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Abstract

We show that every irreducible linear differential equations on P* with regular and/or unrami-
fied irregular singularities can be transformed into either the trivial equation u' = 0 or a Fuchsian
system of Eg-fundamental spectral type by a sequence of invertible transformations consisting of
confluences, unfoldings, Laplace transformations, gauge transformations and Mobius transforma-
tions. The Eg-spectral type is uniquely determined by the original equation. A Fuchsian system of
Es-fundamental spectral type has three singular points, 0, 1, and co. The degrees of the minimal
polynomials of the residue matrices at 0 and 1 are two and three, respectively, and the sum of the
maximal dimensions of eigenspaces of the residue matrices at 0, 1, and oo is not greater than the
size of the matrices. The result follows from the correspondence between spectral types of Fuchsian
systems and roots of a star-shaped Kac—Moody root system. We show that the Eg-fundamental
spectral types form a complete set of representatives for the orbits of the corresponding transfor-
mations on the set of positive imaginary roots.

1 Introduction

Consider a linear differential equation

T =Alx)u,  A(x) € M(n,C(x)). (1.1)

Here, A(x) is a square matrix whose entries are rational functions. We write

p—1 7j
ZZ _“m +ZApz @l Ay e M(n,C). (1.2)
Jj=11i= O i=1
The equation is called a Fuchsian system if r; = --- = r, = 0. In this case, A; := A, is called the
residue matrix at « = ¢;. The residue matrix at = oo is given by A, := —A4; —--- — A4,_1.

Katz [I0] introduced invertible operations, called middle convolutions and middle tensor opera-
tions, on local systems and proved that any rigid local system can be transformed into the trivial
rank-one system. Dettweiler and Reiter [?] subsequently interpreted this result in terms of Fuchsian
systems, introducing two operations on the set of residue matrices Ai,..., Ay: middle convolutions
and additions. These operations correspond, respectively, to fractional derivatives and gauge transfor-
mations of solutions of the differential equations. This result was further interpreted by Oshima [I4]
for scalar linear differential equations of arbitrary order. These transformations have led to a number
of fundamental results on linear ordinary differential equations; see, for example, [[4].

The local structure of a Fuchsian system is determined by its generalized Riemann scheme, which
specifies the conjugacy classes of its residue matrices. It is a table of the eigenvalues of the residue
matrices together with their multiplicities. The table obtained by omitting the eigenvalues is called
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the spectral type, which is a p-tuple of partitions of an integer n. The Riemann scheme is obtained
by attaching eigenvalues to a spectral type so that the Fuchs relation

trace Ay + --- +trace A, =0

is satisfied. A Fuchsian system is said to be rigid if it is uniquely determined by its Riemann scheme.

In general, a Fuchsian system corresponding to a generalized Riemann scheme has accessory pa-
rameters. The number of accessory parameters is determined by the index of rigidity, which in turn
depends only on the spectral type. Katz [I0] proved that an irreducible Fuchsian system is rigid if
and only if its index of rigidity equals 2. In this case, the system can be transformed into the trivial
equation v’ = 0 by a sequence of Katz reductions. Here, a reduction of the rank of a differential
equation by means of an addition and a middle convolution is called a Katz reduction.

We say that a Riemann scheme or a spectral type is irreducibly realizable if it is realized by
an irreducible Fuchsian system. The problem of determining the conditions for such realizability
is called the additive Deligne-Simpson problem (cf. [I2]). Crawley-Boevey [I] solved this problem
by establishing a correspondence between spectral types and elements of the root lattice of a star-
shaped Kac—Moody root system. He proved that a spectral type is irreducibly realizable if and only
if the corresponding element is a positive root. Under this correspondence, middle convolutions and
additions correspond to the actions of the Weyl group, while the index of rigidity corresponds to the
norm of the corresponding element of the root lattice. In particular, an irreducibly realizable rigid
spectral type corresponds to a positive real root, whereas an irreducibly realizable non-rigid spectral
type corresponds to a positive imaginary root. The latter can be reduced to a fundamental spectral
type corresponding to a positive imaginary root in a fundamental domain of the Weyl group (cf. [9,
Theorem 5.4]). There are only finitely many fundamental spectral types with a given index of rigidity
(cf. [14]).

Hiroe [8] formulated and solved a Deligne-Simpson problem for certain systems of the form (IT)
without ramified irregular singularities. In [B, 6], he proved that a tuple of partitions with refinement
structure is irreducibly realizable if and only if its unfolding is irreducibly realizable. In this paper,
we consider systems allowing unramified irregular singularities.

Note that there exists a versal unfolding of an irreducible system allowing unramified irregular
singularities, which realizes both confluences and unfoldings as a family of systems (1) whose singular
points are local holomorphic parameters.

The finiteness of fundamental spectral types with a given index of rigidity also holds for systems
allowing unramified irregular singularities (cf. [R]).

Isomonodromic deformations of Fuchsian systems with accessory parameters give rise to Painlevé-
type equations, while their degenerations correspond to confluences of the systems. These equations
are invariant under additions and middle convolutions. Thus, the classification of fundamental spectral
types is closely related to the classification of Painlevé-type equations, as illustrated by the study of
four-dimensional Painlevé-type equations in [[d].

In a suitable enlargement of the space of Fuchsian systems, one can consider Laplace transfor-
mations, which are more fundamental than middle convolutions. For example, in [I4], the author
introduced operators corresponding to middle convolutions in terms of Laplace transformations and
additions (cf. Remark 223 (2)).

In the space of systems allowing unramified irregular singularities, we say that two systems are
equivalent if one is transformed into the other by a gauge transformation, a Laplace transformation,
a confluence, an unfolding, or a Mdobius transformation. We then consider the equivalence relation
generated by these transformations.

It is therefore natural to study the equivalence classes of this relation. This problem was proposed
by Kawakami at a conference on functional equations in a complex domain held at Tohoku University
in December 2025. Our main purpose is to show that the trivial equation v’ = 0 and the Fuchsian



systems of Fg-fundamental spectral types form a complete set of representatives of these equivalence
classes. These systems are of the form
du A A
S+ iu, Ay, Ay € Mat(n,C),

dr r—1

where

(A1 — A1) (A1 — Ai2) = (A2 — A1) (Aa — Ag2) (A2 — A23) =0 (3N, € C),

3
E max dim ker(A4; — X) <n, Az = —A1 — As.
= AeC

In Section B, we explain the transformations introduced above and define the necessary notation.
Most of the results in this section are known. We also define Fg-, E7-, Fg-, and D4-fundamental
spectral types and formulate our problem precisely. In Section P74, we give examples of the equivalence
classes.

In Section B, we state our main result, Theorem Bl. To prove the theorem, we define a map i from
the space of irreducibly realizable spectral types to the space consisting of Eg-fundamental spectral
types and the trivial partition. The map U is a composition of additions, Md&bius transformations,
confluences, unfoldings, Laplace transformations, and middle convolutions. Theorem Bl is reduced to
Lemma B@, which describes a key property of the map . We prove the lemma in this section, except
for the claim that the representative has the highest order among fundamental spectral types in every
equivalence class.

In Section B, we compute the restriction of the map U/ to the space of fundamental spectral types.
The result is given in Theorem B, and the proof of Lemma B® is completed by Proposition B2,
which follows from this theorem. Moreover, for a T-fundamental spectral type m with T'= FEy, Eg, or
Dy, we give an explicit expression for {m, which clarifies the T-fundamental spectral types contained
in each equivalence class.

2 Preliminary results

2.1 Spectral types of Fuchsian differential equations

First we consider a linear differential equation

du p] Aj
M:——=>" u,  Aj € M(n,C), (2.1)

Tdr -
J=1

which we call a Fuchsian system. A linear ordinary differential equation whose coefficients are polyno-
mials or rational functions, or equivalently, a linear differential equation on the Riemann sphere, can
be presented by a Fuchsian system if it is irreducible and all its singular points are regular. Here, the
irreducibility is understood either in the sense of D-module or in terms of the monodromy representa-
tion of the solution space. We say that the Fuchsian system is irreducible if the matrices Ay, ..., A,.
have no non-trivial common invariant subspace. The matrix A; is called the residue matriz at the
singular point ¢;. The residue matrix at the infinite point is denoted by A, = A and is given by

Ap: —(A1+"'+Ap_1). (2.2)

)

The conjugacy class of A; is determined by generalized eigenvalues \;, with multiplicities m;, written
by [A;] = {[Njwlm,, | v =1,...,n;}. If the multiplicities are ordered, namely,

mj1 > myo > >min, (j=1,...,p),



which can be assumed by arranging the order of indices, the condition imposed on A; is

k
rank H(Aj —Aju)=n—mj1—---—mji (E=1,...,nj).
v=1
The (generalized) eigenvalues of A; are called characteristic exponents and their multiplicities deter-
mine the spectral type
n=mji1+-+mju, (G=1,...,p). (2.3)

The (generalized) Riemann scheme (cf. [I4])

[Ajanj]mj,nj [)\p,np]mp,np

describes the local structure of the equation at the singular points. In particular, if the characteristic
exponents are generic, the local solutions have the asymptotic forms

>\. .
un~Cjpi(r—c)r (x—=¢, i=1,....,mj,, v=1,...,n;),
1\ .
~ Cpui(3)™ (x =00, i=1,....mpy, v=1,...,np).
Here Cj,1,...,Cjym,, are linearly independent vectors.

Definition 2.1. A spectral type is a tuple of partitions (EZ3) of an integer n. We express it in several
equivalent ways:

m := (my)1<v<n,

1<j<p
L My e P11 ML) 1 T M (2.4)
= “le, e ,ml,m], vey [mp_m, v ,mp_17np71], [mp71, e ,mpmp]] .

The integer n is called the rank or order of m and is denoted by ord m. The spectral type m determined
by the residue matrices of a Fuchsian system M is called the spectral type of M. A spectral type
realized by an irreducible Fuchsian system is called irreducibly realizable.

Example 2.2. The generalized hypergeometric series ,, F,,_1(x) satisfies a linear differential equation
of order n having an (n—1)-dimensional space of local holomorphic solutions at x = 1. Its spectral
type is
n n
— —N—
nFno1:n=14-+1=mn-1)+1=1+---41,
11, (n—11,1---1=1" (n—1)1,1"
[[1,...,1),[n—1,1],[1,...,1]].

We give some examples of differential equations characterized by their spectral types:
Gauss:11,11,11  (ord = 2, singularities : {0,1,00}),
3Fy: 111,21,111 (ord = 3, singularities : {0, 1,00}, 2-dimensional holomorphic solutions at = = 1),
Heun: 11,11,11,11 (ord = 2, singularities : {0,1,y,00})
Monodromy preserving deformation with respect to y gives Painlevé VI equation,
Jordan-Pochhammer : 21,21,21,21 (ord = 3, singularities : {0, 1,y,00})
Regarding y as a new variable, we obtain Appell’s F.



2.2 Middle convolutions

Riemann-Liouville transformations

(@) > 1)/xu(t)(m—t)”1dt

L(w) Je,

and gauge transformations
u(z) = (z — ) u(z)

of solutions u(x) of the system M induce invertible transformations of M that preserve irreducibility.
They also induce transformations of the spectral type m of M, which we call middle convolutions of
m.

Definition 2.3 (middle convolution, (2], [I0]). For o € Z , the middle convolution mc, m of m is
defined by B

mc, m = (mj7V - 6”70j dg(Hl))lSl/SnJ,
1<j<p

de(m) :=myg, + -+ mpo, —(p—2)-ordm (m;, =0if v <0 orv>ny).
The relation m’ = mc, m with o = (01,...,0p) and D = d,(m) is denoted by

m—2 s m' (2.5)
01,..,0p
Theorem 2.1 ([I0]). A spectral type m is irreducibly realizable if and only if mc, m is irreducibly
realizable or ordm = 1.

If ordme, m < ord m, namely, d,(m) > 0 (cf. (Z8)), we call mc, m a Katz reduction of m. In
particular, if o is chosen so that d,(m) is maximal among positive integers, mc, m is called a mazimal
Katz reduction of m.

Definition 2.4 (index of rigidity, [10]). The index of rigidity of m is the even integer defined by

idxm := Z m?vy — (p—2)(ordm)?.
1<v<n;
1<j<p

Remark 2.5. (1) mj,, (1 < j < p) corresponds to the multiplicity of the eigenvalue 0 of the
resulting residue matrix under a gauge transformation, while m,, ,, corresponds to the multiplicity of
the eigenvalue p of the resulting residue matrix at x = oo (cf. [2]).

Usually we assume m;,, > 0. However, in defining mc, m, we allow some multiplicities m;, = 0. If
a spectral type m contains zero multiplicities, we identify it with the spectral type defined by omitting
them.

(2) We have the following relations.

ordmc, m = ordm — d,(m), (2.6)
mc2 = id,
idx mc, m = idx m. 2.8)

We show some typical examples of middle convolutions of spectral types.



Example 2.6. 111,21,111 22171320 411 11,011 ~ 11,11, 11 3;21> L,1,1~1

b ] 1’ b
211,211, 1111 2==5 111,111,011 ~ 111,111, 111 fﬂ> 111,111,111

6511,6511, 61111111 =% 1511, 1511, 11111111 2222 «

by 14

Here 1 denotes the trivial partition 1 = 1, which correspond to the trivial equation u' = 0.

In the last example, mc(y9 1) is not defined as a spectral type, because it contains a negative
multiplicity. Thus the spectral type 6511,6511,61111111 is not irreducibly realizable.
2.3 A star-shaped Kac-Moody root system

We explain the correspondence between spectral types and a Kac-Moody root system introduced by
Crawley-Boevey [l].

Definition 2.7. We introduce the following Kac-Moody root system (II, V).

(a|a) =2 (a cll .= {a07 Qjy |j >1,v> 1}) a1 a2
(wolajy) = =61

(qiplagy) = {0 (i#j or |u—v[>1)

-1 (i=j and |p—v|=1)
Sq t xx— (zla)a (a€ll), W :=(sq|laell)

Definition 2.8. We associate each spectral type m with an element oy, of this root lattice:

Qpm = nog + Z Z (Z mjﬂ,) Qi (n =ordm)

ji>14i>1 v>i
= naog + E E 500G b,
j>lv>1

Myjpy = Njv—1 — Ny (j:1)27"'5 V:152a"'7 nj,OZn)-

Example 2.9. Correspondence m and oy, : Here, the number inside a circle is the coefficient n;,
of the simple root «a;, in the Dynkin diagram, while m,, is the difference between two consecutive
coefficients. Simple roots with zero coefficients are usually omitted from the diagram.

11,11,11<—>a:2a0—|—a171—|—a2,1—|—a3,1 1
@ L2322
21,21,21,21HO&:3050+04171+0£2,1+063,1+Oé471 114 1 2
0;4 o0 D
1

1 3
@ 3
111,21,111: ‘00 6 00" 33,222,111111: *@*0*6 6 00 @ 0"

Proposition 2.10. Under Definition 28, we have

' w1t )

Qmcey, 1ym = SopOm; Om! = Sa; , Om (m'=-- MG 1My

.....

idxm = (am|am), di,.1m = (ao|om).

In particular, the transformations of spectral types induced by middle convolutions mc, correspond to
the transformations of the root lattice by the Weyl group.



2.4 Deligne-Simpson problem

The problem of determining the conditions for the existence of an irreducible Fuchsian system with
a given generalized Riemann scheme is called the additive Deligne-Simpson problem. It is solved as
follows.

Theorem 2.2 ([12, 00, 0, 2, [4]). The spectral type m is irreducibly realizable if and only if o is
a root of the star-shaped Kac—Moody root system (more precifely, when idxm = 1, GCD{m;,} =1

should be satisfied). Moreover, if the spectral type of (Aj, ... A,) € M(n,C)P is irreducible realizable,
there exists an irreducible tuple (A1, ..., Ap) € M(n,C)? such that

A1+~-—|—Ap€(C and Aijzlj.
Here (A1, ..., Ap) is called irreducible if the common invariant subspace of Ay, ..., Ay is trivial.

Remark 2.11. (1) Kostov [IZ] studied the problem in some cases using implicit function theorem.
Katz [0] introduced middle convolutions and solved the problem for rigid spectral types. Dettweiler
and Reiter [?] interpreted the results of [I0] in a language of linear algebra. Crawley-Boevey [[Il] solved
the problem by establishing a relation with a Kac—-Moody root system. The corresponding problem
for single differential equations of arbitrary order was solved by [I4].

(2) It follows from (E2) that the residue matrices A; of a Fuchsian system M satisfy trace A; +-- -+
trace A, = 0, which corresponds to the Fuchs relation for the Riemann scheme. If the sum of the
traces of A; is zero in Theorem 222, Ay, ..., A, can be realized as the residue matrices of a Fuchsian
system.

(3) When m is rigid, a realized system M is uniquely determined by the Riemann scheme (cf. Theo-
rem 233) but it may be reducible if the eigenvalues of A; take special values (cf. [I, 14]).

Theorem 2.3 ([I0]). Let m be the spectral type of an irreducible Fuchsian system given by (271).
Then

dim{(A;,...,Ay)) € M(n,C)P | Aj ~ Aj, Ay +---+ A, =0} /GL(n,C) = 2 — idxm

This theorem says that the system has 2 — idxm parameters that are not determined by the
Riemann scheme. They are called accessory parameters.

Definition 2.12. A spectral type m is rigid if m is irreducibly realizable and idxm = 2. This is
equivalent to the condition that ay, is a real root satisfying ord m > 0.

Remark 2.13. (1) The definition of idx m and d,(m) gives

p Ny
Z Z mj,l,(ij — mjﬂj) = d17... 71(m) -ordm — idx m.
j=lv=1

(2) Suppose idxm > 0. We may assume that m is ordered. Then, d; ... 1(m) > 0, and if ordm # 1,
a Katz reduction of m is possible. Hence, Theorem =2 follows from Theorem P

An irreducible system M with a spectral type m satisfying idxm > 0 is called a rigid system.
Then idxm = 2 and oy, is a positive real root. In this case, the system M is constructed by a finite
sequence of suitable additions and middle convolutions starting from the trivial equation «' = 0. This
result is obtained in [I0] and corresponds to the fact that the real positive root ay, belongs to the
orbit Wag. From this point of view, equations with rigid spectral types can be analyzed; for example,
integral representations and series expressions of solutions, conditions for irreducibility, contiguous
relations, and connection problems are studied in [I4].



(3) Suppose idxm < 0, which will be the main case considered in this paper. We may moreover
assume m is ordered. Note that if m’ := mc; . 1ym is not defined, m is not irreducibly realizable
(cf. the last example in Example Z8). If d; ... 1(m) > 0, the condition that m is irreducibly realizable
is reduced to corresponding condition for m’, which satisfies ord m’ < ord m. Hence it suffices to
consider the case dj,... 1(m) < 0. Crawley-Boevey [l] proved that every m satisfying d; ... 1 (m) <0 is
irreducibly realizable by applying a result on representations of quivers, thereby proving Theorem 2.
In the case idxm = 0, the only exception occurs when GCD{m,, } > 1.

By an iteration of additions and middle convolutions, any irreducible system M with accessory
parameters, namely, a non-rigid irreducible system M is transformed into a system with a fundamental
spectral type whose order cannot be reduced by a Katz reduction.

A spectral type m = (m;,) j=1,..p is called fundamental if and only if

v=1,...,n;
de(m) <0 (Vo €Z) (2.9)
and moreover GCD{m,, } =1 when idxm = 0. If m is ordered, the condition (Z9) is equivalent to
mig 4+ +mp1 < (p—2)ordm.

This condition is equivalent to
(amla) <0 (Vo €1I)

and also to the condition that ay, is a positive imaginary root in a fundamental domain of the Weyl
group (cf. [9, Theorem 5.4]).

Remark 2.14. We will study the classification of irreducibly realizable spectral types. Two spectral
types will be identified if one can be obtained from the other by permuting the tuple of partitions,
adding or deleting trivial partitions, or adding or deleting terms equal to 0. For example,

21,111,111 ~ 12,111,111 ~ 111,21, 111 ~ 021,111,111 ~ 3,21, 111, 111.

A spectral type m = (m;,) j=1,..p is uniquely expressed in a normal form

v=l,...,n;
m]712m37222m]7nj>07 n]>1 (1§]§p)a
mj, =mjr1, (1 <v <kj), and myg, >mjg, or kj =n;+1 (Jkj, 1 < j < p).

Remark 2.15. If d,(m) = 0, then mc,(m) = m, although the middle convolution mc, induces
a nontrivial transformation of Fuchsian systems of spectral type m. When m is fundamental and
ordered and d;,1(m) = 0, the Fuchsian systems of spectral type m admit an automorphism group.
This group is isomorphic to the Weyl group of the root system whose simple roots are

{ao} U {Oéj7l, | mjy+1 = Mj1, j=1,... ,p}.
When idxm < 0, this root system is of classical type (cf. [14]). For example, for m = 62,43, 2511,
denoted by Eéz) in [T4], the root system is of type Fjs:
6 6

EP  OL0AROMOR0RONMO! (cf. [13, §13.1.5]) = By : ‘00!

Definition 2.16. For a spectral type m = (mjy) j=1,...p » et
v=1,...,n;

No(m):=|{je{l,....,p} |mj, #nforv=1,... n;}.

We say that m is of (ny,...,np)-type if m;, # 0,n and n; > 1 in the expression (Z3).

We say that m is of (n1, ng, *)-type if m is of (n1, ne, n3)-type for some integer ng.

We say that m is Eg-fundamental Er-fundamental, Fg-fundamental or Dy-fundamental if m is
fundamental and (2, 3, x)-type, (2,4, %)-type, (3,3, *)-type or (2, 2,2, *)-type, respectively.



Dynkin diagrams of roots corresponding to some spectral types are as follows:

5 N Dy
7 o1 L1
02 EQ
O0—O0—0O0—0—0 @)
1 234321 1 2 3 21
22714 14 13713,13 12712’12 12
Eg-f Dy
Ep-f E
O—O—O—i—@—& Q—@—E—@* -
—O —O
(2737 *)_ (2747 *)_ (3737*)_ (272727 *)_

Definition 2.17. For the classification of irreducibly realizable spectral types, we use the following
notation under the identification given in Remark ZT4:

P . the set of spectral types of irreducible Fuchsian systems,
F : the set of fundamental spectral types,

Fr={m e F|idxm = —(},

FI'.= {m € F | m: T-fundamental} (T = Es, E7, Eg or Dy).

For spectral types in P, we define an equivalence relation ~ by declaring that m ~ m’ if m’ is
mc mc

obtained from m by a finite sequence of middle convolutions mc,.
Note that

P/~ FU{l}, F=||Fu (2.10)
k=0

The spectral types in F; for small |¢| are classified and listed in [14, I8]. We have the following
result.

Theorem 2.4 ([17]). Fy = {33,222,111111 22,1111,1111 111,111,111 11,11,11,11}.
Theorem 2.5 ([I4]). |F)| <oco (¢ =0,2,4,6,...).
We describe the elements of F&8 that play an important role in this paper.

Proposition 2.18. Let
m = 1mj117Mi2, M21M221M23, M317132 -+ M3 n3
be an ordered (2,3, *)-spectral type. Then,
miz > Mol + mg31 (2.11)

s a necessary and sufficient condition so that m is fundamental.
If this condition is satisfied, then ng > 6 and

mi1 2 M1z > Ma1 = Mg = M3 > M31 2> M32 2> - = M3 ns-

Conversely, any m € FF with ordm = n is obtained as follows. First, choose a pair of integers
(ma1, my2) satisfying
% <mao1 < mig < % (2.12)

L L P,
and a positive integer mz1 satisfying (2I0). Next, choose mao satisfying "5+ < maga < ma1. Then
set mi1 = n—mig and mo3z = n — mo1 — Mag. Finally, choose a non-increasing sequence msi, mso, . ..
whose sum is n.

Note that m € FE¢ egists ifn=6 orn>"7T. Moreover when n =6, m = Eél) =32,23 16 ¢ Fy.




Proof. The ordered (2, 3, x)-spectral type m satisfies

n =mi1 + mi2 = ma1 + M22 + Moz = m31 + -+ + M3 ns,

(2.13)
mip = Mi2, M1 2> Mo = M23, M3 2> M32 = <+ 2 M3 ny.
The condition that m is fundamental is equivalent to
di11(m) =mi1 + mo1 +m31 —n =mg1 +mg1 —miz <0. (2.14)

Thus, the first assertion follows.

It follows from (ZI3) that mi2 < § and mo; > § and (ZI4) proves mor < miz — m31 < mia.
Hence (212) follows.

There exist integers mo; and myo satisfying (Z12) when n = 6 or n > 7. If n = 6, (ma1,mi2) =
(2,3). Finally, note that

n n n
m3p <n—mj;p—mo <n—35—35 < g,

mag — mg1 > (n —mg1 —ma2) — (N — M1 — Mma1) = M1 — Moz > Mz —mag > 0.

The proposition now follows. ]

2.5 Confluences and unfoldings

The Riemann scheme of a differential equation on P! with regular singularities at finite points and an
irregular singularity of Poincaré rank 1 at infinity is

T =00 r=c¢ (j=2,...,p—1)
1 0
[ﬁ)x+Aﬂhﬁi [Ajialm;
. ’ (2.15)
1
Ao +A&E@ngﬁ% Njinjlm,

This implies the existence of local solutions with asymptotic expansions

(0) (1)
uer’l,kg( )’\V’“ef)‘ T (= o0, 1<€<m() 1<k<R)).
In this case, the spectral type at oo is defined by

Dz +20) o) [ 1<k < Ry 1w <

We consider the multiplicity
©) 4 (0)

ml(/) _mul ”+m1/,R,,

. (1) .. . oL
of the exponential term e~ ®. Then the partition {ml(,oll of n is a refinement of the partition

n = m(ll) S+ mﬁﬂl). In general, characteristic exponents at an unramified singular point with
Poincaré rank r are polynomials of degree r and the spectral type at the point is a refinement sequence
of r+1 tuples of partitions of n (cf. [I6]).

By inserting parentheses or separating the entries by |, this spectral type can be expressed as
follows (cf. [[@, 06]).

( 0) . mg) ). (m (O m(o) )

m ml 1 R nl 1 n17Rn1 77’]’L271 eyt mp717np_l
(0) (0) (0) 1) 1
_ml 1m12 .mnhRnllml ...m’,(’bl),m2’1... ,... amp—l,l"'mp—l,np,1
; o (0, (0) (0)
Unfolding of m : myym; 5 - Sy Ry s ML Ty, M2 s Mp—11 Mp—1ny, g

10



Definition 2.19. A confluence is an operation that adds a refinement structure to a spectral type,
while an unfolding is its inverse, namely, an operation that removes a refinement structure from a
spectral type. When a spectral type with a refinement structure is expressed using |, unfolding is the

“wo»

operation of replacing “|” by “,

Example 2.20. In general, there are several refinement structures of a spectral type:

33,222,111111 5
111111]222,33 = (11)(11)(11),33 = 11 - 11-11[222,33  111111|33,222 = (111)(111), 222

42,21111,21111 &

11112]42,21111 = (1111)(2),21111  21111[42, 21111 = (211)(11), 21111
21111[21111,42 = (2)(1)(1)(1), 42 11112[11112[42 = ((1)(1)(1)(1))((2))
21111[21111[42 = ((2)(1)(1))((1)(1)) =2-1-1-1-1]211-11]42

Remark 2.21. Middle convolutions and indices of rigidity can be defined similarly for spectral types
of systems allowing unramified irregular singularities, and they are compatible with operations such
as confluences and unfoldings. For a fixed index of rigidity, there are only finitely many such spectral
types that cannot be reduced in order by middle convolutions. This finiteness extends Theorem P23
and follows from the finiteness of the “types” of Weyl group orbits in a general symmetric Kac—

Moody root space (cf. [8]]). Here, if the Dynkin diagram of a root contains a subdiagram of the form

05 we may extend its length without changing the corresponding spectral type. Hence,

we regard such roots as belonging to the same “type.”

The Deligne-Simpson problem on systems allowing unramified irregular singularities was formu-
lated in [5] and solved as follows.

Theorem 2.6 ([5, 6]). Let m be a spectral type with a refinement structure. Then m is irreducibly
realizable by systems () satisfying a suitable condition on (2) if and only if the unfolding of m is
wrreducibly realizable.

There is also an analytic realization of unfolding and confluence as follows.

Definition 2.22 ([I3, 06]). Let A be a differential equation with unramified irregular singularities.
A versal unfolding N of N is a family of differential equations which holomorphically depend on some
singular points as local holomorphic parameters, such that the index of rigidity is independent of the

parameters and N is contained in the family as a confluence of singular points of Fuchsian systems.

For example, a versal unfolding of a system N having an irregular singularity of Poincaré rank 1
at oo is of the form
du . Al

Mb:%_l—bwu

pf]- A
— bl < 1).
+;$_Cju (Ib] < 1)

Here, the matrices A; depend holomorphically on the parameter b, idx M, = idx N, and N = M.

Theorem 2.7 ([I5, I, G]). An irreducible system N of spectral type m with a refinement structure
admits a versal unfolding.

Defining middle convolutions and additions of versal unfoldings, this theorem is proved in the rigid
case and conjectured in general by [I5]. When the Poincaré rank of every irregular singularity of A/
is equal to one, a versal unfolding of N was explicitly constructed by Kawakami [I1]. The general
existence theorem above is proved by Hiroe [6].

Definition 2.23. We denote by P the set of spectral types of irreducible systems allowing unram-
ified irregular singularities; namely, the set of irreducibly realizable spectral types with refinement
structures.

11



2.6 Harnad duality (Laplace transformations)

The Laplace transformation .
u(zx) — / u(t)e "tdt
C

of u(x) induces the transformation (x, %) — (—%,x) of differential operators and hence Harnad
duality (cf. [4]) for differential equations. Combining this transformation with gauge transformations
gives a bijection between irreducible systems A having an irregular singularity of Poincaré rank 1 at
oo and regular singularities at finite points. Consequently, it induces a transformation Hd, between
their spectral types. Here, o corresponds to the characteristic exponents at regular singular points, as
in the case of mc,.

Each regular singular point is transformed into an irregular singularity at oo, and its position
determines the exponential factor, namely, the coefficient of the degree-1 term of the characteristic
exponents, while the constant terms are the original characteristic exponents other than 0. The
characteristic exponent 0 corresponds to local holomorphic solutions at finite singular points and is
encoded by o. Conversely, the irregular singularity at oo is transformed into singularities at finite
points. The multiplicities mg)()) of the characteristic exponent 0 in Definition are determined by
the order of the resulting spectral type, as specified in Definition EZ24.

Suppose that the Riemann scheme of the equation A is given by (Z13) and, moreover, that A;; = 0
for j = 1,...,n;. The Laplace transformation of NV, which is the Harnad dual of A, has the following
Riemann scheme:

r = xTr =
[cjz 4+ Ajulm,, 1<i<p, 2<v<ny) [0].,

ni=pn— (mig+---+mp1).

When considering the Harnad duality, we choose oo as the first singularity in the Riemann scheme
and the corresponding spectral type.

Definition 2.24. The Harnad dual Hd m of a system with an irregular singularity of Poincaré rank
1 at infinity and regular singularities at finite points is defined by

— (MmO Oy (@ (0
m={myq--"mMy g My 1 My Ry, ) T102,11M02,20 * M2 g5 - - 5T 1MM0g,2 ** " Mgyny

_ (0 (0) (0) (0) (1) 1

_7’77/171...777/17 1...mn171...mnhRnl|ml ...mqgl),m271...m27n27 7mq71...mq7nq7

_ (0),(0) (0) 0) (0 (0)
Hdm = (mz,z s m2,n2) T (mq,Z s mq,nq)a M0 M Rys o M0y 1 Mg Ry, 0

0 q N Ry 0
m,(d)) are determined by E E mj, = g m,(“)j (k=1,...,n1).

]:2 v=2 v=0
Here, Hdy,... 1 is simply denoted by Hd.

Remark 2.25. (1) Hd, defines a map between irreducibly realizable spectral types.
(2) idxHd, m = idxm and Hd? = id.

(3) Let M be a Fuchsian system with spectral type m. Applying a generic linear fractional trans-
formation L to M, we obtain a system that is non-singular at infinity. The spectral type obtained by

12



applying Hds to the Harnad dual Hd; . ; of this system gives the middle convolution me(y 1) m:
L
m=mi1---Mings ---,Mpl- " Mpp, = T M11M12" " Mlng, -, Mp 1112 Mpn,
Hd / 1
— (mag- map) - (mp-ompp,),nn (0= (p—1n—(mii+--+mp1))
Hdo / / / P _
= ML L My e T M2 My, (Mg =10 — (n—myj1) =mj1 —dy,_1(m))
/ !/
EM M2 Mingy e My 1 Mp 2+ - Mppy, = MC(q 1) ML

(4) Let m(® be a Fuchsian spectral type. Consider a confluence m™® of m(®)

dual m®@ of m®, and the unfolding m® of m®.
between Fuchsian spectral types:

at infinity, the Harnad
Then we obtain the following transformation

0) b @ Hd @) vl G)

Example 2.26. We give some examples of Remark EZ2Z3 (4) with abbreviated expressions.

33,222, 111111 % (11)(11)(11),33 2% (3), 111,111,111 25 111,111,111

2 2 2
- 33,222, 111111 20049 111,111

The above second line is a short expression of the first line showing the spectral type at oc.

33,222, 111111 < (111)(111), 222 24 (22), 1111, 1111 25 22,1111, 1111

(1%)(1%)
. 33,222,111111 “ 2% 22 1111, 1111

21,21,111, 111 & (1)(1)(1), 21,21 B4 (1y(2), 11, 11,11 25 11,11, 11,11, 11

co1,21, 111, 111 LYW 41 1 11,11, 11

2.7 Examples

As shown in Example 228, the transformations considered above give rise to correspondences between
different fundamental spectral types. These correspondences induce isometric transformations of the
star-shaped Kac—Moody root space and map roots to roots. Hence, these correspondences can be
described within a fixed index of rigidity. We describe these correspondences for the cases Fy, F2, and
Fy. The cases Fg and Fg are given in [I8].

2.7.1 JFy contains 4 fundamental spectral types

idx=0 : 4 fundamental spectral types, 1 class
6:33,202,111111 EY)  4:22,1111,1111 BV 3:111,111,111 B 2:11,11,11,11 DY |

Here, the order of each spectral type is indicated at the head.
In the following figure, some correspondences between spectral types (cf. Example 226) and un-
ramified confluences of fundamental spectral types are shown.

33,222, 111111 — 0099 1111, 1101 B0 133 111,111 OO 4 93 11,1

(13)(1%),2% ~(1%)(12)(1%),3% " (1%)(12),1* (1)(1)(1)(1),2% (1)(1)(1),13 (1)(1), 11,11
AN e \ e N
(W)()((1)(1)) ((W)()((1) M)(L), (1)(L) ((1)((1)),11
AN e
(((W))(((1)))
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2.7.2 Examples of fundamental spectral types with idx =2 —2m (m > 1)

m+3
Garm : TL 1L 10 = (1] M55 (m+ 2)2 (m + 1)%2,12m+4
FS,, :ml,ml,1m+t 1m+l San, - m?,m?, (2m — 1)1,1%™
Dflm) :m?,m%,m?, m(m — 1)1 Eém) :m3,m®, m?(m — 1)1
Egm) c(2m)%,m* m3(m — 1)1 Eém) 2 (3m)?, (2m)%, m°(m — 1)1

Here, we use the notation such as [11]3 = 11, 11,11 and [2%]5, [21%]5 = 22,22, 211,211 etc.
We remark that D(l) [11]4 = Gary = F'S1 = Sa; when m = 1.
The spectral types Dim), Eém), Eém) and Eém) are introduced by [04]. The spectral types Gar,,,

FSy,, San, and Dflm) are related to higher order Painlevé-type equations called Garnier systems,
Fuji-Suzuki systems [B, Z1], Sasano systems [19] and matrix Painlevé systems, respectively.
Note that the inequalities

ordm < ord Eém) =6m and Np(m) < Np([11]m43) =m+3 (Vm € Fop—_2)

are proved by [[4], which assures |Fan,—2| < oo for m € Zy.

2.7.3 JF, contains 13 fundamental spectral types
idx = —2 : 13 fundamental spectral types, 2 classes (cf. [14, @, T1])

8:44,332,11111111 [11]] 6:83,2211,111111  5:82,11111,11111 5:221,221,11111
4:211,1111,1111 4:31,22,22,1111 Sa 3:21,21,111,111 FS  2:11,11,11,11,11 [11]s
12: 66,444,2222211 10: 55,3331,22222 8:44,2222,22211 6:222,222,2211
EE(;Q) E§2) Eé2)
4:22,22,22,211 D)
Sa FS Gar
921,221,11111 @AW 31,2292, 1111 0 91 91 171,111 DDD17 11 71,11, 11
(nE1-~ (12)(12)(1)(1) @)
o 33 2211, 111111 I 211, 11, 111
15 — )07

44,332, 11111111 hoa D39 11111, 11111

E(2) 55 3331, 22222 (2) E(z) D(2)

66, 444, 2222211 D) 4y 2222 99211 )2 999 999 9911 — ) 22 22, 92911

The above dotted line with +1 or +3 represents the following relations.
44,332, 11111111 * 54,333, 21111111 < 11111 - 211154, 333 29 33, 111111, 2211

66,444, 2222211 & 76, 544, 2222221 & 77,554, 3222221 & 87,555, 3322221 L 24 321187, 53
Hd, 52,224,3321 ~ 55,3331, 22222

Here, D4-fundamental spectral types are indicated by underlines.

Note that (15)(212), 33 is fundamental (cf. [8]) but its unfolding 217, 54, 3% is not.

The systems of the spectral types in F» and their confluences are studied by [[@, 0] related to
4-dimensional Painlevé-type equations.
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2.7.4 F, contains 37 fundamental spectral types

idx = —4 : 37 fundamental spectral types, 5 classes

10:55,442,1111111111 [11]6T 8:44,3311,11111111 7:331,331,1111111 6:42,111111,111111

6:51,33,33,111111 Sa 5:311,11111,11111  4:31,31,1111,1111 £  2:11,11,11,11,11,11 [11]g
18:99,666,3333321 B 12:66,3333,33321 E\Y  9:333,333,3321 E¥  6:33,33,33,321 D}’
9:54,333,111111111 7:43,2221,11111111  6:321,222, 111111 6:33,21111,11111
5:221,2111,11111 4:1111,1111,1111 4:31,22,211,1111 3:21,111,111,111
3:21,21,21,21,111
12:66,444,22221111 EC? 10:55,3331,222211 9:441,333,22221 8:44,22211,22211
8:44,2222221111 E*?  7:331,2221,2221 6:222,2211,2211 6:222,222,21111 E?
6:51,33,222,222 4:22,22.211,211 4:31,31,22,22,22 4:22,22.22 1111 D*?
14:77,554,2222222 10: 55,3322,22222 8:332,332,2222 6:42,33,33,222
12]¢-class
331 Sa e A FS Gar
1°)(1 1)(1)(1)(1
[321]27 17 o 517 [32]2’ 16 (%)% [31]27 [14]2 (1)(1)(@)(1) [12]6
/(31)(31 3
oo 58 B sy s 21 1) (1)(1)
b) b ) bl 2 N
12]%1“,.-5-2 1515 m)(lg) [3 ].]2 = 331,331 etc.
52,422 110 42, [15]5

55,442, 1111111111 <m7 S 1111111 - 31175, 444 2% 44, 11111111, 3311

Here, % represents the map R and d is the difference of the orders thorough the map.

[14]3(1)(1)(1)(1)[21]4’ 13

103 DL
moa Mg)gg))
5)(14 2\(12 \
54,3319 — W) 92 994 16 T 921 993 15 “(i% i;” 21, [13]5
2 anas 13 @)D~ M3 (12()1&%8”

3 T 316 2 2 14
43,2 L 53212010 gy 31,25, 2121

54,333, 111111111 <7~ - < 16.991165,443 24 43, 1111111, 2221

2.2
522 (2,2) Ef(s class (2,2) (2,2)
8 3 4 7 2 2 6 4

62,43,2414 _(@2He1Y) 427 24’2214 _(2HE%) [23]27 214 @)@ [22}37 14

. 42 2 (12)(WE%§
.. 2 2 2
'+_6‘ 42’ [2312}2 (2%)(21%) 237 [2212]2 (2)(2)(1?) [22]27 [212]2
. i 3

421733’241 @ 51,32, [23]Q(M 31], [22]5

)

(221)(221) 321, [2%1], 2)2)@)

52,331,2412
66,444,22221111 % -y 9991 . 2202177, 644 2% 44,12221, 12221
66,444,22221111 % - 9991 .33 41)765,99 14 22221, 333, 441
66,444,22221111 % -y 99911 - 331187, 555 1% 55, 222211, 3331

We have another class:
77,554, 2222222 <mT oot 302187 53 19, 52 994 3392 55 3399 22222

<L 32.3255,22222 19, 9999 332 332 % 3.3.2/332,2202 B4, 299 33 33, 42
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Putting m = 3 in the following, we have the case when idxm = 2 — 2m = —4.
[12],,43-class (m > 2)

(m)(m)(1) Sa o1 1o amam) FS M---(1) Gar
[m?1], 17 —— (2m — D1, [m7], 17 [m1]a, [17™H1]; (1% mts
2{(77121)(:;1) (@)W () s et omes
(m + 1)2,m212,12m ml2, 1m+2 1m+
2T +(m 1) m+1y(12
1 (1m+2)(17n+2) /(1 )( )

(m + 2)2, (m+1) 2,12m+4
12044, (me42)2, (m1)22 2 1200 12 (2me1) (me42), (m1)* =5 B (m41)2, 1127+ 12
-

(m +1)2, [1mF3],

Dflm)—Eém)—class (m # 2)

(rmim = 1) (m?)(m) 6 (m?) oo
(3m)?, (2m) ,m®(m—1)1 (2m)?, m*,m?*(m—1)1 =——"—"[m*]s,m*(m~1)1 == [m7]3,m(m—1)1
Suzuki [20] studied Fuchsian systems of the spectral types in F; to get 6-dimensional Painlevé
systems.

3 Main results

3.1 A main theorem
In this section, we state our main theorem on the following equivalence classes.

Definition 3.1 ([0]). If a spectral type m of an irreducible differential equation M is transformed
to a spectral type m’ by a finite sequence of gauge transformations, confluences, unfoldings, Harnad
duality and fractional linear transformations of M, we say that m and m’ are equivalent and write

m ~ m’. Moreover, we set
f[n] = {me]:\mwn}.

Remark 3.2. Since idxm = idxn for m € F), we have |Fy)| < oo.
Under the notation in Definition BT, set
Fr=FnF={mecFl'|idxm=—t} ({=0,2,4,...). (3.1)

The following table shows the numbers of certain elements of Fj.

Equivalence classes and Eg, E7, Es, Ds-fundamental spectral types in F

0] 1F| | Np=3] Ny=4|ord <[|Ful <[|Fml 2[1F5] 1FN[1F25] ] 1FPY
0 4 3 1 6 4 4 1 1 1 1
2 13 9 3 12 8 5 2 3 2 2
4 37 25 9 18 9 4 5 6 6 4
6 69 46 17 24 12 4 7 12 10 6
8 113 73 29 30 23 4 10 15 12 8
10 198 127 50 36 36 3 15 25 20 9
20 1186 680 345 66 104 4 40 80 67 25
50 40617 18878 12953 156 757 4 351 931 701 137
80 419160 | 165023 | 136352 | 246 3173 3 | 1456 4386 | 3251 414
100 | 1461132 | 522509 | 471378 | 306 7613 3| 3181 | 10389 | 7500 743

For example, the column headed “|Fjy| <" gives the maximum cardinality of Fj; among n € ;.
In particular, maxne 7,40 [F[n)| = 7613. Moreover, [{m € Figo | Np(m) = 4}| = 471378 etc.
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Theorem 3.1. F5 is a set of complete representatives of F/~. Namely,

F= || Fu-

neF s
Moreover, every n € FP8 satisfies

ordn >ordm (Ym € F \ {n}).

Remark 3.3. Since P/~ ~ FU{1} and P/~ ~ P/~, we have

P/~ P/~ o~ FB U1}

Here, recall that P and P are the set of irreducibly realizable spectral types of systems allowing
unramified irregular singularities (cf. Definition E22Z3) and that of Fuchsian systems, respectively.

3.2 Proof of the main theorem

By defining a map U of P to F¥s U {1}, the proof of Theorem BT is reduced to Lemma BB8.

Definition 3.4. Let m = mq1 -+ mip,, Mot -+ Many, -y Mpl -+ Mypp, € P.
(1) We define Rm € F U {1} by the condition Rm ~ m (cf. Definition 217 and (210)).
mc

(2) Let M be a Fuchsian system of the spectral type m and let Lm be the spectral type of the system
obtained by applying a generic linear fractional transformation on P! to M. We denote by Sm the

unfolding of the spectral type obtained by applying the Harnad dual Hdy, . ¢ to Lm:
——
Sm = [[(p— Dn,nl, n,....n], {mj, |j=1,...,p, v= 1,...,nj}ﬂ, (3.2)

n = ord m.

Then, we define
U:P—rFBU{1}, Um:=RS’m.

Remark 3.5. (1) Note that Rm is obtained from m by successively applying middle convolutions
according to the Katz reduction procedure, until no further reduction is possible.
Moreover, (82) is obtained by

m ~n, lel"'m1n17 7Qmp1”'mp,np
Hd
_> (mll"‘mlnl)“'(mpl"'mp,np)7 ((p— 1)n)n

p
f —~
L Sm:mll...mlnl...mpl...mp7np’n...n’ ((p—l)n)n

and Sm is (2, p, x)-type. Then,

p+1
S’m = [[Qpn,pn], [pn, pn,pn], [(p — )n,n, ..., n, {m]V}H

(2) It follows from the above definition that if m = (m;,), m’ = (m] ) € P satisfies {m;,} = {m] ,}
and Np(m) = Np(m'), then Sm ~ Sm’ and m ~ m’. For example,

44,2211,2211 ~ 44,222, 21111 € Fy.
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The root corresponding to Sm for ay, in Definition 8 is as follows:

no &1
a2p-1  Q2p-2 Q2.1 Tao a31 A3 ni+tng_1+v X3 ni+-4np
Sm: O O
" 2n (p—Dn  pn (p=Lntnix  (p—k)nt+ng, Npm, =0
3 s 6
- ¢
24654321 612181512108 6 5 4 3 2 1 0
1
1171 s 2
- o)
12 246876543210

Lemma 3.6. (1) Ifm is of (2,3,*)-type, then Sm ~ m.
(2) If Ny(m) = 3, then S?’m ~ Sm.
mc

(3) If m’ is the unfolding of a Harnad dual of a confluence of m, then S*m’ ~ S?m.

(4) ordRSm >ordm (Vm € F\ FFEs)

The proof of Lemma B@ (1), (2) and (3) is given in this section. In the next section, we show a
second main theorem which calculates RSm for m € F and Proposition B12 says Lemma B0 (4).

Let
m = mj1miz, M21M22M23, M311M32 - M3ny

be an ordered (2, 3, %) spectral type. Then Katz reductions of Sm are given by

Sm = (2n)n, nnn, Mmi1M12M21M2M3M31M32 - -

(dipp(m) =n+my —n=my)
mi1
—

111 (n + m12)n, miann, 0miamer1maosmazmaimss - - -

mi2
Tog % M2mun, 00ma1moomozm3zimas - - -
ma1

Tas (ma2 + maz)n, migmii(maz + ma3z), 000maamazmay - - -

ma2
Py (ma2 + mas)(ma1 + mas3), migmiimaz, 0000mazmsimsas - - -

mi11—m22
s (mag + maz)mi2, migMmaoamas, 0000(mia — mai)msimsy - - -
mi2—m2i1

s M, ma1maama3, 00000 mgimss - - - M3 py ~ m,

which proves Lemma B (1). Here, the underlined multiplicities such as (2n) indicate the ¢ in mc,
to be considered. They are mostly maximal multiplicities in partitions.

Considering the following Katz reductions

p+1
§*m = (2pn)(pn), (pr)(pn)(pn), ((p = D)) 7" Amay -~ mpy -+

p+1
(p—1)n

S (@ D) n), (pn)(pr)n, 0Ty -y -
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p

oy () En). (o) (0 = L)), 00T Ry gy -

2v+1 p—op+1
—~

PREY (p=v+Dn)((p—v)n),(p—v)n)((p —v)n)n,0--- 00w miy - -

2v+2 poy
((p=v)n)((p = v)n), ((p = v)n)((p —v = V)n)n,0--- 0%~ --emay - - -,

ey
1,2,20+42

we make the following definition.
Definition 3.7. Set

Tm = Hkn? (k - 1)”]7 [(k - 1)”7 (k - 1)77,771], [mlla e 7mpnp]] (p =2k — 1)7
[[kn, kn], [kn, (k — L)n,n], [mag, -+, mpn,]] (p = 2k).
By the above reductions, we have
Tm~ S*m,
mc
which proves Lemma B8 (2).

Proof of Lemma @ (3). Let m € P be written as in (24). Suppose that m, 11 -mp_1p, , is a
refinement of my 1 -+ - my,,. Write

{mp-10 |1 <v<mpa}={z;, |1 <j<ny, 1 <v< Ry}

np—1=Ri+-+ Ry, mpj=xj1++azjr, ([G=1...,np).

Moreover, set

n —_—
I:p_27 by =My, bj,z/ =My (j:l,...,f, 2§y§n]),
a=ay+ - +ag=ordm, b=0by+ - +by.

We consider the confluence of the points ¢,_; and ¢, = oo corresponding to the refinement and
denote by Hum the unfolding of the Harnad dual of this confluence. We have

m =mg1--Mingy --op Mp=21""", Mp—1,1""Mp—1,n;,_15 Mp,1 " Mpn,
al ay

=0bibr2- by, -y bebgo - bpn,, T3 X1R, Tkl Th Ry, G1° Gk
cf
= (11 21R)  (Tea - TrR), bib12 - b1ny, oo, bebro---boy,
Hd - -
— (big- - bim) - (be2...bep,), la—b—a)xi1--- 1Ry ---, (ba—b—ag)rp1- TR,
uf _ _ _ -
— bia-bin, bearbony, (@—01) - (@a—1b), (la—b—ar)r11- TRy,

RN (Zd —b-— ak)mm © Xk Ry
Here we have

ordHum = (byo+ - +bipny )+ + (bpa+ - +bpyp,) = la—b.

19



Putting
Tp = {%’,1, o TR T Yj = {bj,2> . ~-yj,nj}, T={T1... Tk, Y1 Y},

we have

m = [[bl,yl], ey [bg,yg], [.Tl, . .,Jik], [a1 .. .,ak]]

Hy [&—bl,...,&—bg],[K&—l_)—al,ajl],...,[Ed—g—ak,xk],[yl,...,yd].

Suppose k is divisible by 4. Set k 4+ 2 = 2q. Then

7 Hum
= [lg(ta —b), q(ta—b)],
la(ta —b), (¢ —1)(ta—10), ta— b,
[EL—bl,...,d—bg,gd—i)—al,--' ,Ed—g—ak,x]]
la—b—ay
1,1,k+¢
[[(a = 1)(¢a — b) + ax, g(ta—1b)],

[@—b1,...,a—by,la—b—ay, -, fa—b—ap_1,0,x]

&’zfl_)fak,l
—
2,1,k-+0—1
([(g— 1)(fa —b) + ax, (¢—1)(fa —b) + ax_1],
[(q —2)(¢a —b) + ay—1 + ag, (q—1)(la—b), la—bl,
[[EL—bl,...,fL—bg,f@—i)—al,...,fé—l;—ak_g,o,o,x“

éafEfak,gfak
— 5
2,2,k+0—2
[[(q — 1)(€a — b) + ay, (¢ — 2)(Ya — b) + ag—2 + ax—1 + ax),
[(qg —2)(ta — l_)) +ak_1 +ag, (g —2)(la — l_)) + ap_o + ay, fa — l_)],

“EL—bl,...,a—bg,f@—i)—al,...,fd—E—ak_g,ak,o,o,i]]

f@—g—akfg—akfl
1,2,k-+0—3
[[(q —2)(la — B) + ag—3 + ap—1 + ag, (q — 2)(€d — B) +ag—2+ar—1 + ak],
[(q —2)(fa —b) + ap_1 + ag, (¢ —3)(fa —b) +ag_3 + -+ ax, fa—?b],

[[d—bl,...,d—bg,ﬁa—5—al,...,ﬁd—B—ak,4,ak,1,ak,0,0,x}]

K&—i)—ak_4—ak_2

1,1,k+6—4

fa—b—ai1—as
—
1,2,6+1
[[la—b+ai+as+-- +ag, la—b+azy+ag+- -+ ag,
[la—b+az+---+ag, ay+az+---+ag, la— b,
[&—bl,...,&—bg,ag,a4,...,ak,0,0,x]]
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= [[(t+1)a—b—ay, (L+1)a—b—ayl,

[(E+1)7—b—a1—a2, a, E&—B],
[a—bl,...,d—bg,ag,a4,...,ak,0,0,x}]
a—as—by
1,1,

[[(a —b+be, ({+1)a—b— ail,
[la —b+ by —ay, a, fa— b,
[(_I—bl,...,c_l—bg_l,a2,a3,a4,...,(1].:,0,0,1‘]]
a—by_1—by
_—
2,.3,0—1
[[a — b+ be, €a—b—ay+be_y + by,
[la —b+by—ay, a, (—1)a—b+by_1 + by,

[@a—by,...,a— bg_g,bg,ag,ag,a4,...,ak,O,O,m”

a—bg_2—by_1
1,1,6—2
[[(E —1)a—b+bp_g+bg_1+by, la—b—ay+bp_q+ by,
[(0—=1)a—b+bpo+bpy+br—a1, a ({—1)a—b+by_y+b,

[d - b17 S — b@737b2717b57a27a37a47 s 7ak70707x]j|

a—bg_3—bg_2

2,3,0—3
[[(ﬁ—l)d—6+bg,2+bzf1+bg, (ﬁ—1)&—B—a1+bg,3+'”+bg],
[(ﬁ—1)@—Z_)+bg_2+bg_1+bg—a1, a, (5—2)&—5—{—55_34-"'-1-()(],

[d - b17 ey a— b€—47 bf—27 bf—lu b[,(lg,(lg, a4, ... 7ak70)0)$]]

When ¢ = 2r — 2 with a positive integer r, we have p = 2r and eventually

a—by—bo
2,3,1

[[Td—5+b2+“~+bz, rd—B—a1+b1+--~+bg],
[ra—b+by+---+by—ay, @ (r—1)a—>b+by+---+ by,

[bQ7b37"'7b€7a27a37a47'"7ak70707m]:|

= [[rc‘z —by,ra—ay], [ra—ay —by,a, (r—1)al, [ba, b3, ..., be,a2,as3,a4,... ,ak,0,0,x]]
—b1 —a1

L1k+0—1  2,1k+0

[[rd, ral, [ra, a, (r —1)al, [bg,bg,...,bg,ag,ag,a4,...,ak,bl,al,x]].

When ¢ = 2r — 1 with a positive integer r, we have p = 2r 4+ 1 and

a—by—bso

R
1,1,1

[[ra, (r+1)a—ay — b, [ra — ai,a,ra — by], [ba, b3, ..., b, a2,as,...,a,0, O,JIH
—b1 —a1

2,3, k+0—1  2,1,k+(

“’Fd, (T—}-l)(i], [7’@, a, T’ZL], [bg,bg,...,bz,ag,ag,...,ak,bl,al,lﬂ.
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Hence

7THum ~ 7 m. (3.3)
mc
k,/
—~
For a general k, we replace m,_11 - CMp—1m, and ay---ap by mp_11- “Mp-_1m, 100 and
k/
/_/\ . . . . . . .

aj - -ag0---0, respectively, where &’ is chosen so that k + &’ is divisible by 4. Thus, (B33) is proved
for arbitrary k. This proves Lemma B8 (3). O

3.3 Relation to middle convolutions

Since mc, is a composition of two Harnad duals, as is shown in Remark 23 (3), 7 mc, m ~ Tm.
mc
We investigate the direct relation between 7 mc, m and 7 m.
For a positive integer p, we define the (2, 3, %)-spectral type

p

[k, k], [k, k — 1,1],[1,...,1]] (p = 2k),

[k, k—1],[k—1,k—1,1],[1,...,1]] (p=2k—1).

Applying successive the middle convolutions to n,, we obtain

Ilp =

2k 2k—1
— —
noy, = kk, k(k—1)1,T---11 ﬁ k(k—1), (k—=1)(k=1)1, T--- 110 ~ ngp_4
2k—2
1 — 1
~1)(k=1), (k=1)(k—2)1, T--- 1100 ~ ngj,_
m (k=1)(k=1), (k=1)(k—2)1, 100 ~ ngg—o m

Hence, n, ~ ni, and n,, is a rigid spectral type.

The corresponding real root is

- [g]i
Bp = pag + 23] a1 + [Blazn + g + Z(P — V), .

= Ledyp p-1 2 1
Here, we note that
(Boklao) = 1, (Bak—1]ao) = 1,
(Bok|a11) =0, (Bak|ai2) = —k, (Bok—1lon1) = =1, (Bar—1|ai2) =1 -k,
(Bak|a21) = =1,  (Bak|ane) =2 -k, (Bok—1la21) =0, (Bogp—1]ao2) =2 — K,
0 (j>1,]%p),
(Bylass) = 1. Bylag) =10 UL 77D
-1 (j=p).
Set
ms = [mn,mgl, e ,mpl,mlg, e ,mlm, e ,mpg, e ,mpnp},
7—/ L [[kna (k - ].)Tl], [(k - 1)”7 (k - 1)”7”]7 m3] (p =2k — 1)7
" [[knv le], [kn7 (k - 1)”7”]7 m3] (p = 2k)7

/ ! / / E /
a7—/m — noa() + Tlllan + n210[21 + n22a22 + Tl3ya3,,
v>1
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for m given by (24). We have Tm ~ 7'm and

n6 = pn, nlll = [%]nv n/21 = [%}nv TL/22 =n,
l
/
ngg:pn—ijl:pn—(mn—l—---—i—mgl) (1<e<p).
j=1

When p = 2k, we have

(Bplagrm) = (Bplpnog + knoagy + knogr + nagg + Z n,as,)
v>1

=pn+0—kn+ 2—-k)n—(pn— (mu +---+mp1))
=mi+--+mp — (p—2)n
:dl,_,_71(m).

Since mc(y,. 1) maps myj, to mj, — di 1(m)é, 1 with D :=d; _1(m), we have

geeey

AT e, ym = (M —pD)ao + (nhy — kD)ony + (ny; — D)as

.....

p—1
+ Z((p —v)D + ngl,)agy + Z N, Q3
v=1 v>p

= Qg — Dﬁp = 55pa7—/m.

When p = 2k — 1, owing to the relation

(Bplarrm) = (Bplpnan + (k — 1)noay + knagy + noge + > nl, as,)
v>1

=pn+(1—kn+0+2—-Kk)n—(pn— (mi1 +---+myp1))
=d;,. 1(m),

we have the same result as in the case p = 2k. Thus, the following theorem is proved.

Theorem 3.2. Under the notation above, we have

,,,,,

We note that the reflection sg, with respect to the real root 3, is realized by a sequence of reflections
with respect to simple roots.

4 Correspondences to complete representatives

4.1 Another main theorem

For a given m = mi1 - M1 py, ..., Mp1 -+ Mpy, € F, we calculate RSm € F. Note that n € FE&
satisfying n ~ m is given by RS(RSm). As mentioned in Remark B3 (2), Sm is determined by the
set {m;,}. Hence, we arrange the elements m;, in nonincreasing order and set

{mj7V|j:17"'ap7 7/:17-..,7’1‘7‘}:{0,1,,”@&}’

_ (4.1)
ap >as > -+ > am, n="n1+ - +np.

We introduce the following notation in order to state the second main theorem of this paper.

23



Definition 4.1. Let a1, as,...,a be the sequence of integers (E) for a given m € P. Set

{&k+ak+1+-'-+ae (k <1),
a[kl] =

0 (k>1),
p—2
D) = Z(” —ay)=(p—2)n— ar1,p—2)>
v=1

n := ord m.
Then we denote Ny, the maximal positive integer satisfying
aptN—-2 + apyN > Dy (Dp: N)
If (D : 1) does not hold, we set Ny, = 0.

Remark 4.2. If (D, : N) holds and 0 < N’ < N, then (D,, : N’) also holds.

Theorem 4.1. We write a relation m" = mc(y, 5, ym' with ¢ = dyy oy, (m’) in the form
c f>g .
m ——m’” or m' —"—m" withc=f—g,
01,02,... 01,02,...

which represents a Katz reduction if ¢ > 0 or f > g. Then a sequence of Katz reductions of Sm is
given by

a a a ar,p—1 +ap+1>(p_2)n
Sm1111.1222._>'”—>.1p m(O) = ]2 1 m(l)
51y 34y 7p7p 7p7p+
a[l,p—3]+ap—1+ap+1+ap+2>(p_2)n m(3 1)
17p727p+2 ’
a[l’p72]+ap+a,p+2>(p—2)n m(2) a[l,p_s]+ap—1+ap+ap+3>(l7—2)n\ m(3,2)
2,p—1,p+2 2,p=2,p+3 ’
a1 ,p—2]tap+1tapt+3>(p—2)n
[1,p—2]Fapt+1+ap+3>(p—2) m® _s
17p71»p+3
k=1,2,... _
. ICUIN m(4k 1)

a1, p—2) Fap+ak—2+aptar>(pP—2)n m (k) af1,p—2) Tap+akt1>(p—2)n m (1)

1,p,p+4k 2,p,p+4k+1
ap p—2]+aptartaptars2>(P—2)n m(4k+2) af1,p—2taptak+1+aptants>(P—2)n i (4k+3) Fok+l
2,p—1,p+4k+2 1,p—1,p+4k+3
and
mMm) (N, # 2),
(2) N = 2 and (B2
RSm — m . ( m an ( ))7
m®) (N, = 2 and (C230)),
mG2 (N, =2 and (C32))
Here,
af1p—3) + ap—1 + max{apy1 + apr2, ap + apy3} < (p— 2)n, (4.2)
a1 p-3) + ap—1 + apy1 + apy2 > (p —2)n, (C:3.1)
app—3) + ap—1+ap +aprz > (p—2)n (C:3.2)
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and for k € Z>o,

m*) = [[(2k: +1)Dp + 1 — ap_1 pyar), 2kDp + 1 — ap_1 prar—a));
[n—a1,...,n—ap2,2kDy +n — ap_1 prap—1], 2kDp + 1 — Q1 prak—2] — Cprakl,
[0, Dp — ap—1, ..., Dp — Qprag—2, ptaki1, Qprak+2, - - - Qi) ],
m D = [[(2k + 1)D, +n — Afp—1,prak]> (2k + 1) Dy + 1 — a1 pyak—1] — Gprak+1l;
[n—ay,...,n—ap-2,2kDy+n — ajp_1 prap—1), (2k + 1) Dp + 1 — ap_1 prart1))s
(0P, Dp = ap—1, -, Dp = Qpiak—1, Qpiakt2; Gpaks3s - - il ],
m 2 = [[(2k + 1)Dy +n — a1 prar)s 2k +2)Dp + 1 — a1 pyaria),

n—ai,...,n—ap-2, 2k +1)Dp+n — ap_y  pyar) — Gptak+2,
(2k +1)Dp +n — ap1 prart1));
(0P, Dy = ap—1, -, Dp = Qpiak; Opraks 3, Gprakras - -]
m ) = [[(2k +2)Dp + 1 — a1 prant1) — Gpasss (26 +2) Dy + 0 — ap_y prapra)s
[n—ai,...,n—ap-2,(2k +2)Dp +n — ap_1 pyar+3),
(2k +1)Dp +n — a1 prar+1))s
0P, Dp —ap—1,...,Dp — Qprakt1, Aptakt+d, Aptrak+5, - -, aﬁ]].

m(3’1) = [[QDp +n+ap-—2—ap-1— Ap—1,p+2] 2Dp +n— a[p,l’p+2]],
n—a1,...,n—ap—3,Dp+n—ap_1— apt1 — Gpi2,
Dp+n—ap_1—ap—apr2, Dp+n—ap_1—a,— apy1]
(07, Dy — ap—1,2Dp + a2 — Afp—1,p+2]> Ap+3, Aptds - - - - - - ,aﬁ]].
m®?2 = [[Dp +n—ap_1—ap,3Dp +n+ap_2 —2ap—1 —2ap — Apy1 — Apt2 — Apy3),
n—ai,...,n—ap_3,Dp+n—ap_1—ap,— apy3,
Dp+n—ap-1—ap—apy2, Dy +n—ap-1—ap — apt1],

[Op) Dp — Gp—1, Dp — Gp, Dp + ap—2 — Gp—1 — Ap, Qp+4, Ap+5, - - - ,CLﬁH :

Moreover, if
apyN—2+ aprn = Dp

for a positive integer N, then the value of RSm is unchanged whether Ny, is taken to be N —1 or N.

Remark 4.3. The last claim of the theorem follows from the fact that mc,(m) = m if d,(m) =
0 (cf. Remark EZTH). It also follows from the fact that, for example, by replacing as,...,a; with
a1,...,aGN—1,aN — €, ... a5 — €,( — N + 1)e, where 0 < ¢ < 1. Note that Remark BTG justifies this
argument.

Remark 4.4. Under the notation in Theorem El, m = (2n — 3)3,2",12" € F (n > 3) satisfies
m®Y € F when n = 3 and m™ € F when n > 3. Moreover, m = 13,13, 13 satisfies m(®) € F and
m = 92 643, 30 satisfies m©2) e F.

The following table gives the numbers |{m € Fso | Np(m) = 3, m™*) € FF}| for (x) = (0), (1),....

m € Fy, Np(m):3
mO [m® [m® [m® [ mCD 75 [mBD [ m® [m® [ m® [ m® | m®
4772 | 8870 | 2617 | 276 2312 (351) 34 32 9 1 3 2
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Example 4.5. Let m = (2n)21,2"*11,12"+3 with n > 1. Then

n+2 2n+5
—
Sm = [[4n+6,2n+3],2n+3,2n+ 3,2n + 3], [2n,2,...,2,1...,1]]

and RSm is obtained by the following sequence of Katz reductions:
n42 2n+5
Sm 1—211? (20 + 6,20 + 3], 3,20 + 3,20 + 31,[0,2, .. 2,T..., 1]
n+1 2n+5
% (20 +4,2n +3],[3,2n + 1,20+ 31,[0,0,2, ... 2,1.... 1]]
2n+5

n
——
—2 [[2n+2,20+3), 3,20 + 1,20+ 11,(0,0,0, 2 2,7 7]

n—1 2n+5
P
LN [[2n+2,2n + 2], [3,2n +1,2n],[0,0,0,1,2,...,2,1...,1]] ------

2,34
(k=0,1,2,...)

4k+2 n—2—4k 2n+5
m [2n 42 — 2k, 2n 4+ 1 — 2k],[3,2n — 2k, 2n — 2k],[0,0,0,1,--- ,1,2,...,2,1...,1]]

4k+3 n—3—4k 2n+5
m (20 +1 — 2k,2n + 1 — 2k],[3,2n — 1 — 2k, 2n — 2k], [o,o,o,m,m,m]
4k+4 n—4—4k 2n+5
m [[2n — 2k,2n + 1 — 2k],[3,2n — 1 — 2k, 2n — 1 — 2K], [o,o,o,m,m,m]
4k+5 n—5—4k 2n+5

—N—
S NN [[2n — 2k, 2n — 2k],[3,2n — 1 — 2k, 2n — 2 — 2£],[0,0,0,1,--- ,1,2,...,2,1...,1]]

The above reductions terminate when the term 2 disappears from the third partition of the spectral

type.
Note that this sequence of reductions is the one given in the theorem but it is not unique. For
example, ! ! can be replaced by ! ! for some k. Moreover, Remark IH
1,3,74+4k  2,3,8+4k 2,3,7+4k 1,3,8+4k

yields many variations of this example.

Remark 4.6. Since Hd, and mc, define linear maps on the root space, the arguments and results such
as Theorem BT for a spectral type m € P with idx m < 0 also apply to rm for every positive integer
r. Here, idxrm = r2idxm. Hence, we may extend the multiplicities m;, to nonnegative rational
numbers, since a rational spectral type can be realized by multiplying m by a suitable positive integer.

Set

m, = [[n — €€, [mit, - s mam .., [mpr, - ,mpnp]]

for a positive rational number € with 0 < e < 1. Then m, € F and Ny, does not depend on e.

The “spectral type”

m, = Hmll_6117 <o, Min; —€lng, €11+ +61n1]7 R [mpl_epla ooy Mpn, —€pny,; Ep1+ -+ +€pnp]]
with 0 <€ e <€ -+ K €1p, e K- K gpp, <1

is useful to obtain a unique algorithm using maximal Katz reductions as is given in Theorem Bl
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Furthermore, applying these deformations to spectral types such as 32,23, 16 and (2n)21, 2711, 12743,
we obtain many further examples.

To prove the theorem, we redefine (B as follows.
Definition 4.7. Fix a bijective map
{1,...,n}2k=I(k)eZ:={(j,v)|j=1,....,p, v=1,...,n;} CZso X Lo
with 7 :=nq +--- + n, so that
L<k<l<n = mpg = mq.

Moreover, we set

mrry (1 <k <n),
ap =
0 (k> n),
Ly ook o= ks | L(Ki) = Uy vhy ), 1 <0 <m} C {1,...,p},

N g, (B0,
I =
7 0 (k> 0).

The following lemma is useful for considering Katz reductions.

Lemma 4.8. Let m = miy - Min;, ..., Mp1 - Mpyn, € P and o = (01,...,0,) € Z2,. Put

/ !
0 = (01, 0k—1,004:Oktl,---,0p),

where o}, € Zso \ {or}. Then

dy(mc, m) = —dy(m), (4.3)

do' (mCe M) = My o1 — M g - (4.4)
In particular, if Mgl < Mgy, WE have d, (mc, m) < 0.
Proof. Equation (E23) follows from (Z8) and (EZ4). Moreover, by Definition 223, we have
dor(mco m) — dg(me, m) = my, 51 — (Mo, — do(m)).
Hence (E3) follows. O

The following lemma will be used in the proof of Theorem B

Lemma 4.9. (1) Suppose that there exist indices i1, ...,y such that iy < iz < --- <1, and

ai, + - +ai, > (p—2)n. (4.5)
Then

Lis g =P — 1

and

aj + -+ aj, < (p—3)n. (4.6)
(2) Suppose ip—1 > p in (1). Then

gl =p=1 Hppol=p—2,  apg)<(@-1n
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Hence, after relabeling, we may assume
aj=mj1 (j=1,...,p—2), In_1,3>p—1, Iy =1L,...,p—1}. (4.7)
If there exists k such that
Iy #{p—-1} and  p—1<k<ip .,

then Ij = {p — 1} for all j satisfyingp —1 < j <y, and j # k.
Moreover, if m > 2, we have
A[p—1,ip) < ap—2 +mD)y,. (4.8)

Let j1 and ja be positive integers such that p — 1 < j1 < jo < ip and j1 < ip—1. Put J =
{p—1,...,ip} \ {J1,j2}. Then, if m > 1, we have

Z ay < ap_g +mbD,,. (4.9)
ved

Remark 4.10. (1) The inequality (E6) is best possible because of the example

m+1 2m
m:[[m,m],[m—l,l,...,l,1,...,1} (m>1).

(2) Under the notation in Theorem B, Lemma B9 (2) is applied to the following cases.
Suppose (D), : N) holds with an integer N > 2. Then

a1 p—2) + Ap4N—2 + apiN > (p —2)n.

Moreover, if mg\;L N < mg]\;)Jr N1 for m™®) in Theorem B, then

a1p—2) + ap+N—2 + aprn41 > (p — 2)n.
(3) Set m = (16)66,7777,47 € F. Then p =3, D, = 12, ap—2 + Dp = 28, apio + apis = 13, Ny = 4
and a1 + -+ apy2 = ap—2 + Dp. Hence, the condition j; < 4,1 is necessary for (29).

Proof of Lemma [.9. Suppose that (E3) holds. Since m is fundamental, (B3) implies |I;;,.. ;| < p.
Since a;, + -+ + a;, < |Liy,..,|n, we conclude |I;; ;| = p— 1. Hence, there exist 1 < k < £ <p
satisfying |I;, ;,| = 1. Then

@i, + - +ai, = (ai;, +---+ai, —a,) +a, <(pP-2)n+7%.

Thus, (23) follows.
If
0<ki<ky<---<kpand k, <i, (1<v<p),

then ag, +---+ag, > (p—2)n and [Iy, x| =p — 1.
If [l p—g <p—3,thenap o < 5 and app =app-g +ap-1+a, < (p—=3)n+5+75 < (p—2)n.

Hence, |I[17p,2}] = p — 2 and we may assume a; = m; for j = 1,...,p — 2 and aj, = mp_1,1 with a
suitable jo € {p — 1, p}.
Suppose jp—1 > p. Since |11 p-2p—1p+1| = |11, p—2pp+1| = p—1, we have I[l,p+1} ={1,...,p—1}.

Hence, I1, . p-24o; = {1,...,p— 1} for p+1 < j <, and therefore, I ;)= {1,...,p—1}.
Moreover, if there exists k such that I, # {p—1} and p —1 < k <ip_q, thenp—1€ i, o1
and I; = {p — 1} for j satisfying p — 1 < j <1, and j # k.
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When m > 2,
Afp—1,i,] = Ap—2 +MDp = a1 ;) — ap—2 +map 9 — m(p —2)n
p—2
=a,) + Z(m —2)(ay —n) +app-3 —2(p—2)n
v=1
<(p—Un+(p—-3)n—-2p-2)n=0.
Let j; and j2 be indices in Lemma B9 (2). Then aj, + aj, > D), namely,
aj, + aj, + anp—2] > (p - 2)”'

Suppose ZjeJ a;j > ap—2 + Dy, namely,

Z aj+app 3 = (p —2)n.

jeJ
Then
(2p—4)n <Y aj +app—g + app-2 +ajy +aj,
jeJ
= api,) +app-3 < (p— Dn+(p—3)n,
which is a contradiction. Since D, > 0, we have the lemma. ]

The following lemma justifies the case classification of the reductions of m® given in the theorem.

Lemma 4.11. If one of three conditions (Cz31), (C=33A) and (D, : 3) holds, then the other two
conditions do not hold, whereas (Dy, : 2) holds.

Proof. Note first that each of the these conditions implies (D), : 2).
Suppose (C=33) or (Dy : 3) holds. Then Lemma B9 implies |11, p43] =p— 1.
If (D, : 3) holds, then
(a[l,p—3] +ap—2+apy1 + ap+3) + (a[l,p—s} +ap—1+apy1 + CLp+2)
= af1prs) T A1 p-3) + (Gpr1 = ap)
<(p-Dn+(p—=3n=2p-2)n,
which shows that (C=3) does not hold.
Similarly, if (C=322) holds, then neither (C=3T) nor (D, : 3) holds, since
(ap1p—3) + ap—1 + ap + apy3) + (A p—3) + ap—1 + apy1 + ap42)
= af1,pt3] + ap1,p—3] + (ap-1 — ap—2) < 2(p —2)n,
(ap1p-3) + ap-1 + ap + api3) + (A p-3) + ap—2 + ap41 + ap43)

= appr3 tapp-3 + (ap+s — ap2) < 2(p — 2)n.

Thus we have the lemma. O
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Proof of Theorem [.1. Under the notation in the theorem,

Sm=8my1- Mip, M1 M2an,, -, Mp1-* Mpn,
P
—
= [[(p —Dn,nl,[n,...,n],la1,a2,...,ap, api1, .. H
a  az A 4

1,1,1 1,22 1p,p

m® = [[(p—1)n—ar - —ap,n],
P

[n—ai,n—az,...,n—ap, O,...,O,ap+1,ap+2,...]].

Then we have de,pH(m(O)) < 0 by Lemma ER with a, > ap4+1. Since

d2,p,p+1(m(0)) =ayp -+ +ap-1+apy1 — (p—2)n= ap—1+ apt1 — Dp,

the spectral type m(?) is fundamental if (D, : 1) does not hold.
Hereafter we assume Ny, > 1. Then
m(o) ap—1+apt1—Dp
2,p,p+1

m) = [[Dp +n—ap1—ap,Dp+n—ap,1—ap],

mn—ai...,n—ap_1,Dp+n—ap_1—ap— api1],

(07, Dy — ap—1, ap+2, p3, - H
Lemma B8 shows dap+1(m™M) < 0, dap—1p41(mP)) < 0 and dappi2(m)) < 0. Since

d2,p—1,p+2(m(1)) =ap + apr2 — Dy,

the tuple m(!) is fundamental if (D, : 2) does not hold.
Hereafter we assume Ny, > 2. Then

(1) ap+apt2—Dp
m —)
2,1)7 17p+2

m® = [[Dp +n —ap-1—ap, 2Dy + 1 — ap-1 — ap = apy1 — apy2],
m—ai...,n—ap—2,Dp+n—ap_1—ap,—apy2, Dp+n—ap—1 —ap — ap+1],
(07, Dy — ap—1, Dp — ap, ap+3, Apra, Qpis, - - ]]
It follows from Lemma B3R that
d2,p71,p+2(m(2)) <0, dip-1p+2(m®) <0, d2,p72,p+2(m(2)) <0 and dogp_1,3(m?) <0.

Moreover,

dl,p—2,p+2(m(2)) =a1+- -+ ap-3+ap-1+apr1+apra—(p—2)n

= Gp_1+aps1 +apr2—apo— Dy (>0—=mB),
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In the following, we assume m:(,f;_F2 < mg?;_%, namely, a, + apt3 > D,. Then |11, 43| =p— 1.

dl,p—2,p+3(m(2)) =201+ +20p 3+ ap2+ap 1t Fap3—2(p—2)n
Sart-Fapz+(p—3)n—(2p—4)n
=ar+ - +apr3—(p—1)n <0,
dip 1p3(m®) =a, 1 +ap3— D, (>0—-mb®),
d27p72,p+3(m(2)) =a1+--+ap3+ap1+apt+apz—(p—2)n
=ap_1+ap+ap3—ap_2—D, (>0 — m®?).
First, suppose that (D), : 3) holds.

We define m®) inductively for £ = 3, ..., N, and show that m®m) is fundamental if Noathbfm = 3.
We assume that

m@k+3) — [[(2k +2) Dy + 1 — a1 prap+1] — Gpraktss

(2k + 2)Dp +n— a[p_17p+4k+2}],
n—ai,...,n—ap_2,(2k+2)Dy,+n — Alp—1,p+4k+3]s
(2k +1)Dp +n — ap1 pragt1));

[Opa Dp —ap—1,--- 7Dp — Apt+-4k+1, Opt-dk+4 Aptdk+5, - - ]]7
which follows from m®) = MC(1 - 1,p43) m® when k = 0. Note that mg‘f%) > m%ﬁg).
(4k+3) (4k+3)

Suppose first that my /5y 2 >mg .

dp-apranss(Mm D) = ap 1o — appapn — ap2 — (2k+1)Dp <0 < (B9),

m(4k+3)) — (4k+2))

dip—1 prak+3( —di p—1 prak+3(m = Dp — apyagp+1 — piary3 <0 < (B3),

(4k:+3))

dipp+ak+3(m = Aptak+2 — Apraky1 <0 < (32).

Here we have used the fact ap,_1 p1akt2] = Ap—1ptdkt3] — Gp+ak+3 and the first inequality follows from

(B9) in Lemma B9 with (41, j2) = (p+ 4k + 1, p + 4k 4+ 3). Hence m**+3) is fundamental in this case.

(4k+3) (4R43)

Now suppose that my /1 o <mg e,

Uptak+1 T Qprakra > Dp.

Then
d1 p2 prapra (M) = Afp—1 ptdk+4] — Ap+ak+3 — ap—2 — (2k +2)Dp <0 < (E3),
A1yt prakra (M) = a s — apyaprs <0 < (22),
dyppranra(mP ) =ap o +apaea — Dy (>0 - mEY),

Thus, m(#*+3) is fundamental if (D,, : 4k + 4) does not hold.

Suppose now that (D), : 4k + 4) holds. Then m®*+%) =me; , 4 411 4m@F+3).
Replacing k by k+ 1, we obtain m(*) = MC(1 p pt4k) m#*~1 for k > 1, under the assumption that
(D, : 4k) holds, where

m4k) — [[(Qk +1)Dp+n— Alp—1,prak]s 2kDp +n — a[P—17p+4k—2]]’

n—ai,...,n—ap-2,2kDp+n — ap_1 prap—1), 2kDp + 1 — ap_1 pyag—2) — Aptak);

(0P, Dy — ap_1,...,Dp = Qpyak—2, Gppdhi1, Qpsaks2, - -]
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By the assumption ap+4k + aptar—2 > Dy, we have the relations:

dip—2 ptak(m )y = Afp—1,pak—3) — ap—2 — (2k —1)D, <0 < (B3,
dl,p,p+4k(m ) = _dl,p,p+4k(m(4k 1)) = Dp — aprar — aprap—2 <0 « (B3),
do 2 par(mP) = Alp—1,p+4ak] — Op+dk—2 — ap—2 — 2kD <0 « (E3),
dopprae (M) = ap 4,1 — apiap2 <0 < (E32),
d1,p—2,p+4k+1(m ) Alp—1,p+ak+1] — Ap+dk — Apyap—1 — ap—2 — 2kDp <0 « (E3),
dlxpﬂp+4k+1(m ) Aptak+1 — Qprak <0 < (£32),
do o prakr1(m™) = ap,_y apsr) — apo — (2k+2)Dp <0 < (B3),
da pprape1 (M) = aprapn + aprago1 =Dy (> 0= mHD),
For k > 1, we have m(#+1) — MC(2 . pt dkt1) m“) | where
m* ) =[[(2k + 1)D,, +n — Afp—1,p+4k]s (2k + 1) Dy + 1 — a1 pyap—1) — Aprak+1ls
[n—ai,...,n —ap2,2kDy+n — ap_1 prap—1], (2k +1)Dp +n — ap_1 prari1));
[0, Dp — ap—1, ..., Dp — Qpiak—1, ptak+2, Gptak+3, - - -]
do p2 prapr1 (M) = Alp—1,pt4k] — Ap+ak—1 — Ap—2 — 2kD), <0 < (),
dap1prarir (P =a v —ay a1 <0 < (232),
d27p,p+4k+1(m(4k+1)) = _d2,p,p+4k+1(m(4k)) = Dp — aptak+1 — aptap—1 <0 < (B3),
dyp—npranso (M) =ap 1o — apparn — apa — (2k+1)Dp <0 < (B3),
d27p*1,17+4k+2(m(4k+1)) = Upyakt2 T apar — Dy (>0— m(4k+2))7
dypprakso(mPEFD)y =q o —a,ig1 <0 < (E3).
For k > 1, we have m*#¢+2) — MC(2p1,p+4k-+2) m® 1) where
m ) =[[(2k + 1) D) + n — a1 iy, 2k + 2)Dp + 1 = a1 prania);
[n—ai,...,n—ap2,2k+1)Dp +n —ap_1 . prar) — Aprakt2

(2k + 1)Dp + n — a[p_17p+4k+1]],

[OP’ -Dp —Qp—1,---, Dp — Qp+4k, Ap+4k+35 Ap+4k+4, - - H .

d1,p—2,p+4k+2 = Alp—1,ptak+2] — Apt+ak — ap—2 — (2k+1)D, <0

d1p—1prak+2 = Apiakt1 — Apiak <0
= a[p,l,p+4k,1} — ap—2 — 2]€Dp <0
(4k+1)) _

= —dp—1,ptak+2(m

= Ap—1,prar+3) — ap-2 — (2k+2)Dp <0
4k+3))

d2,p—1,prak+2

(
(
(
(
dl,p—27p+4k:+3(m
d1p—1,p+ak+3( = Gpiak+s + Gprakr2 — Dp (>0 — m!
d,p—1,p+ak+3(

(

d2.p—2p+ak+3 = Qpyak+3 — Aprapt2 <0
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If apyays + aprag2 — Dy <0, m#+2) is fundamental.
If Qp4+4k+3 + Qp4+4k+2 — Dp > 0, we have m(4k+3) = mc(l’p,17p+4k+3)
Thus, by induction, m¥m) is fundamental except in the cases (CZ3) and (C=32).

m@k+2)

Suppose that (C=30) holds. Then m(1) = me(1 2 p12) m® where

m®1 — [[QD:D tntap 2 —2ap 1 —ap —apr1 — apy,

2Dp +1n —ap_1 — ap — apy1 — Api2],

n—ai,....,n—ap—3,Dp+n—ap_1—apy1 — apy,

D,+n—ap_1—ap—apr2, Dp+n—ap—1—ap — apy1]

(07, Dy — ap—1,2Dp + ap—2 — ap—1 — Gp — p41 — Ap42, Ap+3, Aptds - - H

Since apy -3 + ap—1 + ap1 + apr2 > (p — 2)n, Lemma B shows that we may assume (EZ7) with

ip = p+ 2. Since I pi0) = I p-3p-1ppt1 = {1,...,p — 1}, we have a; = mp_22 with a suitable

ke {p—1,p,p+1}. Moreover, Lemma B9 shows I; = {p—1} for j € {p—1,p,p+1,p+2}\ {k} and

Il,...,p73,p71,p+1,p+2 = Il,...,p73,p71,p,p+2 = {1, Y 1} Then we must have k = P — 1. Hence
aj=mj1 (j=1,...,p—2), ap—1 = Mp—22, apyy = Mp_141 (¥ =0,1,2). (4.10)

In particular, |11, p—4p—2,. p+3] =p—2 when p > 3.
Here, Eél) = 33,222,111111 and (6 — €)¢, 33,222,111111 are examples (cf. Remark £1).
Note that
ap + apys < Dy, (4.11)

Indeed, if a, + ap+3 > Dp, then [I[ 13| = p — 1, and hence
0 <(ap+apt3 — Dp) + (ap-1 + ap1 + apr2 — ap2 — Dp)
= 1p+3] T A1p-3) = 2(p = 2)n
<@-Ln+@-3)n-2p—-2)n=0,

a contradiction.
We have the following relations:

dl,p—Z,p+1(m(3’1)) =ap—ap-1 <0 < (23),
dl,p—Q,p+2(m(3’l)) =Dp+ap-2—ap-1—ap—ap43<0 < (B3),
dl,p—27p+3(m(3’l)) =ap+apt3 — Dy <0 < (211

Moreover, if p > 3, we have
i p-spr1 (M) = ap o —ap 3 —ap 1 — (p—2n <0 < [, papappiipr2l =p—2,
dip-3pr2(m®V) = ay 5 —a, 3 <0 < (22)
dl,p73,p+3(m(3’1)) = Ap—1p+3] — Up-3 — 2Dp
= (a[pfl,p+2] —ap —ap—3 — Dp) + (ap + apr3 — Dp)

<appyo —ap-3—ap—(p—=2n<0 <= I pap2p-1ptipr2l =p—2.

Hence, m®1) e F.
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Suppose that (C=32) holds. Then, m(2) = MC(2,p—2,p+3) m®) | where

m®?) = [[Dp+n—ap—1 —ap,3Dp +n+ap—s — 2ap—1 — 2ap — Apr1 — Api2 — Api3),

[n—ai,...,n—ap_3,Dp+n—ap_1—ap— apy3,

Dp+n—ap-1—ap—apy2, Dy +n—ap-1 — ap — apt1],
[0, Dy — ap—1,Dp — ap, Dy + ap—2 — ap—1 — ap, Gpta, Gpis, - - ]]
We may assume (B-0) with i, = p + 3. There are two cases.

If Ijp_1 ) = {p — 1}, the condition [I1  p-3p-1p5] =p—1forj € {p+1,p+2,p+3} implies that
Ip+1pt+2p+3 = {p — 2} and hence

aj=mj1 (G=1,...,p=2), ap1=mp-11, aGp=Mp-12, aptr =Mp2,11 [¥=12,3).
If there exists k € {p — 1, p} such that I}, # {p— 1}, then Ip1 p12p+3 = {p — 1} and the condition
|11, p—3kptipre] =p— 1 implies I = {p — 2}. Therefore,
aj=mj1 (J=1,...,p=2), {ap-1,0p} = {mp_22,mp_11}, appv =Mp_1,+1 (v =1,2,3).

Here, the spectral types 9333,882, 1'® and 99, 6444, 333333 are corresponding examples.
We have the following relations:

52) = a1+ apy2 — Dy < (B2)
< (apt1+apy2 — Dp) + (ap—1 + ap + apy3 — ap—2 — Dp) < (32)
= aipt3) +app-3) — 2(p — 2)n
< (p— Dt (p—3n—2(p— 20 <0,

dip—2,p+3(m

d27p_27p+3(m(3’2)) =Dp+ap2—ap1—ap,—ap3<0 < (E3),
dl,p—2,p+4(m(3’2)) = Afp—1,p+4] — Op+3 — ap—2 — 2Dy

< Afp1,pt3) — p—2 — 2Dp <0 < (E3),
d2,p—2,p+4(m(3’2)) =aptq —ap3 <0 < (&32).

Moreover, if p > 3, we have

dp-3pr3(m®?) = ap,_q 45 —ap 5 —2D, <0 < (E3).
dzp-3p3(m®?) = ay_3 — a3 <0 < (B3),
dl,p—3,p+4(m(3’2)) =1 pr4) T ap—1 T ap — ap—3 — ap—2 — 3Dy
< appatap1+ap—ap-3— D, < (B3)
<appgq T ap_2y—P-2n<0 < |L,. p—ap-2p-1pl =p—2,
d2,p73,p+4(m(3’2)) =ap—1+ap+apya —ap-3 — Dy
<appy)—ap-3—(p—2)n <0 < |, p—dp-2,..pri| =D — 2.
Thus, m©32 e F, completing the proof of Theorem EI. ]

We show the following proposition, which corresponds to Lemma B8 (4) and completes the proof
of Theorem Bl

Proposition 4.12. We have ord RSm > ordm for m € F \ FFs.
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Proof. Since ordm(® = pn — (a1 + - -- + a,,), the inequality (EB) gives ordm(©® > %n

Suppose that Ny, > 1. Then ordm® — ordm® = aq +--- + ap—1+ apr1 — (p—2)n < § and
hence ordm® > n.

Thus, we may assume that N := Ny, > 2. Then Lemma B9 gives |I[1,p+N]’ =p— 1, and we may
further assume a; = m;j; for j =1,...,p—2 and

{ap+ 41, aprnvt2, o aa} D {mpt, mp2, .. Mgy, }- (4.12)
Note that my; + -+ + myy,, = n and that the third partition of m®) equals

[Ovap —ap—1,--- 7Dp — Ap+N—2; Ap+ N+15 Ap+ N+2, " ** 7aﬁ]-

Therefore, if
Dy —ap1 = (n—my1)+---+(n— mp,271) —ap—1
is positive, then ord m™®) > n
If [Iip—yl =p—1, then myy + - +mp 21 +ap-1 <mir+ - +my < (p— 2)n, which implies
D, — a,—1 > 0 and hence ord m®) > n. Thus, we assume that |I1,..p—1| = p — 2. Then, there exists
J < p — 2 such that a,—1 = mj2. Hence, if D, = a,_1, then j =1 and

p =3, (a1,a2) = (m11,m12) and my1 + miz = n. (4.13)

If D, = a,—1 = ap, then m11 + a3 = n, which is impossible since m11; + mo; + m31 < n. Thus
ordm®) > n.

Suppose that RSm = m(2)

. Since ajy p—3) + ap—1 + apr1 + apy3 > (p — 2)n, we have (E12) with
N = 3, and and the same argument gives ord m®2) > n.

Finally, suppose that RSm = m®Y and ordm® < n. Then N = 2 and the two sides of (B12)
are equal, and ord m®1) = n. Moreover, D, = ap, and we have (E13). Furthermore p+ N = nq + no,
which means ny = 3. Hence, m is of (2, 3, *)-type. O

Remark 4.13. To obtain the results in this paper, we developed several programs for the computer
algebra system Risa/Asir. They compute examples and display the calculations in a suitable format.
Some of these programs are available in os_muldif.rr [[3]. For example, it contains the following
functions.

chkspt () tests irreducibly realizability and computes idx m, Rm, etc. ~ (m : spectral type)
spgen() computes Fy for £ < 0 and, more generally,
computes all m € P such that m ~ n and ordm <n, (ne€P,n>0)

mc

refinements() computes all refinements of m (m € P).
spfundclass () computes Fy/! ~ (£ <0).

spfundauto () computes the automorphism group of the Fuchsian systems with a given spectral type
m.

spmcv () calculates me,(m) (me P, o€ Z)).
spharnad () calculates Hd, m (m is a spectral type with refinement structure, o € Z2).
spfundroot () calculates /m (m € P).

spmer () calculates Rm with showing steps of the Katz reductions m — Rm (m € P),
where the multiplicities m;, may contain infinitesimal positive numbers (cf. Remark B8).

spDEfromE8 () computes all m € FT such that m ~ n for T = Dy, B, E; (n € FF5),
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linprog() performs linear programming that may involve infinitesimal positive numbers.

spharnadcv() computes all R Hd, n such that n ~ m and ordn <ordm+/¢ (m € F and ¢ € Z>).

mc

sp2tab() generates a TEX table for a given list, such as Fy/~.

spfunddiag() generates a TEX figure using TikZ that displays the relations ~ for a given set of

spectral types.

Here the arguments of the functions are indicated in ”( )”, for example, (m € P).

The examples in §Z74 were obtained by using spfundclass(), sp2harnadcv(), sp2tab() and
spfunddiag(). The lists F;/~ with £ > —100 obtained by spfundclass() are available (cf. [IR]).

Remark 4.14. We assume that the differential equations have no ramified irregular singularities.
It is expected that the results of this paper can be extended to the ramified case by studying of
such singularities, including their confluences, unfoldings and degenerations of HTL canonical forms

(cf. [TT]). An extension to linear difference equations is also interesting.

4.2 D,-fundamental spectral types

In this subsection, we examine ]-'[lz f for n € FF8. Here, we define as follows.

Definition 4.15. For n € P and T = Fg, E7, Eg or Dy, we set
T . T
For an ordered D4-fundamental spectral type
m = mi1mi2, M211M22, M31132, 41142 * - M4 ny,
we calculate Ym by Theorem EZ1l. We may assume mi; > mo; > ms;. Then

mi1 > miz > 0, mar > maz > 0, m31 > maa,
M4l 2> My > -+ 2> My, >0, m11 > ma1 > may,
n :=ordm = mi + miz = Moy + Moz = M3 +Mm3z2 = M4y + -+ + Man,,

di1,1,1(m) = mi1 + mar + msa1 + may — 2n = ma1 + ma1 — miz —maoz < 0.
Since my1 < myo + Moy — mg1 < mqo, we have
mi] > Mol > M3l = M3z = Mo = Mg = Myl =+ > Myp, >0

and m is expressed in normal form. Hence, under the notation (E),

(4.14)

(4.15)

ap =mii, a2 =Ma21, a3z = MmM31, a4 = M32, A5 = M22, g = 112, Ae+k = T4 L (1 <k< n4)7

Dy =2n—a; —az =mi2+mge =as+as, as+ag > Dy > a5+ as
and therefore we may put Ny, = 2. Then, Theorem B with the relations

(a2 + Dy) — (as + a5 + a3) = (a2 + as + as) — (a3 + a5 + ag) = az — a3z > 0,
(ag 4+ D4) — (a7 + a4 + a3) = (a2 + a5 + as) — (a3 +as +a7) = ag —ay >0
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proves

RSm = m®?
= |[Ds+n—a3—a4,2Dy+n — a3z — ag — as — agl,
([n—ai,n—a2,Dy+n—as —as —ag, Dy +n — a3 — aq — as),
[D4—a3,D4—a4,a7,ag,...H

= [[77112 + maz, mi2 + maz], [maz, maa, maz, mia,

[mi2 + mag — m3a, M2 + Moz — M31, M4, . . . ,m4,n4ﬂ-
Here we note that
mig + Moz = Moy = M1z = M1z + Moy — M3z = M1 + Moz — M3 = M4l = - = M4 p,.
Set

a1 = az = mi2 + Mo, a3z = a4 = Mgz, a5 = ag = M12,

ar = miz + Moy — M32, ag = M1z + Moz —m31, agyr = Ma (1 <k <ny),

S
|

= a1 + az = 2(mi2 + ma2), D3 =n — a3 = miz + mao,

[[al) (12], [a’37 a4, as, a6]a [a’77 as, - - - 7a8+n4]:| .

Since ag + a5 = D3, Theorem B proves

RSm = m)
= [[D3+n—a2—a3,D3+n—a2—a4],[n—a1,n—a2,D3+n—a2—a3—a4]
[D3 - a27a57a67"‘7a8+n4]]

= [[277112 + mag, 2mia + maa|, [mi2 + mag, mig + magz, 2mia),

[0, m12, M12, M2 + Mag — M3a, Mi2 + Moy — M31, M4, . . . ,m4,n5]]’
Here we note that

2mio + ma2 > mig + Moz > 2miz > mi2 > Mi2 + Mo — M3z > Mi2 + M2z — M31
Z Myl = 2 MYy

Theorem 4.2. (1) Let m = mjimi2, ma1mag, M31M32, M4y - - - M4, be an ordered fundamental spec-
tral type satisfying mi1 > mo1 > ma1. Then

RSm = [[m12 4+ maz, mi2 + maa), [mi2, m12, mag, maa),

[mi2 + maa — m3z, mig + mag — Mg, Mat, ..., Man,]|
and

Um = [[2m12 + mag, 2mia + maa], [m12 + maz, M2 + Moz, 2m12)

(4.16)
[mi2, m12, M1z + Moz — mg2, M1z + maz — Ma1, Mat, . . ., Many] |-
All the expressions above are ordered.
(2) For any n € FE% we have
D
\F[nf\ <1.
Moreover, \Fﬁf\ =1 if and only if
m11 = Mi2 = Mol + M31, Ma1 = Mgz and M31 = M3 (4.17)
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under the ordered expression
n = mpimiz, Ma1M22M23, M31M32M33M34M35 - - - M3 ng,
namely, n has the ordered expression
n = [[ima1 + m31,Ma1 + M3, [Ma1, M1, 2ma31], [Ma1, M3, M33, M34, M35, - - ., M3 p) |- (4.18)
Then the element m € .7-'[13]4 whose expression is given by (EI4) is

[[Ord m — mgz1, m31], jord m — Moy + Mm31, Mo — m31,

[ord m — g1 + M33,Ma1 — N3], [M35, M36, - - - 7m3,n3]:|7
where
ordm = 2mg1 — M33 — M34.

Proof. The first part of the theorem has already been proved.

To prove the second part, suppose that n = Um for some m as in (1). Note that (EI7) follows
from the ordered expression (A18). Then, ma3 = (M1 + Mi2) — (o1 + Ma2) = 2m3; and hence we
obtain (E18). Comparing (A18) and (EI8), we obtain

mi2 = M3y, Mg = M1 — M31,

m3z2 = Mi2 + Moz — M33 = Ma1 — M33, m31 = mi2 + Maa — M34 = Ma1 — M34,
Mmay =m3yra (1 <v<ng—4), ordm = ms; + msy = 2Ma; — M33 — M34,
mi1 = ordm — mio, mo1 = ordm — mo9.

Hence the map U : FP+ — FFEs is injective.
Moreover, since the expressing (AIR) of n is ordered and fundamental, we have

mg1 — mg2 = Mgz — m3q > 0,
mgz — mag = M1 — Mgz > 0,
mag — miz = Mgy — 2m3z; 2> 0,
mi2 —my1 = m3; —Mmgs > 0,
mi1 + mo1 +mar + my1 — 2ordm = m3y + My — (M2 + mao2) = M35 — Mmaq <0,
where the mj, are defined from n by the above relations. This means that {m;,} is an ordered

D,-fundamental spectral type in normal form. Thus, m;, is an ordered D,-fundamental spectral type
in ]

4.3 FE,-fundamental spectral types

Let
m = [[m11, my2), [ma1, maz, ma3, maa), [ma1, msa, . . ., M3n,]]

be an ordered fundamental E7-tuple, and put n = ordm. Then

mi11 > mig > 0, mao1 > mag > Moz > mag >0, m3ap > -+ > may, >0
n =mi1 + M1z = M1 + Moz + Moz + Moy = M3 + - -+ + M3y, (4.19)

di,1,1(m) = my1 + ma1 +ms1 —n = mao; +msz; —myz < 0.
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It follows that

1 1
m3r < mia —mar < § — 5(mar + maz) = 5(maz + mag) < mag,

mMi1 2> M12 2> Mo = Mg = M3 > M3l = -+ = M3py, 123 = Mo4.

Under the notation (£1),

a1 = mii, a2 = M2, a3 = MmMa1, @4 = M2, a5 = M3, A = M4 OI M31, (4 20)
az +as > D3 =n —mi1 = mi2 > as + ar.

Here the last inequality follows from the fact that Lemma B9: if a5 + a7 > Ds, then [Ij 7| = 2.

Similarly, if a1 4+ a3 + ag > n, then ag = may. Thus, Theorem B- shows that Z/m is one of m®, m®),
m®D and m32). More precisely, we have the following cases.
If mi1 — mao1 — mog = a1 + ag + mog — n > 0, then ag = moy and

Um =m® = [[2Ds +n —ap 4 — as, D3 +n — ap 5],
[n —a1,2D3 +n — apg), D3 +n — ap g, [Ds — az, D3 — a3, D3 — a4, ar, as, . - J]
If mogs +mo3 —mi1 =ag +ag +as —n >0,
Um = m® = [[2D3 +n+ar —az —aps,2D3 +n — ap g,

[D3+n—a2—a4—a5,D3+n—a2—a3—a5,D3+n—a2—a3—a4},

[D3 — az,2D3 + a1 — as — a3 — aq — as, ag, ay,as, . - ]]
If maoy + mog — my1 = as + ag + mog — n > 0, we have moy = ag and
Um = m©®?) = [[Dg—l—n—ag —as3,3D3+n+ a1 — 2a2 — 2a3 — ag — as — ag),
[D3+n—as — a3 —as, D3 +n—ax —az —as, D3 +n — ax — az — ayl,
[Ds — ag, D3 — a3, D3 + a1 — ag — as, ag, ar,as, . . H
In the remaining case,
Um = m® = [[Dg +n—az —a3,2D3 +n — apg),
[n — a1, D3 +n —az — a3 — a5, D3 + n — apy)], [Ds — a2, D3 — a3, ag, ar, as, - - ]]
Applying (220) to the above cases, we obtain the following theorem.
Theorem 4.3. U m equals

m® = [[ma2 + mag, miz 4+ maa], [m1a, mia, ma3 + maal, (4.21)
[m1s — mag, M1z — Ma1, ma1, . .., Many]|  if m11 > may + mag,

m®Y = [[m11 + mag, mia + maa], [ma1 + mas, maa + Mag, mas + maa, (4.22)
[mag, mag, ms1, . .. ,mgnB] if mi1 < mag + mos,

m®?) =[[mas + maz + mas, Mas + Maz + maa], [Maz + mag, mas + Mas, Moz + Mo, (4.23)
[m11 — ma1, M1z — Ma1, m31, . .. 7m3n3] if mar < mar 4 Mo,

m® = [[ma2 + ma3 4+ mag, m1a + maa), [m12, maz + may, ma3 + moy), (4.24)

[ma4, m12 — mao1, ma1, . .., M3,

if mi1 > maog + ma3, mi1 < moy +mo3z and myp > may + moa.

Although the tuples (B223) and (B224) are ordered, mos < ms31 may occur in (B222), and mia <
ma3 + moa may happen in (E21). The tuple (B224) satisfies di,1,1(U m) = 0.
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Remark 4.16. Using Theorem =3, we can determine ]-'@7 for for any n € F8 as follows.

Since every m € ]:[E ]7 is obtained from one of the four cases in the theorem, n satisfies at least one

of the following four conditions:
M2l = Mgz Or Moz = M23,
there exists v satisfying m3, = m3 41,
mi1 = mia,
mi2 = Mma1 + M3y1.
Here, n is written in the ordered form
n = M11M12, Mo1M22M23, M31M32M33 * - - M3 75 - (4.29)
For example, if (A228) holds, m may be given by (E=24), which implies
M1 = M21 — M32, Ma2 = M2 — M31, Ma3 = Ma3 — M31, Ma4 = M31,
ordm = myy + Mo — M32, M12 = Ma1, M1l = M1l — M32.

Checking inequalities (219) and those in (B=24), we determine whether m is indeed given by (2=24).

In the same way, we can determine the elements m &€ ]-"[?1 }7 corresponding to each case in Theo-

rem A=3. Here we note that there may be several m corresponding to the case (B222) with v satisfying
(228), whereas there is at most one m corresponding to each of the other cases.

Example 4.17. (1) Put
n = ee,a99,443333221111 € F&s,

Then idxn = —50, #F, ﬁf =5 and ]-'[?1]7 is obtained as is explained in Remark BI8:

Case (E21) : b9,5555,3333221111
Case (B222) with mog =1, 2, 3:
dd,9881,4433332211 cc,8772,4433331111 bb,7663,4433221111
Case (A=) : aa,6554,3333221111
Herea=10,b=11,c=12,d=13, e =14,...
(2) For any n € F¥s satisfying idxn > —100, we have calculated Fn) (cf. [I8]) and found 1 € ]_.?1]7
such that ordfi > ord m for any m € F, \ {n}. However, in particular,

n= [[50, 49], [34, 33, 32], [14,13,12,11,10,9,8,7,6, 5, 4}] (4.30)

with idx n = —630 does not satisfy any of the conditions in Remark B1G. Therefore,
Fi = 0.

4.4 FEg-fundamental spectral types
In this subsection, we calculate UYm for an Fg-fundamental spectral type m. The result is as follows.
Theorem 4.4. Let

m = [[mn, mi2, m13], [mzl, ma2, m23], [m31, e >m3n3]]
be an ordered Eg-fundamental spectral type. Then U m equals

[[mu + 2myg, mi + 2mas), [mi3 + mar, miz + maz, miz + mas|
[mi3, mi3, mis, msi, . . .||

if mo1 < mya,

(4.31)
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[[ml?) + mag + mag, mia + 2mas), [maz + maz, miz + maz, miz + mag),

(4.32)
[mis, m13, mig + mug — ma1, ma, .. .|
if ma2 < mig < ma,
[[m12 + mag + mag, mia + mi3 + mas), M1 + M3, M2 + ma3, ma3 + mas), (4.33)
[mas, m1g + mi3 — mag, miz + miz — ma1, mai, . . ]| .
if mi2 <maoz and mi3z > Mmag,
[[mm + mi3 + maz, mi2 + 2mays), [mi2 + maz, mi2 + mag, miz + masl, (4.34)
[m13, M2 + M1z — mag, mi2 + M3 —m21,m317~-]] .
if magz <miz < mag and miz < mo3,
[[2ma2 + mug, maz + 2mag), [mig + mag, maz + mag, mig + mas) (4.35)

[N —mi1 — ma3,n —mi1 — Maz, N — M1 — m21,m31,-~-]]
if mi2 < maog and miz < mog.

In the case (BZ31), it may happen that mi3 < msy1. In the other cases, the above tuples in FEs are
ordered.

Proof. Note that
mip > miz > mig > 0, map > maog > maz >0, map > -+ > map, >0,
n = mi1 + mi2 + mMi3 = Mgy + Mg + Ma3 = M31 + -+ + M3ns,
mi1 = Ma1 > M3y,
miz +mi3 = ma1 + mai.

We calculate RTm as the proof of Theorem BTl. Hence, consider the following transformations.

Tm =~ [[2n,n], [n,n,n], [m11, ma1, Moz, Mia, mag, mis, msi, . . .||

[[2n — m11 — ma1 — ma2, 0], [n — ma1, n — ma1, n — maa), [0,0,0,m12, M3, M3, mat, . . .|
m21—MmM13

((n —ma2) + ma1 — (2n — m11 — ma1 — Ma2) = ma1 — Mz, Ma1 > 5 > M13)
23,4

[[mu +ma3 + mag, miz + maz + mas), [Mm12 + m13, Moz + Moz, Mm13 + mas),
[0,0,0,n — m11 — ma1, mo3, mi3,mat, .. ]|
Here we note the relations

(m12 + mig + ma3) — (Mm13 + maz + mag) = mi1 — Moz,
(mag + mag) — (M12 +mi3) = mip —miz > 0,

(mag + mag) — (m13 + mag) = mag — M.

Case miz > moa (= mi3 < mag) :

“m12 + ma3 + ma3, m13 + maz + mas), [m12 + mi3, maz + maz, m13 + mas),

[0,0,0,n — m11 — ma1, mag, mi3, M3, . . .|
m —m

23 13

12,5

[[m12 + 2mu3, maiz + mag + mas), [miz + mas, miz + maz, mis + mag),

[0,0,0,m12 4+ mi3 — ma1, m13,mig, mat, . . ]
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Here, we remark
(m13 + maa + ma3) — (M2 + 2mq3) = my1 — mag > 0,
(mig +mig) — (mas + maa) = (M2 + M3 — maz) — miz = myz — Moz > 0,
miz — (M2 + mi3 —ma1) = ma; — M2,
mig +mi3z — Mol =N — My — Mol = M3,

(mag + 2my3) — (M2 + my3) — myz = 0.

Hence, if mo1 > mq2, we have the theorem.
We assume miz > mg; and apply mcg 1 4) to the last tuple. Then

mi2—ma21
R

14 [[m12 + 2magz, mi1 + 2mas), [mi3 + mar, mig + maz, mi3 + mo3|

[07 Oa 07 m13,M13,M13,1M31, - - H )
which is Fg-fundamental since

(mi2 4+ 2mi3) — (ma3 + meo1) — mi3 = miz —meoy1 > 0,
(m12 4 2mi3) — (mas + meo1) — ms31 = miz + mi3 —msy
=mn —mi1 —mo1 —mgz1 > 0.

When
m = 972,633 or m=0972,6% 1%,

m13 < mg1 Or mi3 > Mg, respectively.

Case mio < mos and mqz > mog :

[[mm + ma3 + ma3, m13 + Mmag + Mmasl, [m12 + mi3, Mz + Moz, m13 + Mmas),

[0,0,0,n — my1 — ma1, mag, mi3, ma1, . . .|
ma2—m12
22,6
[[m12 + mus + mas, miz + mus + mas), [miz + mus, miz + maos, mi3 + mas),

[0,0,0,m12 + mi3 — may, mag, M1z + mi3 — mag, ma1, . ..]].
Here

mag — (Mi2 + M1z — Mmaa) = Mag + Ma3 — Mz — M3 = My —maoy > 0,
miz +mi3 — Moy = M1z + M1z — Mo1 =N — M1 — Mol = M3,
(mig + mig + mag) — (M2 + my3) —mao3z = 0.

Hence we have the ordered Eg-fundamental tuple (E=33).

Case mio < mos and mqyz < mog :

“m12 + ma3 + ma3, mi3 + maz + masl, [m12 + mi3, maz + Moz, m13 + m23],

[0,0,0,n — m11 — ma1,ma3, M13, M31, - - .|
mi1—m21
2,25
n = [[miz + mi3 4+ mo3, miz + 2mas), [mia + maz, mia + mis, miz + mas|,

[0,0,0,m12 4+ m13 — ma1, M1z + miz — mag, mi3, ma1, .. .|
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Here

(mi2 + maz + maz) — (miz2 + 2my3) = miz —miz > 0,

(m12 +mi3) — (m13 + ma3) = mi2 — Mma3,

mi3 — (mi2 + miz — maa) = maz — myz > 0,

mi2 + mi3 — Moz 2> M1z +M13 — Mol =N — M1 — M2l > M31,

(mig + miz + mag) — (M2 + my3) — my3 = ma3z —my3 > 0.

Then, if mqs > ma3, n is Eg-fundamental. We assume mio < mog. Then

mo3—m
n % [[2ma2 + mus, maz + 2mug), [maz + mas, miz + mas, mag + mag),
[0,0,0,n — m11 — ma1,m — M1y — Moz, 0 — M1 — Ma3, M31, .. .|
Since
(m12 4 2mq3) — (M2 + my3) — (n — my1 — ma3) = maz —miz > 0,
this spectral type equals U m. O

Remark 4.18. For n € F8 with idx > — 100, we have ]-'f;f # 0 (cf. Remark ET3). Note that FL

]:(b

n

for n given by (£=30) and 7' = Dy, Eg or Ey.
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