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§ Generalized Riemann scheme

M : Pu = 0 (P = an(x)∂
n + an−1(x)∂

n−1 + · · ·+ a0(x) ∈W [x])

W [x] = C[x, ∂], ∂ = d
dx , ϑ = x∂

c0 = ∞, c1, . . . , cp : the singular points of M (an(cj) = 0)

If c1 = 0, we assume M has (formal) local solutions

(E) uν(x) = φ(x)xλ
o
ν,0 exp

(
−λo

ν,r

rxr − λo
ν,r−1

(r−1)xr−1 − · · · − λo
ν,1

x

)
(ν = 1, . . . , n)

φ(x) = 1 + a1x+ a2x
2 + · · · ∈ C[[x]]

λν(x) := λoν,rx
r + · · ·+ λoν,1x+ λoν,0 ∈ C[x] , λν 6= λν′ (⇐ ν 6= ν′)

cj

eiθ
Theorem [Hukuhara,. . .] θ ∈ R ⇒ ∃ R > 0, θ1, θ2 and solutions uν to M such

that θ ∈ (θ1, θ2) and uν have asymptotic (E) for x→ cj = 0 on

Vcj ,R,(θ1,θ2) := {x ∈ C | |x− cj | < R, θ1 < arg(x− cj) < θ2}

Characteristic exponents λj,ν ∈ C[x] of M at x = cj are defined through cj 7→ 0



• No logarithmic term (⇐ for simplicity)

• No ramified irregular singularity (⇐ essential)

{[λj,1](m1), . . . , [λj,nj ](mnj
)} : characteristic exponents of M at x = cj

λj,ν ∈ C[x], n = mj,1 + · · ·+mj,nj
(j = 0, . . . , p),

[λ](m) := {λ, λ+ 1, . . . , λ+m− 1} (λ ∈ C[x])

Generalized Riemann scheme (GRS)

(⋆) :


x = cj (j = 0, . . . , p)

[λj,1](mj,1)

...
[λj,nj ](mj,nj

)

 ,



x = 0 x = 1 x = ∞
0 [0](n−1) α1

1− β1 α2

...
...

1− βn−1 −βn αn


1n, (n− 1)1, 1n

nFn−1(α;β;x)∑
aν =

∑
bν

• deg λj,ν = 0 (ν = 1, . . . , nj) ⇒ cj is a regular singular point

• Versal unfolding of (GRS) ↪→ (GRS) of a Fuchsian equation (cf. [Ov])

⇒ spectral type (a tuple of partition of ordP )



Example : spectral type 211|22|22, 31
Pu = 0 : ordP = 4 with x = ∞ (Poincaré rank 2) and 0 (regular singularity)

u(x) ≈ x−a0(1 + o(x−1))e−a1x− 1
2a2x

2

, x−a0−1e−a1x− 1
2a2x

2

(x→ +∞)

≈ x−b0e−b1x, x−c0e−b1x (x→ +∞)

≈ (1 + o(x2))xc1 , (x+ o(x))c1+1, xc1+2, xc2 (x→ +0)

Fuchs-Hukuhara relation : 2a0 + b0 + c0 + 2c1 + c2 + c3 = 4
x = ∞ x = 0

[a0 + a1x+ a2x
2](2) [c1](3)

b0 + b1x c2
c0 + b1x

 =


x = ∞ (1) (2) x = 0
[a0](2) [a1]2 [a2]2 [c1](3)
b0 [b1]2 [0]2 c2
c0


idx(211|22|22, 31) = 0 ⇒ 1 (= 1− idx

2 ) accessory parameter ⇝ versal Heun
x = ∞ x = 1

t1
x = 1

t2
x = 0

[a0 − a1

t1
+ a2

t1t2
](2) [a1

t1
+ a2

t1(t1−t2)
](2) [ a2

t2(t2−t1)
](2) [c1](3)

b0 − b1
t1

[ b1t1 ](2) [0](2) c2
c0 − b1

t1





§ Index of rigidity and operations

idxm = 2n2 −
∑

(n2 −m2
j,ν)−

∑
deg (λj,ν − λj,ν′) ·mj,νmj,ν′

= 2n2 −
∑(

n2 − (m
(r)
j,ν)

2
)

d1(m) = 2n−
∑(

n−mj,1

)
−

∑
deg (λj,ν − λj,1) ·mj,ν

= 2n−
∑(

n−m
(r)
j,1

)
(FC)

∑
mj,νλj,ν(0)− ordm+ 1

2 idxm :=
∣∣{[λ(r)j,ν ](m(r)

j,1)
}
∣∣ = 0

Addition

u(x) 7→ v(x) = ϕ(x)u(x) ⇒ ∂ := d
dx 7→ Ad(ϕ)∂ = ϕ ◦ ∂ ◦ ϕ−1 = ∂ − φ′

φ

Ad
(
(x− c)λ

)
∂ = ∂ − λ

x−c , ϑ := x∂ 7→ Ad
(
xλ

)
ϑ = ϑ− λ

Versal addition

Ad

( rj∏
r=0

(x− cj − tr)

∑rj
k=r

λj,ν,k∏
0≤s≤k
s 6=r

(tr−ts)
)

= Ad

(
e
∫ ∑rj

r=0

λj,ν,r∏r
k=0

(x−cj−tk)
dx
)

∂ 7→ ∂ −
rj∑
r=0

λj,ν,r∏r
k=0(x− cj − tk)

, x 7→ x



Middle convolution : a microlocal operator

u(x) 7→ v(x)= ∂−µu =
1

Γ(µ)

∫ x

c

u(t)(x− t)µ−1dt (c : singular point, µ ∈ C)

Pu(x) = 0 ⇒ mcµ(P )v(x) = 0 (mcµ(∂) = ∂, mcµ(ϑ) = ϑ− µ)

P =

n∑
j=0

aj(x)∂
j =

n∑
j=0

N∑
i=0

cijx
i∂j ∈W [x] (aj(x) ∈ C[x], cij ∈ C)

∂NP =
n∑

j=0

N∑
i=0

∂Ncijx
i∂j =

n∑
j=0

N∑
i=0

cij∂
N−i(ϑ+ 1 + i)i∂

j

mcµ(P ) := ∂−L
( n∑
j=0

N∑
i=0

cij∂
N−i(ϑ+ 1 + i− µ)i∂

j
)
= ∂N−L∂−µP∂µ ∈W [x]

(L ∈ Z≥0 : largest) (a)i := (a)(a+ 1) · · · (a+ i− 1)

Ad(ϕ−1) ◦Ad(ϕ) = id, mc−µ ◦mcµ = id ⇒ invertible operators

They keep the index of rigidity (idxm)

Spectral type m of Pu = 0 is rigid (idxm = 2)

⇒ Pu = 0 is transformed into trivial Eq. u′ = 0 by these operations

⇒ Existence and construction of Pu = 0 for a given (GRS)



§ Properties of middle convolution

(⋆) :


x = c0 = ∞ x = c1 · · · x = cp

[λ0,1](m0,1) [λ1,1](m1,1) · · · [λp,1](mp,1)

...
... · · ·

...

[λ0,n0 ](m0,n0
) [λ1,n1 ](m1,n1

) · · · [λp,np ](mp,np )


mcµ : {[λj,ν ](mj,ν)} 7→ {[λ′j,ν ](mj,ν)}, Pu = 0 7→ P ′v = 0 (P ′ = mcµ(P ))

Theorem. Suppose λ0,1 = µ+ 1 (deg λ0,1 = 0), λ1,1 = · · · = λp,1 = 0

and other exponents are generic (mj,1 may be 0). Then ([Of, Hi])

m′
j,ν = mj,ν − δν,1 · d1(m) (1 ≤ ν ≤ nj , 0 ≤ j ≤ p),

λ′j,1 = δj,0 · (1− µ) (j = 0, . . . , p),

λ′j,ν = λj,ν +
(
deg λj,ν + (−1)δj,0

)
· µ (2 ≤ ν ≤ nj , 0 ≤ j ≤ p)

and the irreducibility is kept.

By suitable (versal) additions and transpositions of the indices, we may assume

(⋆) with (])
∑

rm
(r)
j,1 ≥

∑
rm

(r)
j,ν (j = 0, . . . , p, ν = 2, . . . , nj).

Lemma. (]) and idxm > 0 ⇒ d1(m) > 0 ⇒ ordP ′ = ordP − d1(m) < ordP



(∂−µu)(x) = (Iµa u)(x) :=
1

Γ(µ)

∫ x

a

u(t)(x− t)µ−1dt

(a : a singular point of u(x))

Iµ0 (x
λ) =

1

Γ(µ)

∫ x

0

tλ(x− t)µ−1dt=
xλ+µ

Γ(µ)

∫ 1

0

sλ(1− s)µ−1ds (t = xs)

=
Γ(λ+ 1)

Γ(λ+ µ+ 1)
xλ+µ

Ĩµ∞(xλe−x) =
1

Γ(µ)

∫ ∞

x

tλe−t(t− x)µ−1dt=
1

Γ(µ)

∫ ∞

0

(x+ s)λe−x−ssµ−1ds

=
xλe−x

Γ(µ)

∫ ∞

0

∞∑
n=0

(−λ)n
(
− s

x

)n

sµ−1e−tds

∼ xλe−x

Γ(µ)

∞∑
n=0

(−λ)n(− 1
x )

n

∫ ∞

0

sµ+ne−xds

◦ ∞•x

∼ xλe−x
∞∑

n=0

(−λ)n(µ)n
n!

(− 1
x )

n = xλe−x
2F0(−λ, µ;− 1

x )

(|x| → ∞, | arg x| < 3π
2 ) : (Whittaker function)



pFq(α1, . . . , αp;β1, . . . , βq;x) :=

∞∑
n=0

(α1)n · · · (αp)n
(β1)n · · · (βq)nn!

xn, which satisfies

q∏
ν=1

(ϑ+ βν) · ∂u =

p∏
ν=1

(ϑ+ αν)u
{

(n+β1)···(n+βq)(n+1)an+1x
n

=(n+α1)···(n+αp)anx
n

⇐ u=
∑

anxn

Radius of the convergence =


∞ (p ≤ q)

1 (p = q + 1)

0 (p > q + 1)

ex = 0F0(x), (1− x)−λ =
∞∑

n=0

(λ)n
n!

xn = 1F0(λ;x),

Iµ0
(
xλ · pFq(α1, · · · , αp;β1, . . . , βq;±x)

)
= xλ+µ Γ(λ+ 1)

Γ(λ+ µ+ 1)
· p+1Fq+1(α1, . . . , αp, λ+ 1;β1, . . . , βq, λ+ µ+ 1;±x)

Iµ0 (x
λe−x) =

Γ(λ+ 1)

Γ(λ+ µ+ 1)
xλ+µ · 1F1(λ+ 1;λ+ µ+ 1;−x) (Kummer)

Iµ0
(
xλ(1− x)λ

′)
=

Γ(λ+ 1)

Γ(λ+ µ+ 1)
xλ+µ · 2F1(λ+ 1,−λ′;λ+ µ+ 1;x) (Gauss)



§ Riemann-Liouville transform

(Iµ
a+eiθ0

u)(x) :=
1

Γ(µ)

∫ x

a+eiθ0

u(t)(x− t)µ−1dt =
1

Γ(µ)

∫
L

u(t)(x− t)µ−1dt

L : [α, β] 3 t 7→ L(t) ∈ C, L(α) = a, L(β) = x, θ = argL′(α),

L(s) 6= L(t) for α ≤ s < t ≤ β

•
•

a
◦
c

x
×
t

eiθ0

•
a

×
×
×

x

x t •
a

•x×t

L̃ : [α, γ] 3 t→ L̃(t) ∈ C, a = L̃(α) and c = L̃(γ),

L̃(s) 6= L̃(t) for α ≤ s < t < γ.

• u(x) is holomorphic for x = L̃(t0) (t0 ∈ (α, γ)), L := L̃|[α,t0]
Want to know the asymptotics of (Iµa u)(x) for t0 → α and t0 → γ

in terms of those of u(x).

(Ĩµ
a−eiθ00

u)(x) =
1

Γ(µ)

∫ a−eiθ00

x

u(t)(t− x)µ−1dt •
a

×
x

×t



§ Riemann-Liouville transform (Main Theorem)

(Iµ
eiθ0

u)(x) =
1

Γ(µ)

∫ x

eiθ0

u(t)(x− t)µ−1dt •
•

0
◦
c

x
×
t

eiθ0

(1.1) u(x) ∼
( ∞∑
n=0

anx
n
)
xλ (x→ eiθ0) (ϕ(x) := a0 + a1x+ · · · ∈ C[[x]])

⇒ (Iµ
eiθ0

u)(x) ∼ Γ(λ+ 1)

Γ(λ+ µ+ 1)

( ∞∑
n=0

(λ+ 1)nan
(λ+ µ+ 1)n

xn
)
xλ+µ

(1.2) u(x) ∼ ϕ(x)xλ exp
(
− C0

xm0 − C1
xm1 − · · ·

)
(x→ eiθ0) and ReC0e

−im0θ > 0

⇒ (Iµ
eiθ0

u)(x) ∼ (m0C0)
−µψ(x)xλ+(m0+1)µ exp

(
− C0

xm0 − C1
xm1 − · · ·

)
ϕ, ψ ∈ C[[x]], ϕ(0) = ψ(0), m0 > m1 > · · · > mk > 0 and mj ∈ Z>0

(2.1) u(x) ≈ (c− x)λ
′

(x→ c− eiθ
′
0) and Re (λ′ + µ) < 0

⇒ (Iµ
eiθ0

u)(x) ≈ Γ(−λ′ − µ)

Γ(−λ′)
(c− x)λ

′+µ ⇐ (Re (λ− λ′) > 0 ⇐ c = 0, (1.1))

(2.2) u(x) ≈ (c − x)λ
′
exp

( C′
0

(c−x)
m′

0
+

C′
1

(c−x)
m′

1
+ · · ·

)
(x → c − eiθ

′
0) and

ReC′
0e

−im′
0θ > 0

⇒ (Iµ
eiθ0

u)(x) ≈ (m′
0C

′
0)

−µ(c− x)λ
′+(m′

0+1)µ exp
( C′

0

(c−x)
m′

0
+

C′
1

(c−x)
m′

1
+ · · ·

)
(2.3) lim

x→c−eiθ
′
0
u(x)(c− x)−Reµ = 0 ⇒ lim

x→c−eiθ
′
0
u(x) = (Iµ

eiθ0
u)(c− eiθ

′
0) ∈ C



§ Outline of the Proof of (2.2) (⇐ [Or])∫ x

0

(1− t)λe
C

(1−t)m
+

C1
(1−t)m1 +···

(x− t)µ−1φ(t)dt (φ ∈ C[0, 1], m > m1 > · · · )

(t = x
(
1− (1− x)m+1s

)
, ReC > 0, Reµ > 0 ⇐ Iµ0 u = Iµ+k

0 ∂ku）

= xµ(1− x)λ+(m+1)µe
C

(1−x)m
+

C1
(1−x)m1 +···

×
∫ 1

(1−x)m+1

0

(
1 + x(1− x)ms

)λ
sµ−1e−f(x, (1−x)ms)φ

(
x− x(1− x)m+1s

)
ds,

f(x, s2) =
C

(1−x)m

(
1− 1

(1+xs2)m

)
+ C1

(1−x)m1

(
1− 1

(1+xs2)m1

)
+ · · · ,

•
∫ 1

(1−x)m+1

1
(1−x)m

· · · ds x→1−0−−−−−→ 0,

•
(
f(x, (1− x)ms), φ

(
x− x(1− x)m+1s

)) x→1−0−−−−−→
(
mCs, φ(1)

)
⇒∫ 1

(1−x)m

0

· · · ds x→1−0−−−−−−−−−−−−−−−→
Lebergue’s Dom. Cov. Th.

∫ ∞

0

sµ−1e−mCsφ(1)ds = Γ(µ)φ(1)

(1.1), (2.1), (2.3) ⇐ [Of], (1.2) ⇐ [Ov]



Several Path

•
a

×
x

×t
◦•

a

Ĩµa u=
1

Γ(µ)

∫ a

x

u(t)(t− x)µ−1dt = eµπiIµa u=
eµπi

Γ(µ)

∫ x

a

u(t)(x− t)µ−1dt

Singularity at ∞

(Ĩµa u)(x) = xµ−1 ·
(
Iµ1

a

x−µ−1u( 1x )
)
( 1x ) a = eiθ∞ ⇒ 1

a = e−iθ0

• +∞
x0 × • +∞

x

0
× (x→ +∞)

× •x

eiθ∞

×

•x L1

eiθ∞
1

Γ(µ)

∫ +∞

x

tλe−t(t− x)µ−1dt



Asymptotic at ∞ (Theorem)

(1.1) u(x) ∼
( ∞∑
n=0

anx
−n

)
xλ (x→ eiθ∞) (φ(x) := a0 + a1x+ · · · ∈ C[[x]])

⇒ (Ĩµ
eiθ∞u)(x) ∼

Γ(−λ− µ)

Γ(−λ)

( ∞∑
n=0

Γ(−λ− µ)nan
Γ(−λ)n

x−n
)
xλ+µ

(1.2) u(x) ∼ φ( 1x )x
λ exp

(
−C0x

m0 − C1x
m1 − · · ·

)
(x→ eiθ∞) and

ReC0e
im0θ > 0, φ ∈ C[[x]]

⇒ (Iµ0 u)(x) ∼ (m0C0)
−µψ( 1x )x

λ+(1−m0)µ exp
(
−C0x

m0 − C1x
m1 − · · ·

)
,

ψ ∈ C[[x]], φ(0) = ψ(0), m0 > m1 > · · · > mk > 0 and mj ∈ Z>0

(2.1) u(x) ≈ xλ
′

(x→ eiθ
′∞) and Reλ′ > −1

⇒ (Iµ0 u)(x) ≈
Γ(λ′ + 1)

Γ(λ′ + µ+ 1)
xλ

′+µ

(2.2) u(x) ≈ xλ
′
exp

(
C ′

0x
m′

0+C ′
1x

m′
1+· · ·

)
(x→ eiθ

′∞) and ReC ′
0e

im′
0θ > 0

⇒ (Iµ0 u)(x) ≈ (m′
0C

′
0)

−µxλ+(1−m′
0)µ exp

(
C ′

0x
m′

0 + C ′
1x

m′
1 + · · ·

)



§ Example (n−1Fn−1 : a confluence of nFn−1)

1
n|(n − 1)1, 1

n (n=2 ⇒ Kummer’s Eq.)

G
±

:=

 x = ∞ x = 0
1 − λ1,ν (1 ≤ ν < n) λ0,ν (1 ≤ ν ≤ n)

±x − λ1,n

 ( n∑
ν=1

λ0,ν =
n∑

ν=1

λ1,ν

)
Ad(x

−λ0,1 )−−−−−−−−−→

 x = ∞ x = 0
1 − λ1,ν + λ0,1 (1 ≤ ν < n) 0

±x − λ1,n + λ0,1 λ0,ν − λ0,1 (2 ≤ ν ≤ n)


mcλ0,1−λ1,1−−−−−−−−−−→

 x = ∞ x = 0
1 − λ1,ν + λ1,1 (2 ≤ ν < n) λ0,ν − λ1,1 (2 ≤ ν ≤ n)

±x − λ1,n + λ0,1


Ad(x

λ1,1−λ0,2 )−−−−−−−−−−−−→

 x = ∞ x = 0
1 − λ1,ν + λ0,2 (3 ≤ ν < n) 0

±x − λ1,n + λ0,1 + λ0,2 − λ1,1 λ0,ν − λ0,2 (3 ≤ ν ≤ n)


· · · Ad(x

λ0,n−1−λ1,n−2 )−−−−−−−−−−−−−−−−→
x = ∞ x = 0

1 − λ1,n−1 + λ0,n−1 0

±x − λ1,n + λ0,1 +

n−1∑
ν=2

(λ0,ν − λ1,ν−1) λ0,n − λ0,n−1


= G

±
2 :=

 x = ∞ x = 0
1 − λ1,n−1 + λ0,n−1 0
±x + λ1,n−1 − λ0,n λ0,n − λ0,n−1

 (Kummer)



G
±
2 =

 x = ∞ x = 0
1 − λ1,n−1 + λ0,n−1 0
±x + λ1,n−1 − λ0,n λ0,n − λ0,n−1

 (Kummer)

mcλ0,n−1−λ1,n−1−−−−−−−−−−−−−−→
{

x = ∞ x = 0
±x + λ1,n−1 − λ0,n λ0,n − λ1,n−1

}
∋ x

λ0,n−λ1,n−1e
∓x

G
±
2

x 7→−x−−−−−→ G
∓
2 =

 x = ∞ x = 0
1 − λ1,n−1 + λ0,n−1 0
∓x + λ1,n−1 − λ0,n λ0,n − λ0,n−1


Ad(e∓x)−−−−−−→

 x = ∞ x = 0
±x + 1 − λ1,n−1 + λ0,n−1 0

λ1,n−1 − λ0,n λ0,n − λ0,n−1


mcλ1,n−1−λ0,n−1
−−−−−−−−−−−−−−→

{
x = ∞ x = 0

±x + 1 − λ1,n−1 + λ0,n−1 λ1,n−1 − λ0,n−1 − 1

}

G
±

:=

 x = ∞ x = 0
1 − λ1,ν (1 ≤ ν < n) λ0,ν (1 ≤ ν ≤ n)

±x − λ1,n


G+ : u∞,x−λ1,n(x) = Ad(xλ0,1)Ĩ

λ1,1−λ0,1
∞ Ad(xλ0,2−λ1,1)Ĩ

λ1,2−λ0,2
∞ · · ·

· · ·Ad(xλ0,n−1−λ1,n−2)Ĩ
λ1,n−1−λ0,n−1
∞ (xλ0,n−λ1,n−1e−x)

≈ xλ1,ne−x (|x| → ∞, | arg x| < 3π
2
),

u±
∞,1−λ1,ν

(x) ≈ (e±πix)λ1,ν−1 (|x| → ∞, | arg x± π| < 3π
2
),

u0,λ0,ν (x) ≈ xλ0,ν (x→ 0) (⇐ Ĩµ∞ 7→ Iµ0 )



G
+

: u∞,x−λ1,n

u1(x) := Ĩ
λ1,n−1−λ0,n−1
∞ (x

λ0,n−λ1,n−1e
−x

)

∼
∞∑

m1=0

(λ1,n−1 − λ0,n−1)m1 (λ1,n−1 − λ0,n)m1 (−1)m1

m1!
x
λ0,n−λ1,n−1−m1e

−x

= x
λ0,n−λ1,n−1e

−x
2F0(λ1,n−1 − λ0,n−1, λ1,n−1 − λ0,n;− 1

x ) (x → +∞)

≈
Γ(λ0,n−1 − λ0,n)

Γ(λ1,n−1 − λ0,n)
x
λ0,n−λ0,n−1 (x → +0, Reλ0,n < Reλ0,n−1),

u2(x) := Ĩ
λ1,n−2−λ0,n−2
∞ Ad(x

λ0,n−1−λ1,n−2 )u1(x)

· · · · · · · · · · · ·

un−1(x) ∼
∞∑

mn−1=0

· · ·
∞∑

m1=0

∏n−1
k=1

(
m1 + · · · + mk−1 +

∑k
ν=1(λ1,n−k − λ0,n+1−k)

)
mk

m1! · · ·mn−1!

×
n−1∏
k=1

(λ1,n−k − λ0,n−k)mk
(− 1

x )
m1+···+mn−1 · x

∑n−1
k=1

(λ0,n+1−k−λ1,n−k)
e
−x

≈ x
λ1,n−λ0,1e

−x
(x → +∞)

≈
n−1∏
k=1

Γ(λ0,k − λ0,n)

Γ(λ1,k − λ0,n)
x
λ0,n−λ0,1 (x → +0, Reλ0,n < Reλ0,k for k = 1, . . . , n − 1),

u∞,x−λ1,n
= x

λ0,1un−1 =
n∑

m=1

∏
k∈In,m

Γ(λ0,k − λ0,m)∏
k∈Jn−1

Γ(λ1,k − λ0,m)
u0,λ0,m

{
In,m := {1, . . . , n} \ {m}
Jn−1 := {1, . . . , n − 1}



G
±

: u
±
0,λ0,k

v
±
1 (x) := I

λ1,n−1−λ0,n−1
0 (x

λ0,n−λ1,n−1e
∓x

)

=
Γ(λ0,n − λ1,n−1 + 1)

Γ(λ0,n − λ0,n−1 + 1)
x
λ0,n−λ0,n−1

1F1(λ0,n − λ1,n−1 + 1;λ0,n − λ0,n−1 + 1;∓x)

v
−
1 (x) ≈ x

λ0,n−λ1,n−1e
x

(x → +∞),

v
+
1 (x) ∈ Ce−x

I
λ0,n−λ1,n−1
0 (x

λ1,n−1−λ0,n−1−1
e
x
) ⇒

v
+
1 (x) ≈ x

λ1,n−1−λ0,n−1−1
(x → +∞)

1F1(α; γ; x) = e
x
1F1(γ − α; γ;−x) ≈

Γ(γ)

Γ(α)
x
α−γ

e
x

(x → +∞)

v
±
2 (x) := I

λ1,n−2−λ0,n−2
0 Ad(x

λ0,n−1−λ1,n−2 )v
±
1 (x)

· · · · · · · · ·

v
±
n−1(x) =

n−1∏
ν=1

Γ(λ0,n − λ1,ν + 1)

Γ(λ0,n − λ0,ν + 1)
x
λ0,n−λ0,1

× n−1Fn−1

(
λ0,n − λ1,ν + 1 (1 ≤ ν < n);λ0,n − λ0,ν + 1 (1 ≤ ν < n);∓x

)
,

v
−
n−1(x) ≈ x

λ1,n−λ0,1e
x

(x → +∞)

v
+
n−1(x) ≈

n−2∏
ν=1

Γ(λ1,n−1 − λ1,ν)

Γ(λ1,n−1 − λ0,ν)
x
λ1,n−1−λ0,1−1

(x → +∞, Reλ1,n−1 > Reλ1,m, m ∈ Jn−2)

u0,λ0,k
(x)= x

λ0,k
n−1Fn−1

(
{λ0,k − λ1,ν + 1}ν∈In−1

; {λ0,k − λ0,ν + 1}ν∈In,k
;−x

)



G
−

: w∞,1−λ1,m
, u

±
∞,1−λ1,m

(x) = w∞,1−λ1,m
(e

±πi
x)

w1(x) = e
x
Ĩ
λ0,n−λ1,n−1+1
∞ (x

λ1,n−1−λ0,n−1−1
e
−x

)

= x
λ1,n−1−λ0,n−1−1

2F0(λ0,n − λ1,n−1 + 1, λ0,n−1 − λ1,n−1 + 1;− 1
x )

≈
Γ(λ0,n−1 − λ0,n + 1)

Γ(λ0,n−1 − λ1,n−1 + 1)
x
λ0,n−λ0,n−1 (x → 0, Reλ0,n < Reλ0,n−1),

w2(x) = Ĩ
λ1,n−2−λ0,n−2
∞ Ad(x

λ0,n−1−λ1,n−2 )w1(x)

· · · · · · · · ·

wn−1(x) =

n−2∏
ν=1

Γ(λ0,ν − λ1,n−1 + 1)

Γ(λ1,ν − λ1,n−1 + 1)
· xλ1,n−1−λ0,1−1

× nFn−2({λ0,ν − λ1,n−1 + 1}ν∈In ; {λ1,ν − λ1,n−1 + 1}ν∈Jn−2
;− 1

x )

≈
∏n−1

ν=1 Γ(λ0,ν − λ0,n)

Γ(λ0,n−1 − λ1,n−1 + 1)
∏n−2

ν=1 Γ(λ1,ν − λ0,n)
x
λ0,n−λ0,1

(x → +0, Reλ0,n < Reλ0,ν for 1 ≤ ν < n)

w∞,1−λ1,n−1
(x) = x

λ0,1

n−2∏
ν=1

Γ(λ1,ν − λ1,n−1 + 1)

Γ(λ0,ν − λ1,n−1 + 1)
wn−1(x)

= x
λ1,n−1−1 · nFn−2({λ0,ν−λ1,n−1+1}ν∈In ; {λ1,ν−λ1,n−1+1}ν∈Jn−2

;− 1
x )

≈
∏n−2

ν=1 Γ(λ1,ν − λ1,n−1 + 1)
∏n−1

ν=1 Γ(λ0,ν − λ0,n)∏n−1
ν=1 Γ(λ0,ν − λ1,n−1 + 1)

∏n−2
ν=1 Γ(λ1,ν − λ0,n)

x
λ0,n

(x → +0, Reλ0,n < Reλ0,ν for 1 ≤ ν < n).



Connection formula: (u±
∞,1−λ1,m

(x) = w∞,1−λ1,m
(e±πix))

u
±
∞,1−λ1,m

(x) =

n∑
k=1

cΓ(∞ :1 − λ1,m ⇝ 0:λ0,k)e
±λ0,kπi

u0,λ0,k
(x)

≈ (e
±πi

x)
λ1,m−1

(|x| → ∞, | arg x ± π| < 3π
2 )

u∞,x−λ1,n
(x) =

n∑
k=1

cΓ(∞ :x − λ1,n ⇝ 0:λ0,k)u0,λ0,k
(x)

≈ x
λ1,ne

−x
(|x| → ∞, | arg x| < 3π

2 )

u0,λ0,k
(x) =

n∑
m=1

cΓ(0 :λ0,k ⇝∞ :1 − λ1,m)e
±(1−λ1,m)πi

u
±
∞,1−λ1,m

(x)

+ cΓ(0 :λ0,k ⇝∞ :x − λ1,n)e
±(λ1,n−λ0,k)πi

u∞,x−λ1,n
(x)

≈ x
λ0,k (x → +0)

Stokes relations:

e
∓(λ1,m−1)πi · u±

∞,1−λ1,m
(e

∓2πi
x) − e

±(λ1,m−1)πi · u±
∞,1−λ1,m

(x)

= ±2πi · cΓ(∞ :1 − λ1.m ⇝∞ :x − λ1,n) · u∞,x−λ1,n
(x),

e
−λ1,nπi · u∞,x−λ1,n

(e
πi

x) − e
λ1,nπi · u∞,x−λ1,n

(e
−πi

x)

= −2πi

n−1∑
m=1

cΓ(∞ :x − λ1,n ⇝∞ :1 − λ1,m) · u±
∞,1−λ1,m

(e
∓πi

x)

n = 2 ⇒ 2F0(α, β;− 1

e±πix
) − 2F0(α, β;− 1

e∓πix
) =

2πixα+β−1e−x

Γ(1 − α)Γ(1 − β)
2F0(1 − α, 1 − β;− 1

x )



Γ-factors:

cΓ(∞ :1 − λ1,m ⇝ 0:λ0,k) =

∏
ν∈In,k

Γ(λ0,ν − λ0,k)
∏

ν∈Jn−1,m
Γ(λ1,ν − λ1,m + 1)∏

ν∈In,k
Γ(λ0,ν − λ1,m + 1)

∏
ν∈Jn−1,m

Γ(λ1,ν − λ0,k)

cΓ(∞ :x − λ1,n ⇝ 0:λ0,k) =

∏
ν∈In,k

Γ(λ0,ν − λ0,k)∏
ν∈Jn−1

Γ(λ1,ν − λ0,k)

cΓ(0 :λ0,k ⇝∞ :1 − λ1,m) =

∏
ν∈In−1,m

Γ(λ1,m − λ1,ν)
∏

ν∈In,k
Γ(λ0,k − λ0,ν + 1)∏

ν∈Jn−1,m
Γ(λ0,k − λ1,ν + 1)

∏
ν∈In,k

Γ(λ1,m − λ0,ν)

cΓ(0 :λ0,k ⇝∞ :x − λ1,n) =

∏
ν∈In,k

Γ(λ0,n − λ0,ν + 1)∏
ν∈Jn−1

Γ(λ0,k − λ1,ν + 1)

cΓ(∞ :x − λ1,n ⇝∞ :1 − λ1,m) =

∏
ν∈Jn−1,m

Γ(λ1,ν − λ1,m + 1)∏
ν∈In

Γ(λ0,ν − λ1,m + 1)

cΓ(∞ :1 − λ1,m ⇝∞ :x − λ1,n) =

∏
ν∈Jn−1,m

Γ(λ1,m − λ1,ν)∏
ν∈In

Γ(λ1,m − λ0,ν)

Irreducible ⇔ λ0,k − λ1,m /∈ Z (1 ≤ k ≤ n, 1 ≤ m < n)

Kummer Whittaker
x = ∞ 0
1− λ1,ν λ0,ν

x− λ1,n

 ×x
−λ0,1ex−−−−−−−→


x = ∞ 0

−x+ γ − α 0
α 1− γ

 ×x
γ
2 e

− x
2−−−−−−→


x = ∞ 0
−x

2
− k 1

2
−m

x
2
+ k 1

2
+m





§ Evaluation of connection coefficients c(λ)

Gauss :

x = 0 x = 1 x = ∞
0 0 α ; x

1 − γ γ − α − β β


F (α, β, γ; x) =

Γ(γ)Γ(γ − α − β)

Γ(γ − α)Γ(γ − β)
F (γ − α, γ − β, γ − α − β − 1; 1 − x) + O((1 − x)

γ−α−β
)

1. Evaluation of an integral expression of the corresponding solution

F (α, β, γ; x) =
Γ(γ)

Γ(β)Γ(γ − β)

∫ 1

0

t
β−1

(1 − t)
γ−β−1

(1 − tx)
−α

dt (t → 1 − 0)

2. Difference equation of c(λ) (⇐ contiguous relation) and asymptotic of c(λ)

c(α, β, γ + 1) =
(γ − α)(γ − β)

γ(γ − α − β)
c(α, β, γ), lim

γ→+∞
c(α, β, γ) = 1

3. Possible poles of c(λ) (⇐ difference of characteristic exponents) and known zeros

of c(λ) (⇐ reducibility) and asymptotic of c(λ)

Poles: 1 − γ = 1, 2, . . . and γ − α − β = 0, 1, . . . and zeros: γ − α, γ − β = 0,−1, . . .

4. Change of asymptotic of solution under the Riemann-Liouville transform

Iµ0 (x
λ(1− x)λ

′
), x→ +0, 1− 0

5. Irregular singularities ⇒ regular singularities (by versal unfolding)

lim
β→+∞

F (α, β, γ; x
β ) = 1F1(α; γ; x), lim

γ→+∞
F (α, β, γ; γx) = 2F0(α, β; x)

6. Extension to several variables

Jordan-Pochhammer
extension−−−−−→ Lauricella’s FD

restriction−−−−−→ Gauss
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