- - B)
A A ovppropy )

Possible poles of ¢(\) (<« difference of characteristic exponents) and known zeros
of ¢(A) (<= reducibility) and asymptotic of c(\)

c(e, B,7), i cla, B,7) =1

—+ oo

Poles: 1 —~v=1,2,...and vy —a—38=0,1,... and zeros: v —a, vy —p =0,—1,...

. Change of asymptotic of solution under the Riemann-Liouville transform

1 —2z)N), z = +0, 1 -0

. Irregular singularities = regular singularities (by versal unfolding)

lim F(a, 8,7 %5) =1Fi(ev;z), lim F(a,B,v;vx) = 2Fo(e, 55 x)
B8— oo v —4oo

Extension to several variables
extension restriction

Jordan-Pochhammer ———— Lauricella’s Fp Gauss
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