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We will discuss some new results in Nevan-
linna theory of holomorphic curves into alge-
braic varieties. The central problem is the
following conjecture, strengthened from the
original of Griffiths (1972):

Griffiths Conjecture 1 (1972) Let
M = a complex projective manifold,

D = an s.n.c. divisor on M,

f . C — M be an algebraically non-degenerate
holomorphic curve.

Then we have

(1) Te(r; L(D)) + T¢(r; Kpr)
< N1(r; f*D) —+ 6Tf(?°)||€, Ve > 0.

Here N1 (r; f*D) stands for the counting func-
tion truncated to level one.



Griffiths Conjecture 1 implies

Griffiths Conjecture 2 (1972). Let
X = an algebraic variety of log general type.

Then Vf : C — X is algebraically degenerate.

51 Order function.

We need to define the order function of f
in @ more general form than those already
known (e.qg., Stoll, Griffiths, Noguchi-Ochiai).
X = a compact complex reduced space.
Ox = the structure sheaf of X.

Y := a (closed) subspace of X,

not necessarily reduced,

7 C Ox = the defining coherent ideal sheaf
of Y.

We take

X =UU,, open covering,

oy, 1 < j <y, generators of Z over U,,
Vy @ Uy, X = UV,

px € CE°(UN) , paly, = 1.



Set

(2)  dy(z) =dz(z)

" 1/2
=> pa(x) (Z |J)\j(x)|2) :
X\ =1

Other choices yield another di,: 3C > 0 s.t.

(3) llogdy (z) — logdy ()| < C, z € X.
We call

¢y () = ¢p7(xz) = —logdy(z), =xz€X
the Weil function or the proximity potential
of Y.
For f:C — X, f(C) ¢ SuppY, the proximity
function of Y or I is defined by

do
Gy © f(z)g

Cf. J.H. Silberman Math. Ann. (1987); J.
Noguchi, Book (2003); K. Yamanoi Nagoya
J. (2004); N.-W.-Y. preprint (2005).

me(r,Y) =my(r,I) = /

|z[=r



We further define

(4) wyf=wz ;= —dd°¢y(z)
= — 09y (z) = dd°log
2T

1
dy o f(z)’
which is a smooth (1,1)-form on C.
The order function of f for Y or 7 is defined

by
(5) T(r;wy, ) =T(r,wz f)

’f‘dt/
|z|<t Y.

If 7 defines a Cartier divisor D on M,
T(riwz ) =Te(r; L(D)) + O(1)
T dt
/|Z| fre1(L(D)) + O(1).

Take
w .= a hermitian metric form on X.
An order function of f w.r.t. w is defined by

Ty(r) =T(r; ffw) = /r o /Z|<t

In general, T(r;wz 5) = O(T¢(r)).



Suppose that f({) e UyNSuppY.

mults oy o f := the mutiplicity of zero at (.
mult, f*Y := min{mult;oy;o f; 1 < j < 1)}
The counting function with truncation level
k < oo is defined by

Ni(r; fY) = /r@ > min{mult,f*Y, k},
Lt o<
N(r; f*Y) = N(r; f*I) = Noo(r; f*Y).



Theorem 6 (YYamanoi, N.-Winkelmann-Y.)
(i) (First Main Theorem)

T(?“; wz,f) = N(?“; f*I)—I—mf(T;I)—mf(l;I).
(ii) If Yy D Ys (1 C 1»),

m(r; Y2) <my(r; Y1) + O(1).

(iii) ¢ : X1 — Xo be a holomorphic map be-
tween compact complex manifolds.
For Yo C Xo,

m (1 ¢7Y2) = mgor(r; Y2) + O(1).
(iv) LetY,C X, i=1,2.

T(r; wy,uys, f)

=T(r,wy, 5) +T(r;wy, r) + O(1).

(v) Assume that X is algebraic.
f:C— X is rational < Ty(r) = O(logr).



Recall the classical result.

Theorem 7 (Nevanlinna-Cartan) Let

f: C — P*(C) be a linearly non-degenerate
holomoprhic curve,

{Hj};l:l be hyperplanes in general position.
Then

q
(g —n—1)T§(r;0(1)) < > Nyp(r, f*Hj)
j=1

+ O(log ) + O(log T (7))l
where the symbol *||"” stands for the estimate

to hold for r > O outside a Borel subset of
finite total Lebesgue measure.

§2 Min RuU’s result.

In the Diophantine approximation theory, P.
Corvaja and U. Zannier (2004) generalized
Schmidt's Subsapce Theorem to the case of
hypersurfaces in the projective space P", and
then J.-H. Evertse and R.G. Feretti general-
ized it to the case of a submanifold M C P™.



Min Ru (2004—05) found their analogue to
be valid in the theory of holomorphic curves
and proved the follwoing:

Theorem 8 Let

M c PN(C) be an n-dim. submanifold,

D;, 1 <4< gq, be hypersurfaces of degree d; in
general position in M, i.e.,

MNOD;, N---ND; 0

nd1l

forall 1 <u1 <---<ipy1 <gq,
f : C — M be algebraically non-degenerate.
T hen

(g—n—1—-€)T¢(r;0(1))

7 1
<Y N@ DY, Ve > 0.
i=1 %



In the proof the following approximation the-
orem due to H. Cartan is one key:

Theorem 9 Let

Li,j € Q@ = {1,...,q}, be linear forms on
P"(C) in general position,

f:C — P*(C) be linearly non-degenerate.

T hen

1FCONILSI dé
|
/|g|=r KCQTf?\in+1j§< °9 |L;(f(O)| 2m

< (n+ 14 OT(r; 01|

This is showing the limit how close f(¢{) can
approximate the divisor [[;cq Lj = O.

The second key is a very elaborate combina-
torial argument for Veronese embeddings of
degree m as m — oo (e — 0).



63 Dethloff-Lu’s result.
Theorem 10 (Log Bloch-Ochiai (N. '77—'81),
N.-Winkelmann (2002) ) Let
X = a Zariski open subset of a compact
K&hler manifold X .

Assume log.-irreg. q(X) > dimg X.

Then no f : C— X has a Zariski dense image
in X.

Problem. What happens if ¢(X) =dimc X 7

f : C — M (compact hermitian) is said to
be Brody if sup||f/(z)| < oo.

As for Griffiths Conjecture 2, Dethloff and
Lu (2005) deal with Brody curves into alge-
braic surfaces.



Theorem 11 Let

X = a smooth algebraic surface of log gen-
eral type with q(X) = 2,

X := a smooth compactification with s.n.c.
0X.

Then every Brody curve f : C — X C X is
algebraically degenerate.

Proposition 12 Let X be an algebraic
surface with k(X) =1 and q¢(X) = 2.
Assume that the quasi-Albanese map

ay . X — Ax IS proper

(a bit more general condition works, but in
general dcounter-example as below).
ThenVf :C — X is algebraically degenerate.

By Kawamata’'s theorem this is easily
reduced to the case of

dimX' = g(X") = k(X)) =1,

d¢o : X — X', dominant and then
little Picard’'s theorem is applied.



They give an interesting example.

Example 1 Jalgebraic surface X with
k(X)) = 1 and ¢g(X) = 2, which admits an
algebraically non-degenerate f : C — X.

On the other hand, J. Winkelmann gives an-
other interesting example (2005):

Example 2 dcompact projective 3-fold X s.t.
(i) k(X) =0, q(X) =3,
(ii) Kobayashi dyxy =0,
(iii) 4f : C — X with the dense image in the
sense of the differential topology,

(iv) dproper subvareity Z C X s.t. for V Brody
g:C— X, g(C) C Z.



34 Semi-abelian varieties.

A semi-abelian variety A is an algebraic group
carring the representation

0— (C"' - A— Ay — 0,

where Ag is an abelian variety.

et
f:C— A be holomorphic,
Ji.(A) := the k-jet space over A,

J.(f) : C— J.(A) be the k-jet lift,
Zar

Xip(f) == Jp(H)H(C).

The following S.M.T. is due to N.-Winkelmann-
Yamanoi (2004):



Theorem 13 Let
A = a semi-abelian variety,
f . C — A be algebraically nondegenerate.

(i) Let Z := a reduced subvariety of X;(f)
(k> 0).
Then 3 a compactification X (f) of X (f)
S.t.

T(riwz g (p)) <N1(r; Jp(f)72Z) + €Tp(r)]le;
Ve > 0.

(ii) Moreover, if codim x,.(f)Z = 2, then

T(T;WZ,Jk(f)) < €T¢(r)lle, Ve > 0.

(iii) When k= 0 and Z is an effective reduced
divisor D on A, the compactification A of
A can be chosen as smooth, equivariant
with respect to the A-action, and
independent of f,; furthermore, (i) takes



the form

T¢(r; L(D)) <N1(r; f*D) + €T¢(r; L(D))||e,
Ve > 0.

Remark-Example. Note that in the above es-
timate, the error term “eTy(r)" cannot be re-
placed by “O(logr)+O(logTs(r))" (N.-W.-Y.
(2002) Example (5.36)). Set
E=C/(Z+iZ),

D = an irreducible divisor on E x E with cusp
of order N at 0 € E=.

Let f:2€C — (z,22) € EZ.

Then f(C) is Zariski dense in E2, and

T¢(r, L(D)) ~ r*(1 + o(1)).
Note that f~1(0) = Z + iZ and
F*D > N(Z + iZ).

For an arbitrary fixed kg, we take N > kg, and
then have

N(r, f*D)— Ny (r, f*D) = (N —kg)r*(14o0(1)).



The above left-hand side cannot be bounded
by S¢(r,c1(D)) = O(logr).

Remark. (i) In N.-W.-Y. (2002) we proved
the above (iii) with a higher level truncated
counting function N;(r; f*D).

For abelian A, (iii) is due to Yamanoi (2004).

(ii)) Theorem 13 is considered as the ana-
logue of abc-Conjecture over semi-abelian va-

rieties. Cf. Vojta (1999) for a result without
order truncation.



85 Applications.

As applications for Griffiths Conjecture 2 we
have the following due to N.-W.-Y. (2005):

Theorem 14 Assume that

X = a complex algebraic variety;

dr . X — A, a finite morphism onto a semi-

abelian variety A;

k(X) > 0.

ThenVf :C — X is algebraically degenerate.
Moreover, the normalization of the Zariski

closure of f(C) is a semi-abelian variety which

is a finite étale cover of a translate of a proper

semi-abelian subvariety of A.

Corollary 15 Let X be a complex algebraic
variety whose quasi-Albanese map is proper.
Assume that

R(X)>0, §(X)>dmX.

ThenVf :C — X is algebraically degenerate.



Theorem 16 Let

E; c P"(C),1<1<gq, be smooth
hypersurfaces s.t. E =) FE; is s.n.cC.
Assume that

q>n—+1, degFE >n-+ 2.

ThenVf:C— P"(C)\ E is algebraically de-
generate.
Remark. In Theorem 16 the case when

n =2,

E;,v=1,2, are lines,

E3 is a quadric
was a conjecture of M. Green (1974).
The case when

n =2,

E;;1 <3< 3, are 3 quadrics
was due to H. Grauert (1989) and Dethloff-
Schumacher-P.M. Wong (1995). They proved
the hyperbolcity of the complement P2(C)\ E
for E; in generic position.



86 Open problem.

By the results discussed in §§4,5 it is inter-
esting to ask

Conjecture. Let A := a semi-abelian variety,
D = an effective reduced divsior on A s.t.
{a € A;a+ D = D},

A := an equivariant compactification s.t.
D 2 no A-orbit in A,

f: C — A algebraically nondegenerate.

Then

m(r; D) + my(r; 0A) < Ty(r; L(OA))
+ O(logr + log T (r))||.

This implies a weak S.M.T. of Griffiths
Conjecture 1:

T¢(r, L(D)) + Ty (r; K3)
< N(r; f*D) + N(r; f*0A)
-+ 6Tf(?“)||€, Ve > 0.



