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Riemann-Liouville transform and linear differential
equations on the Riemann sphere

Toshio Oshima

ABSTRACT. We study the Riemann-Liouville transformation of solutions to
linear differential equations on the Riemann sphere. The transformation corre-
sponds to the middle convolution of the equations. Under the transformation,
we examine the asymptotic behavior of the solutions at the singular points of
the equations. When the singular points are regular, we studied it in [O1] and
solved a connection problem for the general rigid Fuchsian equations. In this
paper we mainly study the case when some singular points are irregular.

1. Introduction

Classical special functions such as Gauss hypergeometric functions, Bessel func-
tions and Whittaker functions are solutions to linear differential equations on the
Riemann sphere and the analysis of the equations gives fundamental properties
of the special functions. Our purpose is to analyze solutions to linear differential
equations on the Riemann sphere as in the case of the classical special functions.

N. Katz [Kz| defined and studied the middle convolution and the addition of
local systems. They are invertible transformations keeping the index of rigidity of
the system. The index gives the number of accessory parameters which cannot be
determined by the local structure of the system. The corresponding transformations
of the solution are given by Riemann-Liouville integral and multiplication by a
function. The equation is called rigid if there is no accessory parameter.

Any rigid Fuchsian equation is reduced to and constructed from the trivial
equation u' = 0 by successive applications of additions and middle convolutions,
which is proved by [Kz] for Fuchsian systems of the first order and by [O1] for scalar
higher order linear ordinary differential equations together with the definition of
the middle convolution of the equations. In this case the addition corresponds to
the multiplication by the function (z — ¢)* and a study of the Riemann-Liouville
integral in [O1] gives a global information of the solution such as a connection
problem describing the relation between analytic continuations of local solutions.

We will generalize some results in [O1] when an equation has unramified ir-
regular singularities. In particular, we study the Riemann-Liouville integral of the

2020 Mathematics Subject Classification. 34M40; Secondary 34M30, 34M35.

Key words and phrases. irregular singularity, middle convolution, connection problem.

The author was supported in part by Grant-in-Aid for Scientific Researches (A), No.
18K03341, Japan Society of Promotion.



2 TOSHIO OSHIMA

solutions and clarify the change of the asymptotic behavior of the solutions under
the integral transform at the singular points. Note that the rigid single equation
without ramified irregular singularities is reduced to or constructed from the trivial
equation by successive applications of additions and middle convolutions (cf. [O6]).
These additions correspond to the multiplications by any functions ¢ such that %
are rational functions.

Here we give some standard notation used in this paper. We mainly consider
functions of one variable x and then Clz], C(z), C[x] and W[x] are the space of
polynomials, the space of rational functions, the space of formal power series and
the ring of linear differential operators with polynomial coefficients, respectively.
Then W|x] is generated by = and % with the relation %m = x% + 1. Moreover
we put W(z) := C(z) @ W|z].

Let C™(a,b) denote the space of functions f on the interval (a,b) C R such
that fU) exist and define continuous functions on (a,b) for j = 0,...,m. The space
C™(a,b] is similarly defined. We also use the notation

8:%, 9 = 20,
Rez=a, Imz=0b (z=a+bi, a,beR),
Zoo={keZ|k>0}
MNm=2AA+1)---A+m—-1) (AeC, meZsp) and (A\)g =1,

. o — (@1)n - (m)n n
mFr(ar, .. am; B, ..., By ) = nz::o (ﬁl)n~-~(ﬂk)n(1)nx e C[z],

F(a.B;viz) = o F1(a, Bs v o).

Under this notation the addition Ad(¢) of the equation Pu = 0 corresponds to the
map u +— ¢u and then z — z and 0 — 0 — % in W(z). And the middle convolution
mc,, with p € C corresponds to the map v — 07w and then ¥ — ¥ —p and 9 — 0
in W{z]. We can define Ad(0~#) in the ring C[0~!] ® W{z], which is isomorphic to
the ring W (z) by the correspondence (z,9) — (=0, x).

In §2 Riemann-Liouville transform of a function w(z) is defined by a regular-
ization of the Riemann-Liouville integral

(120)(e) = s [ uto)e = oy

(.
and we examine its fundamental properties. In §3 we prove Theorem 3.1 and
Theorem 3.7 which describe the asymptotic of Riemann-Liouville transform I*u
of a function u(x) in terms of the asymptotic of u(x). Namely, when a and b are
singularities of u(x), we examine the asymptotic of (I#u)(x) when  — a or z — b.
We show that the equation Pu = 0 implies (mc,(P))(I#u) = 0 in §4. In §5 we
review the linear differential equations on the Riemann sphere. Important concepts
are characteristic exponents, a generalized Riemann scheme, index of rigidity and
middle convolution of the equation. In §6 we give some examples to understand
the results in this paper.

Using versal additions introduced in [O1, §2.3], we define and construct in
[06] a versal unfolding of any rigid differential equation on P} whose irregular
singularities are unramified. Hence the equation is naturally realized as a confluent
limit of rigid Fuchsian equations and we can study the original equation by the
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Fuchsian equations and therefore in this paper we also consider regular singular
points in parallel. Moreover in [O5] we regard the singular points as new variables
and then the versal differential equation can be extended to a versal KZ equation
with several variables, which will be useful to study the confluence of singularities.

2. Definition of Riemann-Liouville transform

In this section we define Riemann-Liouville transform by a regularization of
Riemann-Liouville integral and show fundamental properties of the transform. We
will apply the transform to solutions to linear differential equations with irregular
singularities. Other regularizations are given in [O1, p.5] and [Ha, §2] mainly for
the purpose to study Fuchsian differential equations.

DEFINITION 2.1. For i € C and a € C the Riemann-Liouville transform (Euler
transformation) I* of a holomorphic function u(z) is defined by the complex integral

(2.1) (IL, pisgqu) (@) := ﬁ /ju(t)(x — g = ﬁ /aj_ewoou(t)(x — )Ly

along a piecewise C!-path

L:[a,p]2t— L(t) €C, Lla) =a, L(B) =z, 6y = Arg L' (a),
(2.2) a=ty<ty <-<ty,=p0and L|[tj,1,tj] € Cl[tj_l,tj] (j=1,...,m),
L(s) #L(t) fora<s<t<p.

Sometimes the above I 5 eif00 will be denoted by I# and the resulting function
I*'u will be denoted by I*(u). We assume that u(x) is holomorphic along the path
L(¢) for t € (o, f] and may have a singularity at the starting point a = L(«) of the
path. When u(z) is bounded along L and Rep > 0, (I4u)(x) is naturally defined
and holomorphic in a neighborhood of L(t) for ¢ € («, 3].

Here (1#u)(L(t)) is defined by the path L], and
the condition L(s) # L(t) for « < s <t < (3 is essen-
tial which assures that (I#u)(z) is holomorphic along z :
the path L.

We also assume that L can be replaced by a piecewise linear path, namely,

o T ¢t

ti—t t—t;_ .
(2.3)  L(t) = tjit]»,lL(tjfl) Ra ey (t;) fort € [tj_1,t;] and j=1,...,m.
We will study the case that u(x) is a solution to a differential equation Pu = 0
with P € W{z] and a is a singular point of the equation. In this case (2.3) can be
always assumed.
When a, z € R and = < a, we may consider

(I£0)(@) = 7 / Cult)(t — o)t

which has a clear meaning.
If we use the path L satisfying Im L(¢) > 0 in the case a, x € R, we have

(2.4) Ihy = e Mk,
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which follows from
/ju(t)(azt)“ldt - /ju(t)(e”(tm))“ldt ) %’
= eHmi /a u(t)(t — x)*tdt.
For K > 0 we have
(2.5) (IngewOou)(Kx) = K”I”%Jrewoo(u(Kx)).

ExAMPLE 2.2. First we consider a typical example :

(2.6) u(@) =2 Me—z)Ne=T"E  (¢>0, A\, X, C, C' €C),

@7 v(@) = () = ﬁ /0 T e N e (o — 1yl
If Re x> 0 and one of the conditions

(2.8) ReC >0

or

(2.9) C=0and ReX > —1

is valid, then (I/'u)(z) is naturally defined for x € [0,¢) and gives a holomorphic
function on C\ ((—oo,O) U [e, oo)) By the argument in this section we see that
the condition Re p1 > 0 can be removed and the condition for A in (2.9) is replaced
by A ¢ Z<o. In fact u(x) holomorphically depends on (A, ) € (C\ Z<o) x C.

If the path L satisfies Re % > 0, we can define v(z). In particular if Re C' <
0, we may take —L'(«) > 0 and v(x) is naturally a holomorphic function on C\
((—o0,0]U [c, 00)).

Since L@ — 20) with ag(x), a1(x) € Clz], u(x) satisfies Pu = 0 with P =

u(x) a1 (x)

a1(z)0 — ap(z). Here

u' (x A C N C’
(2.10) u<(x>) ot E T e

Then v = I}ju satisfies a differential equation Qv = 0 with @ = mc,(P), where
mc,, (P) is given by (4.2) and (4.1). If C' = C’ = 0, the differential equation Qu = 0
is reduced to Gauss hypergeometric equation and

I'(A+1)
(2.11) u(x) = Tt
which is obtained by an easy calculation (cf. [01, (1.47)] and (3.4)).
If M =’ =0, it is reduced to Kummer’s equation by a simple transformation.
If CC’ # 0, it is a confluence of Jordan-Pochhammer’s equation of order 4.
We will examine the asymptotics of (Ifu)(z) for z — +0 and x — ¢ — 0 and
x — 00. In fact we show general theorems, which give these asymptotics.

T ATPE(=N N+ 1+ 1;2),

Now we return to study [#u in the general case. First we assume that u(z) is
bounded on the path L and Rep > 0 and Re /> 0. We will show

(2.12) I(‘j/ ofu= Ié“r“/u.
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Since (I o I*u)(x) and (I*T# u)(z) holomorphically depend on the variable z in
the path L, it is sufficient to prove (2.12) for = L(t) for t € [to,t1]. Hence we
may assume that L(t) = ttll:ttg (to) + tt;tfo (t1). By a change of the variable we
may moreover assume that ¢ =0 and z € R<y. Then

(1% o I'u)(z) = F(lu)/o(w —t)“/_l(ﬁ /Otu(s)(t—s)“_lds)dt

f¥ ””US mx, W1y _ gyp—l <
F(M)F(u’)/o ()/s( £yt — s) Nt ds,

x , r—s ,
/ (x — )Pt — )" at = / (x—s—t)* 1t tat
s 0

1
:(xfs)”ﬂ"*l/ (1L—t)" ety (t = (z— s)ty)
0

_ (.’E . s)/,b-‘rpbl—lr(u)]'—‘(ﬂ/)
L+ )

and therefore we have (2.1).

By the same reason as above we may assume a = 0 and z € (0,¢) with ¢ > 0
and L = [0, z] to prove several relations satisfied by I*u.

Put CJ'[0,¢) := {u € C™[0,¢) | (87u)(0) =0 (0 <j<m)}form € Zxo. If
u € C§[0,¢) and Rep > 0,

/az u(t)(x — ) tdt = /az u(x — t)thdt

and I} (u) € C'[0, ¢). Here we note that (Iu)(x) holomorphically depends on .
Suppose u € C[0,¢). Since

)@ = )") = u'(t) (@ = )" — pu(t)(z — )~

()@ — 1) = g (u(t) (@ = 1)")
=zu'(t)(x — )" —td/ (t)(x — ) — pu(t)(z — )Pt

we have
() = 1 (W) = 01 (w)
for Rep > 0 and

(2.13) 1) = (9 — I (u)
for Rep > 1.
Hence for u € C§*[0, ¢) with m € Z>( we have
(2.14) I (u) = 0™ I (u) = IET™(0™w)

and define I} (u) for Re u > —m by this equality. In particular
IY(u) = I3 (0u) = u
for u € C}[0,¢). If 0 < Rep < m and u € CF*[0,¢),
I ) = IO I () = 07 I3 I () = 07 () = ,
IY 1" (u) = Ig o I (0™u) = 15" (0™'u) = u,
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namely, if |[Re p| < m and u € CJ*[0, ¢), we have
(2.15) IgF oIt (u) = I§(u) = u.
Let k € Zso. If ReA > m and ¢(z) € C°°[0,¢), then ¢(x)z* logh z € CF[0, z)
and we may apply Ié‘ to w. In particular
(2.16) If (2 = mx“ﬂ
if ReA > —1 and Re p > 0. Applying % to the both side of the equation, we have

k .
E\ (d*7 T(A+1) ,
TSN k Atp J
(2.17) I (x* log" x) = E (]) (d)\k—j Tt 1))£L' log? x.

§=0
For A € C\ Z<o The right hand side of the above is holomorphic for (A, pu) €
(C\Zo) x C and we define I} (z* log" ) by this equality. Owing to this definition,
we have (2.13) and (2.14) for u(z) = 2* log" x if A ¢ Z(. Moreover we have (2.12)
and (2.15), namely,

(2.18) Ig/ oI (u) = I(‘)H“/(u) and I9(u) = u

for 2 logh x if A\ ¢ Zg and X\ + p & Z .
We examine I} (u) for the solution u to a differential equation with a singularity
at the origin. If the origin is a regular singular point of the equation, the solutions

k
(2.19) u(z) = Z ¢j(x)x*log! x
3=0

with A € C and suitable holomorphic functions ¢;(z) at the origin span a space of
the local solutions. We may assume that ¢ is also a singular point and = € (0, ¢)
are regular point. Then u(x) € CJ'[0,¢) if ReA > m. For any given m € Zsy,
u(x) in (2.19) is a finite sum of the functions C; jz**"log/ x with i € Zs( and a
function in C{'[0,¢) and therefore if Re\ ¢ Z, I//(u) is naturally defined. As a
consequence, I (z7u(x)) is defined when Re and Rep are sufficiently large and
I (z7u(x)) extends holomorphically for (7,u) € {r € C | 74+ X\ ¢ Z.o} x C and
satisfies (2.13) and (2.14). Moreover if A + p ¢ Z.o, we have (2.18). Thus we have
the following proposition.

PROPOSITION 2.3. Suppose u(x) is of the form (2.19) with convergent series
¢j(x) and X € C\ Z<oy, Then I} (u) is naturally defined for any p € C and p is a
holomorphic parameter of I (u) and we have (2.13) and (2.14). Moreover we have

If the origin is an unramified irregular singular point of the equation, the local
solutions u(x) with the asymptotic expansion

k
Z o (:c)a:/\ logj x - exp(fgg}1 — ﬁg — = :c?,f; ) for z — eieOO,

(220) "0~

¢; € Clz], Cj € Cand m; € Z with m; > mg > --- > mg >0

=0

span the space of the local solutions. Here the condition = — €00 means that

(2.21) Vogew = {56 €Cl0<s<r |0 -0 <e}>x—0
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for suitable € > 0 and r > 0. Namely if ¢;(z) = a0+ a;12 +aj2 +---, then

lim  sup |En(z)z ™| =0 for N € Z>g, where
r—+0 meVQo,E,T -

N k
En(z) =u(@)z Y exp(Sh + 55 + -+ S5) — Z Zajyl,x” log’ x.
V=0 j=0

We define exp(—g%1 — ﬁ—?z ————— f—};) = 1 when K = 0. We note that 0™u
satisfies a similar asymptotic which is obtained by applying 9™ to the right hand
side of (2.20).

Moreover we note that if the origin is a ramified singular point, it changes
into an unramified singular point under a new coordinate y = 27 with a suitable

q 6 Z>0.

THEOREM 2.4. Put 6y = Arg L'(a) for the path (2.2) of the integration (2.1)
to define Iu. Suppose u(x) has the asymptotic (2.20) with the condition

(2.22) K=0and A€ C\ Z«o
or
(2.23) Re Cye~mibo > (.

Then I} (u) is defined for any p € C and p is a holomorphic parameter of I} (u)
and we have (2.13) and (2.14).

If the condition (2.22) together with A+u ¢ Z <o is valid or the condition (2.23)
is valid, (2.18) holds for any p' € C.

PRrROOF. We may assume that x = L(t) with ¢ € [to,t1] and L(s) = 2=%L(1)

| tl—Ot
for s € [a,t1]. Then under the new coordinate y = e~z we may assume Lljato]
equals [0,¢] with ¢ > 0. Then the theorem is clear by the argument we have
done. ([

REMARK 2.5. i) Suppose K = 0 in Theorem 2.4. Put @ = 2*~*u. It follows

from (2.17) that ﬁléﬁ] is well defined and holomorphic for (A, ) € C2. In this

interpretation I'u is well-defined even if \ € Zy.

1
TOFT)
ii) Since

I7™(u) = 0" Y (u) = 0™,

a

we sometimes denote I% by 07#.

DEFINITION 2.6. We define a Riemann-Liouville integral fZGOOO of u(z) by the
complex integral

i) (@) = p(m/gcmu(t)(t—x>“1dt = F(lﬂ)/x T ()t — 2yt

along a path
L:[a,0)>t— L(t) € C, L(a) = =, tlgglo |L(t)| = oo, tlgxolo Arg L(t) = by,
=ty <ty <ty<-<tm, Llg,_,1,) € C'ltj—1,t;] (G=1,...,m),
Ly, 00) € C'tm,00), L(s) # L(t) (a<s<t).

Here u(x) is holomorphic along L. For simplicity, we may denote I 51'9000 by I2°.
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Suppose u(z) has an asymptotic

k
(2.24) u(z) ~ Zgﬁj(%)w”‘ log? x - exp(—Chaz™ — -« — Cpz™*) for x — % 0.
j=0
Here m; € Z, ¢; € Clz] and my > mg > --- > mg > 0 and the condition

z — €% 00 is defined by L — e~00. Since

1

/IOO u(t)(t — )" tdt = /; u()(t - é)ufl%

0

we have
(2.25) (IHgog)(@) = 271 (1 gz (1)) ().

In particular

() = ot (I |JH%) _ 1 F(?()\)M)f1,\ _ F(?(A)H)IH”-
Hence if
(2.26) K=0and A —p ¢ Z<o
or
(2.27) Re Cre'™% > 0

is valid, I',,__u is defined and satisfies (2.13) and (2.14). Moreover we have (2.18)
if the condition A\ + p + p/ ¢ Z<o and (2.26) are valid or the condition (2.27) is
valid. In the same way we have

(2.28) (Iru) (@) = o=t Tz u(d)) (3)

T

for « > 1, which is useful to examine the asymptotic of ([#u)(x) for x — oo.

REMARK 2.7. (Cf. [O1, p.5]) Let Pu = 0 be a differential equation with
P € Wlz] and uq,...,u, be linearly independent solutions to the equation in a
neighborhood of a point zy = ee?2'8%. Here € with 0 < ¢ < 1 and n is the order of
P and x # 0 and we suppose that tx is not the singular point of the equation for
t € (0,1). Then we define

. +z,+0,—xz,—0
(o) = frmr—amm | u(t)(t 2 s

by the integration along the Pochhammer cycle L1 +Ci+ Lo+ Co+ L3+ C3+Ly+Cy

2 3
I
0 T 172 X C
L X “Oe Ly X 1 X
I
I 1
173

We can define for any p € C by the analytic continuation to u € Z .
The analytic continuation along the path [0,27] 3 t — z¢e?®* induces transfor-
mations u(x) — u'(z) := u(e*™'z) and u + uA. Here A € GL(n,C) is called the
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local monodromy matrix. This integration is used by [DR] to define a transforma-
tion of solutions to Fuchsian systems.
If (If'u) fo )(t — x)*~Ldt is naturally defined, then

I(‘fu = [F'u — IFut and Ifu = (Ifu)(1 — A).

For example,

(L=™HTA+1) 4

FA+p+1) o
Suppose u(x) is a solution to the equation Pu = 0 with P € W[z]. We may
assume that the path has no intersection with the disc D, := {z € C | |z] < €}.
Then the above integration is defined even if there are several singular points of the
equation in D., which will be useful to examine the confluence of singular points.

The monodromy around a circle enclosing several singular points is discussed in
[04].

TH N _
Ifx” =

3. Asymtotic of Riemann-Liouville integral

In this section we examine the asymptotic of holomorphic functions at singular
points under the Riemann-Liouville transform so that the result can be applied to
solutions to linear differential equations.

THEOREM 3.1. Assume a holomorphic function u(x) has an asymptotic
(3.1) u(x)~ Z ¢j(x)x*log! x - exp(—g%1 - I%“z ————— ﬁ—,’;) for  — €900

with d)j € (C[[(EH, Oy € R, k, K GZE(), A, Cj S (C, m; € Z and myp > mg > -+ >
mg > 0. Here x — 00 means e~ %oz — +0.
To define v(z) = (I'u)(x) by (2.1) we moreover assume the condition (2.22)

K=0and A\ ¢ Zo
or the condition (2.23)
ReCre ™% >0 (0o := Arg L' ().

i) Then v(x) has the asymptotic
k

(3.2) v(z) ~ Zi/)j(l’)x)‘o log? - exp(—ﬁ—}l - L - f:f;) for x — %0,
j=0

Here ¢ € C[z] and \o € C. Fiz ko € Z satisfying ¢;(0) = 0 for kg < j < k and
—1<ko<k. Then;(0)=0 forko<j<k.
(Case I) Assume (2.22). Then

A
(53) do= Aty (0) = a6, 0),
Moreover if k =0 and ¢o(z) = ag + a1 + asx + - -+, then
. F()\"‘l) (>\+1)1a1 ()\4‘1)2@2 2
(34) wO_F(/\+u+1)(aO ODdptn " OtrptDa )

If ¢; are convergent power series and u(z) equals the right hand side of (3.1), then
; are convergent power series and v(x) equals the right hand side of (3.2).
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(Case II). Assume (2.23). Then
(3.5) A=A+ (m1+ Dp and g, (0) = (Mm1Cy)” "oy, (0).
ii) Let c € C and L be a piecewise Cl-path which satisfies
L:[a,p] >t — C with L(a) =0 and L(B) = c.

For x = L(t) with a <t < § we define Iff (u)(x) by the path Ll 4. We examine
u(z) and (If'u)(x) when x = L(t) is close to ¢, namely, t is close to 8. We define
Arg(L(sz) — L(s1)) with o < s1 < 53 < 3, g = ArgL/(«r), 61 = ArgL'(B) and
(c — x)* so that they are compatible.

We note that L(s1) # L(s2) but L(a) may equal L(B). Assume

u(z) = (' +o(1))(c — z)" exp(( Ci)m,l +--- 4+ (C%',) for x — ¢ — €%10.
c—x c—x) K’/
Here o/, C% € C, m; € Z and mj > m) > - > mf, > 0.
(Case III) Assume K' =0 and Re(N + p) < 0. If L(a) = L(B) and K = 0,
we moreover assume Re XA > ReN. Then

v(z) = F(F()\—/X)u) (a' + o(l))(c — x))‘u”‘ for & — ¢ — €10.

(Case IV) Assume Re Cle~"1% > 0. Then

o(x) = (m)Cy) "™ (a' + o(1)) (¢ — x) M (moFLr exp( Cim/ +o 07KU>
(c—z)™1 (c—z) K’
For sy € (a,8) we put xg = L(so) and define vo(x) = (Ik u)(x) by the path
L|(zy,4) with x = L(t). Then the asymptotic of vo(x) is same as that of v(x) given
in (Case III) and (Case IV).
(Case V) Assume K' = 0 and Re(N + p) > 0 or ReCre~ ™% < 0. If
L(a) = L(B) and K = 0, we moreover assume Re (A + p) > 0. Then

1 c—eif1Q . i
"u(x)—r(u)/ u(t)(c—t)*  dt + o(1) for x — c—€'0.

000
REMARK 3.2. Under the assumption in Theorem 3.1 (Case III) , we have
(Iou)(z) = %(a' + o(c — z))(c — x))*# and therefore
Y ) / ‘
Il (u) = Mlg(u) +o((c—a)* ) for x — c— 0.

sin N
Note that the connection coefficient between the Riemann-Liouville transforms of
a function is written by trigonometric functions. This is commonly true because
we can construct local solutions by successive applications of the transforms. See
the examples (6.9) and (6.18).

PROOF OF THEOREM 3.1. Since I} (u) = I} (0™u) with m € Zsq, we may
assume Re p > 0 to prove the theorem.

First suppose K =0 and A ¢ Z. Then the statement ii) follows from the value
T}, (u)(1) in [O1, Lemma 12.2] and the statement i) follows from (2.16) and the
fact that I} (u) € CJ*(0,1) if u € Cf*(0,1).

The statement i) in the theorem follows from [06, Lemma 5.1]. We will show
the statement (Case IV) in the theorem. The proof of other statements are easier.
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Put € = C, m| =m, m; = m} and K’ = K for simplicity. Suppose Re C' > 0.
Let ¢ € C[0,1]. Then

T c C. e}
Hx):i/(l—tfeuﬂw+ﬁf&”+ PR (¢ — )L (t)dt
0

1 C
= m“/ (1- xs)’\eﬁJrW*"(l — s L p(xs)ds  (t = xs)
0

1 c C
=zt / (1— 2 + a8y ) NeT=rte™ T Tmsrea™ T b= g1 — g1 )dsy
0
(s1=1-135)

A 1 TS1 \A G mlc TST ym B
— xﬂ(l _ .’E) / (1 + ) e (1=t 1=5)
0

2
(1—2)™2 (147752

+ o

1—=
st p(x — msy)ds
1

T—= el Ca
=aM(1 - x))\ﬂt / (1+ :1:52))‘60*””)”(1*“2)” taozarEa Tz T
0

s (e — 2 (1 - x)sz)dsy  (s1 = (1 —x)s3)

C. —
=z"(1- JC)/\+“eﬁ+ﬁ+m /1 ’ (1+ wso) st~
0

T (T D e (e T2 — (1 — ) s2)dss
(s2 = (1 —x)"s3)

C C
_ xu(l o x))\+(m+1)uem+ﬁ+m

1
T T -
) /(1 ) (1 Fa(l— x)ms?’)Asg_le—f(r,(l—z) s3)¢)(l‘ —z(1— $)m+133)d83
0

with
C 1 Cy 1
t) = 1-— 1- —
fk) <1x)m< <1+xt>m>+<1x>m2( <1+xt>m2>+
Suppose 1 < sy < 1=, 2 <z <1 and m > 0. Then xs; > § and

1-3)m<l- ——— <1

1

1= We have

Hence putting M = maxo<i<1 |¢(t)] and A =

1
= c 1 _ Co 1 _
lim ’ (1 + z85) e T (™ ~ D a=aime (g ~DF
r—1-0 1

.(ufiyﬂﬂlvﬁ—wﬂ—xﬁﬂ@fiyJ m

< lim (A _ 1)(1 +A)|)\\A(m+1)|u|+mMe—ReC(l—37,,,)A"‘—i—\Cl\A"’L*l-F... —0.
A—+o0




12 TOSHIO OSHIMA

SupposeOSSQZ(l—a:)m53§1,%<x<1,0<m2<mandt>0. Then

(I+xzsg)™—1 MT o mxss _ MSs

(1 —2)m(1 + xsg)™ — 2m+L(1 —g)ym  2m+1 = gm+2’

1 1
(17m)'rn2 (1 - (1+t)7n2) _ (1 . x)m—mz (1 + t)m — (1 + t)m—mZ
1 A+om—1

1 1
(l—w)’"( B (1+t)m)
< (1—gz)mme 22120 ¢,
Hence there exists 6 > 0 such that

|6*f(z,(1*r)m83)‘ < e ReCsmds for O < s3 < W and 1 —d <z <l1.

Since
mgrﬁo((l —Cx)m (1 1+ 201 _1 x)msg)m)
" (1 _C;)mz <1 (1 +z(1 —13:)m33)m2> o ) = mCss,

Lebesgue’s dominated convergence theorem proves

1
Ty T m
IEEO 0 (1—x) (1 i J:(l _ x)ms?)))\s/;—le—f(r,(l—x) ss)¢(m _ l‘(l _ J?)m+183)d83
1
. A=a)ym™ A =1 —flo(1—z)s
=1 1 1 — )™ iz f(z,(1—x)™s3) — 2(1 — gyt
- lim ; (1+a(l—x)™s3) sh e ¢(z —x(1 —z)" s3)ds;

- /Oo shTlemmCs3 (1) dsy = (mC)~H /OO st le T p(1)ds = (mC) ™M () (1),
0 0

which implies
I(z)

[(u)

In the general case, we may assume that the path L is of the form (2.2) and
(2.3). We may moreover assume that @ = L(t) with ¢ € [t;,—1, ). Since we may
assume |(IHu)(z) — (I}j(tmilu)(xﬂ is bounded for z — ¢ — €10, we have only to
examine the asymptotic Ug(tm,l)“)(@ when z — ¢ — €%10. Hence we have the
statement (Case IV) from the estimate we have just proved . (]

C.
— (mC) ™ (¢(1) + 0(1)) (1 — &) DreT=ar t T+ for o 5 1 — 0

REMARK 3.3. i) The condition Re (X 4 1) < 0 or Re Cye~ 0% > ( is essential
for the claim ii) in the theorem, which assures that im,_, ., |u(x)| = oo.
ii) ¥ Re(N +p) > 0and ) ¢ Zo,

(1= 2P) (1) = At DX+ )

1
A N 4p—1
M1 — ) TH e = .
(u)/o L)+ XN +p+1)
EXAMPLE 3.4. Let u(x) and v(z) be the functions given in Example 2.2.
When C = 0, the series expansion of the function (3.4) in the theorem is
obtained by that of the holomorphic function (1 — z)» exp(—%) at the origin.
Hence if C' = C’" = 0, the series expansion

(1— {E))‘/ _ Z (_)"/)nxn

n

n=0
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shows
/ F()\+1 A+1), )
—TH A o AN /\+u n _n
v(z) = I (21— 2)") = TOh+p+1) Z )\+M+ Dtpt+rloal”
F(/\Jrl) A /
= — 7 F 1. =\ 1:2).
F()\+u+1)x A+1, =N A+ p+ 1)
If ReC >0,

lim v(x)af}‘*z“e% =C™H
x—+0

IfC"=0and Re(N +p) <0,
. v D(=N —p)
— ANep 20 24 P
i v(@)(1 = 2) &Y
If ReC’ > 0,

lim wv(x)(1-— x)_’\l_Q“e_% = ()"

z—1-0

EXAMPLE 3.5. Here we give another example of the claim i) in the theorem.
Assume ReC > 0 and A = C' = 0 in Example 2.2. Then v(z) is

C 1 v C
(Ihate™ %) (z) = —/ tMle= 7 (z —t)rtdt
0 L'(p) Jo !
1 /Oo A+l g=A=1,—CZL =1 (s —1yu—1d
= s v (=) (t=5)
) e

1 )\+p, /OO —A—p—1 —
= S S1 — 1
F(N) 1 ! (s )

1 )\-HL —< /oo © —A—p—1_—<s1ds
= e w sP(s1+ 1) H e e AL
F(N) o '
_ 1 ,T>\+2H€_% /Oo (1 + ,ISQ)_A_M_le_CSZ@ (31 = :1;32)
) z
_ L e —f/ ) M+HM ~Csadsy
T(w)" nl 52
G Ve Z ) yp At it D pn, ~eds
L'(p) 0 n!
(s = Csa, / shtmeTods = (4 n))
0
_ P (R T
g (S AT T I ) (5 40)
n=0 ’

= O Ry (A 4 15— 5).
EXAMPLE 3.6. We give an example related the singular point oo.

I8 (@) = et N (Ifa A L) = 2t e = (AA)“)CC_I Mam1)
(3.6) _ DA ) g

F(—)\) (JE*)+OO, /\+'U’¢ZZO)'
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We give other examples on the asymptotic when  — oo. Owing to (2.25), we have

IH (zhe™®) = %,u) /:O Pt (¢ — gyp
T [T e
- x;emw /000(1 n %)’\eftt”fldt
Ao—a oo X[
B xF(eu) /o nz;o( Q)n(—%)"e’tt“”dt,
IM (2Pe™™) ~ e i M(_@_n
(3.7) 2

=ate o Fy(—A, i —2)  (z — +oo).

This is also obtained from Example 3.5 and the relation (2.28).
If ReC; > 0, then

I (@ exp(~Cra™ — ) = a7 (Lo e exp(— S ) )
= (G (1 o(1)) e A (G Y (s 40) |, 1)
= (1 -+ 0(1))(mlc’l)_uxk_(nbl—l)ll eXp(_Clm"h _ .. ) (x — +oo)

In general we have the following theorem by Theorem 3.1 and the equalities
(2.25) and (2.28).

THEOREM 3.7. Assume u(x) has an asymptotic

k
u(xz) ~ Zq{)j(%)x_’\ log? 1. exp(=Cra™ — Coa™ — -+ — Cga™x)
(35 g

for x — o

00
with ¢; € Clz], A\, C; € C, 6y € R, mj € Z and mq > mg > --- > mg > 0.

i) To define v(z) = (IL,, u)(x) we assume (2.26) or (2.27). Then v(z) has
the asymptotic

k
v(x) ~ Z%(%)x‘“ log’ % ~exp<—C’1xm1 —Cox™2 — .. — C’Kach)
j=0

for x — €% .

Here ¢; € C[z] and Ny € C. Fiz ko € Z satisfying ¢;(0) = 0 for kg < j < k and
—1<ko<k. Then;(0)=0 forko<j<k.
(Case I) Assume (2.22). Then
LA —p)

(3.10) Ao =A—p, g (0) = W‘réko(o)'
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Moreover if k =0 and ¢o(z) = ag + a1x + agx + - - -, then

(3.11) 1/’0(%) = F<;\(;)M) (ao + (A Z)\lﬁlal zh + W%‘Q + - )

If ¢; are convergent power series and u(x) equals the right hand side of (3.8), then
1 are convergent power series and v(x) equals the right hand side of (3.9).
(Case II). Assume (2.23). Then

(3.12) Ao =A=(m1— 1), i (0) = (m1C1)"" ¥, (0).
ii) Let ¢ € C and L be a piecewise C'-path which satisfies
L:[a, 0] >t — C with L(o) = ¢ and tli}m Arg L'(t) = 0.
oo

For x = L(t) with t € (a,0), we assume that w(x) = (I#u)(z) is defined by the
path L|[a,t]~
(Case IIT) Assume K =0 and ReX < 1. Then

(1 —
w(z) = F(l(i 5y i)ﬂ) (a + 0(1)) A for x — P00
(Case IV) Assume Re Cre~"™% < 0. Then
w(z) = (=m1C1) "™ (a+ o(1))z A M exp(~Cra™ — -+ — Cga™*)

for x — % o0.

REMARK 3.8. Suppose £k = 0 and m; = K = 1 in Theorem 3.7. Owing to
Example 3.6, we have

¢0(9U)=0Lo+a196+-"7 ¢0($)=bo+b1l‘+---
vVA+p+1+5-v) “A—pu—j-1),
b; —Za] y (—C)ol Zaj V vl .

4. Middle convolution of a differential operator

In this section we study the differential equation satisfied by the Riemann-
Liouville transform of a solution to a linear differential equation on P}. The result-
ing equation is the middle convolution of the original equation.

For P € W{z] we put

(4.1) KPP =053 "a;;2'0 = ¢; ;0

Here we choose K € Z>( so that K > ¢ — j for any (¢, ) with a; ; # 0. Then for
i € C we define the middle convolution mC#(P) by

(4.2) mc, (P) =0~ NZCH I e Wizl

Here N € Z>¢ is taken to be maximal so that >, , ¢ ;0N — p)? € ONW(z] for
P 0. It is clear that mc,(P) does not depend on the choice of K. Note that

(4.3) mc, o mc,(P) = mc, 4, (P) and mc_, omc,(P) = P
it P ¢ OW{x].
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REMARK 4.1. For P € W(z) we define mc,(P) = mc,(¢P) with ¢ € C(x) so
that ¢ # 0, ¢P € W]z]| and deg, P is minimal. In [O1, 1.1] we define the map R
of W(z) to W[z] by RP = ¢P.

THEOREM 4.2. Let P € Wlz| and u(x) be a solution to Pu = 0 with the
asymptotic expansion (2.20). If m; € Zwo and

(4.4) ANEZ and N+ p ¢ Z
or

(4.5) Re Cre~ ™m0 >
n (2.20), then

(4.6) mc,,(P)(Iu) = 0.

PrOOF. Let Q € Wiz|. Then Qu has an asymptotic expansion of the form
(2.20) by changing A and ¢(z) by Ao and ¢g(z). Here \g = A+ p ¢ Z if (4.4) is
not valid. Under the notation (4.1) and (4.2)

0=TI50"Pu) = I} (> ci ;0" u) =i ;0" (9 — p) I (u) = 9N me, (P)I] (u).

Put ug = mc,(P)I}(u). The equation 0N uy = 0 means ug € C[z]. On the other
hand, Theorem 3.1 implies

ug ~ € ﬁnl — mK ZI U¢ log T (.7;—> eiego)
and therefore ug = 0. O

REMARK 4.3. i) In the above theorem the condition Pu = 0 implies that
mc,, (P)I{(u) is a polynomial or 0 even without the condition X\ + p ¢ Z, which
follows from the above proof.

ii) Note that d(228 + 1)u = 0 with u(z) = 1+ e=
w(z) ~ e+ for z — 40 and u(z) ~ 1 for  — —0.

. Then (220 + 1)u # 0 and

We define
Wolz]o" := W[z] @ C[0~!] @ 0¥,
O oM = or I and Otz = 20" + pdt .
Then
Wolz]0" x Wolz]o" 5 (P, P) — P'P € Wlx]od"
and the map

Ad(") : Wolz] 3 P+ 0" PO € Wyz]

defines an endomorphism of the ring Wo[z]. Then mc,(P) = N ~#Pd*. Here N’
is a minimal integer so that &N ~#Por e Wx].

REMARK 4.4. Replacing 0* by I*, Wy[z]0~™* acts on a local singular solution
u(x) of a differential equation. Then the following calculation is valid.

(4.7) Pu=0 = PO"0 " u=0 = (¥ "*Po")(0 *u) =0 = mc,(P)I*u = 0.



RIEMANN-LIOUVILLE TRANSFORM AND LINEAR DIFFERENTIAL EQUATIONS 17

EXAMPLE 4.5. We calculate the equation Pv = 0 satisfied by v(x) = (I§'u)(x)
with u(x) = x’\e’%, ReC > 0 and = > 0, which is the function in Example 2.2
with M = C’ = 0. Namely, v(z) = ﬁ Iy tre™ T (x — t)Pldt satisfies Pv = 0.
Since

u(xz) X C X+ C

2

)

we have
P =mc, Ad(x)‘e*%)a

=mc, (2°0 — (A\z + C))

=mc, (02°0 — d(\z + C))

= mc, (0z(z0 — \) — C0)

=mc, ((J+1)(9 — \) — C9)

=(W4+1—p)(W—-A—pu)—C3o

=9 -~ (A +2u—19+ (u+N)(u—1)—C9

=220 + 20 — (A —2u— Daxd + (u+ \)(u—1) — CO

=220 — (C+ 2u—A—2)2)0+ (p+ A\)(n—1).

REMARK 4.6. To calculate mc,, the following formula is useful
2" =090 —-1)--- (9 —n+1),
""" =0+ 1D)W+2) - (9+n),
(4.8) oMY = (Y +m)"om,
220% + 20, 9° = 2%0° + 3220% + 20,
9 = 210" + 6230° + 72%0% + 20.
This is easily checked by the action to the function z* which is an eigenvector to
the operator . Calculations of mc,(P), Ad(¢)(P) and other related operations in
W (x) are realized by a computer program in [O7].
5. Differential equation on P}

In this section we review the Riemann scheme and the spectral type and the
middle convolution mc,, of a linear differential equation

(5.1) Pu=0

on P}. See [06] for the details.
Hereafter in this paper we assume that any singularity of the equation (5.1)
is a regular singularity or an unramified irregular singularity. We will define a
generalized Riemann scheme, which we denote by GRS in this paper, and a spectral
type as in the case of Fuchsian differential equations defined by [O1].
Put
AMz) =X+ 2™ 4+ F Az’ (0<r < - < 7py).

Here A\; € C. We define the characteristic function ey(x) with the exponent A(z)
by

ex(z) ==z~ exp(f)\l% — = AT

mT.m
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and put éx(z) := ex(2) = a0 exp(—% ————— . )‘;"rm ). Then
(04 A@))ea(z) =0, Ad(ex(x))d =0+ A(x), ex(@)ex(z) = erpa(),
(0= A(2))éa(z) =0, Ad(éx(x))d =0 — A(2).

DEFINITION 5.1. Let & = ¢ be a singularity of the equation (5.1). For a polyno-
mial A € C[z] and a positive integer m the equation has a generalized characteristic
exponent [\(,, if the equation has formal solutions

u,(y) = exto(y) + Yo (Y)érym(y) (v =0,....,m—1)
with v, € C[x]() and

Clz](oo) = @(C[[J:]] log? .
=0

When m = 1, [A](1) is called a characteristic exponent of the equation and may be
simply denoted by A.
Here y is given by

(5.2) y:{x—c (¢ # ),

L (e=oo)

with ¢ = ¢;.
A generalized Riemann scheme, GRS in short, is the table

xr = CO = 0 ... xr = Cp
o Dol Boslm

[)\Ognl](m(),nl) e [)\p’np](m;n,np)
Here

n=mj1+-+mjn, (G=0,...,p)
are (p + 1) tuples of partitions of n. The Riemann scheme corresponding to (5.3)
is given by putting

A A
(5.4) Nom = | 71 | and W= | ] e clp.
A+ m -1 /\
Suppose

(5.5) N =N €{0,1,...,m;,, —1} (1<v<v <ny, j=0,...,p).

Then we define that P has GRS (5.3) if [\j,](m,,) (v =1,...,n;) are generalized
characteristic exponents at = ¢; for j = 0,...,p. (See the definition of GRS in
[01] when (5.5) is not valid.)

REMARK 5.2. Suppose
(56) deg()\jw — /\jW') >0 or /\j,,, — /\jjy/ % Z (1 <v< v < nj, j = 0, - ,p).

Then P has GRS (5.3) if and only if P has the Riemann scheme corresponding
to (5.3) and (5.1) has linearly independent solutions of the form 1 (y)éx(y) with
P(x) € C[z], namely, they have not any log y term.
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REMARK 5.3. In [O1] we use the notation

x=c (r1) - (rm) for r=c
oo A Am O o F Az 4 A [
which implies the existence of a solution u(x) ~ x=0 exp(—%:ﬂ1 — o= 2mpgrm)
1 Tm

for x — oo when ¢ = oo.

Let {[Xj1](my1)s-- -+ [Ajm,)(my.0 )} De the set of generalized exponents of P at

dinj

the singular point ¢;. Then n = m;1 +---+m;,, be a partition of n = ord P. For
r € Z>o we define equivalence relations ~ between the elements of I, := {1,...,n}

gr
as follows. For ¢ € I,,, we put v;; € {1,...,n,} by

mi1+ -+ M i—1 <1 < mj1+ -+ mj

Vi

and define

(5.7) i il e BT (r=0),
gr deg()\j%,i (z) — )\j7’/j,i/ (ac)) <r (r>1).

Let n;, be the number of equivalence classes under ~ and let R; be the Poincaré
Jr
rank of P at the singular point c;. Then

njo =N 2 Mj1 2 2 NGR; 2 NGk = L

By a suitable permutation of the indices v € {1,...,n;} of m;, we may assume
i<i" <i,i~d = i ~dl
3,7 7,r
Let
(5:8) =
be the corresponding partition of n such that mg-?y) =m;, and forv=1,...,n;,
(5.9) IJ(:,) ={veZs| myl) + -+ mgfg_l <v< myl) + -+ mgig}
give the equivalence classes under ~. Note that {I J(TV) |v=1,...,n;,} is a refine-

7,7
ment of {I](-?;H) |v=1,...,nj,41}. Then we define that the (Ry+---+R,+p+1)

tuples of partitions m = (m;—r))r:oy___’Rj = (myg)l,:lw,nm of n is the spectral type

Jj=0,....p r=0,....R;

j=0,....,p
of P and that of GRS (5.3). Then the number of full parameters of GRS (5.3) with

p Rj
" )Vzl,-~»7nj,r equals R = Zan,r — 1. Here we note that

the spectral type (m;,j

7'=067RJ ]:O r=0
§=0,...,p
we always impose the Fuchs-Hukuhara relation on GRS.
As in the case of Fuchsian differential equation, this spectral type is expressed
by writing the numbers m!")

Y
singular points and by “|”

0)_ (0 0
moAmes - mi, |

“won

. The numbers are separated by “,” indicating different
indicating different levels of the equivalence relations:

Rl Rl 0 1
)l )G

a |m 0,m0,r, 7 7711 ’ P,Np, Ry,
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The index of the rigidity of GRS (5.3) is defined by that of the tuples of the
partitions (my)) (cf. [03, O1]):

SV

R; nj,r
idx{Am} = idxm = idx(mg-j,,) =2n% - zp: Z(nQ B Z(m§?)2>
j=0r=0 v=1
@10 “ant Y (- Yot
7=0 v=1

g Ny

- Z Z Z Mg vTg v deg (/\jw(x) — /\jW/ (.13))

j=0v=1v'=1

Put ordm = mj1 + - +mj,, = n. As in the Fuchsian case (cf. [O1, Defini-
tion 4.17]), the Fuchs-Hukuhara relation is given by

Py
(5.11) Z Z m; A (0) = ordm — Jidxm.

j=0v=1
The generalized Riemann scheme of mc,, (P) is given by the following theorem.

THEOREM 5.4 ([O1, Theorem 5.2], [Hi, Theorem 3.2]). Suppose P € W|z]
has the generalized Riemann scheme {[X; ] (m, ) fv=1,...n; given in (5.3) and it is
J=0,.005p
irreducible in W (z). We may assume X\j1 =0 for j=1,...,p and p = No1 — 1.
Here some m;1 are allowed to be zero. If {\;,} and p are generic (cf. [O1, Hi])
under this assumption, mc,, (P) has GRS {P‘;‘,u](mg U)}Uzl n,; given by

,,,,,

Jj=0,....,p
p R
d(m) =20 =33 (n—mgy),
7j=07r=0
m;’,u:mj,l/_(su,l'd(m) (1§l/§nj, OSJS}?),
)\;,O:(SJ,O(l_:u) (3207717)’
Ny =X+ ((-1)%° +deg Aju) - (1<v<ng 0<j<p)

and the index of rigidity and the irreducibility of P are kept under mc,,.

REMARK 5.5. The above equality X;, = X;, + ((—1)%° + deg ;) - p was
wrongly written as A, = A;, + (=1)%0(1 + deg ;) - p in [O6, Theorem 5.3],
which should be corrected as above. Similarly the equalities in [O6, Remark 5.2]
should be
PA+1) atp

Lot = =2 —
FA4+p+1)

(z > 0),

1 cceifo B k . B NP K .
m/z w(t)(t — )" dt = (DZ:Ocl,m + o(z k)):v A=(mo 1>“exp(fj;ij -7)

(V@lo’glﬂL ST — OO)

REMARK 5.6. We can construct a differential equation with GRS (5.3) in the
following way.

We may assume m;; > m;, forv=1,...,n; and j =0,...,p. Suppose the
equation Pu = 0 has this GRS. We apply suitable additions to this equation so
that the resulting GRS satisfies Aj1 =0 for j =1,...,p and deg A\g,1 = 0. Then we
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apply mcy, ,—1 to this resulting equation. If the GRS is rigid, namely, the index
of rigidity equals 2, then the order of the equation decreases by the application of
this middle convolution (cf. [O6, Remark 5.4 ii)]). Repeating this procedure, we
finally get the trivial equation v’ = 0. Inverting this procedure, we can construct
the differential equation Pu = 0 with a given rigid GRS together with an integral
representation of solutions to the equation.

There exist 345 Fuchsian spectral types with order up to 8, which are listed in
[O1, 13.2.3]. Hence the rigid spectral types allowing unramified singularities are
easily obtained up to order 8. For example, the spectral type 421,43,43,52 in the
list corresponds to the following 5 spectral types with irregular singularities

421|43,43,52 421,43[43,52 412|52,43,43 412|52,43|43 421|43|43, 52.

The following is an example of the reduction of spectral types.
41252, 43,43 =2 112]22,13,13 ~ 211]22,31,31 — 11]2, 11,11
~s 11,11, 11 (Gauss) —>» 1,1, 1 (trivial)

The arrow — represents a middle convolution and ~~ represents an addition. This
reduction gives a representation of a solution by a triple integral by means of the
inverse of the above procedure. The number —3 above the first arrow indicates
—d(m) =3+4+2+3+3—2-7. In general there are several way of the reduction of
a given GRS. Then we have different integral representations of the local solution.
See the last example in this paper.

6. Examples

In this last section we give simple examples to explain our results. The argu-
ments in this section will work in the general case.

6.1. Gauss hypergeometric family. Gauss hypergeometric equation and
its confluence are most fundamental and instructive. We examine them according
to their spectral types.

Case 1: 11,11,11

We may assume that the singular points of the equation with the spectral
type 11,11,11 are 0, 1 and oo by a fractional linear transformation. Then the
corresponding GRS is

z=0 1 00
Hy:< X1 A1 A2 (the Fuchs-Hukuhara relation: Z Xij =1)
Aoz A2 Az

and the equation with this GRS is uniquely determined since the spectral type
is rigid. Here \;, are complex parameters. Note that there are symmetries
given by A, ¢ N3, for i € {0,1,2} and v € {1,2}. Another symmetry
(Xo,1,A0,2) <> (A1,1,A1,2) Is induced from a fractional linear transformation. There
are six symmetries of this type.

Let uj ,, (x) be the local solution characterized by

x (=0
l—z (j=1)’
¢j.v(x) are holomorphic at = j and ¢;,(j) =1 for j =0,1 and v =1,2.

ujn,, (@) = fi(@) v (),  filz) = {
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Then we have
2
Up N, (T) = ZC(O tAo2 ~ LA )ura,, (2) (z€(0,1))
v=1

Here the connection coefficients ¢(0 : Ag,2 ~» 1 : A1) holomorphically depend on
Ajv when Aj1 — Aj2 ¢ Z for j = 0, 1. They are determined by Theorem 3.1 as
follows.

A local solution corresponding to the exponent Ag 2 is given by

v(z) = x:\(l — x):\/I{f (z*(1 - x)’\/).
Corresponding transformation of the GRS

=0 1 00 < o

r=0 1 00 o~ H xz (1—z)*
AN A= 7Y 0 =n ’
= Ap N+p —A=XN—p

(6.1)
= 0 1~ 0
)\2/\0,1 )\/=>\1,1 I—M—A—A/:AQJ

A p+A=Xoo NAp+N=Xo “A=N—-p—XA—N=DXy

follows from Theorem 5.4 (cf. [O1, (1.8)]).
Theorem 3.1 (Case I) and (Case III) imply

(6.2) v(z) = Muo,)\m(x) = Cup,, (%) +
with C' € C and therefore we have
At p+1)-T(=N—p)
T(A+1)-T(=X)
_ IF'(Ao2—201+1)-T'(A11 — Ai2)
S T(o2+ A1+ 221) T(o2 + A1+ Aeo)
By the symmetry Aj 1 <+ A1 2 we have

T(—\ —

o
Wul,)\l,z(‘r)

I
c(0: Xg2~1:N2) = (

2
L'(A - +1)- I'(A B3—v A v
(6.3) u07/\0,2 = Z F( ( 072 0,1 ) ( 1/3 17 )

Aoz + Atz— +A21) - T'(Ao2 + Aiz—p + A1)

uly)\l,u.

v=1
Here we note that C' € C is given by Remark 3.3 ii), which corresponds to Theo-
rem 3.1 (Case V). Applying symmetries given by fractional linear transformation,
we have other connection relations, which are given in [O2, §7 and (9.15)] in a
unified form.

REMARK 6.1. i) Here the poles of I'(Ag 2 — Ag,1 +1) correspond to the existence
of logarithmic term of the local solution wug,,, and the poles of I'(A11 — A12)
correspond to the existence of logarithmic term of the local solution at =z = 1
with the exponent A;>. The poles of the numerator correspond to the fact that
the local solution ug,»,, satisfies a differential equation of the first order whose
characteristic exponent at z = 1 equals A1,1. This fact holds in general for the
connection coefficients of rigid Fuchsian differential equations (cf. [O1, Chapter
12]).

ii) The symmetries induced by Aj1 <+ Ajo for j =1, 2 and z — %5 give 8
different Riemann-Liouville integral expression of the solution corresponding to the
exponent g .
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iii) The condition for the irreducibility is give by
)\071 + )\171‘ —|—)\27j ¢ Z (7, =1,2and j =1, 2)

Equation (3.4) in Theorem 3.1 gives the series expansion of I§ (z*(1 — x)x) in
Example 3.4, which shows

F(a, 8,7;2) = mxvlw (#P(1 - 2)-2).

Then the GRS of F(«, 8,7;x) equals

z=0 1 00
0 0 a sz
l—y y=—a-8 B

Owing to Theorem 4.2, we get Gauss hypergeometric equation. See [O1, Exam-
ple 1.8 i)] for the calculation and related results. Moreover [WW, Chapter XIV]
gives fundamental results related to Gauss hypergeometric function and [O2] gives
an elementary approach to Gauss hypergeometric function without an integration.

Case 2: 11]11,11

We may assume that the singular points of the equation with the spectral type
11]11,11 are oo and 0 and moreover oo is an irregular singular point. Then the
corresponding GRS equals

z=0 0
)\071 )\171 —+ ax (Oé ;é B, Z Aj,y = 1)
X2 A+ Bz Jv

We may moreover assume GRS equals

=0 00
(6.4) %—m -5
§—|-m —k+%

by the transformations z — ca and Ad(z*e)'®) with suitable ¢, A, N, m, k € C.
We can construct the equation with this GRS and its solution by the operations,
namely, additions and a middle convolution by the transformation of GRS

rz=0 00
=0 oo| z*e* [2=0 00 o~ H 0 1—
0 0 LA oz ’ #

Adp A+
_Atp—1 g r=0 o
X(z 2 e2) 1 Ap A—ptl oz
1,3 2 2ut
1 I “u T
3t 2 3 T3
Atptl A—
)\:m—i—k—%,u:m—k—%,m— +‘2‘+,k— 5

Then the local solution v(z) at co corresponding to the exponent  — k has the
asymptotic v(z) ~ z¥e~% for 2 — +o0 is the Whittaker function Wy, (z). In fact
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(cf. [WW, CHAPTER XVI]),

Here ~ means the ratio of the both sides of the equation takes the value 1 at the
limit and this asymptotic follows from Theorem 3.7 (Case I). More precisely, (3.7)
shows

(6.5) Wie.m () ka€7%2F0(% —m—k,2+m—k;—21) forz — +oo.

6
It is clear that [~ in the above last integration may be replaced by [ Bl

00| < Z. Put 6y = Argz. Suppose |z| > Land I < |6p] < 2F. Put L = L1 +C+Lo.
Here L, is the linear path from e oo to e, C is the path [0,1] 3 ¢ - e/171)%
and Ly is the path from 1 to +-co0. We define I/ by a part of the path L.
efg

1% 50

i
Ly

€T
X @&

X

k

Then Theorem 3.7 (Case IV) implies the asymptotic Wi, (z) ~ xzFe~2 for

x — €% 00. Thus we have
(6.6) Wim(z) = a¥e™2 for 2 — e oo with |0p| < 2 and |6p| # Z.

Here it is known that the condition [fy| # 5 is not necessary (cf. [Hu2]).
Moreover Theorem 3.1 Case III implies

I'(—\— 1 I'(—2 1
Wi () ~ PA—p) dom o T(2m) L

(=N TG -m—k)

(Re(A+p) <0, z — +0).

Since

1 x 1
Ad(z27™e? )mep, g1 Ad(z™ R 2e72)9

m+k—3%
z

1 x
d(z27™e?)me,, g2 (0— +1)

A
= Ad(x%_mef)mc (0(@0 — (m+k—3)+x))

m—k+3
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— Ad@2 "R )me, gy (02(9+1) — (m+ k - 1)9))

) —
= Ad(22 " e) (00 — (m—k+ 1)@+ 1) — (m +k— 1))
:Ad(xéfme%)(xOQ +(z-2m+1)0+k—m+3)

—2(0 - 12 (e —2m+ 1)@ - I Yt k—mt
2 T 2 2

x

2
Z m

=20 -2+ k+

Wi.m(z) is a solution to the Whittaker equation

(6.7) u' = (Z S

25

Another local solution My, ,,(x) given in [WW, CHAPTER XVI] corresponding to

the exponent m + % at 0 is obtained by the integral
1 1 1 1 1 1
/ tm—k+§(1 _ t)m+k—§e:ctdt — / (1 _ S)m_k_58m+k_§ez(1_s)d5
0 0

1

1 1 X

=¥ / (1- s)m7k72 gMHktge—wsds
0

S

T ¢ s m—k—1 s m+k+l —sds
=e (1-=12) 2(3) 2e 775
0
® 1 1
— x72mez/ (17 _ S)m_k_25m+k_2675d5
0

—2m mr(m k+ ) m= k+2( m-‘rk—*e x)
and then

1l _z
2" 22T (2m 4 1)

My =
k() T +m-—krE +m+k

1 1 1
) / tmfk+§(1 . t)m+k7§6ztdt
0

1z
273 F(Qm + 1) m—k-ﬁ-%( .,,H_k_%eiz)
Pm+k+3) °

x*m+%egr(2m+1) ke L (=1)"2™
m-k+3 me+k—§+nu

F(m+k+ %) 0 o n!

1 z
__x7m+§e§F@nl+1)531XW%+k%—%+7U(—U"13m+n

Cim+k+3) = T2m+n+1n!

1, K (m+k+1)
— omt+3 .5 2/ \n
* ¢ nZ:O (2m + 1),n! (=)
1 x
-—xm+§eélFﬂnp+k4-§2nz+1;—x)
By the symmetry m <+ —m of GRS (6.4), My, _,(x) is a solution to (6.7) and
I'(—2m) '(2m)

(6.8) Wi () = Wi () = 5o = Miom (@) + 57 s

k’,m(.’L').
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Hence we have
(6.9)

1 1
m—k+t5 , ikt g L(—2m)I'(2m + 1) m—k+35
I 2@ 3e) = 1_ . 1 0 ’

I'(z—m—-KkT(G+m+k)
r@2m)I'(—2m +1) I—m—k+%
I(S+m—kr@E-m+k)"°

sin(m + k — %)ﬂ'lm—k—&-%

1
(e 2e7)

1
(@2

1
ks
sin 2mm 0 (Im+ ze™)
sin(m — k + %)ijmflﬁé —mth—i
sin 2mm 0 (z ™).

Note that GRS (6.4) has the coordinate symmetry

z=0 00 z=0 00
(6.10) %-m k—5 sxp = %—m k+% -z
5+m —k+3 5+m —k—-3
corresponding to (z, k) — (—z, —k). Hence
(6.11) M_p (e z) = XD L ()
and W_j. . (eT™2) are solutions to (6.7). Note that

W_km(x) = z7Fe™3 for x — %00 with 60| < %71’.

Then we have

(6.12)
; I'(—2m) ; '(2m) ;
Wopm(e™z) = — M n(eF™2) + —————— M (T2
[(—2m)eE(z +m)mi [(2m)e*(z—m)mi
- M, My (),
T —mery eml®) gy Mem (@)

~ eTFmip=kes for o — € %F oo with || < 3.

Theorem 3.7 (Case IV) shows

1 =z
My () " 2e2T(2m + 1) m—k+3
k,m\T) = 1 0
I'2m+1)
L(m+k+3)

1
(ij+k_§671)

_ 1 1 _z ;
eFm=kta)migke=3 for ¢ — eFioo

and
D(2m + 1)eF(m—k+)mi
C(m+k+3)
with C1 € C and |Argz &+ 5| < =, which is determined by the asymptotic of
My, m(x) for  — +00. Namely, (6.11), (6.13) and (6.12) imply
rem+1)
T(m—k+1)"

(614) Mk’m(l’) = Wk’m(l’) + CiW,k_’m(eiﬂ—ilL')

My () = eF DTN (e7) & e?  (z— +00),

'(2m + 1)ethm

(6.15) Cy= Tkt T
2
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On the other hand, we can also get (6.14) by (6.8) and (6.12).
Equation (6.7) is irreducible if and only if

(6.16) mtk+1i¢Z

This is proved as follows. First we note that the reducibility is a closed condi-
tion. If m+k+ § € Z, the relations (6.8) and (6.12) imply the reducibility because
of the vanishing of one of the connection coefficients.

If the equation is reducible, there exists a solution u(x) satisfies an equation

1 1
of the first order Then u(x ) ~ Cz2 ™ or Cx2™™ with C' # 0 for  — +0 and
u(x) ~ C’:cke 7 or C'a—%e? with O’ # 0 for x % +o0. For an example, suppose

u(x) ~ Cx§_7’L for  — +0 and u(z) ~ C'zFe” 2 for & — +00. Since u(x) has no
singularity in C\ {0}, the Fuchs-Hukuhara relation for the differential equation of
the first order implies d := m+k — 3 € Z>o and u(z) = C'Wj,(z). Note that the
equation satisfied by u(z) may have apparent singularities. Then d is a number of
zeros of u(z) on C\ {0} and 2™ 2e3u(x) corresponds a Laguerre polynomial of
degree d under a certain normalization.

Case 3: 11|11]|11. There is only one singular point and we may assume that it
is oo.

= 00 T = 00
= mc_ fL’2
(6.17) 4 T 0L moeow, 144 ST Htmtgy p=m— L
ar® + bx 9 5 L
ax® +bxr — T —m+3

The above last transformation is obtained by a transformation z +— Cyx + Cy and
22
Ad(e't) witha=1,b=0and u =m — 3. Note that the normalized solution u(z)

22

corresponding to the exponent % —m + % has the asymptotic u(x) ~ M rem T
for £ — 400. Then
2

@)= A e = o [T Rt
ulx) = e 4 ol 2 ) = e 2 — L=
- L(1) Jo

L [e'e]
= 4) ot sThldt (s=t—x)
L'(w) Jo
—_z_ [e'e)
= 4/ e~ ~tepmh1 gy (s 1)
0

(1)

D,(x) = x“e_% for # — 400 (cf. Theorem 3.7 (Case IV)).

Here the parabolic cylinder function D, (z) is a solution to the Weber equation
Pu = 0, where
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=(@=3)+e@-3)+p+1
=P+ it
Note that D, (z) = D, (—x) and D_,,_;(izx) is another solution to the equation.

It follows from GRS (6.17) that \/zD, (v2z) satisfies the Whittaker equation
and the asymptotic for x — 400 shows

Dy(x) = 255072 W,

B 1
2°7 4

(%)
The condition for the irreducibility is
p=m—z¢L.
Note that e’%D#(x) is the Hermite polynomial of degree p for p1 € Z>y.

Versal unfolding (Gauss hypergeometric family)
The versal equation Pu = 0 of Gauss hypergeometric family is given in [O1,
Example 2.5], which is

A dx Aoxdx

P =me, o Ad(exp(—/ 1—ciz / (1—-c12)(1 — czx)))a

A1 Ao
1—cx + (1-c2)(1 - 0230))
=mc, (0(1 — c12)(1 — c22)0 + O( M1 (1 — o) + Aoz))
=((1—caz)d+ci(p—1))((1 = c22)0 + cop) + MO+ (A2 — M) (@0 + 1 — p)
=1 —c12)(1 — co2)0?

+ ((61 +e)(p—1)+ N + (26102(1 — )+ Ay — Alcg)x)a

+ (1 = 1)(crcap + Arca — Aa)

=mc, (3 +

and a solution is given by

AMdx Aoxdx
1 _ _
L exp( / 1—czx / (1-cz)(1— czx)>

=1 ((1- 0133)%“1(3172*“2)(1 - cg)ﬁ),

Here ¢ = % or é or oo. If ¢iea(cy — o) # 0, the corresponding GRS is
rz=L1 L 00
c1 Cc2
0 0 1—pn
A A A A A
7: + 61(012—02) +u 02(022—01) +u _0711 + 0122 H
Since
A A A A A
ey a0 Il Gt vl ) B vl o cremrey
and
: A X : _ -£ _ Kx
612131002(m +p) = 2+ and Clglgo(l cox) ez = e’
we have
T = % 00
\ 2 \ 1_A/~‘ \ (c1 # 2 =0),
T R T
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which is also obtained by
/\1 + )\293 — )\1 + )\2 _ )\2

l—cix l—cixz = 1l—ciz 1

c1(l—ciz) cy”

2. Hypergeometric family. The spectral type of the generalized hyperge-
n n

—— ——
ometric function ,F,_1(aq,...,an;B1,...,Bn-1;2)is 1---1,(n—1)1,1---1 and
it is explained in [O1, 13.4].

We examine a confluence of the generalized hypergeometric function sFs with
the following spectral type:

111]21,111

The corresponding GRS is realized by

. 0 T = 00 0 Ad(a T = 00 0
{Qf i(i\o )\} mc, 1—M 0 (™) 1—/1—)\/ Y
. = T=A Atp T AN A pt N
r =0 =0
mc,,/ 1—#’:1—)\1114—)\011 0
T—p—=N—p' =1=X+ o1 N+ p" = X2 — Aot

z—A=N=x—-Xg+X1 A+p+N+u =NXs— Ao
with H = )\1,2 - )\0,27 /l/ = )\1,1 - )\0,1, A= )\0,3 - )\1,2, N = )\0,2 - )\1,17
Ao,1 + o2+ Aoz = A1+ A + A
Solutions to the corresponding equation are given by
Uoo () = I‘u x Iff_oo(x)‘e )

~ fg;m)H»)\' i (7)‘)n(u)n(71)n —-n_—x

z e
n!

n=1

N (Z Z (A =N+ 1) (=N (W) m(W)n (—x)fmfn)z)‘jq‘,e*

m!n!

ﬂ
3
I
<}
3
I
o

_ (i i (M1 — AM3)man(A12 — 20.3)n(A11 — Ao1)m(A12 — Xo2)n

—0 ()\071 — )\173)nm!n!
% ( % m+n> A1L,3=X0,1 =% oy 2 A3 A0,1 o= ({,E N -I-OO),
( ) F( - - H—p ) )\+)\/+u+u’
( A) T(=A =X —p)
_ Qo2 = 203) - T'(A01 = X03) xpa=r0n
F'(A12—Xo03) - T'(A,1— Ao 3)
if Re (/\0,3 — /\0,2) < 0 and Re (/\0,3 — /\0,1) < O),

1 x , , t
uo(z) := I” )‘I”( A 71):7/0 N (x —t)H /o 5)‘675(15—5)“%%

(x =40

I(p) - T(p')
/ Y"T'(A+ 1+ n)
— I,u A Atp+n
E:FA+M+1+an
ii DPTA+1470) TA+ N+ p+140)  spnpp+n

TA+p+14n) TA+N+pu+p' +14n)

n=0
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_ ].—‘()\0’3 — )\1’2 + ]_) . F()\O,B — )\1’1 + 1)‘%)\0,37&)71
I'(Xo3—Ao2+1)-T'(Ao3— Ao1+1)
X oFy(Mos— M2+ 1, 03— A1+ 1X03—Ao2+ 1,003 — A1+ 1;—x).

Here we remark that the connection coefficient of the solution ue(z) to the local
solution ug(x) at the origin equals

Sin(>\0,2 — )\0,3)7'( . sin(/\071 — /\073)71'

6.18 .
( ) Sin(>\1’2 — )\0’3)7( . sin()\l’l — )\073)7T

Applying Ad(z*:1) to our GRS, it changes into

r=00 x=0
1—A A .
Lt Ol with Ap,1 + A2+ Aoz = A1+ A2 + Ai s
1—=Xi2  Aoge

T—A3 A3

(6.19)

Then we have obtained the normalized connection coefficients
(X2 — Ao3)  T'(Ao,1 — Ao3)
F()\LQ — )\073) . F(/\1,1 — /\0,3) ’

(6.20) c(oo:m— A3~ 0:Ag3) =

The poles of the denominator of the connection coefficient implies that e z—x, 4
satisfies a differential equation of the second order.

To get a solution corresponding to another exponent at oo, we consider the
procedure

_ 0 T =00 0 Ad(a? o T = 00 =0
{L_OAO A} N e s A e e P
. =\ Apu A= N A+ p+ N
r =00 =0
mc,,s 1— 4 0 Ad(z0.1)
” A l—p—N—pu N4 ”
A= N =y A4 N+
r =00 z=0
T —a 1—pw' —X1=1—X11 Ao,1
e+l —p—N—p —Xg=2—-X13 N+ p" +Xoj1 = Aoz
“A=N—p =X =1=Xo2 A+p+N+p' + X1 = No3
and put

Uoo () 1= j_‘ﬁwx/\'emf_‘ﬁm(f\e*z)

D(=A= XN —y) AN ! ’ ’ /1
v~ B Fy(=A g, —A— N — /s —XA—N; -1
F(—A A/) X 3 1( s by M3 ) x)

(z — +00),

~ A=) TEA=N —p— ) AN
Too (T) &2 (oA (A= N = 0 x (z — 40, Re(A+ ) < 0,

Re(A+ N+ p+p4') <0).
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Thus we have
C(—OO 11— A1’2 ~ 0 )\0’3)
IF'(Mi1—A124+1) - T(ho2— Ao3) - T'(Xo1 — Aos)
F(/\OJ — /\172 + 1) . F(/\072 — /\172 + 1) . F(/\l,l — )\073)

(6.21)

— eAO,ST"i

and
sFL(=A = A= N = s = A = N5 =3)
=31 (Mo1— A2+ 1L do2— A2+ 1L, A3 — A2+ LA — A+ 1;-1).
Here the local solution ©_s,1-z,, at —oo is given by

_ A=)
(6.22) oot (®) = D(=A =N — u)( ) |

~ (e™z)M271 for ©— e Moo

Ao, 1 ﬂloo (eﬂi$)

which is uniquely characterized by this asymptotic and then

3
(623) ’LL,OOJ,)\LZ = ZC(—OO 1 — )\152 > 0 . >\07V)u07/\0,u'

v=1

If Mo — A2+ 1€ Zco, U 00,1 A1 .2 satisfies a differential equation of the first
order forv =1, 2, 3. If \{ 1= X0, € Z<o, U—oo,1—, , Satisfies a differential equation
of the second order for v =1, 2, 3. '

By the symmetry of GRS (6.19) with respect to the exponents Ag, for v =
1, 2, 3 and the exponents 1 — Ay, for v = 1, 2, we have normalized 3 solutions
corresponding to the 3 exponents at each singular point and the connection relation
between the singular points 0 and oc.

The above procedure is valid for the spectral type
n n

—~ —~
1 T|(n-11,T--1.

Namely, applying Ad(xxl)mcun to (6.19) several times with various (A", u”), we
get

T =00 r=0 n n
1-X,(1<v<n) d,(Q<v<n) (Z Aoy = Z)\Ly),
xTr — Al,n v=1 v=1

which is symmetric with respect to the parameters in {Ao, | 1 < v < n} and the
parameters in {A;, | 1 <wv < n}. The local solutions are given by

Uong, =T 1 Fp 1(Non — Ay (L< v <n) 3 Ao — Ao (L<v<n) s 2),
uoo,l—klrl - (e‘m-x))\l‘l_lnFn—Q(AO,y - A1,1 +1 (1 S 14 S ’I’L) 3

AMi1— A, (I<v<n); —e,}%) (x —e”

_ z)\o,llz\ol,l*)\o,lz)\ogfkl,l fé\ol,zf)\ogl,)\o,z*)\lg .

T

00),

Uoco,z—A1,n

L fg\ol,nflon,nfl (:L)\o,n*)\l,nfle*w)

~ pMrne® (x = +00)
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and the connection coefficients are
c(—00:1 = A1~ 01N, =eronm
» [Ticven TAL, = A1 +1)- H1§V<n LMo — Aon)
[licocn Ty = A0n)  [lichen Tow = A + 1)
_ [licocn TRow = Aon)
ngy<n (A —don)

cloo:x— A~ 0:Aon)

6.3. Jordan Pochhammer family. The spectral type of Jordan-Pochhammer
equation is
(p_l)la(p_l)la 7(p_1)1 (p:2 :>Gauss)

p+1blocks
Integral representation of the solution u(z) of the corresponding versal equation
is given by
(6.24)  wu(z) = I¥(9),

c

D k1
@) = exp(‘/; (1-cz)(1 ikcwc) (1= cm)

A

i
R A (ci #¢j #0 for i # j).

(6.25)

P
P
= H(l — ngj)zk:j ejlj<v<i
Jj=1

The GRS of the equation is

= o0 e=2(=1....p)
1= -1 O] p-1)
p k p (ci # ¢ # 0 for i # j),
(=1)" A Ak
Z k —p Z 11 (c; — ) Th
peil [ Y ey 9 hi<u<k G~ v
T =00
(1= pp-
P ®-y (c1=-=¢,=0)
D et 4+ (p— D
k=1
Suppose A\, =1 and ¢; = -+ = ¢, = 0. In view of Remark 4.6 the corresponding

equation Pu = 0 is given by

P
P =mc,(0+ Z A1)

k=1

P
=mc, (87’ + Z@p_l)\kxk_l)
k=1

p
=me, (0" + > M@ +p— 1)@ +p—2)- (0 +p—k+1)0"F)
k=1
p
=0+ M@ —p+p-1)@—p+p-2)--(—p+p—k+1)oP*
k=1
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and we have its solutions

1 e ? e P
) = () / e” Tk M (¢ — )it

2P
~a PR (s eTh Too)

form=0,...,p— 1.
We consider the spectral type 21|21, 21,21.
21]21,21,21 =5 1]1,1,1

T =00 0 Y
[1- )\3](2) [0](2) [0](2) (a#0, X\o+ A1+ g =2)3)
az + Ao Ao A1

me_x; | x =00 0 1
Ot.T'i‘)\z )\0—)\3 )\1—)\3 ’

We can consider another reduction.
21|21,21,21 ~ 21|21, 21,12 SniN 11]11,11,2 ~~ 11]11,11 i 1,1,1

T =00 0 Y
[1— 23l [0l [0)z) (Ao + A1+ A2 = 223)
oz + Ao Ao AL
Ad (yfat)_k1 =00 0 Y
( ) L+A =]y [0l [—Mle
o + A + Ao Ao 0
T =00 0 Y
mckl—k
50 1= A+ A 0 [=As]2)
ar+ A+ A+ A — A3
. N Tr =00 0
Adly—a)7s, 1- N 0

ar+ A +A— A3 A+ A1 — A3

mc_y, T =00 0
OLIL’+/\1+>\27>\3 )\ng3 ’

Then the normalized local solution ug, », corresponding to the exponent A is given
by
T(Ao+1)
U0 Xy = Ty
P(A—As+1)

PAo+1)  x-a A3 7A1 (S A0—As —
— I 3 1 1 _ 3[ 1 0 3 ax .
1'\()\0 _ )\3 + 1) 0 (( y) 0 (33 e ))

Here |y| > |z| > 0.

IOAS (m)\g—)\g (1 _ g)kl—kge—aw)

REMARK 6.2. i) 1-8\1 (xAO”\?’e*aw) is expressed by using the Whittaker function
Mk’m(l').

ii) If @ =0, the equation is reducible.

iii) We remark that the function ug x,(x,y) satisfies a confluent KZ equation
with the variables « and y which is given in [O5, Example 7.6] with (zq, z1,22) =
(z,9,0) and @ = 0. We will discuss such equations in another paper. The equation is
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a confluence of Appell’s F1. Note that the coordinate transformation (z,y) — (z, 7)
is an automorphism of confluent KZ equations of this type (cf. [O3, §6]).

[DR]
[Kz]
[Ha]
[Hi]
[Hul]
[Hu2]
[O1]
[02]
(03]
[O4]
(03]
[06]
[07]
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