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Abstract

We introduce a hypergeometirc series with several variables, which generalizes
Appell’s, Lauricella’s and Kempé de Fériet’s hypergeometric series, and study
the system of differential equations that it satisfies. We determine the singu-
larities, the rank and the condition for the reducibility of the system. We give
complete local solutions of the system at many singular points of the system
and solve the connection problem among these local solutions. Under some
assumptions, the system is written as a KZ-type equation. We determine its
spectral type in the direction of coordinates as well as simultaneous eigenspace
decompositions of residue matrices. The system may or may not be rigid in the
sense of N. Katz viewed as an ordinary differential equation in some direction.
We also show that the system is a special case of Gel’fand-Kapranov-Zelevinsky
system. From this point of view, we discuss multivariate generalizations.

Contents

1 Introduction 2

2 Generalized hypergeometric functions of two variables 6
2.1 Generalized Hypergeometric Functions of one variable . . . . . . 6
2.2 The system /\/lg;ﬁ ﬁ’7 - satisfied by Hypergeometric Series . . . . . 8
2.3 Some Conditions . . . . . .. .. ... o 10
2.4 Examples: Known Series . . . . . . ... ... .. ... .. ... 10
2.5 Integral Representation . . . . .. ... ... .. ... ... ... 11

3 Global structure of hypergeometric functions 12
3.1 Coordinate transformations . . . . . ... ... ... ... .... 12
3.2 Local Solutions . . . . . ... .. ... 15
3.3 Connection Problem . . . . ... ... ... ... ..., 17

1
2

e-mail: saiei@educ.kumamoto-u.ac.jp
e-mail: oshima@ms.u-tokyo.ac.jp

Preprint submitted to Elsevier



4 Rank and singular set 20

4.1 Rank of the system ./\/la;ﬁé:y .................... 20
4.2 Singular set of the system M S 23
5 KZ-type equation 26
5.1 KZ-type equation and middle convolution . . . ... .. ... .. 26
5.2 Example: Generalization of Appell’s Fy . . . . .. .. ... ... 32
53 Appell's Fi1 . . . o o 40
5.4 Example: Generalization of Appell’s Fo and F5 . . . . ... ... 43
55 Appell's Foand Fz . . . . . . . .o o o 46
6 Many variables and GKZ system 49
6.1 The system /\/lm: Z,:: ....................... 49
6.2 The singular set . . . R 51
6.3 GKZsystem . . . . ... ... e 54
6.4 The system M“ia"z from the view point of GKZ system . . 55
6.5 The structure of the secondary fan and irreducibility . . . . . . . 59
6.6 Local solutions and the connection problem . . . . ... .. ... 61
6.7 DBraid monodromy . . . . .. ... L o 65

1. Introduction

In this paper, we study a bivariate hypergeometric series

« B)n (V) man m, n
FZZJ)?I’ T’(a g;y/’xy) ZZ 1_ ( ,)B/S’Zgli ’ Ty,

m=0 n= O 7)m+n

acCP, BeC! veC', o ecp,ﬁ'ecq’, ~ ecC”

in the case when this series satisfies a system of differential equations without
an irregular singularity, which means p’ —p = ¢’ — ¢ = r —r’. The notation such
as (@), is defined in (2.1). J. Kampé de Fériet’s hypergeometric (HG in short)
function given in [2] is a special case of our hypergeometric function, namely, it
is

m, ,n
m n )m+n Ty — pppr o B8 S
=ty (1-af01-p0 140 T Y )

m=0n= O n ’7 )m+n m'n'

Classical Appell’s hypergeometric functions (cf. [2]) are all special cases of
Erer . (z,y). Other examples of F}/% (x,y) were investigated in [42] and
[43] Which corresponds to the cases (q,r q,r")=(1,1,2,0) and (p,q,p’,q") =
(1,1,1,1). In [35] the second author studies certain integral transformations of
convergent power series and introduces F7:07 T(x,y) together with some related
results as an apphcatlon of the transformatlons without detailed proof.

We investigate Fz{) o (z,y) from two different points of views. One is the
viewpoint of a system of partial differential equations. We introduce a system



2;6 67 - satisfied by F7%7 (2,y). The system resembles Appell’s system, in

the sense that we can deternnne its irreducibility, singular locus, and some of
its connection coefficients. It is the symmetry of the system that is stressed in
this paper. There are distinguished coordinate transformations which exchange
the role of parameters. These transformations naturally act on the blowing-
up of P! x P! at two points (0,0) and (0o,00). The divisors {z = 0},{z =
oo}, {y = 0},{y = oo} and the exceptional divisors form a hexagon and the
transformations act transitively on its vertices. In the course of the study, it is
also convenient to introduce another series

T (o2 1671 m—n m, n
(28 mn) = X3 Dy

== Y )m-n

Then, at the vertices of the hexagon, we can construct a basis of series solutions
using F2%7  and GD%T .

The connection problem among the vertices of the hexagon can be solved
only by using Gamma functions and trigonometric functions. The idea of the
computation is boundary value problem which goes back to a paper by the second
author [18]. In fact, the system Ma’ 'Y, has regular singularities along an edge
of the hexagon and the boundary value Of the solution to the system is defined
according to the characteristic exponent. We reduce the connection problem
along an edge to that of the boundary value. The same idea is also used in the

calculation of c-function of Heckman-Opdam’s hypergeometric function ([38]).

By
o' By
as a particular case of Gel’fand-Kapranov-Zelevinsky system ([11]) From this
point of view, a multivariate generalization M, %77

At the end of this paper, we show that our system M, , can be seen

ol oy is introduced and an-
alyzed. Through Gale duality in combinatorics ([44, §6.3]), the secondary fan
of the system Mal’ z:z, is described. Although our system is strictly more
general than Appell Lauricella’s system, the secondary structure is the same.

From this point of view, some of the results on the system M o ﬁ’,',y , can be gen-

eralized to ./\/lal’ zf Y,. Results of this paper can be related to the literature
of Gel’fand- Kapranov—Zelevmsky system. For example, the result on the con-
nection problem can be seen as a generalization of [39] or a special case of [23].
When the singular locus of ./\/la’g ﬁ77, is a braid arrangement, its monodromy
representation gives rise to a rebrésentation of the pure braid group. Since
the monodromy representation of Lauricella’s F)p system corresponds to the so-
called Gassner representation ([4, Example 4 of §3.2], see also [21, §5.2]), our
result constructs a generalization of Gassner representation from the viewpoint
of hypergeometric system.

The other point of view is that of Katz’s theory. For an ordinary differential
equation on the Riemann sphere, Katz’s theory provides a way to understand
the global analysis ([19], [31]). An invariant called rigidity index and an integral
transform called middle convolution play a fundamental role in Katz’s theory.
The local structure of an ordinary differential equation is given by its local
behavior called generalized Riemann scheme. An ordinary differential equation



is said to be rigid when the Riemann scheme uniquely determines the equation.
Katz [19] proves that an ordinary differential equation is rigid if and only if it is
constructed from the trivial equation Z—Z(x) = 0 by a successive application of
middle convolutions and gauge transformations by a power function (addition).

As the next step to Katz’s theory, Y. Haraoka proposes to extend middle
convolutions to Knizhnik-Zamolodchikov type equations (KZ-type equations in
short) in [13] and [14]. KZ-type equation is a particular class of integrable
connections. Any rigid ordlnary differential equation can be extended to a KZ-

type equation. When r = 7/, the system /\/la’ 3’7 , is isomorphic to a KZ-type

equation. We will show in §5.2 that no restriction of the system M, "8 7 , to a
line { = constant} or {y = constant} is rigid if (p—1)(¢—1)(r—1) ;é 0 On the

other hand, the system MZ;%?’,W is constructed from the trivial KZ-type system

gz (x,y) = (x y) = 0 by a successive application of middle convolutions

and addltlons The trick is to use several dlrectlons When we perform middle
convolutions. Thus, the restriction of the system M, ﬁ/ , to { = constant} or
{y = constant} provides a non-trivial example of non- rlgld ordinary differential
equation whose global monodromy can be determined explicitly.

From the viewpoint of KZ-type equation, it is more natural to study the
blowing-up of P! x P! at three points (0,0),(1,1) and (co0,00). It has 10 dis-
tinguished divisors and at each of 15 normal crossing points, the corresponding
pair of residue matrices admits a simultaneous eigenspace decomposition. We
use [33] to see the change of this data via middle convolutions. The vertices of
the hexagon corresponds to the six points where each simultaneous eigenspace
is one-dimensional. Moreover, in some cases, there are more than six singular
points where this happens.

The generalized Riemann scheme of the system M a’ﬁ ﬁ7 , enjoys symmetry.

Let us write F}, o . for FPdT, I, 4 for szqtq Y and J,,, for Fgfi?q—l,y Besides
the case r = 7/, the case Whenp =p+1,¢d/ =q+1,r = 1,7 = 0 and the
case p=p +1,g=¢q¢ +1,r = 0,7 = 1 both satisfy KZ-type equations. The

following picture shows the symmetry of equations:

[Gauss’ HG : F(a,b, c;x))—»[pr_l(a;ﬁ;x) (cf. §2.1)}

S(0,1,00} 50,00}

[Appell’s HG : Fi(a;b, ¢ d;m,y))—{Fp% (z,y) (a < 7, T, y) (cf. §5.2)}

S{““”yfl’()’OO} S{m,y,l} X S{O,OO}
(Appell’s HG : By, Fs f—————{ L.q(2, ), Jpq(,y) (cf. §5.4) ]
W, Sey}

Here, S{z.4,1,0,00} Means the group of permutations of 5 points {z,y,1,0,00}
on the Riemann sphere, which is the permutation group Ss. In the above,
S{a,y,1,0,00} acts on Appell’s I} as coordinate transformations (cf. (3.1)) and
gives a symmetry of Fj. On the other hand, F» and F3 have coordinate symme-



tries which are identified with elements of the group Wpg,, the reflection group
of type Bs (cf. Remark 5.17). The horizontal arrow means generalization. Thus,
the principal example in this paper Fj, 4, is a direct generalization of the well-
known function Appell’s F;. We emphasize that any restriction of Appell’s
Fy system to {z = constant} or {y = constant} gives rise to a rigid ordinary
differential equation.

Katz’s theory for KZ-type equation is still being developed. For example,
the change of simultaneous eigenspace decomposition under middle convolution
will be discribed in a forthcomming paper by the second author as in the case
of two variables [33]. When the system Mal’ ’z,"’:’/, is a KZ-type equation, it
should be a good example of a rigid system, of f which no sophisticated definition
exists so far.

The content of each section is as follows.

In §2.1 we review some basic properties of the generalized hypergeometric
function ,F,_1(a;B;x). Most results stated in the following sections up to
84 are reduced to the results given in §2.1. In §2.2 we introduce a system of

: : ; B, ; 1qs a B vy
differential equations MZ',,B?,—y' satisfied by F)%" (a 5 i y) In §2.3 we

list some conditions on p,q,7,p’,¢, 7’ used in this paper. In §2.4 we define
another series G7,%/) , which will appear in an analytic continuation of FZ’; o
and we show some known series including Appell’s hypergeometric series and
some Horn’s series are examples of our two series. In §2.5 we give an integral
representation of sz 'fz’ .+ using integral transformations in [35]. Some of the
transformations are eﬁsentially middle convolutions.

In §3.1 we study some coordinate transformations and its action on the
system Ma’ﬁ ,,37 e In §3.3 we solve the connection problem among the vertices
of the hexagon

In §4.1 we determine the rank of the system ./\/la’ﬁ 3~ the number of inde-
pendent local solutions to the system at a point, Wthh equals the number of
local solution we have constructed.

In §4.2 we determine the singular points of the system. We call the number
L :=r — 7/ the level of the system. By symmetry, we may assume that L > 0.
If L =0o0r L =1, the singular points are a union of lines. If L > 1, the
singular points are a union of lines and a set defined by zeros of an irreducible
polynomial fr(z,y) with degree L.

In §5.1 we review basic results on KZ-type equations based on [33]. The
system Mg"e B’7 becomes a KZ-type equation under some conditions. Of par-
ticular interest are the system satisfied by F}, ,, in §5.2 and the one satisfied
by I, 4 or Jp, 4 in §5.4. In particular, F, 41, Fp 1, and I, 4 satisfy rigid ordinary
differential equations for the variable z. We show that the condition of the
irreducibility of the system follows from a result given by [32].

Appell’s Fy, F5, F3 systems are special examples of these with more sym-
metry. More symmetry produces formulas on the hypergeometric series like
Kummer’s formula of Gauss’ hypergeometric series. They are discussed in §5.3

and in §5.5.
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than two variables. Lauricella’s hypergeometric series (cf. [22]) is a special case

of the series. In §6.1, we give the system of differential equations MZ,IZ,:;,
Loeens @y

In §6 we introduce hypergeometric series F’ ;’,1 (z1,...,z,) with more
1

satisfied by the series and the integral representation of the series.

In §6.2, we determine the singular set of the system. The formula generalizes
known results for Appell-Lauricella’s system [15] and [24]. Theorem 6.3 is a
generalization of Theorem 4.7.

In §6.3, we review some basic properties and terminologies on GKZ system.
The exposition here is based on [9] which is Gale dual to the standard literature
on GKZ system.

In §6.4, we relate the system Mziz;ﬂz, to a GKZ system. A trick is to
introduce some auxilliary variables. For later use, we provide a Grdbner basis
of the associated toric ideal.

In §6.5, we describe the secondary fan of the system Mo} %77
1

N
mine the condition for the irreducibility by applying the criterion of [40]. The
special points without multiplicity of simultaneous eigenspace decomposition
are labeled by a permutation group. Therefore, the hexagon that appeared in
the study of MZ,B ﬁ’fy’ﬂ/, is replaced by a permutohedron.

In §6.6, we derive a connection formula for Mgiav

ye s QY
the same result for the system MZ}ﬁ ,é7 e It turns out that a basis of local

solutions at a vertex of a permutohedron is given in terms of two kinds of

3 P1ly--+9Pn,T P1y-sPnsT :
series Fpi»---m&ﬂ" (z1,...,25) and Gp’lv---vpilﬂ‘ﬁe(xl’ ...,Zn) where the latter is a

multivariate generalization of the series Gg}qf e
In §6.7, we show that the connection problem discussed in §6.6 determines
the monodromy representation of the pure braid group when p; = pj for i =

1,...,nand r=1r'.

, and deter-

, which generalizes

2. Generalized hypergeometric functions of two variables

2.1. Generalized Hypergeometric Functions of one variable

We review the generalized hypergeometric function ,F,_1(z) of one variable
(for example, see [31, §13.4]). We introduce the following notation for a =
(o1,...,0a,) €CP,ceCandacC:

(@) = TG = (a1)m(@2)m -+ (@p)m, T(e) i=T(a) - T(a,

c—a=(c—a,...,c—ap), laj=a1+ - +ap, (1—a)_m= O

~—

In general the generalized hypergeometric series

pFola, Biz) = Z_% Eg;: %T (e CP, BeC?) (2.2)




is a convergent power series if p < ¢+ 1 and 3; ¢ {0,—1,—2,...}. The series
satisfies a differential equation without an irregular singularity if p = q¢+ 1. A
convergent power series

Fp(Ssa) =Y T’ (a, o’ € CP) (2.3)

n=0

satisfies an inhomogeneous ordinary differential equation

H( u=w H (9 +a)u mod C (¢ :=z2). (2.4)

i=1

In fact, by comparing the terms of " in the above equation, we have

P
U—chx :>Hn—a :an—l—&—ai)cn_lajnfl (n>0)

i=1

p
-1
:>C7L: Zln + ’L) n_lz...zﬁco.

T, (n— o)) (I-a)y

Note that (1), = n! and if (a'); (= o} - a,) = 0, the modulo notation

”="in (2.4) can be replaced by the true equality "=". Since
P()z u(x) = 22 P(V + Nu(x) (2.5)
for a polynomial P(¥) of ¢, the functions
F, (& al;+52) = (ix)o‘;Fp (aa,ti/‘; ;x) (t=1,...,p) (2.6)

= (:tx)a;pr_l(a +aj,{1—a, +o):v#i}z)

give p solutions to the generalized hypergeometric equation

P P
M, H(ﬁ—ag) :xH(ﬁ—&—ai)u (2.7)
i=1 i=1
if @ — o), ¢ Z for any i # j. In the sequel, we often use a convention such as
P
(0 + ) == [ (9 + ). (2.8)
i=1

The generalized Riemann scheme of the equation (2.7) is

r=0 z=1 z=o00 0
0/1 [0](1771) aq 1
. 5 [O](p—l) - )
a; 0 ap p—1

P P
Z a, + Z al,+6=p—1 (Fuchs condition).



Here [0](,—1) means the existence of p—1 linearly independent local holomorphic
solutions at x = 1. The condition for the irreducibility of the equation equals

aj+o; € (1<i<p 1<j<p).
Solutions at « = oo are given by

F, (%:;ozj; =+; %) = (i%)%‘pr_l(a’ +aj,{l—a,+a; :v#j}; %)
if if oy — o ¢ Z for any i # j.
The connection formula between x = 0 and oo is given by

p
Fy(Ssaf—2) =Y c(0:a)~o00:y)F, (%5a5—1) (¢€C\[0,0)),
j=1
T(1+4+aof —a) (o, — «y)
0:a; tay) = : z A
0ot =oore) = 1 w=0 =05 1 va=a)
1SV§p 19/%10

2.2. The system Mg}ﬁﬁ’ﬂv, satisfied by Hypergeometric Series

For a given set of parameters a € C?, 3 € C4, vy € C", o € C?, 3 ¢
C?, v € C", we set

,q,7 a . o — (@)m(B)n(Y)min m.n
Fﬁ%w(w g’ ’:/Y' ’x’y) T Z Z (1—a)pm(l— 5/)71(1 t'}")m+nx Yy (2-9)

m=0n=0
Here, we note that

p,q,r (@ B v, _ pptlgtlyr (ol B1 v,
Fp’,qﬂr’(a’ gy y) =y g @080~ 0Y)

As in the last section, it is easy to see that the p’q’ functions

D,q,T a B v, 1 o,
For (a, 5 7,,ai,ﬁj,x,y)

T ot s B AP (2.10
TEY I g o —al BB v —al—p, DY
fort = 1,...,p  and j = 1,...,q" are solutions to the system of differential
equations
Z;faﬁ’?:"/' IP1’LL:P2U:P12U:0 (211)
with
Pl = (191 - a/)(ﬂw + ﬁy - 7/) - x(ﬂl + a)(ﬂw + ﬂy +7)7
Py = (dy — B9z + Uy — v') - YWy + B) (Ve + Iy +),

Py =z, + o) (¥, — B') - y(y + B)(Ve — a’).

Here, we use the notation 0, = 8%’ Oy = 8%’ ¥y = 20, and ¥, = yd, and the
convention (2.8). For ¢1,eo =+1,i=1,...,p"  and j =1,...,¢ we set



e (;", 5, ],;ag,ﬁé-;ehez;x,y)
/ ., ata; B+B] "/Jra +8;
= (a2)” () FLT (a/—a BB, v —ai—g; T y)
’o_ ol aBy By
1_1emar}< 2.1._If oy = By =0, the system Ma,ﬁ,ﬁ, is reduced to Ma',,e’,»y' :
Plu = PQU, = P12u =0 with

’
T T

—a, H o) []@x + 9, 13[19 + i) [[ W + 0y + ),

(2.12)

k=1 i=1 k=1
q-1 r’ q r
Py =0, [] 0y = 8) [[ W + 9y — i) Hﬁ + ;) [[ W + 0y + ),
j=1 k=1 j=1 k=1
P q— q p'—1
Py =0, [[(Wa + i) [T (9, — B)) 1_[79 +8) [T @ — al).
i=1 j=1 j=1 i=1

We mention that the contiguity relation can be readily seen from the defini-

tion of the system ./\/la’ﬁﬁ7 Let Sol (Mg;ﬁﬁﬂyw,) be the space of holomorphic

solutions to the system /\/la ﬁ, ,. We denote by Sol (Mg;ﬁﬁ’jwl ) the
solution space of the same system with its parameter «; replaced by «; + 1 and
the other parameters unchanged. We use similar notation for other parameters.

Proposition 2.2. There are induced morphisms

Do+ ai s Sol (ME7,) = Sol (M7, ) D),
Y + B; : Sol ( 2,5577,) — Sol ( 22%7,7, B Bit 1) (i=1,...,q),
P+ 0y + 1 Sol (MY ) — Sol (Mg;f’é,‘{w,|ww+1) Looyr),
I — af : Sol (Mz/ﬁﬁfyv,) — Sol (Mg/‘;?y : 1) D),
Oy — 612 Sol (MEE7)) = Sol (M lspen)  (i=1..0.4),

Dy + 9y — Al : Sol (Mg;f’é,“{w,) = Sol (Mg o |yﬁwk+1) (k=1,...,r").
Proof. Using the identity ¥, o x = x o (9, + 1), we obtain relations
(Vp + ) = (Vg + ;) o Py
Py =P
Pislasisa;+1 0 (Vg + i) = (9 + o) 0 Pra.

Thus, the first line of the proposition is proved. The other lines can be proved
in a similar way. O

Remark 2.3. Under the irreducibility condition on Theorem 6.9 and the con-
dition (2.15), the maps above are isomorphisms.



2.3. Some Conditions

We introduce the following conditions for the system M7

o\B'
ptr=p+r, qtr=q+7r (F)
p=p,q=d¢, r=r1 (F1)
p=p—-1,q=q¢ -1 r=11"=0 (F2)
pP=p—14q=q-1r=0r"=1 (F3)
p=p—-2q=q¢-2,1r=21"=0 (F4)
(@)1= (8)1=0 (T)
Note that the condition (a'); = 0 in (T) is that at least one of aj,...,q;, is

zero. We always assume the condition (F) in this paper and call the number

L:=r—71 (2.13)
the level of the system MZZ%T’,Y,. We set
e:=(—1)k. (2.14)

In the following, we assume
p+p >1,¢+q¢ >1, r+1r >0. (2.15)

Under the conditions (T) and (2.15) the conditions (F1), (F2), (F3) and (F4)
with smallest possible (p,q) correspond to Appell’s Fy, Fy, F5 and Fj, respec-

tively. Namely, in these cases, { ; ;/ :/ } are as follows:
(F1) (F2) (F3) (F4)
P qT —Tg-T1 0 —2q—22
voad [GE [ L L 7,777
Appell's HG | {111} | {530} {119} {556}

2.4. Ezxamples: Known Series

‘We introduce series

R a B v, o — (@)m(B)n(V)m—n m, n
e (38 7m0) = 2 e i

and
Gg;qmr’( a By, a:,y) — Grar ‘/( «B .. (_1)r’y>

— (a)v‘a(/@)n(’)/)m—n('y/)n—mxm n
(1-a)m(1-p)




Appell’s hypergeometric functions and some Horn’s hypergeometric functions
(cf. [7]) are examples of the functions we have introduced:

Fi(o; 8,87 m,y) = Fyy) (ﬁ%’ - xy) (2.16)
Fy(e; 8, 837,75 2,9) = Fabp (of_7 ol O‘;x,y), (2.17)
Fy(a, s 8,87 w,y) = FLy 10(“’0“/ . ny) (2.18)
Fu(o; 857,75 2,y) = Fyny (0,1@,7 071@,7/ “@ﬁ,x,y), (2.19)
Gola,a's B, 85m,y) = Grytt (54 7 Fi,y) (2.20)
Hy(a, By7,0,€6;x,y) = Gé?l 0 (071676 7(’)5 “,x,y) (2.21)

2.5. Integral Representation
We recall the following integral transformations in [35]. Put x := (21, ..., Z,).

Definition 2.4.

LAl + ) _ _
1720 S b L Pd A—1 _ n—1
KiPu= g Awwtmt (1= 6" ultrzn, .. ., tnan)
t14+t, <1
dti...dty,
L ) 1 100
LAy, = L(p+n)I(X) /”Jrlero.../nJrlJr tl—A(1—|t|)*#7n
X . n X 1 .
iy TN+ ) J 11
W(E,... )l
. T(p+XN) [, _
KA = [ A la — o) Yu(tay, .. te,)dt.

Remark 2.5. By meromorphic continuations of convergent integrals with re-
spect to X and i, the integral transformations K& and LI are defined in [35].
They are same transformations as the above ones up to constant multiples.

Putting

(Tx—>R(x) u) (X) = U(R(X))

for a coordinate transformation x — R(x), we have an identity

(A =1 u
Kb = Tx%(rl»ig e o K o Ty, L) (2.22)
These transformations have the following properties:
Kg;afﬁ,(aﬁ) Lg;a*&(aﬁ) K” e Be% KH—a«a

(O‘)m(ﬁ)nxm n Wm+n_.m, n (’Y)nz+n m,n (@)m

(H)771+7L y (a)m (B)n z y (I’I)7n+n z y (M)?n y
Hence, we have the following theorem.

™y —

11



Theorem 2.6. Assume a;, = 5;, = 0. Then, the following identity holds.
P,q,T a B v
Fp/7q/77./ (a ﬁ 'Y/ 1 L, y)

_ H Kl o L—a,0n H Kl ﬁ —B;,Bj HKl 'ch Yk Vk

r—r

H Ki7y7r+k—°‘p/+k 17 Be/ gr—15(pr ko 1:Bgr 4 1)( _x)fap(l_y)f[}q
k=1

ifr <7,

p

HKi af—ag,0; HK1 B5—Bj,8; H quq y’yk Vi, Vi

i=1

r—r'—1
1—’Yr+k—a/+k—ﬁ,+kv(0‘/+k75/+k) J . /
H Ly » e PR (1 —e—y)T ifr >
k=1

3. Global structure of hypergeometric functions

3.1. Coordinate transformations

By a fractional linear transformation of the Riemann sphere P!, 5 points
xg, T1, To, 3 and x4 in P! can be uniquely transformed to 5 points z, y, 1, 0 and
oo . Some hypergeometric functions with the variables (x,y) has a symmetry
corresponding to the permutation of 5 points zq, x1, 2, T3 and x4 under this
correspondence. This permutation group isomorphic to S5 is realized by a group
of coordinate transformations of (z,y) generated by 4 involutive elements.

Pl = (1}0,.%1,50271'3,1'4) = (xvya 150700)

S5 D Xo 4> Ty T1$rTa TP T3 T3> Ta 3.1
o o (3.1)

O O
(a:,y)l—>(y,x) (%75) (1—1‘,1—y) (%7%)

The subgroup generated by the transformations (z,y) — (y,), (}, ;) and
11

(3+ ) is isomorphic to S3 x S and defines transformations of the system

./\/la’ﬁﬁfy,y, as follows.
In general, we denote by T{, ,)—x,y)M the direct image of a system M
by the transformation (x,7) — (X,Y) = (y,z), (£, 2) or (£, ). We calculate

R
these transformations below.

Proposition 3.1. In this proposition (2.15) is not assumed. One has the fol-

lowing transformations of the system MZ;%TY'W

(1) Taw»wa My, = MY,

12



By _ a8
(2) T(z,y)%(%,%)Mal’ﬁ/a"/l =Mapy
T Y By ey',B — (—1)L.
(3) (m,y)%(sg,%)MQ By a5+ Where €= (—1)
Proof. (1) is obvious. Let us prove (2). Putting (z,y) = (&, +), we have
Uy = —Vx, ¥y = —V¥y. The equation Pyu = 0 is transformed into
D r p’ r’
H(lgx — ;) H(ﬂx + 9y —p)u = XH(’&X +aj) H(’lgx +dy + ;) u.
i=1 k=1 i=1 k=1

By similar calculations for P, and Pj5, we obtain a relation

a8,y _ o' \B A
(w,y)%(%,i)Ma/ﬂ’,'y/ - Ma,ﬂq . (3.2)
As for (3), we use a relation ¥, = ¥x, ¥, = —9x — ¥y and the proof is a direct
computation. -

By successive applications of the above transformations, we obtain the fol-
lowing theorem.

Theorem 3.2. One has the following relations.

T? N =T2 =72 = id,
2o = ey s @d L T ey ) T
2 2
T, T = . — id,
T 0 T2 1) = Tz 32 Tagnd 1) =
3.
(Tw’ T ol z 1 = id.
(@,y)—(y,z) (z’y)%(ﬁg’g))
Then the group generated by the involutions T(y ) —s(y.a); T(m’y)_)(%%) and

1 1, s isomorphic to Ss x Sy and the dihedral group of degree 6 with the

T
(@)= (5y)
order 12 which is the group of symmetries of a reqular hexagon. This reqular

hexagon can be realized in a blow-up of P! x P as in Fig.1 (cf. §3.2). The
transformation of Mz,",yg by the element of this group and the corresponding

coordinate transformation is given in the following table:

Systems satisfied by (X,Y) with X = X(z,y), Y =Y (z,vy).

&) [ @y | &0 ] G | G [ &0 wa)
(z,y) (X,Y) (6%;%/ (6/%%)/ (I%,e%)/ (%/6%)/ (Y, X)
06,,3,"/ 04”3”7 a7'7a/3 ’Y,Q,ﬂ '7a aa /6., 7a ﬁ,a77
B o By | oy, B8 | v.a.B8 | 7.8 a| B ya |8 dy

&) [ & [ Ly | 5D | @med) | (Lo | LD
(z,9) (/%,/%)/ (6/§,Y) (6§7/X) (X,e/é) (3/”,%) (,%, /%)/

MOL,,B,’Y a’ﬁ7’y a7 7ﬂ ’77a)ﬁ ’77 7a B’ 7a ﬂ7a)’y
B o By | oy, B |, aB | ¥.B.a | B, | Baoy

13



The transformations in Proposition 3.1 can be used to construct a local
solution at a normal crossing point from that at another point. For example,
applying the transformation (z,y) — (1, %) to local solutions (2.10) at the
origin, we obtain pq solutions

/, /7 ’ ’ ’ ’ . A 1 1 . .
FiQ?TT(z%zvaivﬂjvgag) (1§Z§p:1§J§q)
in a neighborhood of (00, c0). In the same manner, applying the transformation
(@,y) = (e, %) to local solutions (2.10) at the origin, we obtain p’r solutions

Fa (a7 Sl et t) (1 <i<y, 1<k <)
which are defined along a line y = co
Let us consider another transformation (x,y) — (X,Y) = (=, %) Then

¥, = Vx, ¥y = —¥y and the system MZ}%Z,Y, in (X,Y) coordinate is

’

p T P T
(0x —af) [T(0x =9y —v)u = X [[0x + i) [[(0x — Oy + ),
=1 k=1 =1 k=1
g r q/ "
1@y =8) [T0x = Oy +w)u=e¥ [0y +8) [[(9x =9y —0)u,
j=1 k=1 j=1 k=1

bS]

<
Il
A

=1

q P q
(Wx — o)) [[Wy = B)u=eXY [[(x + ) [y + B))u
j=1 j=1

Hence, we obtain the following proposition.

Proposition 3.3. One has a relation

T

a,B,y _ a,B’ vy
(x,y)—><x,§>Ma',ﬁz~w — N (3-3)

a’ By
where the system N - 18 defined as follows:

(V2 — ') (W2 = Uy =¥ )u = 2(Vs + @) (Vo — Iy +v)u,
(y = B) (Vs =y = ¥)u =y — B) (Vs — Iy — ' )u,
(Vs — )9y — Bu = zy(V,; + ) (I — B')u.

The local solution to this system in a neighborhood of the origin in (X,Y)

coordinate corresponds to a local solution in a neighborhood of (0, 0) € P* x PL.

a,B,y

In fact, we obtain the following p’q solutions to M) I

GPiar (aﬁ . Z’5],)(63;)

pq.7" \ o B~

— Bj s [ ata; BB ytai—=B; .«
=t ( ) 7G L. (a’foz; B-B; ’Y/*a;#ﬁj’x ’
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For later use, we set

rhar’ \ o B~

— o eNBjpdr [ atal BB vtai=Bj . e
= (e12) (62!/) GP'aQﬂ"/ o' —al B-B; ¥ —al+B; Ty

! ’
p,g,r (o By . 1 . .
G ( ai?ﬁjvelaEZaXa€Y>

fOflSiﬁp/, 1§j§qand61,62::|:1.

8.2. Local Solutions

We consider Mg/ﬁ 5,777' on the space X which is constructed from P! x P! by
blowing up two points (0,0) and (0, 00). The local coordinates are ({,y) and
(x,%) at (0,0) and they are (%75) and (%,5) at (00,00). Then for example,
(0%,0) represents the point of X corresponding to the origin under the coordi-
nate (7,y). Regarding Fig.1 below, the transformations (z,y) — (y,€%) and
(w,y) = (y,z) correspond to the clockwise rotation of the hexagon by % and

the reflection of the hexagon keeping the edge (0,0).
Fig.1

local solutions of 12 types
2

© (00, 00?)

S D '\ wa =2
(7) (N 3

(12) (00?, 00)

zo = x4 | (6)
(02,0) ®
w2 = 4 (DN (10) o (8)
(0702> L= 73 (O0,0)

Owing to the coordinate transformations in §3.1, we have the following local
solutions to Mg;ﬁ é:y ot for simplicity, we sometimes omit the suffices and su-

perfices of F;J,’ff]’f;T: and Gy . and write a, B,... in place of @, B3, ...
¢ F (2, g, :Yy,;a;,ﬁ;-;m,y) around (0, 0) (1)
pq: F (‘Z/ %/ Zy/ s Qs B %, %) around (o0, 00) (2)
g’ : F (3, %/ o ;*y,'ﬂ,ﬂj;x,e%) along x =0 (3)
pr’:F(i}g/;am;@w%,y) along y =0 (4)
p'r:F(S,:g ;ag,wk;ef,%) along y = co (5)
q'r:F(WW/ 5, il;fyk,ﬁé;%,e%) along z = oo (6)

15



pa:G (27 Lial Bua,el) at (0, 00) ()
pa G (% 07 e B L e) at (00,0) ®)
PG (50 ek et o) at (0,0) ©)
qr' G (J, g, oV B s %) at (0,0?) (10)
ar G (70 % im B L %) at (00, o0?) (1)
pr:G (‘; ny [f,,al,'yk,ef ey) at (00?,00) (12)

For example, Theorem 3.2 and (3.3) show a relation

By o,B,y
Tem-@ M8y = Tays.9 © Tow- ey Mal 87y
— 7.8 e
T(m y)— (w3, Mv "B’
— N’Y ﬁ’ "

and then we have the above ¢/r’ solutions (10).

Each solution in (7)-(12) expressed by G is defined in a neighborhood of a
normally crossing singular point in X, namely, one of the 6 vertices in Fig.1
in §3.3. The solution in (1)—(6) expressed by F is defined in a neighborhood of
one of 6 singular lines in X excluding normally crossing singular points, namely,
one of six edges in Fig.1.

We examine the independent local solutions at a singular point in X and
calculate the numbers of the solutions in the following table:

(00, 0%) (0, 0) (0%,0)

sol. (5)+(11)+(2) (7)+(5)+(3) (1)+(3)+(9)

# p'r +qr + pq p'q+p'r+q P'q +qr' +p'r’
(F1) pr+qr+pq pq +pr+qr pq +qr +pr
(F2) | p+ (-1 +@(@-1)(g-1) | p(¢g=1)+p+0 pg+0+0
(F3) 0+ 0+ pq (p—1)g+0+4q | (p—1)(g—1)+q+(p—1)
(F4) | 2p+2(q—2)+(p—2)(¢—2) | p(¢=2) +2p+0 pg+0+0

For example, this table indicates that there exist p’'q’ solutions by (1), gr’ solu-
tions by (3) and p'r’ solutions by (9) at (0%,0). Hence, for example, under the
condition (F2), all the solutions we get at (0%,0) belong to (1) and then such
solutions are defined around (0,0), which are called solutions with a simple
monodromy at (0,0) in [35, Definition 7.3].

For the points (002, o0), (00,0) and (0,02%), we obtain the corresponding
table by the map (x,y) — (y,x). Namely we change (p,q,r;p',¢',7"), (2m) and
(2m —1) to (q,p,r;¢',0',7"), (2m — 1), (2m) for m = 2,...,6, respectively, in
the above table.
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Since p' —p=¢q —q=1r—1', we have

pr+qr+pg=pq+pr+q’ =pqd +q’ +p'r
=pg+qr+rp++q+r)(r—r)+(r—1)>

r

which equals R (5/ ; r’) in (3.4). Thus, we obtain the following theorem.

Theorem 3.4. In a neighborhood of any one of 6 points (02,0), (0, 00), (00, 00?),
(00?,00), (00,0) and (0,0%) of X, one has
- Ll ol / L 0
R(%OT) = z('q'r —pgr’) (L #0), (3.4)
pq+qr+rp (L=0)

local solutions expressed by the series sz,"ffr/ and Gg;q,;,r ~ gien in §1 and §2.4.

Remark 3.5. It will be shown in §4.1 that the solutions in this theorem span
the space of all local solutions to MZ}63’7,Y, (cf. Corollary 4.2) for generic pa-
rameters.

3.3. Connection Problem

We consider the connection problem between the local solutions in Theo-
rem 3.4. Since the local solutions are constructed according to the symmetry
(3.1) and Fig.1, it is sufficient only to calculate the connection problem from
the point (02,0) to (0,00) along a suitable path

(0,00) >t = (c(t), —t) € (0,00) X (—00,0) (3.5)

with small ¢(t) so that the system ngﬁ [;7 -+ has no singularities in

U={(z,9) | 0 <z <2c(~y), y € (—00,0)}. (3.6)

It follows from Theorem 4.7 that there exists a connected neighborhood U of

{0} x (0, —00) such that Mif’é%/ has no singularities in U \ {0} x (0, —00).

The system Mz,ﬁ ﬁ7 - has regular singularities along the wall {0} x (—0c0,0)
and its solution is ideally analytic (cf. [29, Definition 5.1, see also Theorem 5.3]).
More precisely, the system has regular singularities along the set of walls x = 0
and L, in X with the edge (02,0). Here L(0,0) is the exceptional fiber of the
blowing up of the origin. In general, if the edge is a point, the condition (5.3)
in [29] is satisfied and then it follows from [29, Theorem 5.2 and 5.3] that any
solution at the edge is in the spanning subspace of local solutions with series
expansion. Then the connection problem is reduced to that of the boundary
values of the solution in the sense of [37] and the study of induced equation on the
boundary in the sense of [29]. A schematic diagram for the connection problem

between (02,0) and (0, ) is the following: we write Sol(/\/lzjﬁﬁﬂ,y,)h:o for the
@By

o @~ Dear a generic point
B,

(0,y) € C? on the divisor {z = 0}. Let MZ;%ZW’b:O be the restriction of the

space of (single-valued) holomorphic solutions to M
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system M a’ﬁ ,87 /|z=0 in the sense of D-modules. Then, the unique solvability

of the boundary value problem can be summarized as the commutativity of the
following diagram:

By y: 0~ 00
Sol(M 57, ) e=0 Sol(M*P o ) |z=0
z~0 z~0
B y: 0~ 00 By
Sol(MZ"37 /la=0) Sol(Mg75" i la=0)-

Here, the vertical arrow is the boundary value map onto the divisor {z = 0}
and the horizontal arrow is the analytic continuation along the path (3.5). Note
that the boundary value map is an isomorphism. Connection formula for other
exponents can be derived in the same manner by multiplying suitable power
of x to the unknown function as far as no integral difference appears among
exponents.

($0,$1,$27.'I}3,(E4) = (l’,y, 150700)

Lo = T3 Zo = T2 To = T4
960 = T
GT’ q’. p/( . p/ o 1 1) 6
7):GPLT 0, 1, .\ﬁp ar v
QR RO ) W jo>“<om> [ )
5): 7" z L
®): qu(e v) € }9\4%2:1'3/,
.aprha 1l Lz
. (007, 00): Gpmq, (e5,€%)
0,1 1
0.1 e () T1 = T2
B (o Koy =14 a1y
(3): 5 2 (w,eg) TEPE(5,el)
p,r.q’ 2 y«”,".‘
(9): G0 (egey) : (0 P‘,\{'T,‘fql,?)T,(a:, )
-\ (0,02 1,0 0
(0,0%) (1,0 (00,0) €1 = T3
(1) F507 () OX j (el y) e |G T (L ey)

The space of local solutions at (02,0) (resp. (0,0)) is spanned by the solu-
tions (1), (3) and (9) (resp. (7), (5) and (3)) given in §3.2. Since the solutions
(3) are globally defined along x = 0, the connection problem is reduced to the
problem expressing a solution in (1) or (9) by a linear combination of the solu-
tions in (5) and (7). These solutions are classified by the characteristic exponent
o along the regular singularity x = 0.

An ideally analytic solution along x = 0 with the characteristic exponent «;
has the form )

z%ig(z,y).
Here ¢(z,y) is holomorphic in a neighborhood of {0} x (—o0, 0) and its boundary
value with respect to the characteristic exponent o} is ¢(0,y). Those solutions
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are given as follows under the notation in §2.1. Here we note that g+r = ¢’ + 1/
and —e means — or + according to € = 1 or —1, respectively.

(1) D F (S’ ﬂﬁ’ ,7’;0‘236;;4’3 7;xay> around (070)
(_y)Q;F ( ata; B+B; yt+ai+p; )

—
=T ’—aﬁ 5’70‘5/7wy
0 o A+ i '
ROy (ST B—y) (Sis<p125<d),
2
9) : G(; 77%, QLY —€ ,—;e%,ey) at (0%,0)
_(_zN\a (N ata; vty Btai—v . =z )
( y) ( y) G( /_a(i 'Yl_"/l,c ,3—(1£+’Y;/97€y’€y

¥20 o - Y+ B—eit
( y) Fq +7r 7,_7/”6,1;0[;_%;#

q+T(,3‘Y/‘|;O¢/77k_a“ 7y> (1§1§p/71§kg7”,),

(5) : F(jl% ;ai,%;—e,—l;egr) along y = oo
)”

_ T Yk ata; ¥+ B+ xz 1
=3 ‘(- ) F( —a*rnﬁ‘a—"/,'c’ey y)
0 o / .
I:: % q+r (Bﬁ,era/ 77k+aza 531!) (ISZSplv 1 SkST)7
. B’ . . 1
(7): G (;‘, 5 ;Y, ,ai,ﬁj,—&—,—e,x,e;) at (0,00)
_ ok 14\B; ata; B'+B; vta;—B; . 1
= ( y) JG(a/_a/ ,8_61] /_a;+ﬂ]j ,x,ﬁy)
z—0

SV F (00— 1) iy 1<),

When we choose one (/)f :uhe the characteristic exponent o, the corresponding
boval
function F( " 7,, wﬁ;, , ;x,y) is Fyir (Laqzztaé;;ﬁ;;—;y). Note that
the boundary value of the function with respect to o, with ¢ # ¢’ equals 0. Thus
g,x_;?, explained
in §2.1 and we have the following theorem from the results in §2.1.

induced equation is M ‘ and the boundary value of the hypergeometric

our connection problem is reduced to that of the system M

Theorem 3.6. One has the following connection formula

T
B v ) "B . . 1
F(aﬁ 7vﬁj7+ )ZZa;kF<S’A,/Y% aa;a’ykafeaf]-a€§7§>
k=1

q
i "y . cp el
+Zb;€G (s/ % ,;y/ 10‘;76@7+a_67x765> )
/=1
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[IT(+8;—-8)) ﬁlf(l + 8, —v +ai) TTT(v — ) ﬁ[lf(ﬂu — o — k)

ai’k _ v#i v#£k
J I q )
A= —a;=B8)) ITTA =y —7) ITT(B; +v +aj) TIT(B; + B.)
v#j v=1 v#k v=1
[T +85—=8) ITTA+ 85— + i) [TT(By — Be) [1T (7w + o — Be)
i’Z — v#j v=1 v#£L v=1
J "
E[F(l—ﬁ'y—ﬂe) [ITQA = +af = Be) I;IF(BHBU) [1T(8; + 7w + af)
v#j v=1 v#L v=1
and
r
G (s/ ;,7/ Bﬁ ;a;,’YI/c; ] —;e%,ey) = Zcﬁch (;X/ ’Yy % ;Ck;,’yl; -6 _1;6%7 %)
=1

q
+Zd7i¢]G <S/ % ,;/' ;a;aﬂj;+57€;xaei) )
j=1

’

[ 0(1+ 9% = 2%) [I00 4 % = o = ) TITCw = 70) [1T(6, — 20 - o)

Q

C,]L'Ce _ v#k v=1 v#L
q’ q ’
[MTA =y =) [TTA =y —a; = B)) [IT (v + ) TIT(v, — i + Bo)
v#k v=1 v#L v=1
q T
[T+ =) IITA + 9, —ai = B2) TIT(Be — B;) 1T (v + o — B;)
i _ v#k v=1 v#j v=1
k‘] B q’ ™
l;IkF(l =B =+ ) HlF(l ) I;I_F(v; — o+ By) HIF(%; + )
v v= v#j v=

for (z,y) € U given by (3.6).

Owing to the coordinate transformations in Proposition 3.1, we have solu-
tions of other connection problems.

4. Rank and singular set

4.1. Rank of the system Mg}ﬁ/ﬁw,
In this section, we prove that the rank of the hypergeometric equation

szﬁﬁ’fy , equals R ( b qq/ :/) We prepare some notation used in this section.

Let K be the field of rational functions of the variables z and y over C. We
denote by W (x,y) the ring of differential operators of these variables with coef-
ficients in K. For a polynomial D =3 -, capé?®n® € K[¢,n] and a differential

operator P =73, 6(1;,8;35 € W(x,y), we set
deg D :=max{a+b|cep # 0} and ord P := max{a +b | ¢, # 0}.
For a non-negative integer m, we put

K& nlm :={D € K[¢,n] | deg D < m},
W (z,y)m :={P € W(x,y) | ord P < m}.
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For a differential operator

P= Z am,n(xay)a;nag € W(‘Tay)a

m+n<ord P

the principal symbol of P is defined by

o(P)i=" Y amalz,y)™n".

m+n<ord P

We define the rank Mg;%:’,y/ of the system by

rank MZ;’%Z,Y, =dimg W(z,y)/(W(z,y)PL+W(z,y) P+ W(z,y)P12). (4.1)
It is well-known that the rank (4.1) is equal to the dimension of the space of

holomorphic solutions to the system Mg}ﬁﬁ’jy,y, at a generic point ([16, §6.2,§6.3]).

Theorem 4.1. The identity

a,By paqr
rank./\/la,’ﬁ,ﬁ, =R (p/ q r')

holds for any o € CP, B e Cl, vy C", o/ € C’', B € C? and~' € C" .

Proof. Since the transformation (z,y) — (1, %) changes Mgiﬁﬁ’j’w, into Mg,’ﬁﬁ;’vl,
we may assume L > 0 for the proof. Note that

rank M%7 < dimg K[€,n]/(K[€,n]o(P) + K[, nlo(P2) + K[€,n)o(Pr2))

-
=R (]f' ;’ r’) :
The above equality is given by Lemma 4.4.

On the other hand, in Theorem 3.4 we constructed R(;’, ;, TT/) local so-
lutions at (0%,0). They meromorphically depend on the parameters and are
linearly independent when the parameters are generic. By analytic continua-
tion of suitable linear combinations of solutions with respect to a parameter
[37, Proposition 2.21] assures that the dimension of local solutions at (02,0)

which equals rank Mz/ﬁ 57 -+ is not smaller than R ( 5/ ;/ M ). Hence we have the

theorem. 0
Corollary 4.2. The R (; ;/ :/) local solutions given in Theorem 3.4 span the
space of local solutions to the system Mz,”%’fy,y, if the parameters are gemeric.

Moreover [30, Lemma 6.3] assures that for any fized parameters we have pre-
cisely R (;}, ;/ :/) linearly independent solutions which holomorphically depend
on the parameters in a neighborhood of the fized parameters. They are suitable

linear combinations of the solutions given in Theorem 3.4.
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Suppose L > 0. For a € CP, B € C4, ~ € C”, ' € CE and B € CF we
define the following elements in Clz, y, &, n]:

/

p q s

Dl:H(wf—au)a Dy = H(Zﬂ?—ﬁu)> DSZH(:ES"":UT]_'YV)»
v=1 v=1 v=1
L L

Dy = [[ € - o) — x(z&+yn)*, Ds =[] wn—B,) — y(at +yn)*,
v=1 v=1

D¢ = xD5 — yDy, Q1 = D1D3Dy, Q2 = D2D3Ds5, Q3 = D1D2Ds.
In the case when parameters «,,, 8,,... are 0, we put
D;i = Dila=p=~=ar=p'=0; Qj = Qjla=p=y=a=p=0 (1<i<6, 1<j<3).
Then we note that o(P;) = Q1, 0(P) = Q2 and o(Py2) = Q3.
Lemma 4.3. Suppose there exist C; € K[£,n)] satisfying
C1D1D3Dy + CyDoD3 D5 + C3Dy Do Dg = 0. (4.2)
Then there exist A, B € K[, n] satisfying

Cy = (ADs +yB)Ds,
CQ = —(AD4 + IB)Dl, (43)
Cg = BD3

Here we note that (4.2) is valid if C; are given by (4.3).

Proof. Note that K[, n] is a unique factorization domain and D; and D; are
mutually prime for 1 < i < j < 6. Hence C; € K[, n]D2, Cs € K[, n]D; and
C3 € K[¢,n]|Ds and therefore Cy = B1Ds, Cy = BsDy and C3 = B3zD3 with
Bj € K[¢,n]. Then B1Dy + ByDs + B3 Dg = 0 and therefore

(Bl — yB3)D4 —|— (BQ —|— ng)D5 = 0

Hence By — yBs = ADj5 and By + 2By = —AD, with A € K[, n]. Putting
B = Bs, we have (4.3). O

Lemm?‘ 4.4. Put I_: K[£7 77]@1 + K[gv U]QQ + K[€7 77]@3 and j = K[§7 77]@1 +
K[¢,n)Q2)+ K[, n)Qs. Then dimg K[E,n]/I does not depend on the parameters
a, B, v, o and B and

dimy K[&,m)/1 = dim K[&,n)/T=R(5 5 1) (4.4)

Proof. Let D € I. Then

D =A1Q1+ A2Q2 + A3Qs3 (4.5)
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with suitable A; € K[€,n]. Put N = max;<;j<3zdeg A,;Q);.

Suppose N > deg D. Let C_’j are homogeneous polynomials with A; — C_'j €
Ig[é, n}de&Aj7—1 if N = degAij; Pllt Cj =0if N > degAij. Then C_'1Q1 +
C2Q2 + C3Q3 = 0 and we have A, B € K[¢, ] satisfying

cl = (AD5 +yB)D27
02 = —(AD4 + .’EB)DL
Cs = BDs.

Replacing A; by A; —Cj for 1 < j < 3 with (4.3), we have (4.5) with smaller N.
Thus, we may assume N = ord D. Then D+ K £, n]deg p—1 C I+ K[, 1]deg D—1-
Here I = K[¢,n]Q1 + K[£,1]Q2) + K[, n]Qs. Since

(LOKIEnm) /(T OVK[EN]m—1) = (T VK& 0]m)/(T N K[§,n]m-1)

and dim K[6,n)/T = 3 dim(INK[E, nlm)/ (TN K[, 1), dim K[¢, 7]/T does

m=0
not depend on the parameters.

Note that dim K [¢, 7] /T is dim C[€, 7]/ S0_ | C[&,1]Qil(2.5)=(x0.40) fOT generic
(%0,Y0) € C%. Hence we assume (z,y) is a generic point of C2.

(C2/1§(’:Ut |VD:: gfvﬁ) }G g;/cx | Q1 = Q2 = Q3 = 0} and Vi := {({,n) €
x i — Uj = 0}. en

V =VioUViza U Va3 U Vis U Vog U V3 U Vys.

When a, B3, v, o, 3" and (z,y) are generic, the points in V defined by Q; =

Q2 = @3 = 0 is multiplicity free and the numbers of points of Vio, Vi3, Vas, Vis,

Vau, Vag, Vis are pq, pr', qr', pL, qL, 'L, L?, respectively. Since pg+pr’ +qr'+

pL+qL—|—T’L+L2:R(Z:/;J/:f),wehaveLemma4.4. O
The proof of Theorem 4.1 shows the following.

Corollary 4.5. The symbol ideal of the equation Mg}ﬁﬁ’,w,y, in W(x,y) is gen-
erated by o(Py), o(Py) and o(P12), namely,
{U(P) | P e W(:va)Pl + W<xay)P2 + W(‘/L'7y)P12}
— K[e.njo(Py) + K[E,nlo(Py) + K[€, m]o(Piz).

4.2. Singular set of the system Mg}ﬁ/ﬁ,y,

a,B,y

In this section we examine the singularities of the solutions to M} B

Definition 4.6. We define the singular set of szﬁﬂﬁ, by

Sing(M%%7.) = {(z,y) € C* [ 3(¢,m) € C*\ {(0,0)} such that
O'(Pl)(xvya§7’r]) = U(PZ)(%%&??) = U(P12)(I7y7£a7]) = O}
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We note that any local solution to ngﬁ ﬁ’:y y has an analytic continuation

along any path in C? \ Sing(Mz’B ,37 ;). Tt is more natural to take the closure
of the singular set in a compactification P* x P! of C2. The divisors {z = oo}
and {y = oo} are regarded as a subset of the singular set.

Theorem 4.7. The singular set Sing(/\/lg’ﬁﬂ?’ /) is given by the union of the
following irreducible subvarieties:

(1) L#0. Then, the subvarieties are as follows:

Vi = { (7 iigyr) €C X C |t e (C\{-1})U{oo}}, {= =0},
{y=0}, {r=1} (¢¢ >0), {y=1} (' >0), {zx=ey} (' >0).

(2) L =0. Then, the subvarieties are all linear:
{z=0}, {y=0}, {z =1}, {y=1}, {z =y}

Proof. We may assume L = r — ' > 0 as in the proof of the last theorem. A

point (z,y) € C? is in the singular set Sing(./\/lz}ﬁﬁ’jy,y,) if there exists (&,n) € C?

such that

(&) — x(xg + yn)") (€6 (x€ +yn)” =0,
((ym* y(l‘f + yn L)(yn)q(wf +yn)” =0, (4.6)
(y(@)" — 2(ym*) (@)” (yn)? = 0.
Suppose L > 0. Then, it is clear that {x = 0} U {y = 0} C Sing( Z’I@B:Y'y’)

Let us take an element (z,y,&,n) € C? x C?\ {(0,0)} such that the equations
(& —a(€+mh)erE+n” = (" —yE+n)" )€ +n)"
= (y&" —an")ePn =0
hold. Putting (§,7) = (1,0) in (4.7), we have

(4.7)

1—2z=9y01=y07=0

and therefore we have x =1 if y # 0 and ¢ > 0.

Suppose & = —n # 0 satisfies (4.7). We have r’ > 0 and y¢& — anl = 0,
namely, z — (—1)Ly = 0.

Suppose £n(€ +1n) # 0 and xy # 0 satisfies (4.7). Then (4.7) means

eh—a(e+n)t =" —yE+ )" =yt —an* =0. (4.8)
We may assume (£, 7) = (1,¢) with ¢t € C and then we have the theorem.
Suppose L =0 and p, ¢ and r’ are positive, then (4.7) is reduced to
z(1 —x)§(x€ +yn) =0,
y(1 = y)n(x€ +yn) =0,
zy(x —y)&n = 0.
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Hence, it is clear that

Sing(MZ%7 ) ={z=0}U{z=1}U{y=0}U{y =1} U{z =y}.

O

Remark 4.8. If the parameters take special values, some singularities may van-

ish. For ezample the system satisfied by (1—xz—y) %= > (a)r";# =
m>0,n>0 o

FR’R’OI (8 8 & sx,y) does not have singularities {x = 0} U{y = 0}. This example
follows from the equality (y(x{)l — x(yn)l) =zy(§ —n) in (4.7) and does not
happen when |r —v'| > 1 (¢f. Remark 2.1).

Remark 4.9. Below, we list some properties of the defining polynomial of V7.
i) Let fr(z,y) be the resultant of the polynomials x(1 +t)* — 1 and y(1 +
)L —tL of t for L > 0 and put fo(z,y) =1 and f_p(x,y) = fo(£,1). Then

z’y

VL = {(xvy) € (C2 | fL(xvy) = 0}7
fL(xvy):fL(yvx) (<:t’_>%)7
fo(z,0)=0=2=1,
flgrar) =0 (L#0),

k
1 k 2muy )
fL(ar,x):()@Ef E (V)cos T (m=1,...,L) if L>0.

v=1

Here (z,y) = (ﬁ, ﬁ) and the last line in the above follows from t =

cos QTmW + +/—1sin QTmﬂ.

ii) Direct calculation shows

=1l-z—y 5—625xy(m2+y2—3(zyfx—y)+1),

—zy - g6(z,y),

=12(z* 4+ y*) 4 402%y? + 2706 (2> + y3) + 205262y(x + y) — 131637zy
+ 20526(z + y) + 2766.

(z,y)
fo(z,y) )
fs(z,y) )
falz,y) = (1 —z —y)* = 8ay(2® + y* + 14(z + y) + 17),
f5(2,y) )
fo(z,y) )
(z,9)

ili) We give a different expression of fr(x,y) in Theorem 6.3.
iv) If L >0, fry1(x,y) is a factor of the discriminant of fr(§, %) =0 as

a polynomial of t, which follows from the integral transformation Kﬁ;aiﬁ’(a’m
n §2.5,
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Yy

For example, f1(%,{4) =5 + 45 =1means t? — (x —y+ 1)t +2 =0
and the discriminant equals (z —y + 1) — 4z = (a; +y—1)2 —day = fo(z,y).
The equation fo(%, %) = (£ + 1% —1)* — 42 = 0 means

2(xfy+1)t37(:c2+2:cy+y2+4x72y+1)t2+2x(:c+y+1)tf:172

and the discriminant of this polynomial of t equals 2562313 ((m—i—y -1)3 —|—27xy).

4 4
P g T+2
p+2 q+2 1 fs
f2
3k 41 P q r+3
h h p+3 q+3 T
>0 q>0
2+ 2
i
r>0
p>0 p>0
| 1L
0 1 2 3 4 —1 0 1 23— 4

5. KZ-type equation

Katz ([19]) defines an operation called middle convolution on local systems.
Dettweiler and Reiter ([6]) formulate it as an operation on the Fuchsian systems
(5.5) and then Haraoka ([13]) extends it to an operation on KZ-type equations
(5.2). The integral transformations K*~*% and K. w2 correspond to some
transformations of differential equations generated by middle convolutions, ad-
ditions and coordinate transformations and hence the middle convolutions are
useful to study our hypergeometric functions. In particular, F]f "ZZ’ o (,y) satis-
fying the condition (F1) or (F2) in §2.3 is realized as a component of a solution
to a KZ-type equation. Studying this function from the viewpoint of KZ-type
equation, we obtain several results, which are explained in this section. Some
of the results are announced in [35] in the case satisfying (F1).

5.1. KZ-type equation and middle convolution

Any rigid Fuchsian differential equation on P! with more than 3 singu-
lar points can be extended to a KZ-type equation (Knizhnik-Zamolodchikov)
(cf. [20]) regarding singular points as new variables. This is proved by using
middle convolutions and additions on KZ-type equations (cf. [6, 13]) and we ob-
tain many hypergeometric systems and functions with several variables. When
the number of singular points is 4, we get hypergeometric equations of two vari-
ables. Then, the classical Appell’s F} system corresponds to the spectral type
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21,21,21,21, and Appell’s F, system corresponds to 211, 22,31, 31 (cf. [32, §3]).
This extension is also valid, when the original equation has unramified irregular
singularities (cf. [34]).

The local structure of the ordinary differential equation (5.5) is given by
the Riemann scheme and the equation is called rigid when the Riemann scheme
uniquely determines the equation. For simplicity, we assume that the equation
is non-resonant, namely, the residue matrices A; ; are semisimple and the differ-
ence of eigenvalues of any matrix A; ; is not a non-zero integer. The dimension
of the moduli space describing the global structure with fixed local structure
is given by the rigidity index defined by Katz [19] which can be computed by
the spectral data of the Riemann scheme. The spectral data are described by
a list of multiplicities of eigenvalues of A; ;. Katz [19] proves that if the equa-
tion is rigid, it is constructed from the trivial equation %(w) = 0 by successive
applications of middle convolutions and additions.

In the case of KZ-type equation, the Riemann scheme is not sufficient to
describe the local structure of the equation. It determines the local structure
at a generic point of the singularity defined by x; = x;. The local structure
at a generic point defined by {z; = z;, ) = x¢} with #{3, j, k, £} = 4 is
also important. The point is the intersection of the hyperplanes defined by
z; = z; and x; = ;. In this case, the commutator [A; ;, Ag ] = AijAke —
Ay ¢ A; ; is zero and the simultaneous eigenspace decomposition of these matrices
is important.

Suppose n = 3. Then these two kinds of data are sufficient to describe
the local structure of the equation. Moreover the second author [33] describes
the transformation of these data by the middle convolution as in the case of
ordinary differential equation due to [6]. Thus we get the Riemann scheme of
the differential equation of the hypergeometric equation with (F1) or (F2) and
the equation is rigid because these local data uniquely determine the equation.
The spectral type of a KZ-type equation corresponding to that of the ordinary
differential equation will be the data consisting of the multiplicities of eigenval-
ues of A;; together with the multiplicities of eigenvalues of Ay, restricted to
the eigenspaces of A;; with #{i, j, k, £} = 4. We note that there are 15 pairs
of these matrices. We denote the eigenvalues of a square matrices A and the
simultaneous eigenvalues of commuting matrices A and A’ by

[A} = {[Al}ml’ P‘Q]mw .- '}a
!/ ! / (5'1)

[A: A = {[M: Mmas P2 0 AS)mgy - - -3
The second line means that the dimension of the simultaneous eigenspace with
the eigenvalues \; of A and A] of A’ equals my. We will simply denote [A1 : Aj]1
by [A1 : Af].

From the data [Ai,j,Ak_@] (0 <i<j<4i<k<{l<A4 jFEk j# é),
we obtain the Riemann scheme of the equation, which is the data [A; ;] (0 <
i < j < 4) and the Riemann schemes and the spectral type of the ordinary
differential equations on a singular line defined by x; = x; which is satisfied by
the boundary value of the solution with respect to an eigenvalue of A;;.
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A KZ-type equation M is

ou Ai’y -
M . axl = E mu (Z = 0,...,7’1/)7 (52)
0<v<n
v#£i

Aij=A;,€ M(N,C) (i,j€{0,1,...,n+1})

with
Ay =Ap=4,=0, Ajnq:=— Z Aiy,
v=0
Az = > Ay {inyie} ©{0, . n 4+ 13).
1<v<v’<k

Here, A;; is called the residue matrix along the hypersurface defined by z; = x;
and w is a column N-vector of unknown functions. We always assume the
compatibility condition

[Ar,A;]=0 ifINnJ=0orICJwithl, JC{0,...,n+1}. (5.3)
Moreover, we assume M is homogeneous (cf. [33]), namely,
Ar=0 (#I=n+1). (5.4)

The symmetric group 5,43 acts on the space of KZ-type equations (5.2) as the
permutation group of the indices of the matrices A; ;.
Any rigid Fuchsian ordinary differential equation

du - Ai
%:Zx—x»“ (5.5)
i—1 1

can be extended to a KZ-type equation (5.2) by putting x = z¢ and A; = Ag,,
which is proved by [13, 33]. Using the fractional linear transformation of P!
which maps to z,,—1, x,, and x,,41 to 0, 1 and oo, respectively, only n—1 variables
Zg,...,Tn_o remain. These variables are treated as independent variables on
the level of KZ-type equation (5.2).

In this section, we consider the case n = 3. Then, by the relation

Apr + Aga + Ags + A1z + A1z + Azz =0, (5.6)

a tuple (Ao1, Aoz, Aos, A12, A13) determines M.
We use a normalization (zg,x1, T2, 23, 24) = (2,y,1,0,00) so that the equa-
tion M is
ou  Ap " Aoz Aoz

.)ox zx—vy x—1 x
M9 au Aoy Ay Ars (5.7)
+ ——u+ —u.

—_— U
oy y-—=z y—1 Yy

|
4
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Remark 5.1. The involutive coordinate transformations

(w0, ¥1, T2, T3, T4) > (T2, 21, T0, T4, T3) - (2,y) ¢ (%, 7)
(170,,%17332,1'3,174) AN (x0,$2,$1,$47$3) - (1‘7y) AN (%7y)
corresponding to elements of S5 give the coordinates resolving the singularities

of (5.7) at the origin (cf. Equation (3.1)). The transformation in the above
first line gives the following correspondences in (x,y)-space.

{lz] <e |yl <Clal} & {lz] <€ [yl >C71}
r=y=0 < =0

Yy=x
0 A A A
' Y %lezyu+m021u+%’
:1 . _
Y M < 0 by Aio Ao1 Az
— = U+ U+ —1u
o4t dy y—z y-—1 Yy
y:

The middle convolution mc,, corresponds to an integral transformation

() () = ﬁ /Om Lz — )t
- /0 (1— £y Lu(ta)dt.

The middle convolution mc,, of the KZ-type equation (5.2) is defined through
the convolution mc,, of (5.2), which is the equation satisfied by the vector of
functions

u(z, 1 T u(t,
Iﬁ,gl i_i) T(p+1) fo (1=t {Iiidt
Ino =3¢ o Jo (1 —)#=52dt

for the solution u(z) to (5.2). In view of an equality K/* =z~ # X o Il ;o a?,

we define
Ku+1,/\xU(w,y)
xT :Efy
(KPMu) (2, y) = KrtiAzuey) | (5.8)

x r—

1
Kt u(z,y)

For a solution u to the equation (5.2), we put @ = R’;T_A’Au. Then we have a
system of equations

ot A, .
= J <1< .
oz, P xuu (0<i<3) (5.9)
0<v<3
v#i
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satisfied by @. These matrices fli’j are given by

y Aot —7— X Aoz Aoz + A y 0 0 0
Ao = 0 0 0 , Aoz = Aox Aoa—7—X Aos+A],
0 0 0 0 0 0
) T 0 0 . —Ao1 + A —Ao2 —Aoz — A
Aps=| 0 T 0 1, Aoy = —Ao —Ap2+ A —Apzs—A|,
Aor Aoz Aoz —Ao1 —Aop2 —Aops
~ Atz + Aoz — Aoz 0 5 Ais+Aps+AX 0 —Agz— A
A = —Ao Az +Aor 0 |, Aiz= 0 A1z 0 ,
0 0 Ao —Ao1 0 Ao1+ A3
: Az + 7 0 0
A = Aot Aoz + Aoz + A3 0 )
Aot 0 Aoz + Aoz + A3
~ Az 0 0
Ass=| 0 Aps+Ass+X —Aos—A |,
0 —Aop2 Aoz + Ass
. Aot + A1z + Aos Aoz 0
A24 = 0 A13 + 7 0 s
0 Aoz Aot + A1z + Aos
~ A2 + Aot + Aoz — 7 — A 0 Aoz + A
Azq = 0 Az + Ao +Ap2 —7—X Ao+ A|.
0 0 A1z
Here we write A;; in place of A;; for simplicity.
We define a subspace £ C C*V by
ker A01 B
L= ker AQQ + ker(A04 + T)
ker(Aps + A
(A3 + 3) 510
ker Agy Agp —7— X Apa Apz + A
= ker A02 + ker A01 A02 —T7=A Aog + A
ker(A03 + )\) A01 A02 A03 — T

It satisfies A; ;£ C £. The matrices A, ; induce linear transformations on the
quotient space C3V /L. We fix a basis of the quotient space and write A; ; for
the matrices corresponding to the induced linear transformations. Then flw- are
square matrices of size 3N — dim £. Thus, we obtain another KZ-type equation

Ive ou Ay

: = u <3 <3). .
oz, xi—x,,u (1<i<3) (5.11)
0<r<3
v#i
If A\ and 7 are generic so that
ker(Agz + A) = 0 and ker(Aoy + 7) = 0, (5.12)
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we have

ker AOl 0
L= £1 + £2, £1 = 0 s £2 = ker A02 . (513)
0 0

Remark 5.2. i) Since the KZ-type equation M have holomorphic parameters,
we define middle convolution in a neighborhood of fized parameters by defining
the above kernels for the generic points in a neighborhood of the fized parameters.
Then the resulting system obtained by the middle convolution has also holomor-
phic parameters in the neighborhood. Then we may examine the reducibility of
the resulting equation, which is related with the difference of the kernels for the
fized parameter.

ii) Sinceker (Aps+A) = 0 in the above, we may assume that the residue class
of the last component of 4 is the last component of @ and therefore if ¢(x,y) is
the last component of a solution to (5.2), then IN(;T_A”\;S is the last component
of a solution to M.

We write Ad((:co - £E3))\) for the transformation defined by the replacement
Aoz > Aoz + A, Aoa — Aos — A, Azg = Aga — A

and A;; — A;; for the other A;;. Note that Ad((xo — {173))\) maps a KZ-
type system to a KZ-type system, namely, the compatibility condition (5.3) is
preserved. We have

K72 = Ad((zg — 23)7) ome_r_x 0 Ad((z¢ — 23)*). (5.14)

Here Ad((zg — z3)*) is the transformation of the system (5.2) corresponding
to the transformation u ~ (z¢ — x3) u and the transformation I?;T_AJ‘ keeps
homogeneity (5.4).

The following theorem is a direct consequence of [33, Theorem 7.1].

Theorem 5.3. Retain the above notation. ~
Consider the transformation mc,, in place of K72\ Assume p is generic.
For {i,j,k} = {1,2,3} we have (cf. (5.1))

(Ao : Aij] = [Aog s Aij]U[—p: Aij]U [~ : Apal,

Aos: Ai |z, = (=4 AgallKer A, (v=1,j),
’ R 0: A j]Ker Ao (v=EF),
[AO,k : Ai,‘d = [AO,k§ Az‘,4] U [O : Ai,4] U [0 : Aj,k — 'u]’

- ~ [_'u : Aj’k - M}Ker Ao, (1/ = i),
[Aok : Aialle, = 10+ Aja]lker 4, (v =7),
[:u : Ai,4]|Ker Ao,k (V = k),

[Aoa: Aij] = [Aoa: Aij]U[0: A j]U[0: A,

(Ao : Aillc, = 02 AgallKer Ao, (v=1,j),
7 R 0 A; j]lKer Ao (v=k),
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[ANkA : Ai,j}} = [Ai’j : Ai’j] U [Ak’4 + Ai,j] U [Ak;,4 : Ak,4 + M],

_ {[Ak,4 + s Ag allKer Ao, (v=1,7),

Apa: A,
[ ka4 ]” [Alj : Ai,j Ker Ak (V = k)

P

If a function u(x,y) is a component of a solution to a certain KZ-type equa-
tion, we simply say that u(x,y) is realized as a solution to a KZ-type equation.
Then Theorem 2.6 and the following remark assure that the hypergeometric
function F;%" ,(z,y) with the condition (F1) or (F2) is realized as a solution
to a KZ-type equation.

Remark 5.4. i) Suppose u(x,y) is realized as a solution to a KZ-type equation
at the origin. Then Ki%u, K!"*u and K[u have the same property. Hence
FP27(x,y) is a solution to a KZ-type equation.

D,q,T
i) Suppose u(x,1 —y) is a component of a solution to a KZ-type equation

at the origin. Then K1**u and K!"*u have the same property.

5.2. Example: Generalization of Appell’s Fy

In this section we examine the hypergeometric function
Fp)q,r(sg;y,,x y) Fggf(s ﬁBv”x y) with o), = g, =0.  (5.15)

Then this hypergeometric function is realized as a solution to the KZ-type
equation (5.7) or (5.2) whose construction is given in the last section.

Theorem 5.5. The simultaneous eigenvalues with their multiplicities of the
pair of commuting residue matrices at the 15 normally crossing points (cf. [33,

§6]) are give by

[Ao1 : Aga] = {[0: i + 5], [0 Velpsg—1, [0 = B sy},
[Ao1 : Aga] = {[0: o} + B]], [0 Vilprg—1, [0 = B" 241},
[Ao1 + Aza] = {[0: O] r—(pyqiry41. [0: =" = B" =],
[’ = p" =" =" =", [0: =" —4"]p1,
0: =" =441, [0 =" =" = "], 1},
[Agz = Apz] = {[-a" =" : 7], [0: Bi]ptr—1, [0 i + 1]},
[Aoz : Aa] = {[-a” —=~": 3], [0: 5j]p+r b [0 sad 4+l
[Aoz = Aza] = {[0: O] p—(ptgsr)41, [ —7" : =" = 3" —+"],
0:=a” =" —=+"], [0: =p" - V"]p—u
[~ =" =" = "]g1, [0 =" = "], -1},
[Aoz : Ara] = {[aj : =B8" —~"], [a] : Olggr—1, [B; + 5 : O]},
[Ao : Ara] = {[a] : 85, [B5 + vk = Byl [ = o + ]},
[Aos : Aoa] = {[a] : o + Bj], [ag = i), 1B+ 7 = el )
[Aos = Arz] = {[a - =8" = "], [ai : Olgur—1, [B5 4 : 0]},
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[Aos = Ars] = {[ai : B], [ai - i + 5], (B + e = B}

[Aoa : Aoz] = {[a; = o + B, [a = ], (B + 7w = vl

[A12 : Azy] = {[0: O]r—(prqirt1, [=B" =" =" = 3" =~"],
0: =" =" =4"], [=8" ="+ =" = "]p-1,
0:—a” =v"]g—1, [0: =" = "], _1},

[A13 1 Agy] = {[5; g+ 5§]a [53 P lad vk vl b
[Arg : Agg] = {[Bj : i + B, [B5 W), [ + vk = ) (5.16)
Here
R:=pg+qr+rp, 1<i<p, 1<j<q 1<k, (5.17)
p q T
o = Z(ai +a}), 8 Z Bj + Bj), (W’k + V1) (5.18)
i=1 j=1 k=

Proof. When p=¢ =1 and r = 0, the claim is obvious because the rank of the
system equals 1 and characterized by the solution

F110(a 58704 B y) =2 (1—a) "y (1 —y) 7

Assuming the above list, we get the resulting list under the convolution and
addition corresponding to p — p + 1 which is realized by

Koo C Ad(z*°) ome_qy 0 Ad(z%),

) v ) (5.19)
ag, ag € C, ay = ap + o and a constant C.

To avoid confusion of the notation, we assume the condition (T) and introduce
parameters ag and ag which will be a;, 41 and a;, ¢, respectively. Hence o =
P (o + o}) etc. Then Theorem 5.3 and (5.19) show

[Aoy : Ags] = [Ao1 — aff = Agg] U [0 : Aas] U0, Ayg + a),
[Ao1 — ag : Azs] = {[~ag, i + B, [~aG : Velprq-1, [-a” = 8" —ag : m]}.
[0 Ags] = {[0: a + 8], [0 : Yelp+als
[0, A1a + o] = {[0: a0 + Bilptr, [0 @) + 7k + agl}

and
[Ao1 : Ass]|z, = [A01 - 016/ 0 Ags]lker Ao,
= {[~ap : ai + Bjl, [=a0 : Wlprqg—1}s
[Ao1 = Aoz, = [071414 + 0] |ker Ags
={[0: ao + Bjlptr—1, [0 : a0 + o) + ]}

Here we note that dim £y = pg + ¢r + rp —r and dim Lo = pg + gr +rp — q.
Since A;; are matrices induced from A;; on the quotient space C*V /(L1 @& Ls),
we have the required result

[Aor = Ags] = {[0: ai + B3], [0 Velpgs [0 = B" ]}
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by putting a1 = ap and aj, 4 = ag.

This result can be read from the first part of the following table. The part
without an underline means it is contained in £ @ £5. The multiplicity without
an underline means that £, & Lo contains it with a smaller multiplicity, which

is obtained comparing it with the original list.

The other 14 cases are similarly obtained and the result is as follows and
hence we get the required result under the transformation corresponding to
p—p+ 1

[Ao1 ¢ Aga] = {[—ay : i + B], [—ag t Wklpra—1, [ =B —ag : v&], [0: Velpia,

[0: i+ B5], [0: a0 + B5] o [0: o+ vk + ajl},

[Ao1 : Aza] = {[—ag : aj + Bj], [—aq : Vilpra—1, [0 = B —agy : vl [0: Vilptas
[0:af+ 8], [0:ap+Bj] [0 ai+7;+agl},

e
P T
[Ao1 : Aga] = {[—ay : =B8" =" = aglp-1, [~ag : =" = 8" — af],
1 . " 1 1" 1 . 1"
[ag i —a” =" —agle-1, [-ag : —ag]R—(p+rqtr)+1s

1" 1" 1" 1" 1" " 1" " " " " " "
[—a" = B" —ay : —a =B =" —ag], [-a" =B —ay : —a =B —ag]r—1,

[O . _a// _ 6// _ 'Y” _ (16/]2, [0 . —O(” _ ’Y” _ ag]qil’ [O . 0]R7p7 [0 . _5// _ 'Y”]p»

[0: —aglr—(pratr+1, [0 —a” = 8" —allr—1,[0: =" —+" = aflp-1},
. _ 1" 1 1 . ! 1" . I 1 . i . !’
[Ao2 : Azl = {[-a" =" —ag : Bj], [~ag : Bjlp+r—1, [—og s @i + 7], [0 Bilptrs

0:ait+v] [0:aoty] . [0:a0+al+8]}

[Ao2 : Ara] = {[=a” =" —af : B5], [=ag : Bjlp+r—1, [—ag s vk + ], [0: Blpsr,
[0: of 4+ &, [0: o + & o [0:a; + 85 + agl},

[AOQ . A34] _ {[_a// _ ')’// _ OLZ)/, —Oz” _ 5” — 5

"

1" 1" " " "o, " " "
—ogl, [Fa” =" —ap i —a =" —aglg-1,

[_a6/ C—a _ /@// _ ’Y// _ OL[/)/]7 [_a()/ . —B” _ ’Y// _ aé)/]p_l,
1 . 1" 1 . 1" 1 1
[—ag : =g lR—(pta+1)+1> [—ag : =2 = 7 — g,
(0: —0ag]r—(ptqrn+1, [0: =0 = " =" —ag] , [0: —a” = 8" — aglr_1,
0:=8" =" —aglp—1,[0: —a” =7 —aflg—1, [0: 0lr—p, [0: =8" —7"]p}

[Aos : Avz] = {[aj : =8" = 4"], [ai : O)qir—1, [B5 + 7k : 0], [0 : O], lag : =B" —+"] |

P

(a0 : Olr—(pratryt1s [@g s —a” = B =7"]2, [ag : —a”" = Blr_a,
lag : =B8" = 7"lp-1, [ag : —a” —4"]g=1},
[Aos : A1a] = {[o] : Bjls 185 + i : Bils [ af + k], [ag : Bilptrs leg @) + el
 lag 2 By + ai + agl}

’

’ ’
[e AR
log zog ]

[Aos : Aza] = {[ef : af + B85, [of : vils [B5 + v = vils [og 7’;]r+q’ [ = o) + 8],

[o 2 o + B3] sl = @i + i+ agl}

[Aoa + Ara] = {[o : =B" = 7"], i : Ogr—1, [B) + 7k : 0], [0 : 0], foo : =B" = 4"

[ao : 0]R— (piqirm+1s [0 s —a” = B —~"]2, [ag : —a” — Blr_1,
[ao : —g" - ’y//]p717 [0 : _a — 7//]q71}.

[Aoa : Arg] = {[evi : Bj), lovi : s + W], 185 + ve 2 B, [ao : Bj] . [@o : i + 1],

_— F

[ oo +v) 5 [0 s a0 +af + 81}

p+q
[Aoa : Azs] = {[evi : @i + 5], [evi = vels (8] + ve = vxl, [0 : Vel o [0 o + Bl

[0 : Bj + a0lptr, [0+ o + vk + o]}

34



[Ar2: Aga] = {[-B" —v: =" = B" =" —ag], [-8" —7: =8" — 7" — a0 — aglp-1,
[0:—a” — " —+" —ag], [0: —a” —~"
[0:—a" = 8" — aglr—1, [0: 0r—p, [=B" —v: =B" —1"]p,
[0: —ao = aglr—(ptqtr+1, [F =B —v:=a” = 5" =" — ],

[704// _ ,B . 70(” _ ﬂ” _ Oé‘/jl]r—ly [7ﬂ” — 7&” _ B” _ 'Y” _ Oé‘;/] o
P

—agla-1, [0: —ao — Q{J]R*(p+q+'r')+la

[_a// — 5 _a// _ ’Y” _ Olg]q—l}

[A1s = Aza] = {[0: of + B51, [85 + v = el 185 = of + Bj)s [os + v = vl 165 = wis

(8] b+ 8] s+ s i b+ )

[oo + 7k vkl o (o + @0 + 85 ¢ ad + B3l

"
[A1a 0 Aos] = {[B5 + i + B3], [Bs = vul las +vi = vel, [ag + Vi : ’Yk]y+q7 [ai + By + gt o + B,

[8j : @0 +5j]p+T7 [of + vk : af + a0 + vk}

By the symmetry of the numbers {p, ¢, 7} of the points {z, z1, 22}, we have the
list given in Theorem 5.5 by the induction with respect to (p, ¢, r) starting from

(p,g,r) = (1,1,0). O

Note that the Riemann scheme is easily obtained from the list in Theo-
rem 5.5. Moreover the list above already contains the spectral type of the
boundary equation. For example, the boundary equation for the diagonal line
ro = x1 with respect to the characteristic exponent 0 is

du  Api13|Kera Ap12|Kera AoylKera Asylkera
b | erAol u+ ‘ erAol U= — | erAoi u— | erAol U (520)
dz T z—1 x z—1
The residue matrix at infinity is
—Api3|Keragr — Ao12|Kerdg = —A23|Kerao, = Ao14|KerAo, (5.21)

in view of the relation (5.6). The first three lines tell us the spectral type of the
boundary equation. It is

P+q-1D)"1" (R-=p—q—r+1)(p-1(g- 11, (p+q—1)"1"

with the rigidity index —2 (p*q — p? + pg® — 3pg + 2p — ¢* + 2q — 2), which is
strictly smaller than 2 if and only if p, ¢ > 1. Thus, the equation (5.20) may not
be rigid. However, the accessory parameters are suitably specialized so that it
is globally analyzable in the following sense: a basis of local solutions near the
origin of (5.20) can be identified with a subspace of the space of local solutions
at (0,0%) which is invariant by the monodromy along a loop 7y going around
the divisor {z = y} once with the base point b near (0,0%). The monodromy
of (5.20) around z = 1 can be computed from the monodromy of the system
Mz},ﬁﬁ’zv, along a loop I' going around the divisors {x = 0},{y = 1}, {z = y}
all at once with the base point b. Under the notation of §6.7, I' = g1 * Y92 * Y12
where * is the product in the fundamental group. The discussion of §6.7 shows
that we can compute the monodromy along T'.
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y=1 a
T

y:O //
b

On the other hand, the boundary equation with respect to the characteristic
exponent —a’’ — 3" is given as above after the application of the homogenized
addition Ad(( %)“”*ﬁ”) which keeps the condition (5.4) and the equation
has the rigid spectral type 17,17, (r — 1)1.

Remark 5.6. The calculation of the list for given integers p, q and r is sup-
ported by the Library [36] of the computer algebra system Risa/Asir ([27]). If
(p,q,7) = (4,3,2), it can be done as follows.

[0] K432=o0s_md.mc2grs(0, ["K",[4,3,2]1]1);

[1] os_md.mc2grs(K432,"show" |dviout=-1");

[2] os_md.mc2grs(K432,"show0" |dviout=-1");

[3] os_md.mc2grs(K432,"get" |dviout=-1");

[4] os_md.mc2grs(K432,"spct" |dviout=-1,div=5);
[6] os_md.mc2grs(K432,"rest" |dviout=-1);

[6] os_md.mc2grs(K432,"rest0" |dviout=-1);

Here we get the list X432 in [0]. By [11, [2], [3], [4], [5] and [6], we
get the list as in Theorem 5.5, the multiplicities of eigenvalues for 15 normally
crossing points, the Riemann scheme (cf. [33]), the spectral type of 10 residue
matrices (cf. [33]), the Riemann scheme of the boundary values with respect to
10 boundaries and the spectral types of the boundary values with respect to 10
boundaries, respectively, in a TEX format. Here the boundary values are defined
with respect to the characteristic exponents of the reqular singularities along the
boundaries (cf. [18]). The option div=5 indicate that the Riemann scheme is
divided into two parts so that the first part contains 5 columns as is given in
this section. If dviout=-1 is replaced by dviout=1 in the above, the result is
transformed into a PDF file and displayed.

Remark 5.7. The boundary equation of Mz}%z,y, on z = 0 with respect to the
characteristic exponent o equals Mg}) ,;ff;a,, which has the characteristic expo-
nent q +r — B —~" — 1 with the free multiplicity at y = 1 and the connection
coefficients between the local solutions at y = 0 and the local solution with the
characteristic exponent q+r— 3" —~" —1 at y = 1. They equal the connection
coefficients of Mg;%:’ﬁ, between the local solutions at (0%,0) and the local so-
lutions at (0,1) with the characteristic exponents (of,q +r — 3" —~" —1) and
the corresponding connection problem of Mz}’ﬁﬁ’zv, is solved. By the symmetry
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of the system we can solve the similar connection problems for 6 edges in Fig.1

The KZ-type system M defined in (5.7) corresponds to a W (z,y)-module.
The coefficient matrices A; ; are R x R matrices acting on C¥ by left multipli-
cation. For any i = 1,..., R, let v; = (0,...,1,...,0) € C¥ be the i-th unit
column vector and we regard it as an element of C(x,y). Then, we define an
action of partial differential operators on an element of the form a(x,y)v; by

A =2 , Ao Aoz | Aog)

5z (@@ y)v) = o (@, y)vi + alz,y) <x R > v, -
9 _ Oa 4 A1 Aqs Ais . )
gy (@@ y)v) = 7 (@ y)vi +alz,y) (y v ) v;

for any a(x,y) € C(z,y) and ¢ = 1,...,R. We extend (5.22) to an action
of W(z,y) on C(x,y) by linearity. By abuse of notation, we write M for
the W (x,y)-module C(z,y)". On the other hand, we write MZ}%’?’,W for the
W (x,y)-module W(x,y)/(W(z,y)Pr + W(z,y)P2 + W(z,y)Pi2).

Theorem 5.8. Suppose that none of a;+ai,, Bj+Bi, Y+, aitBi+;, i+
"+ vk is integral. Then, MEBY s isomorphic to M as a W(x,y)-module
J o' \B'y

through the correspondence MZ}%:Y_Y, > [1] — vgr € M.

Proof. The assumption ensures that Mz,ﬁ ﬁ}”y,'r’ is irreducible (cf. Theorem 6.9).
We consider a partial derivative Oyen := a% + ba% for generic complex numbers
a,b. Let u(x,y) = (u1(z,y),...,ur(x,y)) be a non-trivial solution vector to the
system M. By the construction of M, the last entry ugr(z,y) is a solution to
Mg;%:f,y, (see Remark 5.2). There exist R? rational functions a;;(z,y) (1 <
i < 7 < R) such that the following equations hold true:

agenul(’r7 y) = all(x7 y)ul(zv y) +-+ alR(‘ra y)uR(I7 y)
' (5.23)

agenuR(xa y) = GR1 (.I‘, y)ul (.23, y) +o 4+ CLRR(Z‘, y)uR(x, y)

Suppose that ari(z,y),...,arr-1)(7,y) are all equal to zero. Then, the re-
striction of ur(z,y) to a line {bx — ay + ¢ = 0} for some generic c¢ is subject to
a first order ODE. This contradicts the irreducibility of M2 3 38 up(T,y) is

a solution to the system MZ%T’

that apr—1)(z,y) # 0. We can express ur—1(x,y) as a linear combination of
UL, U2, ..., UR—2, UR, OgenUr and we obtain a system of equations of the follow-

,. Without loss of generality, we may assume
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ing form

Ogentir (2,Y) = b (z, y)ui(z,y) + -+ byr-2yur—2(7,y)
+bl(R—l) (IZ’, y)agenuR(xa y) + blR(x7 y)uR(Ia y)

Ogentr—2(2,y) = br—2y1(x,y)ur(x,y) + - + br_2)(r—2)URr—2(T, ¥)
+b(r—2)(r—1)(@, Y)Ogenur (2, y) + b(r—2)r(T, Y)ur(Z,Y)
O ur(®,y)  =br-ni(@,y)ur(z,y) + -+ br-1)(r-2) (T, Y)ur—2(z,y)
""_b(Rfl)(Rfl) (.’L‘, y)agenuR<x’ y) + b(Rfl)R($7 y)uR<xa y)
(5.24)
Again by the irreducibility of MZ;%Z"/” we may assume that br_1)(r—2)(z,y) #
0. Repeating this argument, we can conclude that ui(z,y),...,ugr_1(z,y) are
linear combinations of partial derivatives of ug(z,y). It is readily seen that M
is isomorphic to the C(z,y)-span of ui(x,y),...,ur(x,y) in the space of local

meromorphic functions through the correspondence v; — w;(x,y). Now the

correspondence Ma’ﬁ ﬁ7 ;3 [1] = ugr(z,y) € M is well-defined and surjective.

Since dimg(z,y) /\/la,ﬁ,ﬁ, = dimg(y,y) M = R, we are done. O

Remark 5.9. i) We constructed a W(x,y) homomorphism between Ma’ﬁﬁ7 ,
and M, which gives an isomorphism when the parameters are generic. Since

M and MZ’%?’ have the same rank, it follows from [32, Lemma 2.1] that the

condition for the irreducibility of M equals that of ./\/laﬁﬁjy -
ii) Suppose, for example, ./\/la ﬁ,67~y/ is reducible when o; + o, = ¢ with a
suitable ¢ € C. Then it also follows from /82, Lemma 2.1] and Proposition 2.2

that the system is reducible when o; + o) — ¢ € Z.

Owing to Theorem 5.5, we get the Riemann scheme and the spectral type
of the corresponding KZ-type equation M (cf. [35]) as follows.

Ao Ago Ap3 Agy Aqo
[O]pq+(p+q71)r [O]pr+(p+r 1)q [O‘Hq-i-r [ai]q+r [O]qr+(q+r 1)p
[_a// _ ﬁ”]r [_a ,_Y//]q /B] _|_,Y]/€ B; +’>/k; _ﬁ// _ / p
Az A3 Ay Aoy
[5ﬂp+r Dklp+a  [Bilp+r  Dilp+a [0}pq+qr+rp (p+q+r)+1 (5.25)
i+, i+ B it o+ B o =" =4
[ o — B”
[ B// //
[—a” — 7
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Spectral type of the KZ-type equation satisfied by Fj, 4 »(z,y)

To=2T T =Y To =1 z3 =0 Ty = 00
o (R—mr)r (R—q)q (g+r)P1"  (g+r)P1e"
T (R—r)r (R=p)p (p+r)1P"  (p+r)P"
o (R—q)q (R—p)p (p+q)"1P?  (p+q) 177
x3 | (q+7)P1"  (p+r)P" (p+4q)"1P4 S
x4 | (q+7)P17  (p4r)P" (p4¢q)"1%4 S

rank : R:=pg+qr+rp, S:=(R—p—qg—r+1)(p—1)(g—1)(r—1)2
This table shows that, for example, the spectral type of the residue matrix
/—’L /—L

Ap,3 1s (g+7)P19, which represents the partitionof R: ¢ +r,--- ,¢+7r,1,...,1,
namely, Ao 3 has p eigenvalues with multiplicity ¢ + r and gr multiplicity free
eigenvalues. The symmetry S; 40 X So,cc acts on this table. For example, the
spectral type at x1 = x4 is obtained from that at x¢o = x4 by exchanging p and
q. This symmetry corresponds to xg <> x7.

The next table shows the spectral type of the equation when p =q¢=1r =2
together with the index of rigidity for each variable.

p=gq=r=2 (rank: 12)

To T To T3 T4 idx
z0 2 (10)2 4%1* 4214 -8
x1 | (10)2 (10)2  421%  4%1* -8
xo | (10)2  (10)2 4214 4214 -8
xz | 421% 4210 4214 7213 | —124
xg | 421 4214 4214 7218 —124

Focusing on one variable, for example zy, we have an ordinary differential
equation (5.5) of rank R which has n+ 1 = 4 singular points including co in P!.
The rigidity index of the equation equals the sum of squares of multiplicities of
the eigenvalues of the residue matrices minus (n — 1)R2. Tt is

idx,, M= (R—q)* + ¢+ (R—7)? +r* +2(p(g +7)* +qr) — 2R?
=2-2(q—1)(r—1)(g+7r+1).

Then the number 2 — idx,, M coincides with the maximal possible number of
the accessory parameters of the equation which has the same local structure
as the equation (5.5). An ordinary differential equation is rigid if and only if
the rigidity index equals 2. Then the KZ-type equation satisfied by Fj, 4 has a
rigid variable if and only if

(5.26)

p—1)(g-1)(r—-1)=0. (5.27)

If the KZ-type equation has a rigid variable, the condition of the irreducibil-
ity of the monodromy group of its solution space is obtained by [32] and a precise
analysis is possible for the reducibility. In general, the necessary and sufficient
condition for the irreducibility is given by Theorem 6.9.

The transformation given by additions and middle convolutions are invert-
ible. d(m,) gives the maximal number of the change of the rank of the equation
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by one middle convolution with additions for the variable x. Namely, the rank
decreases by d(m,,), which equals the sum of maximal multiplicities of eigenval-
ues of residue matrices minus (n — 1)R (see dpq,(m) in [31, (5.36)]).

dm;) =(R—-r)+(R—q)+(¢g+7r)+(q+r)—2R=q+r. (5.28)

The number d(m,) is always positive if m, is a rigid spectral type. Moreover
these transformations do not change the rigidity index. Hence there is an in-
vertible algorithm due to Katz, Dettweiler-Reiter and Haraoka transforming the
rigid system to the trivial system (cf. [6, 13, 19]). In fact, the change of the
spectral type is described by decreasing the maximal multiplicities of the residue
matrices by d(m,,).

m, : (R—r)r,(R—q)r,(¢g+7)P17 (¢ + r)P1"

In the above, the maximal multiplicities are indicated by underlines and they
decrease by d(m,), which leads to the change (p,q,7) — (p — 1,q,r) since
R = (¢+ r)p+ gr. We can repeat this algorithm until (p,q,r) changes into
(1,p,q). Note that idx,(M) does not depend on p. If p = 1, the equation is
rigid with respect to y variable and we have the above reduction until we get
the trivial equation. Inverting these algorithm, we get the original equation m
from the trivial equation.

Owing to [33, Theorem 7.1], the above procedure can be constructed only
by the data describing the simultaneous eigenvalues with their multiplicities for
commuting pairs of residue matrices of the equation.

5.8. Appell’s Fy
Appell’s F} series is defined by

Fi(a;b,c;dyw,y) = Fiyy (a o ;’wy)
witha=0b B=c, y=a, ¥/ =1—d.

The Riemann scheme and the spectral type of the corresponding KZ-type equa-
tion are

Apy Ap2 Aoz Aos Aqo
(0] [0] / [0]2 / [a]2 [0] /
a—f —a—y—=°" B+ 7 B—v—v (5.20)
Ags Ay Ay Ay Aszy
[0]2 W [Bl2 W2 [Fa=B-=7v=9T2¢,
a+vy a+pB ~ 0 0

Fi:p=q=r=1 (rank:3)

To T1 X2 X3 T4 | idx
To 21 21 21 21 2
r1 | 21 21 21 21 2
T9 | 21 21 21 21 2
r3 | 21 21 21 21 2
rg | 21 21 21 21 2
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It follows from Remark. 2.1 that Fy(y;a, 8;1 —+';2,y) is a solution to

Oz(Ve + 0y — 7 )u = (Vs + )0z + 9y +7)u,
MOQ,,O‘?":/ 190y + 9y =Y )u = Oy + B) (Y + Iy + V),
(¥ + a)0yu = (Yy + B)0zu.

Put (X,Y)=(1—-2,1—y). Then
(Ix + a)Oyu = (Vy + B)0xu
and the first line of the equations ./\;loa”(f ,’77 with this equation says

0= —ax(ﬁx + 9y — Ox — Oy — ’y’)u
Jr('ﬂX — O0x +()é)(19x + 4y — Ox — Oy +’y)u
=Wx+a+vy+v)0xu+ (Ux +a)dyu— Px +a)(Px + Iy +7)u
=0x(Wx +a+B+v+9 —Du— (Ux +a)(x +dy +7)u.

Hence we have
By _ B,y
Twy»a-e1-9 Mooy = Moo apr—ry
and

—o! g’
o,B,y Ad(z~y™ ") ata’ ,B+8 y+ao/ +8 Ty —-z1-v)
—— My, e

o 5y —al—p
’ ’
Mot BB yral+p Ad@T YT By
E—— .
0,0,1-a—a/~f~f'~y~7' of B/ 1—a—f—y—’

Proposition 5.10. One has

I a,By a, By
T0<_>1Ma/,/8/7,y/ - Ma/7ﬁl71_a_ﬁ_,y_,y/

by putting Ty, = Ad(z* y%") o Tiey)—=(1—2,1-y) © Ad(z="y=#").

Remark 5.11 (Symmetry of Fy). i) If u(z.y) is a solution to Mzzﬁﬁ’:yv,, then
(L)“/(%y)ﬁ/u(l —x,1 —y) is a solution to Té‘ii)l/\/lo"ﬁ’”Y

1—x 1 o B
ii) In the above, we may replace v and v’ by operators which commute with
z, Y, O and Oy.

iii) The Riemann scheme of the ordinary differential equation of the variable
. 1,1,1 fa B . .
x satisfied by Fy 1 (0 0 ;’, ,x,y) is
r=y r=1 r=0 z=o00
[0](2) [0](2) 0]y [ed2) ¢
—a—=B+1 —a—-y—9"+1 B+ v

which is rigid. Hence, we can recover Proposition 5.10 by using this.
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As is shown in §5.1, the group S{z y,0,1,00} = S{wo,e1,20,a5,24} = 9{0,1,2,3,4} =
S5 acts on KZ-type equation (5.2) with n = 2 as a group of coordinate trans-
formations, which corresponds to the group of coordinate transformations under

the (z,y) coordinate given in (3.1). The transformations of MZ}%’YV, T2 > (y,2) >

T T
@=L @ (5.)

(1,2), (3,4) and (2,3) in Sqo,1,2,3,4}, respectively. They generate S(o1,2,34}-

In this section, X denotes the space obtained by resolving the singulari-
ties Sing(/\/lg}%%,) c P! x P! at (0,0), (1,1) and (c0,00). In X there are
10 singular lines parametrized by {i,j} (0 < i < j < 4) which corresponds
to ®; = x;. Here {2,4} corresponds to the exceptional fiber at (0,0). There
are 15 normally crossing singular points parametrized by {{i,;}, {k.(}} with
{i,4,k, 0} € {0,1,2,3,4} and #{i,j, k,¢} = 4. In each singular line {7, j} there
are three normally crossing singular points by the intersection of lines {k, ¢}
with {k, ¢} c {0,1,2,3,4} \ {i,j}.

The connection formula from (02,0) to (0,00) given in Theorem 3.6 corre-
sponds to the ordered pair ({0,3},{2,4}},{{0,3},{1,4}}). The group S{o,1,2,3,4}
simply and transitively acts on the set of singular lines with ordered two sin-
gular points in the lines. Hence applying suitable coordinate transformations
corresponding to elements in Sy 1 2 3.4}, we get the connection formula between

and Ty, correspond to the transposition (0, 1),

normally crossing points belonging to any singular line in X.
The subgroup of Sy 1 2,34 which keeps the exceptional line at (0,0) corre-
sponding to x2 = x4 is generated by transpositions (0, 1), (1,3) and (2,4), which

correspond to (z,y) = (y, ), ({=1, ;%7) and (37, ;7). respectively. The sub-

group is isomorphic to Sz x Sy, Applying this subgroup to F (3‘ g A?, ;2,y) and

Fi(a;b, ¢;d; z,y), we obtain the identity between transformed 12 functions as in
the case of Kummer’s formula of Gauss hypergeometric function.

For example, since (2 4) = (3 4)(2 3)(3 4), the corresponding transformation

of the system is given by T{,, ,y_, (1 ;)OT()FéloT(m y)— (1,1 and therefore it follows

: Ty ; Ty

from Theorem 3.1 and Proposition 5.10 that Mz’ﬁ’?ﬁ, and its solution u(z,y)

'y
are transformed into Mg/i,lgf“ T and (1 - 2) (1 - y) PulzE o).

rz—17 y—1
Hence we have

abn. — —a Bp(aBi-—r. T Y
F(oowl,x,y)—(l—x) (1—-y) F(OO e ’x—1’ﬁ)' (5.30)

Using the transformation T(%y)_,(%,%) o TyL, o T(w,y)_>(57%) corresponding to
(13)=1(12)(23)(1 2), we have

af v, _ _ —« al—a—,@—vl'y.y_x )
F(OM,,%y)_u v) F(O . 7,,y_17—y_1). (5.31)

The subgroup of Sg1,2,3,4} fixing the point (0, 00) in X, which corresponds
to {{0,3},{1,4}}, is generated by (0 3), (1 4) and (0 1)(3 4). The subgroup is
isomorphic to Wp,, the reflection group of the root space of type Bs. Hence we
have identities among 8 functions obtained by transforming Ga(a,a’; b, b'; x,y)
by the corresponding coordinate transformations (the formula is in [26, §1.3]).
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5.4. Example: Generalization of Appell’s Fy and Fj3

In this section we study the hypergeometric functions under the condition
(F2) or (F3). We put

a By, _ p—lg-11(a B v,
Ip,q(a/g/ 7337?4) ~—F§q70q (a/ﬁl ,amy),

a g | ._ 177q,0 a B |
Jp,q (a/ a8 ,Y,"E,y> = ngl’q,1’1 (a/ B8 ,Y,il',y> .

: 11y B,
Note that the transformation (z,y) — (5, ;) induces M"37_, — M

A KZ-type equation satisfied by I, 4 (a(’l,o ﬂ?,O g jx, 1 — y) is constructed by
transformations of KZ-type equations according to the integral transformation
of (y — )77~ in a neighborhood of (0,1). Then the residue matrices A; ; of

the KZ-type equation have the following property.

o' By
a,By

Theorem 5.12 (F2). The simultaneous eigenvalues with their multiplicities of
the pair of commuting residue matrices at the 15 normally crossing points are
give by

e
&
=

a; =B =y =B =, [0: =B" =], [0: af]g-1},
;+’7:7]7 [5] :’7]7 [5j:ai+5j]}'

[Aor = Azg] = {[~a” = B" =7 : 9], [0 9]ptg-1, [0 s + B},

[Ap1 = Aga] = {[-a" = 3" —~v: =" A, [0: =B" —7]p-1, [0: a}]g-1},
[Aor = Aza] = {[-a" = 8" =~ :=a”" =1], [0: B]p-1, [0: =" —1]41},
[Aoz : Arg] = {[0: ai = B =1, [0: O]pg—p—g+2, [Bj = =7 : 0]},

[Ao2 + Aua] = {[0: o} +9], [0: Bjlp—1, [Bj — " —: 8]},

[Aoz : Aza] = {[0: =" — 7], [0: Bj]p-1, [B; — " —7: =" — 1]},

[Aos : A1a] = {[a] : Bj]},

[Aos + Ara] = {[e s & + 1], [og : B},

[Aos = Aza] = {[ef : =B" =], [} s ]g-1},

[Aos : Ara] = {[las : B}, 85+~ : Bj1},

[Aos : Ars] = {[ai - @i — " =], [a; : 01, [B; +~: 0]},

[Aoa = Ags] = {[ai : 7], [B + v : 7], [evi = i + B}

[Arz = Asa) = {[8} : —a” =], (8} : Bilp—1}

[ J=A{

[ J=A{

N
=
&

The proof is omitted since it is an induction on (p, ¢) which is similar to the
proof of Theorem 5.5. We only remark that in one step of the induction we
increase p by one by applying Theorem 5.3 to our setting with dim £; = pg—1
and dim L9 = pg — g + 1.

The following Riemann scheme and spectral type of the corresponding KZ-
type equation are obtained from Theorem 5.12.
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Spectral type of I, ; (rank: pq)

ro=x x1=1—y To =1 z3=0 Ty = 00 idx
o (pg — 1)1 Sa @ P 2
z1 | (pg—1)1 Pl Sy prhrp 2
T2 SQ pq S (q - 1)pp
T3 qp Sl S (p — 1)qq
xy | gPTM1e "1 (-1 (p—1)%
S=(p+q-D1PDED 5 = (pg—p+ 11771, Sy = (pg— g+ 1)197!
Aot Ap2 Agz Aos A
[0]pg—1 [0]pg—q-+1 [zl [l [6§]p
—a" =B~y Bj—ad —y ﬁ;—l—v
Az Ass Ay Aoy Aszyq
[0]pg—p+1 pt+a—1  [Bilp [az]g—1 [ﬂ;]p—l

o —pf" =y ai+t B ity [-B"= [-a" =1
Fy :p=q=2(rank: 4)

To T To T3 T4 | idx
To 31 31 22 211 2
T 31 22 31 211 2
To 31 22 31 211 2
T3 22 31 31 211 2
xy | 211 211 211 211 -8
I;3:p=4, ¢=3(rank: 12)
o= 1 =1—y xo =1 z3=0 x4 =00 idx
To an1 (1012 3 3313 2
T (1)1 43 913 4213 2
To (10)12 43 616 424 —64
T3 34 913 616 34 —90
24 3313 4214 424 34 —154

We note that the the transformation (x,y) — (y,x) of the coordinate of
Ipg (2‘, g, V;ac,y) corresponds to the element (0 1)(2 3) € Sp 1,234 because of

the correspondence (g, z1, z2, x3,24) = (x,1 —y, 1,0, 00).
The ordinary differential equation for the variable x( is rigid and its rigid
spectral type with direct decompositions are

(pg— D1, ((p—1)g+1)1971, g%, ¢" 7119
=(plg—1) -DL((p-1(g-1)+ D177 (g = 1), (g — )P 1ot
@ p0, (p—1)1,17,17711
=10,10,1,01 6 (pg — 2)1, ((p— )17}, (¢ — 1)g"~ ', " 217!
=¢(10,10,1,10) & ((p — g — V1, ((p — 2)g + )17 1, g7~ 1, ¢" 219

The direct decomposition is a certain decomposition of spectral type into two
parts (cf. [31, §10.1]) which corresponds to A(m) introduced in Preface of [31].
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From the decomposition we get the connection formula and the reducible con-
dition decomposing into the corresponding subsystems etc. These are explained
in [31] and [32]. In particular, the algorithm to get the direct decomposition and
the condition for the irreducibility of the corresponding rigid KZ-type equation
are explained in [32].

For example, the second part of the first decomposition in the above is
p0, (p — 1)1,17,17~11 and it corresponds to the following ¢(¢ — 1) subschemes
of the original Riemann scheme:

o — X1 Trog = T2 To =23 To— 4
[0], [0]p—1 ol 1% (1<v<qg 1<V <qg-1).
@ Bu_a”_'y ﬂl/'—’_’y

Then, in the subscheme, if the sum of all the exponents counting with their
multiplicities is an integer, the system is reducible. Namely, the condition

PO+(p—1)-04+ (B, —a" =)+ > ai+ Y i+ P+
:6y+ﬂll/ EZ

means the reducibility of the system. We get the same condition from the first
part of the first decomposition. Then the necessary and sufficient condition for
the reducibility is obtained from the direct decompositions. Here we choose a
part without multiplicity such as 10,10, 1,10 in the above ¢(10, 10, 1,10). Thus
we have the condition for the irreducibility:

which coincides with Theorem 6.9.
Since the spectral type of the system for the variable x is

m, : (pg — 1)1, (pg — g+ 1)197", g%, g1,

one step of Katz-Haraoka’s reduction algorithm by an addition and a middle
convolution reduces the rank by

dim,) = (pg—1)+(pg—q+1)+q+q—2pg=q,

which means p — p — 1. When p = 1, the spectral type of the differential
equation for z-variable is

(g—1)1,11971 ¢,01°

which equals the spectral type of the equation satisfied by ,Fy—1(z)
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2Hp,q < 2Pp g quk

—1,q—1,1
Iyq= F;,q,oq (z, y)
,2,0
Ip,g = Fg—ql,qq 1(%, %)
v=bg = arele
Pp,q p,q—1,0 y

1,0,
Ppq= F;,l,qflq(_%v %)

0,q,
Qq,p =G ,Zpr 1(% 5)

4Ip.q k

5.5. Appell’s Fy and F3
Appell’s F5 is given by

o/ 0p 00T Y
a=b f=b,v=a,d =1—-¢, f=1-¢

1,1,1 .
FQ(a;bab/;c7cl;x7y):FQ,Z,O ( ?( Coa )7

and it satisfies M( ,ﬂ(;’ (5,0),0 . The solution F121210 (a;’O 5;3’0 3 s, 3 5, 7) to this

system at (0o, 00) corresponds to Appell’s F3. Note that
a, B,y a,
Tiow(-3.Mad o = M (5-32)
Lemma 5.13. T M(X 0, (71772) Maawa("/lf‘ﬂ)
(z,y)—=(—z,1-y) 7,0),0,y/ (a’,0),0,1—vy1 —y2—7""

Proof. Note that M?a(? évlo’if/) is

0.0 — /)0 10y — /) = (0 @)+ 0y 10) (0 0y + )
ay(ﬂo; + 1y — Y )u = (Vz + dy + Y1) (F + Jy + Y2)Us
(Vg + @)Oyu = 05(9, — o' )u.
Putting (z,y) = (—X,1—-Y), we have (¥x + a)dyu = 0x(Ix — ’')u and
(Wx +a)(Wx + 0y +71)Wx + 9y + )u+ dx(Ix — ') (WIx + 9y — v )u
= (Wx +a)((Ix + 0y + 72+ 1)y + (Ix + Iy + )0y )u
=20x +20y + 1+ +1Ddx(Wx — ' )u
= 0x(Wx — ') (20x + 20y + 71 + 72 — D,
(Ox + Uy + 1) (Wx + 9y +72)u+dy(Wx +9y =7 )u
= (Wx + % +71)0vu+ 0y (Ix + 9y +72)u
= Oy (20x + 20y + 71 + 72 — D,
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which implies the lemma. O

Remark 5.14. The above lemma is valid in the case o, o/ € CP~1 for p > 2.
Moreover v, y1 and v2 can be operators which commute with x, 0y, y and 0y.

Proposition 5.15. One has a relation

F. aBy  _ Aq0.8
Ty:%ﬁlMa’ﬁ'ywiM 'y, 1=B—p1 =4’

where

T;%_ﬂ = Ad(y") 0 Tiay)—s(—a,1—y) © Ad(y ") o Ty

zy)=(—%,5
Proof. The proposition follows from the following sequence of transformations.

T 1 o =
B = (=5y) M08 Ad(z”1y™T) MOFar0.8 fatty
a’,B8',0 a’y,B a'—al,0,8—af—y

Tw,y) =+ (—2,1-9) a+al,B,B +ai+
— Mo 010l -5-8- 8

Ad(z1y7)
—_

O

Remark 5.16. i) Note that Tsza_)l acts only on the system M2, satisfied

o' .3y
by FP- 1,1,1 a B v
p,2,0 o B 'y'x Y

i) Tia,y)—(~a,1- y>°T<z,y>a(—%,%> Tla)+(20-1)- Hence y™Tu(§,1 - )

18 a solution to ./\/l (5,000 if u(x,y) is a solution to Ma ?é’fo—‘?’g 5y In
particular, putting u(m,y) = F (?12 ( ¥ gl %"“g’y )i x,y), we have a solution
to M(a, 0),(87,0),0 @round (0,1).

Olsson [28] gives the solution to M(a, 0,(8,0),0 around (0,1) :

FP(aa b7 b/’ & C,; €z, y) = Z 22)1_27810/_’0_ Sniiyz((ﬁ))zis:iﬁ mm(]' - y)n (533)

Owing to the above remark, we have the identity

/ /. . ,,—apl,0,2 b1 0 a—c'+10 | 2 1
Fp(a,b,b',c,csz,y) =y "Fyy (1_070 0 c—aty sy l= g ) (5.34)

which is also proved by the following direct calculation

(@man(f)m(Pn _m n _ (@)m(f)m 2 n n
2Tt it ™ Z<f+g ml” Z f+g+mnn'y

_ (a)m(f)m m _ —a—m a‘+m f+m) Y "
_;(fﬂtg)mm!w Z (f+g+m)un! <y—1)

_-yY (?Lm;;ff m! (5 fy)’"(y L)
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Here the second equality in the above follows from Kummer’s formula for Gauss’
hypergeometric series. Applying the integral transformation K1~#~** we have

p,1,1 ((a,a B v (1 _ =7 pp—1,02 a 0 ay . T Y
Foun (a oo1a,3737y)—(1 y) TF, 1 (a,7001_a_ﬁ’1y,y]_ .

(5.35)

Remark 5.17. i) [Symmetry of I, 5] Since

1) 0 Tz ) (~2,1-y) © Ta gy (—2,1) = Tzy)—» (52

Yy

Tz ) (-2

Yy 1—y’y— 1)

o, 1—B—~
and Tz y)s(—2. 1) 0 Tyds © Tay (o2 )y METD) 5000 = Maroy o 000 W€

have

p—1,11( a B ~« _ p—1,1,1( a 1-B—~y, < Y
Fp2,0 (a’,OB’,O@x’y)_(l_) "Fp2,0 (aO B0 007 ’y—1>'

ii) [Symmetry of Iyo] When p = q = 2, T(y)—(y,2) naturally acts on
M?a,ﬁg) (8,0).0 and the function Fy(a;b,b'; c.c’; x,y) has a symmetry of the reflec-
tion group Wp, of type Bs since the coordinate transformations T(z7y)—>(ﬁ )
and Tz ) (y,z) generate Wp,. For example,

T(e.)~w2) © L) = (:25. 527 © L) = (@w) © Tey) = (125557

= Tz —(

T Y )
TTy—T1'Tty—1

and we have (cf. [7, §5.11])

Fy(a;b,b'5e,c52,y) = (1 —y) " “Fa(a; b, — b CC/;lfy’%)

— (1 —2) “Fola:c—b. b b: L
( Z‘) 2(&,6 3 Uy 70,011,71’171,)

=1 -z-y) "Fgec—bec-;cc]; 7 :
(1—z—y) *Fy(a;c c ¢, Tty T oty—1

Resolving the singularities (0, 1), (1,0) and (oo, 00) of M?ﬁ,b’y),(,ef,o),q) in P! x
P!, we have a manifold X, which is isomorphic to the manifold constructed in
§5.2 by the correspondence (z,y) — (x,1 —y). We denote the exceptional lines
in X corresponding to (0,1), (1,0) and (co,o0) by Lo,1), L1,0) and Lsg,00),
respectively.

Under the coordinate (X,Y) = (7,1— 7) the original system has a solution
ngll,O,Q (X,Y) and we apply the result in §3.3. Then we have solutions at the
vertices of the pentagon with the edges L(g,1), Ly=1, La=co, Ly=0 and Ly—o
and solve the connection problem between them. We have already solved the
connection problem between the vertices of the pentagon with the edges Ly—o,
Ly—oo; Lico,0)y Ly=co and Ly—o. Here Ly—g means the line in X and the
pentagon is obtained by shrinking the edge L) of a hexagon to a vertex.
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Hence we can solve the connection problem among 8 points when p > 2 and
q=2.

It p=gq=2, T(4,)—(y,z) can be applied and we can add other three points,
which include (1, 00). The transformation T\, ) =, vy maps y = oo to (0,1)
and (1,00) to L(o,1) N Lzyy=1. Using the isomorphism corresponding to this
transformation, we can analyze the local solutions at Lg,1) N Ly4y=1. Thus, we
have local solutions and connection formula among them at 13 normally crossing

singular points in X. The remaining 2 points are (1,1) and L(oo,00) N Lzyy=1-

z=0 r=1 =00
22 31 11
Yy =00 Gq  Fg 21\ 1:%22A22:4F,
2z, 2P ij“ Fsk 31 4:022 N211:2H, + 2Fp
3
8:e31A211:Gg + 2Fp + Fj
211 . .
NA”P 2:031A31:2F; + (2)
(2), F3+ 31 Fy = F21’21’01
y=1 220
Fs=Fiiy
2H.
: Fp = P2
&%1 Go = G922
—0 22 121
Y iF k Hy = Gy1p
31

Remark 5.18. As a consequence we have a base of local solutions expressed
by our hypergeometric functions at every normally crossing singular point in X
whose multiplicities of simultaneous eigenvalues are free. Moreover the calcula-
tion of the connection coefficients between two such points along a singular line
is given. Note that all such points are connected by singular lines.

Some connection formulas for Fy are obtained in [25].

6. Many variables and GKZ system

In this section, we introduce a multivariate extension M2} %7 of the
1

N e
system M*2 . To analyze this system, the viewpoint of GKZ system will
o’ ,B .y
be useful.

6.1. The system Mgia”'y

ol At
Let n be a positive integer, * = (x1,...,2,) be n complex variables. We
consider non-negative integers pi,...,pn, 7,0}, .., 0, " and parameters a; €

Cri,yeCraj € CPi, and ¥ € C"'. Then, fori=1,...,nand 1 <i < j <mn,
we set
Pyi= (U0, = @) (Way + -+ 4 U, =) = @iV + @) Dy + -+ + Da, ),
Pij = J)l(ﬂxl + ai)(ﬂxj — a’) — l‘j(ﬂxj + aj)(ﬁxi — a;), (61)

J
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where we use the convention as (2.8) and ¥,

u(z), the system ./\/lal’ 27 ’7, is defined by

{H~u(x)0 (i=1,...,n),

= T; 8 . For an unknown function

T (6.2)
Pj-u(x)=0 (1<i<j<n).
For a multi-index m = (my,...,m,) € ZL;and e = (e1,...,€6,) € {—1,+1}",
we set |m| := my 4+ -+ m, and € - m = egmq + -+ + €, my,.  We write
;’,11)1'_'.'7’5{:7’:, (3/117’ 3 ,7, z) for the following multi-variate series:
(@1)m, - (@n)m, ('7)|m| m
D A ENEREY s o ey A
m=(m1,....m ) €LL, 1)m. n)mny Y )im|

. Qi Qnyy
Instead oprl’ p"’r( A

(o2 9 5an7 L3
o el o~y ,ac) we often use a symbol F( 1, e ,;Y,ac) in
the followmg

Proposition 3.1 is generalized as follows

Proposition 6.1. One has the following transformations of the system M2, By

o ,B' v
Qs QY Qg (1)s %o (n)Y
(D) Tlorreoon)@o o n)) M Loy T MaLu),...,aé(n)vy"

’ ’ ’
al 7a7l57 p— a17 7a7’1r7’7
(2) T(11,71n)_>(% ‘__’$ Mcxl, Lol Ly T Qe Oy
’ ’
A1,y ,0p—1,7Y , &
(3) T o Oy, QY s ,
(w1,0em) > (e 2 eZnmt VMG = Mo

Y S 21 T
The proof of Proposition 6.1 is parallel to that of Proposition 3.1 and is omitted
As in §2.3, we always assume the following condition

pitr=p,+r (i=1,...,n) (F)
for the system ./\/lal’ ’27’7 We call the number

L:=r—1

(6.4)
the level of the system Mal’ Z,::, and set
e:= (-1~
Moreover, we assume
(@)1 =(ay)1 =" = (a,)1 =0,

(T)
p1+0i, o, pn +p, >1and r+ 1" > 0 in the following discussion. It is easy
to see that 51 -Prr (S0

QY- O0n Y
A PR /;x) is a solution to the system M) e,
under the condition (T).

As in §2.5, the series (6.3) admits an integral representation as follows
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Proposition 6.2. Assume a;pi =0 foranyi=1,...,n. Then, the following
identity holds.

DP1s--3PnsT (a/h 7a“’7 .’I:)
Phseespl ! N0 70¢n7’)”

1’,_ T
H K- o, Qi H K—)lc—’vé—'m-,'m
=1 k=1

n

1— 'Yr+k Zl 1ap’/i+]€715(a11p/1+k;—17"'5a’n,,p£1+)€71)H(l x)_%”
— 4

-1l
e

=1
ifr <7/,
o N a L= =Yk VR
_ H H Kml i ) ) H Kx k )
i=1lv=1 k=1
r—r'—1 n

r
1= Yok —D fy O (o} ol ) e )
H Lx ™ i=1 ¥, p+ko\ XL prks 5 ®n gtk (1_2 :xz) r Zf?“>7“/.
=1

=1

e

6.2. The singular set
We describe the singular set of the system ./\/lal’ Z,:; As in §4.2, we
define the singular set Slng(/\/lal’ ’2,’“7 ) of the system /\/lalz Z:g by
{z € C" | 3¢ € C" \ {0} such that
o(P)(z,§)=0(=1,...,n) and o(P;;)(z,§) =0 (1 <i<j<n)}
Note that Slng(/\/lo”’ nGn 1 ) is a closed subvariety of C". To state the theorem,

el
we prepare a notatlon Let f(x) be a Laurent polynomial in the variables
Z1,...,Zn. When f(z) contains a negative power in x;, we define my; as the
smallest 1nteger such that x; " f(z) is a polynomial in z;. When f(z) is a
polynomial in z;, we set my; := 0. We define the polynomial part of f by

n

pp.f(x) =[]« f(2).

i=1

Theorem 6.3. The singular set Sing(/\/lg,l""’a,r“z,) is given by the union of the
10 no

Lo

following irreducible subvarieties:

(1) Suppose L # 0. Then, the subvarieties are as follows

;=0 (i=1,...,n), (6.5)
z; =1 i=1,....n, [[p;>0], (6.6)
J#i
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p.p.H H (Zwﬁ})zo <ifr’>0, Hpi>0>, (6.7)

iel w,eUr \iel i¢l
1
po-[] ] <1 - Zwix;> =0 (Hpi > 0) . (6.8)
iel w;ely, iel igl

Here, I C {1,...,n} in (6.7) and (6.8) runs over subsets with cardinality
greater than or equal to two and Uy, is the set of L-th roots of unity. Note
that the symbol p.p. can be omitted when L > 0.

(2) Suppose L = 0. Then, the subvarieties are all linear:

=0, z;,=1, z;=x; (i=1,...,n, i<j). (6.9)

Proof. In view of Proposition 6.1, we may assume L > 0. The singular set
Sing(/\/lz,l"“’z,"’z,) is contained in the vanishing locus of the symbols of the
SERRREAS )

operators (6.1). The equations are given by

(2:&)P (2161 + -+ + )" (&))" — mi(x1& + -+ a060)") =0 (6.10)

fori=1,...,n and
(i)™ (23€5)7 (i)™ — w(2:i)") (6.11)

for 1 <i < j <n. A point x € C" lies on the singular locus if there exists a
vector § = (&1,...,&,) € C™\ {0} such that (z,¢) satisfies (6.10) and (6.11).
Since z; = 0 satisfies (6.10) and (6.11) with & = 1 and &; = 0 for any j # 1,
we assume 7 --- T, # 0 below. Let (x,€) satisfy (6.10) and (6.11). We may
assume that there is an index set ) C I C {1,...,n} so that & # 0 if and only if
i € I. Such a condition is consistent if and only if p; > 0 for any j ¢ I because
otherwise (6.11) implies that & = 0 for any ¢ € I. To simplify the notation,
we assume that 1 € I. Since the conditions (6.10) and (6.11) are homogeneous
with respect to &, we may assume &; = 1.

(1)We consider the case L > 0. The condition (6.11) is equivalent to

€k = (”“)L_l (iel) (6.12)

T

or equivalently
L—-1

& = (“)L (iel) (6.13)

Z;

for a choice of an L-th root. When I = {1}, (6.10) is reduced to z; = 1. Thus,
the variety (6.6) appears.
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Now, we consider the case when |I| > 2. Assume v/ = 0 and Y z,;& = 0.
i€l
Then, it is inconsistent with (6.10). Assume ' > 0 and Y z;& = 0. Then, it
i€l
follows from (6.13) that

L—1

ot Y @ (?) "o (6.14)

i€l i#l

or equivalently
1
> aF =0 (6.15)
iel
Thus, the variety (6.7) appears.

Finally, we assume > z;&; # 0. By (6.10) and (6.12), we obtain
i€l

(21)! = a (Z xE) (i eI). (6.16)

el

By taking L-th root of (6.16) and substituting (6.13), we obtain a relation

Zx% =1 (6.17)

iel

Thus, the variety (6.8) appears.
(2)We consider the case L = 0. The condition (6.11) implies that

T =X (i, j € I) (618)

Assume I = {1}. Then, the condition (6.18) is an empty condition and (6.10)
implies that ;7 = 1. Assume |I| = 2 and set I = {1,5}. Then, the condition
(6.18) is just x1 = x;. Setting &; = —ﬁ—;, we see that the condition (6.10) is
also satisfied. Finally, assume |I| > 2. Then, the condition (6.18) defines a
subvariety of codimension higher or equal to 2, which does not contribute to the

singular locus.
O

Remark 6.4. As in Theorem 4.7, the varieties (6.7) and (6.8) admit rational

parametrizations. Let I C {1,...,n} be a subset such that [] p; > 0 and |I| > 2.
i¢l

The varieties (6.7) and (6.8) are regarded as subvarieties of CL. Let us take an

element ig € I. When v’/ > 0, a rational parametrization of (6.7) is given by

L
C} 5 (t)ien g0y = (6( > ti) ’(tzL)iEI\{io}> ec’. (6.19)

i€l i#io
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On the other hand, a rational parametrization of (6.8) is given by

L
) 1 t;
CY s (t)ier i) = . ((1 + 3 t-) ) =
(1 + 3 ti) V) ientio}

i€l,isti i€l iz
) 0

(6.20)
Note that the parametrization (6.20) takes a symmetric form

[ti:iel]— <<£t)L> (6.21)
el

el

where [t; 11 € I] is a homogeneous coordinate.

6.3. GKZ system

We first recall the definition of GKZ system ([11]). Our description follows
that of [9]. We fix a natural number N and set Mxq := ZY) viewed as a free
abelian monoid. Let M be the associated abelian group Z". Let L be an abelian
subgroup of M such that the quotient M/L has no torsion. We write M for
the dual lattice of M. If {e1,...,en} is a free generator of M, the coordinate
ring of MY := MY ®z C is a polynomial ring C[M>¢] and each element e;
defines a differential operator: for a pair of elements v € M and ¢ € M, we set
(¢, v) :=1p(v). For a differentiable function f on My, we set

d .
(9eF)(2) 1= - f(e"7) - 2) 1. (6.22)
In general, an element v = vazl vie; € Mo defines a differential operator
0¥ = HN 0Y¢. In the same way, we define the Euler operator: for an element

i=1"e;”

z€ MY, e MY, and t € C*, we define t¥ - 2 by
Y- z,0) =t (z0)  (ve M). (6.23)

Then, for a differentiable function f on MY, we set

o)) = 1 2ecr. (6.2

t
Let ¢ : M>o — M/L be the composition of the natural inclusion M>¢ — M and
the quotient map A : M — M/L. The map ¢ induces a ring homomorphism
C[M>¢] — C[M/L] which is denoted by the same symbol ¢. We set 14 := Kerp
and Lt := {¢ € MV | ¢ = 0 on L}. For any complex vector v € Mc, we set
¢:= —Av. The GKZ system M4(c) is defined by

JP-u(2)=0 (P € 1a),
Male): {ﬁwz) Fe =0 (welLb) (629
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We identify the projection A : M — M /L with the image of a set {ej,...,ex}
by A. We set a; := Ae; for each i. Let Cone(A) be the cone spanned by A.
Given a subset I C {1,..., N}, the cone C(I) spanned by {a; | i € I} defines a
face of Cone(A) if there is a dual vector ¢ € (M/L)Y such that

{<¢, a)=0 (i€l (6.26)

(9,a:) <0 (i ¢ 1).

Conversely, any face F' of Cone(A) has a form C(I) for some I C {1,...,N}.
We say ¢ € (M/L)®zC is non-resonant if it does not lie on a set spane(F') +Z"
for any face F' of Cone(A). Here, spanc is the spanning subspace over C. Note
that ¢ € (M/L) ®z C does not lie on a set Cone(I) + Z™ if and only if the
condition

(¢,c) ¢ Z (6.27)

holds for any ¢ € (M/L)Y with (6.26).

We briefly recall the definition of a regular polyhedral subdivision ([10, Chap-
ter 7], [41, Chapter 8]). A collection S of subsets of {1,..., N} is called a poly-
hedral subdivision if {Cone(I) | I € S} is a set of cones in a polyhedral fan
whose support equals Cone(A). For any choice of a vector w € RY we define
a polyhedral subdivision S(w) as follows: a subset I C {1,..., N} belongs to
S(w) if there exists a dual vector ¢ € (M/L)y such that (¢,a;) = w; if i € I and
(¢,a;) <w;if j ¢ I. A polyhedral subdivision S is called a regular polyhedral
subdivision if S = S(w) for some w. Given a regular polyhedral subdivision S,
we write Cs C RV for the cone consisting of vectors w such that S(w) = S.
If any maximal (with respect to inclusion) element I of a regular polyhedral
subdivision 7" is a simplex, we call T' a regular triangulation. A collection of
polyhedral cones {Cs | S is a regular subdivision} is a complete fan in RY,
which we call the secondary fan. By identifying R with My via dot product
with respect to {e1,...,en}, it is readily seen that each cone Cg contains a
linear subspace L := L+ ®z R. Therefore, we often regard secondary fan as a
fan in My /Lg ~ Ly.

6.4. The system Mo, oY, from the view point of GKZ system,
1

i !
s QU Y

Next, we consider GKZ extension of the system Mgia"z, We set

Mso =78, & - ® I ® Lo ® L) & - - & Iy & L.

An element of M>g has p1 +- -+ pn, +7+p) +---+p), +r' entries. As an index
set, we use a set

{aijti=t,n U{te=1,r U{ag} izt U{Y k=1, (6.28)
J=1,...,pi j=1,...,p}
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Namely, any element u € M is specified by its entries

uloy;) (G=1,...,m, j=1,...,p),
uly)  (k=1,....7),
u(eg;) (i=1,...,n, j=1,....p}),
u(y,)  (k=1,....1)

We also set
u(e;) == (u(ozﬂ), e ,u(aim))

and use analogous notation for u(vy),u(al),u(y’). The index set (6.28) is de-
noted by {a, v, a’,v'}. We define a sub-lattice L C M by

(o) ==u(aiy, ) =—u(a},)==—u(al,) (1<i<n),
L=SueM ‘n
u(y)==ulyr)=—uly)==-uly)= T ulen)
(6.29)
Let v be an element of M¢ and write it as v = (g, ..., a0, v, &), ..., &), 7).
Then, the GKZ system with these data M, L,c¢ := —Av corresponds to the
Jeees O Y

system MZia, L as we will see below.

Let us first find a set of generators of the toric ideal I4. For any 1 <i<n
and 1 < j < p;, we consider a vector u of which all the entries are zero but
u(ov;j) = 1. We write z(a;;) for the corresponding element of C[M>¢]. Similarly,

we define elements z(yx), z(a;), 2(7;,) € C[M>o]. For i =1,...,n, we set

gi2):= | [Tt | {T1=60 |~ { T =t | [TT2600 ) 630

For 1 <i < j <n, we set

9ij(2) = H 2() (H Z(O@'k)) —{ IT =) <H Z(%k)) - (6.31)
k=1 k=1 k=1 k=1

Let < be any term order on the polynomial ring C[M>¢] such that the monomials
with underlines in the equations (6.30) and (6.31) are leading terms of g; and
gi; with respect to <. Then, we obtain the following description of the toric
ideal.

Proposition 6.5. The followings are true.
(1) G ={gi}-1 U{giji<i<j<n is a reduced Grobner basis of L.

(2) Suppose p; = p} for anyi=1,....,n and r =1'. Then, G is a universal
Grobner basis of 14.
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Proof. The second claim (2) follows from (1), the fact that A is a Lawrence
lifting by (6.29) and [41, Theorem 7.1]. In the following, we prove (1). In view
of [3, Lemma 1.1], it is enough to prove the following claim: if ui,us € M>g
satisfy conditions z%1, z%2 ¢ in.(G) and Au; = Aug, then, u; = us.

The condition that u ¢ in.(G) implies that for any indices ¢ < j, either
u(a]) or u(a;) has at least one zero-entry. Without loss of generality, we may
assume that there is an index 1 < ig < n+ 1 such that uy(er}), ..., ur(og; )
all have a zero entry and ul(a’iok) > 0 for k = 1,...,p; . It follows that
u1(Q(ip41)); - - -, u1(ee,) all have at least one zero-entry because otherwise 2"
is divisible by some in<(g;,;). Similarly, we may assume that there is an index
io < jo < n+1such that up(a),. .., uz(oy; _,)) all have at least one zero-entry
and ua(a ;) >0 for k= 1,...,p} . It follows that ui(ej,11)), - - -, u1(ay,) all
have at least one zero-entry.

We assume u; # us and derive a contradiction. Let us first consider the case
io < jo. For any j < jo, there is an index k = 1,...,p} such that uz(a’;) = 0.
Since Au; = Aug and u; € Mo, we obtain u1(oz;-1) — ug(ag-l) = ul(oz;-k) —
uQ(a;k) > 0. In the same way, for any 7 > ig, there is an index k = 1, ..., p; such
that ug (o) = 0 and ug(af;) — ua(aly) = ua(aug) — u1 (k) > 0. We conclude
that ui(v;,) —u2(vy) = Yoy (w1 (aly) —ua(al;)) > 0 for any k = 1,...,7’. Since
u1 # ug, there is an index 4 = 1,...,n such that u;(a};) — u2(aj;) > 0, which
implies that 2% is divisible by in(g;). This is a contradiction.

We consider the case ig = jo. We may assume that u; (o ;) — ua(aj,,) > 0.
As in the previous case, we can prove that wuq(of;) — u2(cj;) > 0 for any i =
1,...,n, which implies the same contradiction. O

For any subset I C {a,7,a’,4'}, we write I¢ for its complement. The
primary decomposition of the initial ideal in.(I4) determines a regular trian-
gulation of A (cf. [41, Corollary 8.4]). For the system MZ}"“’&I“::,, we obtain

Loeees Oy,

an explicit description.

Corollary 6.6. The term order < defines a reqular triangulation

{{0/11'17 e »a;n,l}c}ij:l,...,pgu

j=1,...,n
n
| o o (6.32)
{{aluv R a(f—l)iz,pr}/Im 0[([+1)i[+13 ceey O‘nin} } k=1,...,r"
=1 i=1,....,p}
Jj=1,...,n,5#¢L

Proof. The corollary follows from the primary decomposition

inc(@) =[] (2(ahy)zlah ) (] (200), 2(ads,), o 2(ad,))

i_,:l,...,p; i1=1,...,r
j=1,..n i_,:l,...,p;
Jj=2,...,n
n--n () (zla) s z(an—i, ) 2(,)- (6.33)
i]: seesPj
j=1,...,n—1
in=1,...,r’"

o7



O

The second equation of the GKZ system (6.25) can be used to reduce the
number of variables. Namely, it is equivalent to an identity

u(z) =t~ PuY . z) (ke CX, e Lh). (6.34)

The identity (6.34) shows that the value of a solution u to (6.25) on T :=
Spec C[M] C MY is determined by that on a suitable subspace of T. Let us
assume oy = 0 for any i = 1,...,n. For a function u(z) on T, we define a func-
tion uyeq as a function depending only on n-complex variables z(a);), ..., z(al;)
obtained from u by its restriction to

Zlaj;)=1 (i=1,....,n, j=2,...,p}),
) =1 k=1 !
Z(’Yk ( I T )7- (635)
2ay)=1 (i=1,....n, j=1,...,p;),
Z(’WC =1 (kzla 7T)
Then, (6.34) is equivalent to
/ / ! /
— [e %% na' n~y' z al)z(’)’) Z(an)z(’)’)
() = #(0) (7 ) sla) sl g ( SEUET, L OIS,
(6.36)
where we use notation
n o Ppi Pi
2(a)® = H H z(aj), z(a) = H z(a ) (6.37)
i=1j=1 j=1

and so on. Using the identity (6.36), it can be shown that a holomorphic function
u(z) on T is annihilated by g¢;(9), g;;(0) if and only if its restriction to (6.35)
and

Haly) = ()P i=1,...,n (6.38)
is a solution to the system MZ}Z,::, Thus, we obtain the following propo-
1 n?

sition

Proposition 6.7. Let u(xy,...,x,) be a holomorphic function defined on a

e . : At Cny - ,
domain in C™. Then, u is a solution to the system Ma/lz,..:a::'y’ if and only if

S PRPIRETCA e B (MAE 6%
f@)5(7a(0) ) (-1 2 (el
is a solution to the GKZ system Ma(c).
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Proposition 6.8. The rank of the system MZ}“”’&""Y/ 18
1

s O Y
n
pﬁ"'p%*‘?“’zpl"'pk—lpgcﬂ‘“P;L (6.39)
k=1

n
pl...pn+r2p1...pk_lpk_,’_l...pn (I/:O)7
k=1

1

z(p’lmpiﬁ*plmpnr') (L #0).

Proof. By (6.29) and [5, Theorem 8.1.5], A is totally unimodular, i.e., any sim-
plex has a normalized volume one. In view of [41, Proposition 13.5], the toric
ring C[M>¢]/I4 is normal and hence Cohen-Macaulay by [17, Theorem 1]. Thus,
[1, Corollary 5.21] and Corollary 6.6 of this paper proves that the holonomic
rank of the GKZ system M 4(c) is given by (6.39). The Proposition follows from
Proposition 6.7. U

6.5. The structure of the secondary fan and irreducibility

In this section, we provide a combinatorial description of the secondary fan
of the GKZ system M 4(c). We define the following elements of Z":

b( L] ( . (.7 = 17"'vp;)a
b}) = (1)) G=1,....1"), (6.40)
b(ai]‘) = (0,. ,0, —1,0, ,0) (j = 1,.. . ,pi),
b(ij) = (-1, ,—1) (j=1,....7).

The vectors (6.40) define a Gale dual of the lattice configuration A. It deter-
mines the secondary fan. Below, we only consider the case p;p; # 0 for any
1=1,...,n.
Case 1: r’ #0

The secondary fan consists of (n+1)! simplicial cones. We set yo := 0. Then,

for a permutation o of {0,...,n}, we set
Co={y= Wi, ¥n) ER" | Yo0) < Yo) <" < Yo(m) }- (6.41)
Each C, defines an affine space U, near a torus fixed point. We set zg := 1.

Then, the local coordinate ring of U, specified by o is given by

c[Few T Tow |
To(0) To(1)  To(n—1)

(6.42)

The secondary fan is given by {Cy}ses,,,. We introduce a convention [0° : 0 :
-+« : 0™ as the unique torus fixed point contained in U;q. We allow to scale it by
0as [0°:01 ;- 20" =[0"2:0%: - : 0" 1] =[00:0%:...,0""1]. Similarly,
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we denote by p, = [0° () ;... : 07 (] the unique torus fixed point in U,.
Since {C }, is a polyhedral fan, it defines a toric variety X. It turns out that
X is isomorphic to an iterated blowing-up of a product of projective lines: for
a subset I C {1,...,n}, we set Dy := (Nier{z; = 0}) U (Nier{z; = o0}). We
write Blp, for the blowing-up along Dj.

X= ]] Bl ][] Bl (B x---xP").
Ic{1,...,n} Ic{1,...,n}
|T|=2 |I|=n

The proof of the above identity is a direct comparison of local coordinates.

Given a pair of torus fixed points p1,p2 on X, we say p; is adjacent to po if
there is a one-dimensional torus orbit on X. In our set-up, p,, is adjacent to
Do, if 07 Loy is a consecutive transposition. Then, for a pair of cones Cy, and
Cy,,, the intersection C,, N C,, is a common facet if and only if oy is adjacent
to 9.

One can also recognize a polytope embedded in X which is a generalization
of the hexagon appeared in Fig 1 in §3.1. Indeed, by a well-known theorem
on toric moment map [8, §4.2], the Euclidean closure X>¢ of the first quadrant
(0,00)™ in X is homeomorphic to a polytope which is dual to the secondary fan
{Cs}ses,..,- This polytope is called a permutohedron ([10, §7.3.C]), which is
a polytope whose edge graph is isomorphic to the Cayley graph of the permu-
tation group S,+1 with respect to the set of generators given by consecutive
transpositions.

Case 2: 17’ =0

Since the argument is symmetric, we may assume r = 0. Let I C {1,...,n}
be a subset. We write Sy for the set of bijections from I to itself. S; is a
group whose product is given by the composition of maps. For a given subset
I=A{i,...,is} C{1,...,n} and o € Sy, we set

Cro={y=W1 - yn) ER" |4 <0 (€ 1), Yotir) < -+ < Yo(in)}- (6.43)

Each Ct, defines an affine space Ur , near a torus fixed point. Then, the local
coordinate ring of Uy , specified by (I,0) is given by
1 . T (is) Lo(iq)
Cl— (i ¢1), x50y 2.

) MR
T Lo(iy) Lo(ia_1)

(6.44)

The secondary fan is given by {Cro}rc(1,... .n},0es,- The number of maximal
cones is > 1 ’Z‘—,' The first few terms are 2,5, 16, 65, 326, .... Since {Cr o }1.o 1S a
polyhedral fan, it defines a toric variety X. It turns out that X is isomorphic to

an iterated blow-up of a product of projective lines: for a subset I C {1,...,n},
we set Dy := (ﬂie[{xi = 0})
X= ][] Bl ][] Bl (B x---xP').
I1c{1,...n} I1c{1,...n}
|I|=2 [I|=n

Now, let us determine the irreducibility.
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Theorem 6.9. M4(c) is irreducible if and only if none of ayiy + -+ + i, +
e a’mn + Vi, 5, + ozng, Vi, + '71/@ is an integer.

Remark 6.10. Some of these conditions may be empty. For example, if v’ = 0,

the condition is that none of ay; + -+ ap; + Yk, qij, + aj;, is an integer.

Proof. In view of [40], we need to write down the condition (6.27). To do this,
we note that (6.40) is a dual configuration of A ([44, §6.4]). By [12, p88, item
1], for a subset I C {e,vy,a’,~'}, C(I) defines a face of Cone(A) if and only
if I = {a,v,a',7'} or 0 € rel.int.(b(i) | ¢ ¢ I) where rel.int. is the relative
interior. Therefore, an index set I C {a,~,a’,~'} defines a facet of Cone(A) if
and only if it is minimal with respect to inclusion. The complements of such I
are listed as follows:

{aliu BERE) anin7’yll€}7 {O/lilv cee ,Ol;”'n,"/k}, {aij17a;j2}7 {’yk17,yll€2}' (6'45)
Let us identify the dual lattice MV as a set of integral vectors
7ZPr @ .. p ZPr @ZT@ZY’Q @...@Zi’:l @Z’”/

so that the duality pairing (1), v) for ¢ € MV and v € M is given by the dot
product of integral vectors. In this sense, we write 1(d) € Z for the J-th entry
of ¢ for any 6 € {a,v,a’,v'}. In view of the identification (M/L)Y = L*, a
dual vector ¢ € (M/L)V defining a face I is represented by a vector ¢ € MY

such that
P(6)=0 (0¢1),

P(8) <0 (6€l). (6.46)

Y| =0 and {

To the complement of each of (6.45), we solve (6.46) to obtain the condition of
Theorem 6.9 from (6.27). For example, let us derive the condition oy, + -+ +
Qni, + 75, & Z. We take I = {a14,,...,0n;,,7 - The condition (6.46) reads

() = Ylaip,) (i=1,...,n) and $(0) =0 (0 ¢ I).
It follows that the primitive vector ¢ defining the facet {a, vy, &', y'}\ I is given
by
-1 0= d1y vy gy /7
p(@) = 10 =i ni )
0  (otherwise).

The condition (6.27) for the facet {cr, v, &', 4" }\I reads o, +- - -+am,, +7;, ¢ Z.
O

6.6. Local solutions and the connection problem

In this section, we provide a general formula for the analytic continuation of
solutions to the system M 2,"2,. Let (ij) denotes the transposition of i and
EERRELCS 2o

j. We take the base point b from the region {|z,| < |z,_1| < -+ < |z1| < 1}.
We first consider a path

Co: (0,00) Dt (—t,ca(t),...,cn(t)) € (—00,0) x (0,00)" (6.47)
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with small ¢;(¢) so that ¢, () < ¢,—1(t) < -+ < ¢2(t) and the system Mg}z,::/
100Xy
has no singularities along the path. Let p,, be adjacent to p,,. The coordinate

transformations

1 1 1
(3:1,...75%)H(xg(l),...,xg(n)), < ...’),<‘rl7”.’17n 17>

z’ Tn Ty Ty Ty

all induce automorphisms on X. These automorphisms induce an action of
Sny1 X So onto X. For any element g € S,,11 X S2, we write

0g: X =X (6.48)

for the corresponding automorphism. Then, there exists an element g € 5,11 X
Sy so that ¢y (ps,) = pia and @4(ps,) = Peo1)- Then, we write C(o201) for the
path ¢4 o Cy. In view of Proposition 6.1, the connection problem between p,
and p,, is reduced to that between piq and p(o1)-

Therefore, we discuss the connection problem between piq and p(g1) below.
For any ¢ = (e1,...,6n) € {—1,+1}" such that p; + &;r = p; + ¢;1’, we write

ceesDn T ;.00 Y .
Gz,i’ e (ol s ) for a series

> (@1)m, - (@n)m, (V)em m (6.49)

T
(1- all)m1 (1= a’/ﬂ)mn(l -7 )em

m:(m17~~-7mn)EZ§0

Note that (6.3) is a special case of (6.49) with e = (+1,...,41). For simplicity,

[ S RTIRPLe 2 e x) for Gp,l,...,pn,r (alv--wanv'Y.

we write G (a/l,...,a’n,'y’7 PPl T E 04,17~--7°‘/n7’7’/’x)'

A Dbasis of solutions at piq: it consists of the following two kinds of series. The
first p} - - - p, solutions to the system are

o p1spnor [ O1FOL e @ntan, yHladl]

T E (0"10/1; o aly—aly, A ey T T (6.50)
with o = (a};,,...,q;; ) and |af| := of; +--- +a;; . To simplify the
notation below, for any 5 € C™, we set

ai .. an Y, B a1+p1 ... an+pBn Y+IB| .
F (‘3‘,1 wan Y ,(E) =anF ((1/1*61 oo, —Bn ¥ =8| ,1‘) (651)
and
ar..oan Y L\ 8 o1t+p1 ... antBn Yt B |
GE (all ail ~'3 73’:) =x GE (a,lfﬁl a;,*ﬁn ’7,*5‘ﬂ7$) . (652)
For any k=1,...,n, the r'p; - - - pp_1p}, - - - P, solutions are
0"1 a;c_1 Y Okl - Op O .
Gego (o0 Skt o S S BR)ER)) (6.53)
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where we set

k n—k
ek) = (41,..., 40,71, ..., 1), (6.54)
B(k) := (a1iyy-- -, O‘(kfl)ik_u%{kaO‘Ek+1)ik+1’ . ,a:”-n), (6.55)
E(k) = (exflxk7 ol ex,;_llxk, Tk, w;lkarh . ,x,;lxn). (6.56)

A basis of solutions at p(g1):

In view of Proposition 6.1, we obtain a relation

’ ’

v 02,0, 00
’ ’ .

Vi Qg ;00,00

Q.. 0n 7Y

1 r2 z U ’ ’
(xl"”’x”)_><ﬂ’€ﬂ""’ﬁﬁ al,...,al,

Thus, a basis of local solutions at p(g) is a transformations of that at p;q via the

: 1 x x / / :
transformation (x1,...,z,) — i eﬁ) The first rp5 - - - p], solutions
are

F 'yl.az . Qg 0‘/1 ( ’ 1 ) ]- T2 T (6 57)
- ; S (Ve Qe ey s )y —€— . e— | . .
v, ol ..ol oy’ ) 2499 » iy, /) 1‘1’ $17 ’ T

In the same manner, we obtain pyp} - - - p}, solutions

Ge(l) (zi ZZ zz ’:/7 5 (alima/Qizv ceey Oé;n'n); 77(1)) (658)

with
m=(-
= —,exo,...,exy | .
n T 2
The other r" > p1...px—1P}4, ... p;, solutions are given by (6.53) for k =
k=2

2,...,n. These solutions are holomorphic along the path Cj of analytic contin-

uation.
To state the formula, for any e,& = (&1,...,&,) € {-1,4+1}" and 8 € C",
we put

F(oh o an yiBiga) = Gua)™ - Guan) ™ F (S0 20 20 a)),

’ ’ ’ N
Qe Oy Y I al—pB1 ... al,—Bn ¥ —|8|’

(6.59)

GE (all e 7 e 757 J?) — (513)1)61 . (éTLx7L)IB7lGE <011+51 wo o +PBn ytep l‘) )

oy ey aj—B1 ... al,—Bn ¥ —e B’

(6.60)

n
L z : /
51‘2_“1‘" = ajij'



Theorem 6.11. One has the following connection formula along the path Cy.

F (al o (alzl,...,a%in);—s(l);z>

’
af ... oal, '77

Y,y ... o, o

’ !
K Y o2 o Qo ! / . :
= E a v E = T (Y Qs O )i (L6 € — e,
r1

ay oy .o Y

) the " Geqy (al o o Lilang by o ) —8(1);77(1)) ,

/

™
[T T(L+afy, —af,) TIT(L+afy, + )+ 6i, i)

a’ig...in — V¢i1 v=1
i1k o
[TTQ =y =8y, — ) [ITA =7 — 7))
v#iy v=1
l;lkr( ) H Loy — 0iy.iy — i)
I;Ikr(all,il + % + Giy.i) H F(ah1 + o)

’

[I T(1+ay;, —ayy) TTT(L+ady, =7 + 0ip.i)

sz V?fil v=1
Zlé -
I;[ F(]‘ - alu - all) H F(l - ,yu =+ 512 all)
VFi1
s
[[T (a1, — a1r) H LYy + 6iy..in, — Q12)
v#L v=1
s
I1 P(allil +a1,) [1 F(alul + v + 0iy.i)
v#£L v=1
and
¥ az ... ap
Gery (02 7 a7 &b (3 Qbiye sy, )i —e(): (1))
! . O 1 To
72 it <’1/’§,: T (i i (L i

oy ay ..o Y

x 4 n !
) +Zd“k“ ("‘1 S ;(alk,a;iQ,...,a;nn);_eu);nu)),
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Py
[ITA+~, =%) IIT(+7, = 0iy.i, — 01,)

in.in _ VFU v=1
C;w "= o
l;[ D(L =y =) Hlf(l —Ye = 0iy..5, — O
p1
1;[ Ly —e) le(ah/ — e — 0iy..4,)
vE£L v=

P1 ’

1;[;(%’-1 + ) 11—‘(%{1 — ig..ip + Q1)

v=

Py
IT T+, = %) TIP3, = 0 — 0,

iy _ V7L
ilk - p/l
1;[ (1 — o =, + 6iy.i) H1F(1 — o — )
vF#iy e
T
[T (c1y — aax) TIT (v + iy i, — 1k)
v#k v=1
>< T .
I1 F(%{l — Gig.iy + a1) I] F(%/’l +7)
v#k o1

The proof of Theorem 6.11 is same as that of Theorem 3.6. Indeed, local
behavior of solutions are given as follows.

F(ah 7 an (et ol i—=()sa)

! !
T, n—0 Qg a1, Y +6iy. i
~

. Fnin R
Ty In p1+7r 0‘,17')’/—5112,.,in ) alip y L1 )y

Y az ... Oy @
Gy (0 7 ah ah i (s @iy, )i —e(n)i€(D))

T2, Tn—0 O, Ui, Y+big.ins0r | o
~ Ty crTn p1+r 7/_5i2___1n7a/17’}/i17_7331 5
/ ’ 1 x5 T
¥,z ... op aff | ’ / N Lo s on
F (7,0/2 e a17(7k’o‘2i2""7anin)’( 1,6...,€); 331’6951"”76331>

! ’
T2, Tn—0 Qg Qi Y =8ig..in 0] . L 1
~ x2 o n p1tr 'Y+5772»..71n»a1 7,)/]{; +5i2"'i"7_77 ’

T
Ge(l) (Ot]_ on oY ; (alk‘v 0/21'27 ) a%in); _6(1)7 77(1))

! ’
ay oy ..o Y

! !’
Z2,..,xn—0 Qo Qi Y =8iy. iy 0] 1
... "Z'/‘ v M a bR .
~ Zo n p1+T YH+ig..ip 01 1k> ’-'171
6.7. Braid monodromy
In this section, we focus on the case p; = p} for any i = 1,...,n and r =1’

By Theorem 6.3, the singular locus of the system M2} %7 ig the braid

’ /
Qe QY
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arrangement
n
A= {Hxi(xi_l) H (l‘i—.ﬁj)} cCc™.
i=1 1<i<j<n

We show that the connection problem among adjacent points generate the global
monodromy. We identify C™ \ A with the configuration space Mg 43 of n+ 3

points on P*. Any point (x1,...,2,) € C*\ A corresponds to a configuration
1,21,...,2,,0,00] € Mg nt3. We cite the following well-known description of
its fundamental group. Let b = [1,21,...,2,,0,00] € Mg nt+3 be a base point.

Foranyi,j =0,...,n+3 withi < jand (4,j) # (0,n+1), (0,n+2), (n+1,n+2),
we define a loop 7;; on Mg 42 as a move which starts from b, goes only around
x; = x; once and comes back to b. Here, we used a convention xg = 1,241 =
1,2p42 = 0o. The fundamental group P43 := m1(b, Mg nt3) is known as the
pure braid group. The following lemma can be found in [4, Lemma 1.8.2].

Lemma 6.12. v;; generates P,y3.

Let 01,092 € S,+1 be given and assume that oy is adjacent to o2. Given
a pair of indices 0 < i < j < n we take a composition of paths of the form
C(0201) from piq to some p, with 0(0) = j and o(1) = i. The composed path
is denoted by C. Then, the path C~!o ©o((01y) © C is homotopic to v;;. In
the same way, one can construct v;; for any ¢,j = 0,...,n 4+ 2 with ¢ < j and
(i,7) # (0,n+1),(0,n +2), (n + 1,n + 2) using paths of the form C(o201) and
©g(Y01) for some g € S,41 % Sa. By the discussion of §6.6 and transformations
in Proposition 6.1, the analytic continuations along these paths are explicitly
computable. We summarize the discussion of this section as a theorem.

Theorem 6.13. Suppose p; = p; for any i =1,...,n and r = r'. Then, the
monodromy representation of the system Mz,iz,"z, is a representation of the
pure braid group P,y3. By taking a basis of local solutions as in §6.6, one can
compute monodromy matrices in terms of Gamma functions and trigonometric

functions.
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