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KZ-type equation
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u:< ), Aij:AjiEMat(N,C), Am:O

with integrability condition [A;;, Ake| = [Aij, Aix + Ajx] =0

M

KZ-type eq. < rigid Fuchsian ODE (Haraoka) du — A1z 404 ...y

dx Tr—T1 T—T,

A 1n

U
middle convolutions and additions — accessory parameters and local structures

KZ-type eq. : Sp M < ODE: spectral type / (generalized) Riemann scheme

Aio = — (A1 + Aig + -+ + Ain) (i € Ly)
Ly = Ly, U{co}, Aj= Ay =0

Aoy 1= Z Ai i, (i1, 50} C L,) (generalized) residue matrices
1<p<q<k

(A5, Aj)]=0 (IcJorId>JorINJ=0,1,JCL,)

A7, Ap, | =0 = Ap =k :scalarif M isirreducible (x = 0: homogeneous)



k
[A12, A1234...k} = [A12, A2 + Z(Alj + Azj) + Z Aij] =0,

j=3 2<i<j<k

ZAm = Z(— ZAZ-J-) — 9Ay.., = —2A;
Ak .noo = Ak n+ZAm— ZZAZ:/ > > Ay
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n k—
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Al...k—l - Aknoo — (ZZA'LJ _|‘ 2221413 _|_ ZZAW) — Ly
i=1 j=1 1=k j=1 1=k 5=k

o/ CL, = A]:Ain\l—f—li
e [A,B] =0 = dSimultaneous (generalized) eigenvalue class :

A= ) B=("0 ) = (A= {1l Bl - (1223)

(A:B] = {[1:0]1,]2: 0], [3: 4]y} = {[1: 00,2 0. 3.4}
O[Bi,Bj]:O (’i,jzl,..,T) = [Bl:"':Br]:{P\l,l:"':)\r,l]mly"'}



Def. Z={I, |v=1,...,r} is a commuting family of subsets of a finite set L

&1, L, |I,| >1and (I, C I, or I, D1, orI,NI, =)

def.

7 is maximal <> (Z, Z' are these families with Z C 7" =7 =1")

Def. £, := {maximal commuting families of subsets of L, }

SpM :={[Ar, : - A, )| T={l,.. . Jn-2,In1 = Ln}} o,

Fact. £, ~ {single-elimination tournaments of teams labeled by L, }

1L, = (2n — 3)!! Zl=n—-1 (Z € L,)
1234:4——3cases 1234:4——12cases
Ex. Ly ={1,2,3,4}, |L4] =15 (01,2,{3,4Y. {1.2.3.410  {{1,2}.{1,2,3},71.2.3.4} )

SpM = {[Ajj : Ao Aijnel, [Aij - Aijie s Asjie) | {35,k €3 = {1,2,3,4} }

|-12§45
Ls = {1,2,3,4,5}, |Cs| =105 1234 w
T={{1,2},{1,2,3,4},{3,4},{1.2,3.4.5}} € £, A

{14« Age : Aijel, [Aij = Aijie = Ao, [Aij + Aijis = Aijie] | {24, k,¢,m} = Ls }



4 teams

| ITITI . 1 pattern ’_[::;T . 4 patterns

1234:3—!:3cases 1234:45!:12cases

{{1,2},{3,4}} {{1,2,3},{1,2}}

2 types, 5 (=1+44) patterns, 15 (=3412) tournaments, 4 (=1+3) win-types

5 teams

’_I_‘_Iﬁ_‘j . 2 patterns Fﬁi‘l . 4 patterns ’_E:_‘Ji‘—‘ . 8 patterns
5

12345:%=15cases 1 234 :5’—2!=3()cases 12345:%!=60cases
@) @) @) o O @) o O O
{{1,2},{1,2,3,4},{3,4}} {{1,2,3},{1,2},{4,5}} {{1,2,3},{1,2},{1,2,3,4}}
3 types, 14 patterns, 105 (=15+4-30+4-60) tournaments, 9 (=2+3+4) win-types

n teams n — 1 teams

I_::I_‘ ’_I_‘_‘—‘ /deletion / """""" 'TT' ’_I_‘_‘—‘

|
1] ; . | ]
n % % % x % % *x % Insertion N % x % % %k % *x %




Desingularization
KZ-type equation (Pfaffian form) : du = Qu, Q= Z A;;dlog(x; — x4)

1<i<j<n

T={lL,...,1,_2,L,} € L, : a maximal commuting family of L,

J, J €L:=TU,; {{r}} with L, = JU J : semi-final games
J =40 gt S =Hdo, -t (B+HE =n-2)

A singular point © zj, = -+ =j, and zjy = - =z, (k, K" > 0)

A local coordinate : (xj,,...,2j, T, ... ’ajj;’.c/) with z;, =0 and z;; =1

{n;,n.} : players of the game I; (determined after the tournament)
(n; is the loser of I;)

Def. X = (X3,...,X,_2) : local coordinate defined by

e 1 X el
1234

Ilcll/#L’)’L

Ln

n—2

Theorem. () — i Ar dlog X; is non-singular around the origin of X
i=1




Lemma. I?; : minimal subset in Z for ¢, j € L,

0.
Ty = Tpn, — Ty, (I = 1;) with I € T are linearly independent over C and
( o (0]
€ ;=0 (I2I2;or INIY; =0)
Ty — Ty = eija}[ with ¢ ef{’j c{l,—-1} (I= IZ-OJ-)
Iez \Ef{,j c7 (1 ; IZ-OJ-)

. ' (0] y — n (0] o Y — o 0
Proof of Lemma: Induction on |I7.|. i =ig or I, S I?., j=joorlIf, S I?..

Ly — Tj = (:Cio - 'rjo) - (xl - CCio) - (a:j — xjo)‘

Lemma shows r;, —x; = fi i (X)- H X7
{i,7}CI€I\{L,}
fi.; + a polynomial of X; (I €Z and I; ; C I # L,) with f; ;(0) =1 or —1.
Note that {i,j} C Il €eZ & I}, CI €T and dlog(fg) =dlog f + dlogg.

Hence,

d(z; — x;) aX
Z Aij ai_jj B Z Z Aij XI

1<i<i<n J I<i<g<n {i,j}CI€I\{L,} 1

is regular in a neighborhood of the origin.



T ={{1,2},{3,4},{1,2,3,4},{1,2,3,4,5} } —
d(r1 —14) dXi234 ] ?L‘_‘

Ty — T1 = T1234 = X1234, = 1 2345
T1 — T4 X1234
d — dX dX
Ty —T1 = T12 = X12X1234, (21 = 73) = 2
r1 — T X192 X1234
d — dX dX
T3 — Tqg = T34 = X34X1234, (23 — T4) = 84 212
T3 — T4 X34 X1234
Ifs — 153 — 204 — {1234}
r1 —x3 = (1 —24) — (3 —x4) = —X1234 — T34 = —(1 + X34) X1234

ro —x3 = (2 —x1) — (x3 —x4) + (T1 — x4) = T12 — T34 — T1234
= —(1 — X129 + X34)X1234

ro — x4 = (xa —x1) — (x4 —21) = —x12 — T1234 = — (1 + X12) X1234
d(ll?l — 5173) _ d(CCQ — 5173) _ d(aﬁg — 334) _ dX1234 d(l —+ X34> _ 0
ry—2x3  To—2x3  To—x4  Xio34 1+ X3g
dlx; — x; dX dX dX
(1= Z Aij (i — 2;) = Aqo X12 + Asy X34 + Ajo34 X1234
1<i<i<5 Ly — Ty 12 34 1234

(X7 Y7 Z) — (X127X347X1234)7 ($1,$2,$3,$4) — (073373/7’27 1)



Bx (o) = 0.0,0): ~F4T0 |

0O Y z 1

)
Ty —T1 =2 =27

To—T1=x=XZ
T3 —x4a=Y—2=YZ

L1 X2 X3 T4 Iy
(X =2 (y=(1+Y)Z
1Y = £~ fr—y=(X-Y-1)Z
| Z =z z—2z=(X-1)Z
QEQ/:ACUOX +AyzY +AwyzOZ (37|; |y—Z|<<|Z|<<1)
Ex. Q:Awodf+Ayoi—y+Awydf yy)+A d(a: 1)+A d(y 11) n_4
r3—r1=y=Y ro —x3=(X —1)Y
o (az,y) — (070) : ’ ! Y ? ? i ) XY1 12 .
$2—3§‘1:£C:XY (va):(gay) 0 ;1; y 1
X1 X2 I3 X4
z d(x— d(X—1
Lo Yo Ao () = {120 (123
= > Apndlog X; = Ao + Asyo 5= (2] < Jy| < 1) y
N 2
() = (0,1): {2 oA A= XH#?? '
® x’y — ) .
r3—x4a=y—1=Y |Y =y—-1 xolg2$3xl4 1
1

O =A%+ AnS (z), [y -1/ < 1)




Transformation of Sp M induced by middle convolutins is stated in terms of single-
elimination tournaments.

Sp M is necessary to get the eigenvalues of each residue matrices of mc,, , M

0, @)
T |

|
T N e md 4 N
!_I_\_‘T_._\ o =24 1 |

: I
123405678910 J=(B34 1234056789 10
J={3,4}: {3,4} = {0,3,4}, {1,2,3,4} — {0,1,2,3,4}, {0,5,6} — {5,6}

KZ-type equations vs single-elimination tournaments

KZ-type equation with n variables Tournament of n teams
Family of maximal commuting residue matrices Tournament
Local coordinate for desingularization Result of a tournament
Spectra of KZ-type equation Set of all tournaments
Variable of middle convolution Winner of tournament

Base of upper triangulation of the family Result of a tournament with the winner

Middle convolution Deletion and Insertion of the winner

Kernels to define middle convolution Basic/Top insertion of the winner




Remarks

Sp M gives local structure at every strata of the desingularization of M.
It is a generalization of the Riemann scheme of linear Fuchsian ODE's.
Rigidity and accessory parameters are defined on KZ-type systems through
Sp M.

Sp M is generalized to Pfaffian systems with logarithmic singularites along

hyperplane arrangements.

Characterize basic KZ-type equations!
(basic: cannot reduce the rank by middle convolutions+additions)
Is there a non-trivilal rigid basic KZ-type equation?

s there a basic KZ-type equation with more than three (essential) variables?



Thank you for your attention!

[Om] T. Oshima, Middle convolutions of KZ-type equations and single-elimination
tournaments, arXiv:2504.09003.



