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80 Introduction. Heckman-Opdam hypergeometric function is defined by the
second order differential operator

noog2
= % + Z ko coth{a, x) - D

j=1 J aext

L(k) :

Here ¥7 is the set of positive roots of a root system X, 9,¢(z) = Lo (zx + ta)|i—o
and the complex numbers k, satisfy k, = kg if |a| = |5].
For a generic A € C™ we have a unique local solution

S\ k;z) = AP 4. (a series expansion at (o, ) — 0 (€ B7T))
of the differential equation

Lkyu = (X A) = (p(k), p(k)) )u

and define Heckman-Opdam hypergeometric function

F(\k;x) = Z c(wN)D (N k; x)
weWw
as a generalization of the zonal spherical function of a Riemannian symmetric space.
Here p = p(k) = >_ e+ ka, W is the Weyl group of ¥ and ¢(])) is a generalization
of Harish-Chandra’s c-function given by

F( (A,d);—ka/z) 2%

W=y = U fpamaeey o=y

Put 6(k)2 = [Toes+ (sinh(a, z))*>. Then the Schrodinger operator

2 e 2 folle T2 O] — 507 o (LK) + (0. k)  508)

is completely integrable and hence L(k) is in a commuting system of differential
operators with n algebraically independent operators.

Then we have the following fundamental result (cf. [1]).

Theorem [Heckman, Opdam|. When k, are generic, the function F'(\, k; x) has
an analytic extension on R™ and defines a unique simultaneous eigenfunction of the
commuting system of differential operators with the eigenvalue parametrized by A
so normalized that the eigenfunction takes the value 1 at the origin.

Heckman-Opdam hypergeometric system of differential equations characterizing
F (X k; ), which will be denoted by (HO), is a multi-variable analogue of a “rigid
local system” among completely integrable quantum systems and we study three
types of specializations of the system and the function F(A, k; x) as follows.
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§1 Confluence. We examine its confluent limits such as Toda finite lattice (cf.
[2] for the limiting procedure and the limits). For example, if ¥ is of type A,_1,
under the correspondence x; — x; + jt with £ — co we remark that

4062(17j+i)t€2(xi7x]‘)

Ce2t
Sinh2((f£¢ + it) — (ZIZJ' +jt)) B 1§;§n (1 — 62(“_371)672(]‘71‘)25)2

1<i<j<n
n—1
2 Xji—Tji41
— g 4Ce (2 + ),
i=1

which holomorphically depends on s = e~*.

Theorem 1. i) For v € R" \ {0} the commuting system (HO) holomorphically
continued to a confluent commuting system (HO)cons by  — = + tv with t — oo
and suitable k., = k. (t). When X is of type BC,, (resp. Fy or Gz ), there exist three
(resp. two) kinds of irreducible confluent limits.

ii) A suitably normalized Heckman-Opdam hypergeometric function has a non-
zero holomorphic limit W (x) with its expansion at an infinite point corresponding
to a Weyl chamber C. The limit has the moderate growth property:

3C > 0, Im > 0 such that |W(z)| < Ce™=.

iii) The dimension of the solutions of the holomorphic family of the commuting
systems including (HO)cont with the moderate growth property is always one.
iv) For example, in the case of Toda finite lattice the limit W (x) satisfies

3C >0, 3m > 0, 3K > 0 such that |[W(z)| < C exp(ma — fAst@:0)),

§2 Restriction. Let ¥ denote the fundamental system of X*. For a subset U’
of ¥ let Hy be the intersection of the walls defined by the elements of ¥’. For
a local solution u of (HO) at a generic point of Hys we examine the differential
equations satisfied by u|g,,. Note that if #¥’' = #W¥ — 1, the differential equations
are ordinary differential equations. For example we have the following.

Theorem 2. When (U, V') is of type (A, An—1) (resp. (BCy, BCy,—1)), the or-
dinary differential equations coincide with those satisfied by hypergeometric family
nt1Fn of order n+ 1 (resp. even family of order 2n). These are rigid local systems
classified by Deligne-Simpson problem (cf. [5]).

This theorem reduces the Gauss summation formula for (HO) given by [4] to the
connection formula of the solutions of the ordinary differential equations.

83 Real forms. For a signature

€e: X — {£1} (el + B) = e(a)e(B) for Va, B, a+ € X)
of the root system ¥ introduced by [3] we put

noog2
L(k)e := % Z ko coth{a, z) - O + Z ko tanh(o, x) - O
J=1 i aex” aex”

e(a)>0 e(a)<0

Note that L(k). is obtained from L(k) by the coordinate transformation =
x + v/—1v, with a suitable v, € R". We denote by (HO). the corresponding com-
muting system of differential equations. Let W, be the Weyl group generated by
the reflections with respect to the roots « satisfying e(a) = 1.

Theorem 3. i) If k, are generic, the dimension of the solutions of (HO). is
#W /W, and the vector F.(\, k;x) of the independent solutions can be

~ ST A R)e(wA, k) (A ),

weWw

(F6 (A k; vx))veWE\W
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Here AS,(\ k) are intertwining matrices of size #W /W, which satisfy
A5 (A R) = AL (0N R)AG (A k) (w, v € W),

If s, is a simple reflection with respect to a € W, A5 (A, k) is a suitable direct
product of the following matrices and scalars

sin wk sin T\ 1
AR = (T Ty ) TRy
smr(A+k)  sinw(A+F) cos 5m(A + k)

ii) We have a functional equation of the spherical functions:
Fo\ ki) = Fu(w), ks ) AS (A, ).
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