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ABSTRACT. We construct a generator system of the annihilator of the gener-
alized Verma module of gl(n,C) induced from any character of any parabolic
subalgebra as an analogue of minors and elementary divisors. The generator
system has a quantization parameter € and it generates the defining ideal of
the conjugacy class of square matrices at the classical limit e = 0.

1. INTRODUCTION

Let A be an element of the space M(n,C) of square matrices of size n with
components in C. Then the conjugacy class containing A is the algebraic variety
Va =U,eq Ad(g9)A by denoting G = GL(n,C) and Ad(g)A = gAg~!. Under the
G-action on M (n,C), we will study a quantization of Vy interpreted as follows:

For the defining equations of V4 or the G-invariant defining ideal I 4 of the closure
of V4 in the ring of polynomial functions on M (n, C), we will associate left invariant
differential operators on G or an ideal J4 of the ring of the left invariant differential
operators on G, which we call a quantization of I4. The Lie algebra g of GL(n,C)
is identified with M (n,C) and we identify the left invariant differential operators
on G with the universal enveloping algebra U(g) of g. Then our quantization of
V4 is a U(g)-homomorphism of U(g)/J4 to a suitable U(g)-module M. Note that
the quantization of V4 becomes a representation space of a real form Gy of G if
M is a function space on a homogeneous space of Gk or a space of sections of a
Gr-homogeneous vector bundle.

Va=U,ecAd(9)A —— G-invariant defining ideal of V4
lquantization

Representations of U(g) or Gg «—— Ideal of U(g)

The main purpose of this note is a unified explicit construction of the ideals I
and J4 together with a study of certain properties of the ideals. Applications of
the results in this paper to some representation spaces of the real form Gg will be
studied in other papers since their arguments are valid for the general real reductive
Lie groups. But one of the applications will be briefly explained in Example 3.3.

In §2 we introduce a homogenized universal enveloping algebra U¢(g) to study
our quantization together with “the classical limit”(e = 0). We construct gener-
ators of J4 from the generalized Capelli operators introduced by [15] which can
be considered as quantizations of minors and we show in Theorem 2.9 that they
generate the annihilator of a generalized Verma module induced from a character
of a parabolic subalgebra of g. In fact, we give an explicit generator system of the
annihilator of every generalized Verma module of gl(n,C) of the scalar type. When
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€ = 0 and moreover A is a nilpotent matrix, the corresponding result is Tanisaki’s
conjecture in [17], which is solved by Weyman [18]. In particular, if ¢ = 0 and A is
a regular nilpotent matrix, the result is due to Kostant [Ko].

In §3 we examine how the annihilator determines the gap between the generalized
Verma module and the usual Verma module, which is important for applications.
For example, Theorem 3.1 assures that the theorem on boundary value problems
for symmetric spaces studied in [15, Theorem 5.1] is improved by the generator
system defined in this note (cf. Example 3.3 and [16, §5]).

A similar construction of the annihilator using quantized Pfaffian in the case
when g = o(n) is studied by [12].

On the other hand, we can also quantize the minimal polynomial of V4 from
which we can construct another generator system of the annihilator. This is valid
for any reductive Lie algebra and is studied in [16] and [13].

There are other papers examining the generators of annihilator of a generalized
Verma module induced from a character of a parabolic subalgebra. In particular [6],
[7], [8] etc. study generators of the annihilator which span the adjoint representation
of g. But their generators are less explicit and there are some assumptions on the
character.

2. ELEMENTARY DIVISORS

The Lie algebra g of G = GL(n, C) is identified with M (n,C) and also with the
space of left G-invariant holomorphic vector fields on G. Then g is spanned by Ej;
for 1 <i<mnand1l <j <n where E;; is the fundamental matrix unit whose
(p, g)-component equals d; ,0;,, and

21) By =Y wnl

with the coordinate (xw) € G. Then g is naturally a (g, G)-module.

Using the non-degenerate symmetric bilinear form (X,Y) = Trace(XY) on
M(n,C) x M(n,C), we identify g with its dual g*. The dual basis {E£};} of {E;;}
is given by E}; = Ej;. For simplicity, we will denote E; = E;; and e; = EJ;.

Definition 2.1. The homogenized universal enveloping algebra U¢(g) of a Lie al-
gebra g is defined by

oo k
(2.2) U(g) = (Z@g) HX®Y -Y®X—€X,Y]; X, Y €g)
k=0

and the subalgebra formed by the G-invariants in U¢(g) is denoted by U¢(g)“. Here
€ is a complex number (or an element commuting with g) and the denominator is
the span as a two-sided ideal of the tensor algebra of g which equals the numerator.

Note that U€(g) is naturally a (g, G)-module whose structure is induced from
the map Ad(g) of g. U'(g) and U°(g) are the universal enveloping algebra U(g)
and the symmetric algebra S(g) of g, respectively. If € # 0, the map defined by
E;; — €E;; gives an algebra isomorphism of U¢(g) onto U(g).

The residue class of the element X1 ® Xo ® --- @ X, (X; € g) in U(g) will
be denoted by X;Xs---X,, and the image of > ;- ®*g in U¢(g) is denoted by
U(g)™.



A QUANTIZATION OF CONJUGACY CLASSES OF MATRICES 3

For an ordered partition {n},...,n7} of a positive integer n into L positive
integers put
n; =nj+--+n; (1<j<L), ng=0,
(23) © :{n17n27...,nL},

o) =j ifnj_1<v<n; (1<v<n).

The ordered partition of n is expressed by the set © of strictly increasing pos-
itive integers ending at m. Define Lie subalgebras ng, ng and mg by the span
of E;; with te(i) > 1e(j), te(i) < te(j) and te(i) = te(j), respectively, and
put po = me + ng. We denote mk = Yo ()=io )=k CEBijs M = X 1< cicn CEij,
=3 i jcnCEyj, a =37 CEjand p = a+n. Then mg = mg @ --- G mg
and pg is a parabolic subalgebra containing the Borel subalgebra p. We remark that
Pe = {X €y, <X7Y> =0 (VY S n@)}.
Fix A = (A1,...,Ar) € C and define a closed affine subset of p:

Aor =Y Mo Ej+ne

j=1
)‘1]n’1
(2.4) o Nl 0
= Azt Az Asly ; Aij € M(nj,n};C)
A Az Az o Anlyy

Here I,,, denotes the identity matrix of size m and M (k, ¢; C) denotes the space of
matrices of size k x ¢ with components in C.

Remark 2.2. It is easy to see that the generic element of Ag x has the Jordan
canonical form

(2.5) B I N =pand n; >k} p)

LEC, 1<k<n

1
1 p O
with  J(m,p) = . . € M(m,C)
L p
and any Jordan canonical form is obtained in this way with a suitable choice of ©
and .

If e =0, for f € U%g) = S(g) we have
F(U Ad(g)4e.)) =0 <= (Ad(9)f)(Aen) =0 (Vg€ G)

9ea
— Ad(g9)f € J6(A) (Vg €G)
< f € Anng (M§(N))
with € = 0, where

J&N) = ) U(9)(X — X (X)),

Xepeo

(2.6) Mg(\) =U(g)/J6(N),
Ann (M§(N)) = {D € U(g); DM§()) = 0},
Anng (M§(N)) = {D € U%(g); Ad(g)D € Ann (M§(N)) (Vg € G)}
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and the character \g of pg is defined by
L L
(2.7) Ao(Y + ZXk) = Z A Trace(X}) for Xj, € mE and V € ng.
k=1 k=1
When € = 1, Mo(X\) = M§()) is a generalized Verma module induced from the
character A\g of mg, which is a quotient of the Verma module

(2.8) M(Xe) =Ul(g)/J(Ne)

with

(2.9) T (Ne) =Y Ug)(X — Ao (X)) and J(Ne) = J'(Ne).
Xep

In general we will omit the superfix ¢ when e = 1.

Proposition 2.3. Under the definition (2.6)

(2.10) Anng (M§(N)) = Ann (M§(X))  if e #0,
(2.11) Anng (Mg(N) = (] Ad(g)J6(N).
geG

Proof. We may assume € # 0 to prove the proposition.

Let D € Ann (M§())). Then for X € g and v € M§(A), (XD — DX )v =
X (Dv)— D(Xv) = 0 and therefore XD — DX € Ann (M§())). Since XD —DX =
ead(X)D in U(g), ad(X)D € Ann (M§())) and therefore Ad(g)D € Ann (M§(X))
for g € G.

Put I = (,ccAd(g)J§(A). Since Ann(Mg(N)) C J§(A), Anng (Mg(N)) C I
For P € U¢(g), IP = PI =0 mod Jg&(\) because I is a two-sided ideal of U¢(g),
which means I C Ann (Mg (X)) and therefore I C Anng (M§(N)). O

Definition 2.4. Define the polynomials and integers

L (n’;+m—mn)
ds, () = diy (2:0,0) = ] (2 =X —nj1e) ™ :

=1

L
dm = dm(0) = deg, dj, (v;©,\) = > max{n} +m —n, 0},
j=1

(2.12)
6%($)=6i4$;97k)=£ﬁn@ﬂ/ﬁzfﬂ$%
() = q(z;0,\) = ‘1;[1 (x —Aj - nj,le)

for m =1,...,m by putting

(2.13) Z<z>:{2(26)'~(2(€1)e) if £>0,
1 if0<0

and call df(x), ¢°(x) and {e,(z); 1 < m < n} the characteristic polynomial, the
minimal polynomial and the elementary divisors of M§(\), respectively.

Remark 2.5. i) The set {eS,(x); 1 < m < n} recovers {d5,(x); 1 < m < n}. Note
that ef,(x) € ClxleS,_;(x) N Clxles,_1(x — €).

ii) For the generic element A of JZ()), the greatest common divisor of m-minors
of the matrix zI,, — A equals d2,(z) and therefore when € = 0, the above definition
coincides with that in the linear algebra.

iii) The meaning of the minimal polynomial for € # 0 will be clear in [16].

Now we introduce quantized minors.
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Definition 2.6. For set of indices I = {i1,...,in} and J = {ji1,..., jm} with 4,
Jv € {1,...,n}, define a generalized Capelli operator (cf. [15])

(2.14) det “(z; Ery) = det ((:c + (v —m)e)si;, — E

"ujv) 1<pu<m
1<v<m

in U¢(g)[z] by the column determinant:
(2.15) det (AW)1<”<m = Z sgn(0)As(1)146(2)2 " * * Ao (mym-
1§U§m cEG,,

Proposition 2.7. The Capelli operators satisfy
(2.16) det “(z; E(1)or (1)) = sgn(o) sgn(o’) det “(z; Ery)  for o, o' € &y,
(217) ad(Eij)detE(x;EU) = D1 7D2
where

J(I) = {ia(l)a e ,ig(m)}, O'I(J) = {jgl(l), e ’ja”(m)}>
D, — dete(x;E{ilv__,’i“_l7]-_,2-““7”_,%}{]) if there exists only one i, with i, = j,

0 otherwise,

Do — det (25 By, ju—1idusrrnjm})  if there exists only one j, with j, =1,
2 0 otherwise.

Proof. When e =1, (2.16) and (2.17) are proved by [15, Lemma 2.2 and Proposi-
tion 2.4]. Combining this with the definition of U¢(g), we have the proposition. O

Definition 2.8. Under Definition 2.4 and Definition 2.6, put
(2.18) det “(z; Ery) = hry(x)dS,(z) +rfp tat=—t 4 oooprl o409
in U¢(g)[x] with hrs[z] € U¢(g)[z] and ) , € U(g)™ ) for j =0,...,d,, — 1 and
define the two-sided ideal of U¢(g):
drn_l

(2.19) N =>" > > Ui,
m=1#

1#I=#J=m j=0

Note that if m < n — max{n/,...,n}} the summand equals 0 because d,, = 0.
Moreover note that T}J with #I = #J = nand 0 < j < n are in U(g)¢ by
Proposition 2.7. In particular, if © = {1,2,...,n}, then pg = p and I§(N) is
generated by suitable n elements in U¢(g)%.

Now we can state the main result in this section and we call r}j quantized
Tanisaki generators of Anng (M§(X)). In the case when e = A =0, d9,(2;0,0) =

2% and the generators 77 ; are introduced by [17].

Theorem 2.9. Under the notation (2.6) and (2.19)
Anng (M§(N)) = I§(N).

If all the roots of df (x) = 0 are simple, which is equivalent to say that the infini-
tesimal character of M& () is regular (cf. Remark 2.15), then

L
(2.20) Anng (M&(\) = > U (g) DS (A + ng_1€).
k=1 #I=#J=n+1-n}

Here for I = {i1,...,im} and J = {j1,...,jm} we put

(2.21) D5, (z) = (—=1)"det “(x; Ery) = det (Ei”ju —(z+ - m)e)éiujy)) L <p<m:
1<v<m
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If all the roots of df,_1(x) = 0 are simple, (2.20) holds modulo the ideal generated
by Anng (M§(N)) NU<(g)¢

When € = 0, (2.20) holds if A\; # A; for 1 < i < j < L and the last statement
above holds if \; # A; for 1 <i < j < L satisfying nj > 1 and n; > 1.

Remark 2.10. Let {\{,..., X} be the set of the roots of df,(z) = 0 and let my
be the multiplicity of the root ;. Here d,, = m; + --- + my and )\L £ N if
1 <p<v <k Then

k m;

(2.22) Z CTIJ—ZZ(C(O{ - 1D”( )>‘T:A'

i=1 j=1 ’ g
for #1 = #J =m.

The remaining part in this section will be devoted to the proof of this theorem
until Remark 2.17. First we will examine the image of our minors under the Harish-
Chandra homomorphism.

Define the map w of U¢(g) to S(a) = U¢(a) by

(2.23) D —w(D) € U(g)n+nU(n + a).
Fix I = {i,...,im} and J = {ji, -+ jm} with 1 < i1 < iy <+ < ip < n and
1 <41 <j2<:++ <jm <n. Then [15, Corollary 2.11] in the case € = 1 shows
0 W4,
(2.24) w(Dj, () = ﬁl(EiV a4 (w—1)) fI=J

under the notation in Theorem 2.9. Introducing the algebra isomorphism
~: S(a) — S(a)

with E; =E; — (-2 +(j—1))e for j=1,...,n

(cf. Remark 2.15), put

(2.26) o(P) = w(P).

Then @ defines the Harish-Chandra isomorphism of U¢(g)“ onto the algebra S(a)"V
of &, -invariants in S(a). Here we note that if [ = {iy < iz < -+ <im},

(2.25)

(2.27) oDy () =[] (Bi, -z + (%52 +v —iv)e).

v=1
Since DYy 31,0y (2) €US (9)€[z] (cf. Proposition 2.7), it is clear that the coef-
ficients of D{1 ,,,,, 2 n}(m) as a polynomial of  generate the algebra U¢(g)¢.

Lemma 2.11. Let g =n® a®dn be a triangular decomposition of a reductive Lie
algebra g over C. Here n and n are nilpotent subalgebras of g and a is a Cartan
subalgebra of g and p = a @ n is a Borel subalgebra of g. For an element D of the
universal enveloping algebra U(g) of g, we define w(D) € S(a) so that

(2.28) D —w(D)eU(g)n+nU(n+ a).

For a subspace V' of U(g) put

(2.29) W Ns@ = Y. Sap.
peEw(V)

Then if ad(g)V C V, we have
(2.30) w(PDQ) € (w(V))s() forany P, Q € U(g) and any D € V.
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Proof. Let {Xy,...,Xn}, {Y1,..., YN} and {Hy,..., Hy} be the basis of n, n
and a, respectively. Then

(YOHPXY =Y YINHD . HOM X XY ae NV, BeNM, 4 e NV}

with N ={0,1,2,...} is a Poincare-Birkhoff-Witt basis of U(g).

Let D € V. The assumption implies PDQ € U(g)V and therefore we may
assume @ = 1 in (2.30). Since XD = ad(X)D + DX € V + U(g)n for X €
n, we have XD € V + U(g)n. On the other hand, Y®HPD — Y*HPw(D) €
Y*HP (AU (n+a)+U(g)n) C #U(a+a)+U(g)n and therefore w(Y*HP D) = HPw(D)
if @ =0 and w(Y*HPD) = 0 otherwise. Hence w(Y*HPX7D) € (w(V))s(a) and
w(PD) € (w(V))s(a) for P € U(g). O

Lemma 2.12. Under the notation in Lemma 2.11, fix Ho € a so that the condition
ad(He)Y = cyY withcy € C and Y € n\ {0} means cy > 0. Suppose ad(Hg)n #
{0}. Let mg be the centralizer of Ho in g and let ng and ng be subspaces spanned
by the elements Y inn and n, respectively, satisfying ad(He)Y = ¢y Y with ¢y # 0.
Then po = me@ne be a Levi decomposition of a parabolic subalgebra pg containing
p. Let ag denote the center of mg. For an element A of the dual afy of ag we define
a character Ag of pe so that Ae (ne+[me, me]) =0 and A\e(H) = A(H) for H € ae.
Suppose there exist D1(N), ..., Dp(X) in U(g)[A] so that

(2.31) ad(X)Dg () € i U@AND;(A) forXegandk=1,...,m,
j=1
(232)  Di(N) e Y. U@N(X —eo(X)) +aU(g)[A] fork=1,....m.
Xepo
Then Di(N) € 3" xepe U(9)[A] (X — Xo(X)) and therefore Di(X) € Ann(Mg (X))
for k=1,...,m under the same notation as in the case g = gl(n,C).

Proof. Retain the notation in the proof of Lemma 2.11. We may assume
{Y1,..., YN} is a basis of ng for a suitable N’. We note that for D € U(g)[A]

(2.33) D= Y cD;N)Y* mod Y U@N(X - le(X)).

a€eNN’ Xepo

Here ¢, (D;\) € C[)] are uniquely determined by D because of the decomposition
Ulg) = Ulne) © Ulg)pe-

Put I = 3" U(g)Dr(NU(g) and Iy = Yy, S(@)[A(H — A(H)) and sup-
pose D € I. Then (2.32) implies w(Dy())) € Iy for k = 1,...,m and therefore
w(PDp(M)Q) € I, for P, Q@ € U(g) by Lemma 2.11 which implies co(D;\) =
w(D)(A\) = 0. Hence IMg()) is a proper g-submodule of Mg()\) for any fixed
A€ ag.

Since Mg () is an irreducible g-module for a generic A, IMg(\) = 0 for a generic
A. Hence co(D; ) = 0 for a € NN and D € I and therefore IMg()) = 0 for any
A O

The following remark is clear from the argument in the proof of Lemma 2.12.

Remark 2.13. 1) Let ¢ be a positive integer and let (A, €) be a polynomial function
of (A,€) € C* valued in U¢(g). If 7(), €) € Anng (M§(N)) for generic (A, €), then
r(\ €) € Anng (M§(X)) for any () e€).

ii) Let p be a suitable polynomial map of C* to af. Replacing Dy ()), U(g)[A]
and A by Dy (u), U(g)[p] and p(u), respectively, in Lemma 2.12, we have the same
conclusion if Mg (p(y)) is irreducible for generic p € C.
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Remark 2.14. Use the notation in Lemma 2.11. Let A € a* and consider the Verma
module M(X) = U(g)/ (U(g)n+ g7 U(g) (H — A(H))). Then

(2.34) Py = {D € U(g); w(D)(\) = w(ad(X)D)(\) = 0 (VX € g)}

is the annihilator Ann (L())) of the unique irreducible quotient L()) of M ()). Here
we identify S(a) with the space of polynomial functions of a*. This may be also
considered to be a quantization of the conjugacy class of semisimple matrices.

Proof. Lemma 2.11 proves that Py is a two-sided ideal of U(g). Since the
assumption means that the projection of PyL(\) into the highest weight space of
L(\) vanishes, PyL(\) = 0 because of the irreducibility of L(A). On the other
hand, Dv = 0 for the highest weight vector v of L(A) implies w(D)(A) = 0. Since
Ann (L(X)) is a two-sided ideal of U(g), we have Ann (L(\)) C Px. O

Remark 2.15. Define p € a* by p(X) = L Tracead(H)[, and w.A = w(A + p) — p

for the element w of the Weyl group W of the pair (g,a). Then the infinitesimal

character of the highest weight module M (\) is parametrized by W.A. We say that

the infinitesimal character is reqular if w.A # X for any w € W satisfying w # e.
If g = gl(n,C), then

(2.35) p=(-2F+10-1)er+-+ (=252 +(n—1)) ey,

W ~ &, and
w(Zujej) = Z,ujew(j) = Z’I,Lw—l(j)ej for (p1,...,pn) € C" and w € W.
j=1 j=1 j=1

In U¢(g), p changes into p¢ = ep and the infinitesimal character of M§(A) equals
that of M¢(Ag). Hence the infinitesimal character is regular if and only if all the

roots of dS (z) = 0 are simple because the set of roots is {\, + 251e; v =1,...,n}
by putting
(2.36) Xo +pf = Aieg + -+ Anen.

Here we note that
n—

< 1

(2.37) )\,,z)\k—i—(— +(V—1))6 if np_1 <v<ng.

Lemma 2.16. Let I = {i1,...,im} and J = {j1,...,jm—1} be sets of positive
numbers with m > 0, i1 < ig < -+ < &y, and j1 < jo < -+ < jm—1. Then there
exists a positive integer p < m such that #{j € J; j <i,} =p—1 and i, ¢ J.

Proof. Suppose m > 1 since the lemma is clear when m = 1. If 7,1 < i, we
can put g =m. If j,—1 > 4., we can reduce to the case when I = {i1,...,%n_1}
andJ:{jl,...,jm,g}. O

Retain the notation in Theorem 2.9. Fix k with 1 < k < L and put m = n—i—l—n;C
and J = {1,2,...,n} \ {ng—1 + 1,ng—1 + 2,...,n%}. Note that #J = m — 1.
For I = {i1,...,im}t with 1 < i3 < -+ < 4, < n, choose an integer u as in
Lemma 2.16. Then ny_y < i, < ng and #{1,2,...,n,_1} = p— 1, from which we
have 1 = ng_1 + 1 and A(E;,) — (A\x +ng—1€) + (u — 1)e = 0 and therefore (2.24)
and (2.16) show

(2.38) w(Df; (A +mi—1€)) € > S(a)(H = NH)) if #] =#J =n+1—nj.
Hea
Denoting

(2.39) J(m,x)= Y CDi(x),
#I=#J=m
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the basis of J(n + 1 —n}, Ay + nk_1€) satisfies the assumption in Lemma 2.12 and
then

(2.40) J(n+1—=nj, A +np—1€) C Anng (M§(N)) fork=1,....L
in the case when ¢ = 1. But this holds for any € because of Remark 2.13 i) with
the isomorphism between U(g) and U€(g).

Now the Laplace expansions of D ;(x) with respect to the first and the last
columns show (cf. [15, Proposition 2.6 i)])
(2.41) Jm+1LAN)+Jm+1L,A+¢) CU(g)J(m, ) ifm<n
and therefore
(2.42) J(n+1—nj+j, A+ (ne—1+i)e) € Anng (Mg(A)) for0<i<j<mnj —1.
Hence if ¢ € C satisfies d, (c; A) = 0, then dety, (c; Ery) € I§(N) for #I = #J =m

m
under the notation

(2.43) I§\) = U(g)J(n+1—njp, A\ + ng_1e).

bl
I\Mh
L

We have proved
(2.44) IS\ C I§(A) and I§(N) C Anng (M§(N)).

Moreover we have I§(\)" = I§(A) if all the roots of df,(x;\) = 0 are simple for
m=1,...,n (cf. Remark 2.10). Hence it follows from Remark 2.13 i) that

(2.45) I5()) € Anng (M§(N)).

Note that the elements T}J for #I = #J = n in (2.18) are contained in J(Ag)
because they are in the center U¢(g) of U¢(g) (cf. (2.11)).

Thus we have only to show I§(\) D Anng (M§())) to complete the proof of
Theorem 2.9. We can prove this for generic A with € # 0 using the result in the
next section (cf. [16]) or Theorem 2.22 but here we reduce it to the claim

(2.46) 1(0) = Anng (M3(0)).
For € = A = 0, this is conjectured by [17] and is proved by [18]. In this case
r7; € S(g) are of homogeneous polynomials of g* with degree #I — j. Here we
note that det¢(x; Eys) is homogeneous of degree #I with respect to (z,g,¢,\),
which is well-defined under any choice of Poincare-Birkhoff-Witt basis because of
the definition of the homogenized universal enveloping algebra.

Let S(g)m be the space of homogeneous elements of S(g) with degree m. Then
U<(g)™ /U(g)™~Y) ~ S(g)m and for D € U*(g)"™), we denote by o, (D) the
corresponding element in S(g),,. Note that ogur—;(r7 ;) in (2.18) does not depend

on A and e. Hence
n dpy—1

(2.47) 19(0) = 3 SN S(@)om—i(r],)
m=n+1l-max{n],..., n/L}#Iz#sz 7=0

Put R(A\)™ = Anng (M§(A\)) NU<(g)™ and D € RE(A)(™) \ Re(N)(m~D. We
will prove D € I§(A) by the induction on m. Since (2.11) implies Ad(g)D = 0
mod U¢(g)™ Vpe + U<(g)™ b, we have
(2.48) om(D)(Ad(gine) =0 (Vg€ q)
and o,(D) € I3(0). Hence it follows from (2.46) and (2.47) that there exist
homogeneous elements p7 ; € S(g) satisfying 0,,,(D) = >_ pp;041-(r7 ;). Here r7;
are generators of I§ (\) appeared in (2.18) and deg(p} ;) +#I—j = mif p} ; # 0. Let
P}, € U(g)™m=#1%9) with oy,—414;(P};) = p}, and put D’ = 3" P, D3 ,. Then
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D' € I§(N\) and D — D’ € RY(A)™~Y and therefore we have D — D’ € I§()\) by the
hypothesis of the induction. Thus we have completed the proof of Theorem 2.9. [

Remark 2.17. The procedure to deform A to 0 under the classical limit € = 0 is
studied by [3].

In the proof of Theorem 2.9 we have shown the following, which is proved by
[2] together with the fact that it is not valid for a generalized Verma module of a
general semisimple Lie algebra induced from a character of a parabolic subalgebra.

Corollary 2.18. The graded ring gr(Anng(M§(A))) = @ (Anng(Mg(N)) N

m=0
Ue(g)(m))/(AnnG (M&(N) N Ug(g)(’”_l)) equals the defining ideal of the closure
of the nilpotent conjugacy class of the generic element Ag o of the form (2.4). In
particular it is a prime ideal and does not depend on (A, €).

Corollary 2.19. The following two conditions are equivalent.

(2.49) Anng (M§(N)) D Anng (Mg (\)).

(2.50) dS, (z;0,\) € Clz]dS, (x;0',\)  form=1,...,n.

Proof. Tt follows from Theorem 2.9 that the latter condition implies the former.
Hence suppose the first condition. Let f,,(x) be the least common multiple of
de, (x;0, ) and df,(z; 0, N). Then if #I = #J = m, det(z; Ery) € U(g) fin (@)
mod C[z] ® Anng (Mé ()\)) Applying o, to this relation as in the proof of Theo-
rem 2.9, we have det”(z; Er;) € S(g)x9°€U=) mod Clz] ® Anng (MZ(0)) because
of the homogeneity with respect to (z,g,¢,A). Let Ago be the generic element
of the form (2.4) and let Jo be the maximal ideal of S(g) corresponding to Ag .
Considering under modulo Jg, we can conclude that all the m-minors of the matrix
(z—Ae,0) are in C[z]zee(/=). On the other hand, 24 (®) is the greatest common di-
visors of m-minors of (z—Ae o) and therefore deg f,(z) < dy, (0) = deg ds, (z; 0, \)
and we have the latter condition. (]

Remark 2.20. If € = 0, Corollary 2.19 gives the closure relation in the conjugacy
classes of the matrices.

Remark 2.21. i) The following theorem is a part of a conjecture proposed by [14]
for the general symmetric pair. The case in this note corresponds to the pair
(GL(n,C),U(n)).

ii) When Anng (Mg (X)) is realized as a system of differential equations (cf. Ex-
ample 3.3) on a Riemannian symmetric space of the non-compact type, the following
theorem describes the characteristic exponents of the system along the boundary
and hence the boundary value of the solutions of the system vanishes with respect
to some exponents.

iii) In the case of the classical limit e = A = 0, the following theorem is obtained
by [4] and [17].

Theorem 2.22. Let Wg be the Weyl group of me and let W = W(0)Wg be the
decomposition of W = &,, so that W(0©) is the set of the representatives of W/Wg
with the minimal length. Then the common zeros ofw(AnnG (Mé()\))) coincides
with the set {w.Ao; w € W(O)} counting their multiplicities.

In particular, the space S(a)/w(Anng (MZ()N))) is naturally a representation

space of W which is isomorphic to Ind%_) id.
Proof. Under the notation (2.36)
XV:/\L@(,,)— ";21—1—@—1) forv=1,...,n
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and

O(D7r) (A + ni—1€) =H — Mo+ (25 — gy 4w —ipe).

Fixkwithl<k<Landwe€ ( ). Putm=n+1-nj, K ={ng_1+1,...,nx},
Ke={1,....,n}\ K and J = w(K°). For I = {i1,...,im} with1 < i <--- <
im < M, choose p as in Lemma 2.16 and put ¢ = w='(i,). Then ¢ € K and
{v e K¢ w(v) <i,} = p—1, which implies #{v € K; w(v) <i,} =i, —p. On the
other hand, since the condition ny_1 < v < v/ < nj means w(v) < w(v'), we have
{veK;,wv)<i,f={np_1+1,ng_1+2,....,—1} Hence l —np_1 —1=14,—p
and
5\5—)\;6—1—(%—71;6_1—1—/1—@'“)6: (5—1—nk_1—|—,u—iu)e=o.

Since A is the i,-th component of (Ay,-1(1), ..., Ay—1(n)); We can conclude that
@(Drr)(Ak + ng—1€) vanishes at w(Ae + p°), which is equivalent to the condition
that w(Dyr)(Ax +nk—1€) vanishes at w.Ag. Hence if A is generic, w(Ié(/\)) vanishes
at w.\e for w € W(©) and therefore for any A € CI because of the continuity. In
particular, dim S(a)/w(I§()\)) > #W(O) for generic A and therefore for any A by
the same reason.

Since w(I§(\)) are generated by homogeneous polynomials of (a, ), €) and [17,
Theorem 1] shows dim S(a)/w(I3(0)) = #W(O), we have dim S(a)/w(I§(N)) <
#W(©). Thus we can conclude dim S(a)/w(I§(A)) = #W(O) and the theorem
follows from this. In fact, the last claim is clear because I3 (\) is W-invariant. O

3. GENERALIZED VERMA MODULES

In this section we examine the necessary and sufficient condition on A € C* so
that

(3.1) J&(A) = Anng (M) + J°(Ne)
under the notation (2.6) and (2.9). Note that it is clear by the definition that
J&(A) D Anng (M§(N)) + J¢(Xe) and
(3.2) Anng (M§(\)) = Anng (U(g)/(Anng (M§(N)) + J(Ne)))-
In general it is proved by [1] and [7] that for u € a* the map
(3.3) {I; I is the two sided ideal of U(g) with I > Ann (M (u))}
ST I+ J(u) € {J; Jis the left ideal of U(g) with J D J(u)}

is injective if p is dominant:

(34) 24—+ futpa) ¢ {—1,-2,...} for any positive root « for the pair (n,a).

(o, @)
Moreover the map is surjective if p is regular, that is,
(3.5) (4 p,a) #0 for any root « for the pair (n,a)

and dominant. Hence in our case when € # 0, (3.1) is valid if Ag + p°¢ is regular
and dominant, which is equivalent to

(3.6) Nj— A ¢ {0,—¢,—2¢,...} for1<i<j<n.

For p € a* and D € U¢(g) let v(u; D) denote the unique element in U¢(nn) with
D = ~y(u; D) mod J¢(p). For a basis {R;} of an ad(g)-invariant subspace V' of
U<(g) we note that

(3.7) V(s Y PiR;) € Y U“(a)y(u; Ry) for P € U(g).
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Let R_ denote the set of weights of U¢(n) with respect to a. Then

R_= {Zmiei; m; € 7, Zmz =0 and my >mg >--->m,}\ {0}
i=1
Suppose R; € U¢(g) are weight vectors and U¢(g)V +J (i) # U<(g). Since y(u; R;)
has the weight which equals that of R;, v(u; R;) = 0 if the weight of R; is not in
R_. Moreover since F;; 1 has a maximal weight e; — e;+1 in R_ for any integer ¢
with 1 <17 <n,
(3.8) Eiuw1 €U(g)V +J(\) & CEjpq = > Cy(u; R;).
the weight of Rj =e€; —€i+1
The key to studying the condition for (3.1) is the following argument used in
[15, proof of Theorem 5.1]: B o
Fix positive integers k, ¢ and j satisfying 1 < k < L and ng_1 <1 < j < ng. Let
I={im,...,51} and J = {jm,...,J1} be a set of positive numbers such that
1< <o < <1y <1,
(39) iy = Jy if v 75 67
ip=1<jo=7j <igt1
with a suitable 1 < £ < m. Define non-negative integers

/

m' =n-—m,
a;v = n; — #{v; nj_1 <iy, <ny},

(3.10) a; =mnj—#{v; i,jgnj}iza’1+~--+a;-, ap =0,
b =#{v; np—1 < i, <1},
Vo o=#{v; j <i, <ngl

Then

(3.11) 1<ap=m'<n-2,1<a,=n,—b—-0b —1,

0<aj<nj—0Ok, 0Sb<i-ng1+1 0<Y <np—j

and we have
m

det“(z;Ery) = [[ (@—Ei, — (v—1e) - By

v=~¢+1
-1
(3.12) . H(m —E;, — (v—1)¢) mod U(g)n
v=1
Hfﬂ pJIlJ(x)
==—" " [- d Je(A
S]J(LU) ij mo ( @)
by putting
: (n)—a)
(3.13) Pry(@) = (2 =X = (njo1 —aj_1)e) 7,
spy(x) =x — A — (ng—1 — ag—1 + d)e.
Hence it follows from from (2.18) that
dm—1 € . L j €
(3.14) Z i, = CE; mod J¢(Ag) if Hj:.lp?,(x) ¢ Clz]srs(z)ds, (z),
= 0 mod J¢(Ag) otherwise.
Since (n);—a’;—a;_1)—(n}—m') = m'—a; > m'—ay > 0, we can define polynomials
J
_j _ Prs(x)
p x) = ’ A
IJ( ) (33—/\3 —nj_1€)(nj_m)
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Then the condition Hlep}",(x) € Clz]srs(x)ds,(x) is equivalent to the existence
of j with
(3.15) 7 ,(x) € Cla]srs(x).

If € # 0, the condition (3.15) is equivalent to the condition that v is an integer
satisfying

(3.16) 0<v<nj—da;—1 and (v<aj_1 or Z/Zaj_l—l—n;—m’)
by denoting

(3.17) Ao+ (k-1 —ap—1 +b)e = Aj + (nj—1 —aj—1 + Ve

If e =0, it is equivalent to

(3.18) Aj =AM and aj <m'.

Put I = {nyn—1,...,ng+1,i,np_1,n6-1—1,...,1}and J = {n,n—1,...,nx+
1,5,nk—1,nk—1 —1,...,1}. Then

m' =nj, —1, b=0 =0, aj, =nj, — 1, aj =0and nj —a} —1=n} —1if j # k.
Suppose (3.15) holds. Then j # k because p¥,(z) = 1. Since

J

aj1—1=-1<0 and a;j_1 +n}—m =n}—nj +1 if j <k,
aj-1—1=mn; =2 and a1 +nj—m'=nj>nj—a; -1 ifj>Fk,

the condition (3.16) is equivalent to
{maX{O,n;—nfc—l—l}SV’Sn;—l if j <k,
1 —nj <v' <min{n; —nj, —1} itk<j
with
a0 = {0
Hence (3.15) is equivalent to the condition (cf. Remark 2.15)
(3.19)
AkNA; #0, A, & A; and (ueAj, We A\ A = (1 — p)(k— ) >o)
with A; == {A;nicr <v<n}={N+ ((v—1)— )& nioy <v <y}
if € # 0,
Aj =X and ny, >1 ife=0.

Thus we have the following theorem.

Theorem 3.1. i) Fiz k with 1 < k < L. Recall m’é = np_1<i<ny CE;j. Then
np—1<j<ng

(3.20) Anng (M§(N)) + J(Ne) Dmg Na

if and only if (3.19) does not hold for j =1,..., L.
ii) The equality (3.1) is valid if and only if (3.19) does not hold for j =1,...,L

and k= 1,..., L, which is equivalent to the condition

(3.21)
ANAj =0 or Ay =Aj or min A; > min]\j or maxA; > max]\j if €e#£0,
Ai #FNjorn;=n} =1 if €e=0,

for 1<i<j<L.

Here A; = {Rey; u € A;} ete. and A; is given in (3.19). In particular (3.1) is valid
if the infinitesimal character of M&(N) is regular.
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Proof. We have only to prove that (3.20) is not valid if (3.19) holds for a suitable
j. Suppose there exists j = j, which satisfies (3.19). Fix such j, and continue the
argument just before the theorem. Put j = i + 1 and suppose (3.15) does not valid
for j = k. Then if e #0, v = b in (3.17) and since 0 < b < n} —aj, — 1 and (3.16)
is not valid with j = k, we have

!

(3.22) ag—1 <b<ag_1+n,—m' and m' <nj ife#0.

On the other hand, if e = 0, we have a), = m’ because a}, < ar, =m/'.

First consider the case when j, < k. Put £ = Ay +ngp—1 — Aj, —nj,—1. If € #0,
it follows from (3.19) that

! / /
O§€<nju and Z+nk>njo.

Put i = np_1 —&—n}o — /¢ and j = j, in (3.17). Note that ny_; <i<j=1i+1<ny
and v = £+ b — ag-1 + aj,—1. Then we have v = £ + (b —ag-1) +aj,—1 > 0,

(nf —aj —1)—v=_(>i—ng-1—b—1)+(ax-1 —aj,—1) > 0 and v — (a;,—1 + 71} —

m)=L0+b—ap—nj +m' =m' —(i—np1—b-1)—ar1>m —a, >0
in (3.16), which implies 7}, (z) € C[z]s;s(z). We have this relation also in the
case when € = 0 because deg;ﬁ%(z) = nj —aj io=m') =m —a >
m’ —(m' —aj,) = aj, > 0. Thus we can conclude rgJ =0 mod J¢(\e) if the weight
of rgJ is e; — e;,1. Note that the weight of r‘gilw--yim,}{jl7--<7jm} is Y e, — e,
Hence Ej; € Anng (M§(N)) + J¢(Ae) because of (3.8).

Lastly consider the case when k < j,. If € = 0, the same argument as in the case
when j, < k works. Therefore we may assume € # 0. Put £ = A; +n; 1 —Apr—ng_1.

It follows from (3.19) that

,(n

/ i /
1</¢<n, and nkSE—I—nju.

Put ¢ = ng_1 + £. Then similarly we have ny_, <i<j=i+1<ng, v= aj,—1 —
ag—1+b—LC=aj,_1—ap_1+(n},—a,—b —1)—0=(a;,—1—ag)+(np—j—b) >0,
(n} —aj —1)—v=nj —a; —1—(aj,—1—ak-1+b—"0) = ({+n} —np)+(ax-1+n)—
m'—b—1)+(m'—a;,) > 0and a;,_1—v = ap—1—b+{ = ap_1+(i—ng_1—b—1)+1 >0
in (3.16). Hence ;‘)JIOJ(x) € Clz]sry(z) and thus Ej; ¢ Anng (M§(N)) + J<(Ne) as
in the previous case. O

Example 3.2. Suppose n =3, © = {2,3} and A = (A1, A2). Then

di(z) =1, d5(z) =z — A1, d5(z) = (z — M) (x — A\ — €)(z — A2 — 2¢),

JMNe)= > U@E;+U@)(Er— )+ U(g) (B2 — M) + U(g)(Es — Ao),
3>i>j>1

J&(\) = J(Xe) + U (g)Er2.

Since

Dj;(z) = (Eiyj, — (x — €)8i,5,) (Biyj, — ©0iyj,)
— (Bisjy — (@ — €)0iy51) (Eiyj, — ©04y5,)
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for I = {iy >4} and J = {41 > ja}, we have

Digyo1y(M) = (B2 = AL+ €)(E1 — A1) — E12Ep =0,
Di30y 30y (A1) = (B3 — A1 + €) (B2 — A1) — Ea3E3p =0,
Diz1y313 (A1) = (B3 — Ay + €)(E1 — A1) — EigEsy =0,
Doy 32y (M) = EasErg — Ers(Ez — A1) = EasE,

(3.23) Dig1y313 (A1) = Eas(Ey — A1) — ErsEony =0,
Di32y(01y(M1) = Es2Eoy — (B2 — A1+ €)Es =0,
Disoy1311 (A1) = (B3 — A1 + €) By — Egz B3 =0,
Diz1y121y (A1) = Es2(Ey — A1) — Er2 B3 =0,
D{31y 30y (A1) = (B3 — Ay + €) E1z — EizEss = (A2 — Ay + €) B

Here the above = is considered under modulo J¢(Ag). Note that

(324) Amng (MO (W)= > U@D,0)my(M)
3> >ip>1
3>j1>j221

+ ). U@)(D-w(D)(e)).
DeU<(9)¢
Hence if A; # A + € which is equivalent to (3.21), we have (3.1).
Suppose A; = Az + €. Then since ad(p)(Es2E12) C J¢(Ae), we have
Jo(N) =U(n)Ery @ J* (o)
2 Anng (Mo (X)) + J(Xe) = U(R)EasE12 @ J¢(Xe) 2 J*(Xe).

If € # 0, the above inclusion relation gives a Jordan-Horder sequence of M¢(A\g)
and

(3.26) J&(N)/(Anng (M§(N)) + J(Ne)) =~ Mg/ (N)

with © = {1,3} and X = (A + ¢, A1 —€). Note that p¢ = (—¢€,0,¢€), Ao + p¢ =
(M = 6 A1,M), Ao — Ao = eler — e2), (1,2).0e = Mg, and Anng (M§(N)) =
Anng (Mg, (X)) under the notation in Remark 2.15. Here Ann (Mg(A)) is the
unique two-sided proper ideal of U(g) which is larger than U(g)(J(Ae) NU(g)®).

(3.25)

Example 3.3. Let G be a real form of GL(n,C), let K be a maximal compact
subgroup of G and let P be a parabolic subgroup of G with the Langlands decom-
position P = M AN. Fix a minimal parabolic subgroup P, of G contained in P.
Let a* be the dual space of the Lie algebra a of A. Define

Xa : P3man— ya(man) =a* €C (me M, ac A, n€ N),
B(G/P;Ly) = {f € B(G); f(xp) = xa(p)f(x) (Vp € P)},
B(G/Po; Lx) = {f € B(G); f(zp) = xa(p)f(x) (Vp € Fo)}-
for A € a*. Here B(G) is the space of hyperfunctions on G. Let pg be the complexi-
fication of the Lie algebra of P. Then the totality of the elements of U(g) which kill
all the elements of B(G/P,; L) equals Jg(\). Here we note that U(g) is identified
with the ring of left invariant differential operators on G.
Note that (3.1) implies that f € B(G/P,; Ly) belongs to B(G/P; Ly) if and only
if f is killed by Anng(Meo(N)).
The Poisson transformation Py of the space B(G/P,; Ly) is defined by

Pr: B(G/P,;Ly) 3 f— (Pr(f))(z) = /Kf(xk)dk € B(G/K).

Here dk is the normalized Haar measure on K.



16

TOSHIO OSHIMA

Suppose Py is injective. It is known by Helgason [5] that this is valid for generic
A including A = 0. Then [10] shows that the image is characterized by a simul-
taneous eigenspace of the ring of invariant differential operators on the symmetric
space G/K. In this case (3.1) assures that the image of the Poisson transform of
B(G/P;Ly)is {f € B(G/K); Pf =0 (VP € Anng(Me(N)))}

Johnson [6] studies this problem when A = 0 and P # Fy. Here we have solved
this problem for generic A including A = 0. More precise argument and similar
applications are given in [16, §5].

(1]

[11]
(12]

(13]
(14]
(15]
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