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31 Introduction.

I would like to survey and discuss an es-
timate of SMT-type for holomorphic curves
into (complex) projective algebraic varieties
in relation with the following conjecture due
to P.A. Griffiths in 1972:

Griffiths’ Conjecture 1. Every holomorphic
curve f : C — X into a variety X of general
type is algebraically degenerate; i.e., f(C) is
not Zariski dense in X.



Griffiths’ Conjecture 2. For every algebraically

nondegenerate holomorphic curve f: C — X
inNnto a smooth projective algebraic variety X
and an s.n.c. divisor D on X we have

Te(r; [D]) + Ty (r; Kx)
< N(r; f*D) + S¢(r).

This conjecture was modeled after a suc-
cessful generalization of Nevanlinna's theory
to the case of differentiably nondegenerate
holomorphic mappings f : C* — X" (Grif-
fiths, Carlson, King,...).

Introducing a notion of Jacobian sections
to use Griffiths’ “Ricci curvature method”,
W. Stoll obtained a formal SMT for holo-
morphic curves f : C — X that involves the
counting function of the Jacobian section: it
IS not canonical. It is totally non-trivial to
get an estimate for the Jacobian section.

N.B. Conjecture 2 implies Conjecture 1.



§2 Notation and FMT.

Let £ = > 72 vuzu be a divisor on C with
distinct z, € C. Then we set

07 < g {Z,u}
We define the counting functions of E trun-
cated to | £ oo by

n(t; E) = ) min{yy,l},
{lzul<t}

N,(r E) = /J ”l(tt; E)

We define the counting functions of E by

ord,E = {V‘“ ° = A

n(t, E) = noo(t; E),
N(r; EF) = Noo(r; E).

Let X be a compact reduced complex space
and Oy the structure sheaf. Let Z C Ox be
a coherent ideal sheaf. For a holomorphic
curve

f:C—X, f(C)¢ZSuppOx/T



we are going to define several quantities as
follows.

Let {U;} be a finite open covering of X such
that

(i) there are finitely many sections

Ok c I_(Uj,I),k =1,2,...,

generating every fiber 7, over x € U;.

(ii) thereis a partition of unity {c,} associated
with {Uj},

. 1/2
Setting pr(2) = (2 ¢;(@) Ty lor(2)]?) 7, we
take a positive constant C so that

Cpr(x) =1, rc M.

Using the compactness of X, one easily veri-
fies that log p7r (Weil's function in arithmetic)



is well-defined up to a bounded continuous
function on X.

We define the proximity function of f for
Z or for the subspace Y = (Supp Ox/Z,0/T)
(possibly non-reduced) by

me(r;Z) =mg(r;Y)
_ | 1 do

>
s @ T2 5

The function p7o f(z) is smooth over
C\f~1(SuppY). For zg € f~1(SuppY) choose
an open neighborhood U of zg and a positive
integer v such that f*Z7 = ((z — 29)Y). Then

log pro f(z) =vloglz — z9| + ¥(2), z€U

for some C°°-function ¢ (z) defined on U. We
define the counting function N(r; f*Z) and
N;(r; f*Z) by using v in the same way as us-
ing ord.,(E) in the definition of N(r; E) and



N;(r; E). Moreover we define

i -
wr f = wy f = —ddP(z) = —Eﬁﬁw(z)
1
= dd®log (z € U),
pz o f(2)
which is well-defined on C as a smooth (1,1)-

form. The order function of f for Z or Y is
defined by

T dt
T(T;w_'[j) = T(T;WY,f) :/1 7/|z|<th’f‘

If 7 is the ideal sheaf defined by a Cartier ef-
fective divisor D on X, in terms of commonly
used notation we have

m¢(r;Z) = mg(r; D) + O(1),
T(r,wz ) = Ty(r; [D]) + O(1).

Let Z; (1 = 1,2) be coherent ideal sheaves
of O); and let Y, be the subspace defined by
Z;. We write Y1 D Y> if 71 C Io.



Fix a hermitian form wx on X. We define
an order function

Te(r) =T(rwx) = /7@

1t /|z|<tf*wX‘ (1)

Theorem 2 Let f : C — X and I be as
above. Then we have the following:

(i) (FMT)

T(riwz ) = N 1) +me(r; T) —myp(1; ).

(i) If X is projective, T(r;wz ) = O(T¢(r)).

(iii) LetZ; (1 = 1,2) be coherent ideal sheaves
of O,y and let'Y; be the subspace defined by
Z,. If 1 C Io (Y1 D Y>), then

m(r;Zo) = my(r; Z1) + O(1),

or equivalently,

my(r; Y2) = my(r; Y1) + O(1).



(iv) Let ¢ : X1 — Xo be a holomorphic
mappings between compact complex spaces.
Let Y; C X; (i = 1,2) be subschemes such
that ¢(Y1) C Yo. Then

m(r; Y1) < mgor(r; Y2) + O(1).

(v) Let Z;, i = 1,2 be two coherent ideal

sheaves of O);. Suppose that
f(C) ¢ Supp (Op;/Z1 ® I). Then we have

T(r; w91, f) = T(riwg, ;)+T(r;wg, r)+0(1).

§3 Cartan’s and Weyls-Ahlfors’ Theories.

Let f: C — P"*(C) be a holomorphic curve,
and f = (fo:---: fn) be a reduced represen-
tation. Let

Ty(r) =T(r; f*(F.-S.))

be the order function with respect to the
Fubini-Study metric form.



Theorem 3 Assume that f is linearly nonde-
generate. Let H;,1 < j<gq be hyperplanes in
general position. Then

q
(g—n—1)Tp(r) < > Na(r; fFH;) + Sp(r),
j=1

where S;(r) = O(log™ r + log™ T (r))||.

N.B. Since —(n + 1)Ty(r) = Ty(r: Kpn(c)y),
Griffiths’ Conjecture 2 holds in this case.

The reason of “n+41" in Cartan’s Theorem
comes from the order (size) of the Wron-
skian W(fo,- -, fn) (non-trivial invariant jet
differential in Demailly’s terminology) and the
identity (almost Riesz’ decomposition)

[LjeglHjo i
W ()

[jer |Hjo f| L
e +log |[ [Hjo fl,

for VR C Q with |R| = n + 1, where Q =
{1,... ,q}.

l0g

= log



Let frk = (f(k) : . t4%)y be the deriva-
tives of f and consider the derived (associ-
ated) curves into the Grassmannians

FE) o S [FAFD AL A 7O
cGr(k+1,n+1)
CP(k—I—l) Lo,

We have

CMy(r) <T (@w)<CTﬂM 3C > 0.

Theorem 4 (Weyls-Ahlfors-Fujimoto) Let f
be linearly nondegenerate and let Aj, 1 <3<
g, be decomposable hyperplanes in Gr(k +

1,n+ 1) C P(k+1) 1(C) in general position.

Then
+ 1
(q - <Z + 1)) Ty

Z N(k+1)(n—k) (T; FT A, ;)

]_



N.B. (i) W. Stoll generalized Weyls-Ahlfors’
theory to the case of f: C™ — P"*(C) (1953-
54), defining the Wronksian by some polyno-
mial vector field on C™,

(ii) Fujimoto (1982) obtained the above ex-
plicit trunction in the counting function. It
iIs the point of the present talk to enphasize
the importance of intoducing truncations in
counting functions.

Cartan-Nochka's SMT. (1982) Let H;,1 <
j < q, be hyperplanes of P"(C) in general
position. For a holomorphic curve f . C —
P"(C) whose image has an l-dimensional
linear span,

(g—2n+1-1)T(r)

q
< Y Ni(r; f*Hj) + S¢(r).
j=1

N.B. (i) W. Chen obtained a similar SMT
for the derived curves f(k¥) (1990).



(ii) There are other proofs of Cartan’s SMT
due to B. Shiffman (1977) by applying Grif-
fiths' equidimensional SMT, and that of Weyls-
Ahlfors’ SMT due to Cowen-Griffiths (1976)
which put an emphasis on the metric-curvature
method.

84 Hypersurfaces of P"(C).

Eremenko and Sodin dealt with the case of
hypersurfaces D;,1 < j < gq, of P*(C) (1992).

Definition. D;,1 < j < ¢, are said to be
in general position if for an arbitrary R C
{1,...,q}, codim N;cg D; = |R| for |R| < n,
and N;crD; = 0 for |R| > n.

Theorem 5 Let D;,1 < 5 < q, be hypersur-
faces of P"*(C) in general position. Then for
Vfi:C— P"*(C) we have

(4~ 2n>Tf<r>
Z

Ve > 0.

o9 D, N D)+ Tl



The proof is very different to those of Car-
tan's and Weyls-Ahlfors’ SMT, and purely de-
pends on the potential theory and the plane
topology of C.

N.B. It is an interesting open problem if
the counting functions N(r; f*D;) can be re-
placed by truncated ones.

As an analogue to Corvaja-Zannier's gener-
alization of Schmidt’'s Subspace Theorem to
the case of hypersurfaces of P"™ in the Dio-
phantine approximation theory, Min Ru lately
proved the following, which was conjectured
by B. Shiffman (1979).

Theorem 6 (M. Ru, 2004) Let D;,1 < j <gq,
be hypersurfaces of P"(C) in general posi-

tion. Then for an algebraically nondegener-
ate f: C — P"*(C)

(g —n—1)Ty(r)

q 1 §
<> deg DjN("“,f Dj) =+ €T¢(r)]le-

j=1




It is a problem to introduce a truncation in
the counting functions N(r; f*D;).

§5 Siu’s meromorphic connection.

Let X be an n-dimensional smooth projec-
tive algebraic variety with a line bundle L > 0.
Let D; € |L|,1 < j < g, be smooth reduced
divisor given by s; € HO(X, L).

Let I‘Zéﬁ be a meromorphic connection in
the holomorphic tangent bundle T(X).
Let F' be the line bundle defined by the poles
of I'Jzand lett e HO(X, F) be a section such
that tl’gﬁ are holomorphic.

Let f : C — X be a transcendental holo-
morphic curve. Assume that

(i) for any fixed indices a and B, tDadgs;
iIs a linear combination of 8asj,8ﬁsj and
S with smooth coefficients, where 0, is



the (1,0) partial derivative and Dy, is the
(1,0) covariant differentiation with respect

/
to M.

(i) f2AtDfa A A (D)1, €
Ky! ® F{n=1)/2 does not vanish identi-
cally.

Theorem 7 (Y. Siu, 1987) Let the notation
and the assumption be as above. Let k be a
positive integer such that no more than k of
D; has a non-empty intersection (if 3> D; is
s.n.c., then k=1). Then

qTy(r; L) + kT¢(r; Kx)

N.B. It is in general very difficult to deduce
the algebraic degeneracy of f from the failure
of the above assumption (ii).



§6 Compactification of bounded symmet-
ric domain.

Let €2 be a bounded symmetric domain in
C™ equipped with the Bergman metric g nor-
malized as Ricci(g) = —g.

Let ko be a positive number such that every
holomorphic sectional curvature

H(v,v) < —kq.

One has 1/n < ko < 1, and if © is a ball,
ko =2/(n+1).

Let ' C Aut(f2) be a torsion-free arith-
metic discrete subgroup and let X = Q2/I" be
a smooth toroidal compactification. Set

D =X\ (Q/I).

Theorem 8 (A. Nadel, 1989; Y. Aihara-N.,
1991) Let f : C — X be an arbitrary holo-
morphic curve such that f(C) ¢ D. Then

k{T¢(r; [D]) + T¢(r; Kx)}
< Ni(r; D) + S¢(r).



N.B. A similar estimate holds for f : {0 <
|z| < 1} — X, which gives big Picard’s theo-
rem for f: {0 < |z| <1} — Q/T.

37 Deligne’s logarithmic 1-forms.

Let X be an n-dimensional smooth projec-
tive algebraic variety.
Let D be a reduced divisor on X and let
Q}((Iog D) be the sheaf of germs of Deligne’s
logarithmic 1-forms along D.

Let a: X\ D — Ax be the quasi-Albanese
mapping and let Y be the Zariski closure of
Oé(X \ D) in AX

Theorem 9 (N., 1977/81) Assume that
(i) dimY = n,
(ii) Y is of (log) general type.

Then there is a constant > 0 such that
for every algebraically non-degenerate holo-
morphic curve f . C — X

KTp(r) < Ni(r, f*D) + S¢(r).



Set the log irregularity of X \ D by
3(X \ D) = hO(X, Q% (log D));
when D = (), write ¢(X) = ¢(X).

Corollary 10 (Log Bloch-Ochiai's Theorem)
Assume that q(X \ D) >n. Then
Vf:C — X\ D is algebraically degenerate.

Corollary 11 (Bloch-Ochiai's Theorem,
1926/77; ...)

Assume that q(X) >n. Then

Vf . C — X is algebraically degenerate.

A. Bloch (1926) could not prove a lemma
on (elliptic or abelian) logarithmic derivative,
and T. Ochiai (1977) proved it with much
clarification in general case.



Corollary 12 (Borel's Theorem, 1897) Let
H;,1 < j < n+ 2 be hyperplanes of P"(C)
in general position. Then

Vf:C—P*C)\ Z”+2 H; is algebraically
(linearly) degenerate

(Pn(C)\z”+2H ) =mn4+1>n. Thus,
Log Bloch- Ochlal s Theorem unifies Bloch-
Ochiai's and Borel's Theorems.

87 Semi-abelian varieties.

Let A be a semi-abelian variety:; i.e
0— (C*) - A — Ay — 0,

where Ag is an abelian variety. Let

Ji.(A) be the k-jet space over A,

f:C — A be a holomorphic curve;

J.(f) : C — J.(X) be the k-jet lift;

Xi(f) be the Zariski closure of J.(f)(C) in



Theorem 13 (N.-Winkelmann-Yamanoi, 2007)
Assume that f . C — A is algebraically non-
degenerate.

(i) Let Z be an algebraic reduced subvari-
ety of Xi.(f) (k=2 0). Then
31X (f), a compactification of X;.(f) such that

T(riwz g p)) SN1(r Jp(f)*Z) + €T (r)le,
Ve > 0,

where Z is the closure of Z in X.(f).

(ii) Moreover, if codim Xk(f)Z > 2, then

T(r; wZ,Jk(f)) S eTr(r)l|le, Ve > 0.

(iii) When k = 0 and Z is an effective divisor
D on A, the compactification A of A can be
chosen as smooth, equivariant with respect
to the A-action, and independent of f, and
we have

T¢(r; L(D)) SN1(r; f*D) + €Tt (r; L(D))e,
Ve > 0.



The above (iii) gives yet another proof of
LLang’s conjecture:

Corollary 14 (Y.T. Siu-Z.K. Yeung, 1996;
N., 1998; M. McQuillan, 2001) Let
A be a semi-abelian variety;,

D be an effective reduced divisor on A.

Then, Vf: C — A\ D is algebraically
degenerate.

38 Finite cover of semi-abelian variety.

As an application one can improve Log Bloch
Ochiai's Theorem. Let
X be an algebraic normal variety, which is not
necessarily compact;
x(X) denote the log Kodaira dimension of X;
A be a semi-abelian variety.



Theorem 15 (N.-Winkel.-Yam., 2007)
Assume that

(i) 37 : X — A,a finite morphism,;

(ii) k(X) > 0.

ThenVf :C — X is algebraically degenerate.

N.B. The condition “k(X) > 0" prohibits X
to be a semi-abelian variety.

Corollary 16 Let X be an algebraic variety
whose quasi-Albanese map is proper.
Assume that k(X) > 0 and ¢(X) > dimX.
ThenVf :C — X is algebraically degenerate.

89 Yamanoi’'s relative SMT.

In Acta 2004, K. Yamanoi proved a striking
SMT for meromorphic functions with respect
to moving targets, where the counting func-
tions are truncated to level 1; it gives the best
answer to Nevanlinna’s conjecture for moving
targets. We recall his result in a form suitable
to the present purpose.



Let p : X — S be a surjective morphism
between smooth projective algebraic varieties
with relative canonical bundle Ky g.

Theorem 17 (Yamanoi, 2004)

Assume that dim X/S = 1. Let

D C X be a reduced divisor.

f . C — X be algebraically nhondegenerate;
g=pof.C—S.

Then for Ve > 0, dC(e) > 0 such that

Tp(r; [D]) + T5(r; Kx/5)
< Ny (r; £*D) + €T(r) + C()Ty(r)|le.

Here we introduce a new notion of the
small-dimension s-dim(f)
for f : C — X as follows.

Let C(X) be the rational function field of
X. Then, transc-degc C(X) = dim X. Set

S(f) ={¢ € C(X);Supp (¢)co D f(C),
T(r; ffo) < eTf(r)He, Ve > 0}.



Then S(f) is a subfield of C(X), and we set

s-dim(f) = transc-degc S(f).

We have

Proposition 18 Ifs-dim(f) =dim X, then f
is algebraically degenerate.

In the proofs of Corollary 10 (Log Bloch-
Ochiai) and Corollary 14 (Lang's conjecture),
assuming the algebraic nondegeneracy of f,
we actually prove that

s-dim(Ji(£)) = dim J(F)(C)*™

for some high order jet J.(f)(k >> 1), which
gives a contradiction.

As an application of Yamanoi's relative SMT
we have



Theorem 19 For f: C — X, assume that
dimX =2, s-dim(f) = 1.

Then f is algebraically degenerate.

Proof. Suppose that f is algebraically non-
degenerate. The assumption implies that
1S5, a curve, and
dp : X — S, a morphism (after some bira-
tional change)
such that g = po f : C — § is algebraically
nondegenerate and satisfies

Ty(r) < GTf(T)He'

Therefore S is rational or elliptic. In general,
the Kodaira dimensions satisfy

R(X) < k(p~*(#)) 4+ dim S.
Thus, x(p~1(t)) = 1. Hence Ky g is big and
Tf(?“; KX/S) ~ Tf(?“)

Combining this with Yamanoi's relative SMT,
we get a contradiction

Te(r) < elp(r)|le-  (q.e.d)



Here we are not using the full force of Ya-
manoi’'s relative SMT. It is interesting to find
a path (induction?) to reach to Griffiths’
Conjecture 1 by making use of Yamanoi’'s rel-
ative SMT.

310 Some easier conjectures.

We consider Conjecture 1:
Let X be an n-dimensinal projective manifold
with embedding X — PN (C).

Let
m: X — P*(C) be a genraic projection;
D be the ramification divisor on X;
E be the critical value divisor on P*(C).

In the sequel we have this setting in mind.
Note that if = moves, then D and FE are de-
formed.

From the above observations it is plausible
to conjecture



Conjecture 2'. Let
Vf . C — X be algebraically nondegenerate;
D be an s.n.c. divisor on X.

Then

Te(r; [D]) + Ty (r; Kx)
< N1(r; f5D) + €Tp(r) e,
Ve > 0.

But this is more difficult than the original.
So we specialize it:

Conjecture A. Let
f:C — P*(C) be alg. nondegenerate;
FE be a reduced divisor E on P"*(C), allowing
some singularities.

Then we have

{deg E — n — 1}Tf(fr)
< Ni(r; fPE) + €Ty (r)]]e,
Ve > 0.

We consider a milder conjecture for general
X, which is a variant of FMT:



Conjecture B. Let
f : C — X be algebraically nondegenerate;
D be a reduced divisor on X, allowing some
singularities.

Then we have

T¢(r; [D]) <N1(r; f*D) + my(r, D)
+ €Tp(r)lle, Ve>O0.

Conjectural Proof of Conjecture 1.

Assume that f : C — X is algebraically non-
degenerate. Let 7 : X — P*(C) be a pro-
jection with the ramification divisor D on X
and the critical value divisor E on P"*(C), for
which Conjectures A and B hold.

Conjecture A implies that

(deg E —n — 1)Ty(r)
< N1(r; g"E) + €Ty(r)|e.



T hus,
N(r;g"E) — N1(r; g"FE)
< (n4 1)Ty(r) — mg(r; E) + €Ty(r)|]e.
Because of ramifications we get
N1i(r; f*D) < N(r;g"E) — N1(r; g*E)
< (n+ 1)Ty(r) —mg(r; E) + €Ty(r)|le.

Conjecture B implies that

T¢(r; [D]) <N1(r; f*D) + my(r, D)
+ Tt (r)lle

Combining the above two with
m¢(r; D) <mg(r; E), we have

Tf("“; [D]) < (n+4+ 1)Ty(r) — mgy(r; D)
+ eTy(r) +my(r; D)
< (n+ DTy(r) + €ly(r)lle.
Note that Ky = w*KPn(C) + D, so that

Ti(r, Kx) = —(n+ 1)Ty(r) + T¢(r; [D]).



Therefore,

Tr(r: Kx) < eTg(r)]le.

Since Kx is big, Ty(r; Kx) ~ Tg(r), so that
we have a contradiction:

Ty(r) < eTy(r)|le, Ve>0. qg.e.d.?

N.B. Conjectures A and B for a finite cover
X — A over a semi-abelian variety A, being
replaced P"(C) by A, are true.
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