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1. F . ZMRITOSETHHRE
o AR ELALNT 2. HDEPMS, TOEE, WHTE 2, FAHCT. SIAELE,
o ETHEmOEMET, M THZHINE, FITH,
HEIETFIE (Coherence Theorems)
(1) 8 1: Ocn (Oka VII, 1948/'50).
(2) #2: F(A), JM*H4 7 7L (Oka VIII, 1951/H. Cartan 1950).
(3) %5 3: O, IEHHL (Oka VIII, 1951).

52 = THISE S DR R FE S DT,

o Hartogs i, 1ERITL, ERI () HEE

o JTLl. Cousin I+l « [EEFEFH,

o MR, LeviIH, n > 2; n=1, NMEE. HH, (R"[[R)
(1) Grauerti% - - - 2\, L. Schwartz @ Fredholm ‘EHD 4 v 7,
(2) L2077k, Hormander e Bl
(3) MDAV P F Ik - - - Fredholm D5 2 FFED RN, - - -DRw,

* “coherence, cohérence”, BHRE—H L7z, “HiZ" L&, =27 YV ADRZL S,
HEFOH
(1) —AAAS (1960): HEEZ 1 DA, L. Schwartz GEBATIE. Bourbaki, Espace vectorial
topologique #5|Ho uw: EF— F — 0, v: E — F compact = (u+ v)(E) Ffo
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(2) Gunning—Rossi (1965): ##%5 1-2 (Chap. IV, HtH), L. Schwartz ZERA, Fff$%, Dunford—
Schwartz 51 Fo
(3) Hormander (1966): HEZXE L (Chap. 6), 5512, 552 & (AR 2EEL ...
R Z RICH X TICP > T2 DO TREMICHEMDH 2 (RERAIT, BTRE
25 RE),
(4) Grauert-Remmert @ 3 FBfF - - - R PHGm, HHZ1-2-3+4, A X A P& (Oka—Cartan):
(a) Analytische Stellenalgabra, GL176 (1971), 240pp.
(b) Theorie der Steinschen Raume, GL236 (1977); Theory of Stein Spaces, GL265
(1984), 249pp.
(c) Coherent Analytic Sheaves, GL265 (1984), 249pp. (Gt. #J750pp.]
Lo L. MR Z e c#id (Levi) MEIRKR>TWHARL !
(5) PHEFAS (1996, 318pp.): I 1 -2 -3 (7 - 8 %), HFME (MDA VP F ik, M
—)o EakERY—HERIIL L,
RS DB IR HEL W,
(6) J.-P. Demailly, Web-book, 455pp.; p. 425, HI(X,.%#) =0, ¢ > 1, Oka—Cartan &
EIE (NG ‘Theorem B'), fthift %4 %2> T %23,
(7) B0
(a) ZERIEMTEIEGH (2013, 357pp.) #1 - & HiPE1 (2F) - 2+3, BakEny—,
Z2R54T (Joku-lko). B, Cousin I+, #EHfE (Levi R Grauert i) - - -
ARV E— T,
DI D, E DX EWE, FEHTEFIAZ L,
(b) FEIHEERHTAFT (2021, 238pp.) I - e HEEE 1 (2 E)., L2817, £ Cousin
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I+N(R ), e, BIDA VU P F LA, Grauert IEDM
JEarEtw Y —HEHmZ L,

(c) HERMMT — — 28 - ZZEBOEE MHEILE) (2024, 383pp.): EE, EHRE~
a—— ~ [JFEL,
a——, R WO BUER. MEERAE, AEFREEL Y —~ v OBRER, v —
VOOER, HEIRE 1 (6 %), 2T, JELL Cousin I+I(FEEER) (8 F) (Mittag-
Leffler, Weierstrass % & ¢2),
arERY— - FHNIL L,

Reviews of 7a, English ver.:

e By F. Haslinger: “Opposite to the order in existing books on complex analysis
this book begins with Oka's First Coherence Theorem ....... It is remarkable that
the approach to Levi's Problem and to the Cousin | and Il Problems here is very
different to the one for instance in Hormander’ s book on several complex variables
...... Many classical proofs are improved and simplified making the book accessible
for beginning graduate students. In the appendix the reader finds an interesting
biography of Kiyoshi Oka, enhancing a better understanding of the development

of the important general concepts of complex analysis.” (Monatsch. Math. 2018)

e By V. Tosati: “This book gives a comprehensive introduction to the theory of
coherence of analytic sheaves as developed by Oka, Cartan, Grauert and many
others. The exposition is aimed at beginning graduate students, is based on lectures

given by the author in Tokyo, and follows an unusual order in presenting the
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material, which should particulary benefit beginners. .............. Overall the book
is extremely readable and yet detailed and clear. lIts novel viewpoint on Oka s
theory, essentially inverting the order in which the main theorems are proved, .........
This book is destined to become a classic on the topic of coherence in complex

analysis.” (zbMath.)

e By E.S. Zeron: “This is a really interesting book that serves as a self-contained text
for a course on the theory of Oka's coherence and the Oka-Cartan fundamental
theorems, and some of their applications. It is based on the lectures that the author
has delivered in the last ten years; this aspect is evident after analysing the creative
and interesting order in which the main results are presented. ....... We think that
the material in this book is so well organised that it can be used as the basic notes
for teaching two or three consecutive courses: ......... " (MR MathSciNet, AMS)

SH® Points : 73722 TW\W5 2 ERAZD,

(1) 50520 D TELDHD?  What is the idea to write?
(2) EH%Z ¥ 53RN 2 DD, How to state Theorems.

(3) ¥5EEAT 2 D, FERHIZAS T, How to prove them.

2. 2O, Speciality of n > 2
2.1. Poincaré

(Better to presect after Hartog's phenomenon. Because of a convenience today, the order is

altered.)



Thm. 2.1. Polydisk A™ % B™ Ball (€ C"), n > 2.
Pf. (Only by Montel; due to M. Range (Remmert); Nog. UTX; MJE - ¥7 [, 7% [HH)
n = 2. Suppose 3 f : A? — B?, bihol. As w — wy € A (|Jwy| = 1), by Montel
f(z,w,) = fu, : A — OB
OB? is strictly psedoconvex, so that f,, = const.; Z_wao = 0.
With V z fixed, g—J;(z,w) has the value 0 on |w| =1, so that %(z,w) =0: &, O
N.B. i#% Aut(x), needs more preparations. No Riemann’s mapping theorem in n > 2.
2.2. Hartogs IR%R
Hartogs Bi% (— 7 f#ffri%ie): Ik Q G @, 0(Q) = 0(Q).
Hartogs I Q G A(1)" (n>2), 0O(Q) = O(A(1)™).
Thm. 2.2 (Hartogs—Osgood). 2 C C" (n > 2), K & Q) compact s.t. 2\ K connected.
= OO\ K)=0(2Q).
Pf. ()FIDIE. Q=C"DEEER D, n=2 LT

1 f(z,Q)
Z, W) = — d¢, R>0.
few) =5 | ¢

2mi =k C — W

(2) —iE. “E#E Cousin” () D%, Q € CMIIFHE. Uy = Q, U, = C"\K, UyUU, = C™.
X € C%(C"), Xlwbax =1, Supp x € Up.

fo=(x—=1)feC’(U), fi=xfeC (),
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(2.3) fi—fo=feoUynUy).
‘@it Cousin D" F € C°(C") st. F— f € 0(U;), j=0,1. (23) &b
(i=F)=(fo—-F) ="

go:=(fo=F)eO(Q), g1:= (/L - F) € 6(C"\ K) = 0(C") (. (1)).

FoT f=g—g€0Q). [
N.B. Horm A& : 9—compact support (Ehrenpreis)... —f%H,

Thm. 2.4. Q € C" [EHIfEEZ 513, 0Q @i, KT, (Levi FREMEIRER) 0Q [ E5REH 72

5, HRE,

Ref. Czarnecki—Kulcycki-Lubawski, Ann. Polon. Math. 103 (2021). Cf. Nog. [16].

Pf. By Thm. 2.2, C"\ Q is connected. Assume that I' := 92 is not connected. We may
form a homotopically non-trivial continuous map ® : C* — S : FJ&, Il
MR CRIE: Qe Crofifiiiil, K = Ko = Q\ K #if, 0Q\K)=0(Q).

K Q= Q\K — o0& 000 =0(Q)7: Tangential CR, CR-Extension Problem,
S. Bochner/H. Kneser by M. Range [18], 2002 (Horm, Kohn—Rossi).

For Q ¢ C”, a domain, IEBIE. holomorphic hull Q O , maximal with @(Q) = 0(Q).
If Q =0, Q IERSEE. a domain of holomorphy..... Extrinsic.
« IRHIRIRE —f%IT in general, Q C C™ BAZE, FHIE O — C" EREZE multivalent,

oo-sheeted, must be dealt with..



- IERITZRODME . BT TR, BHEYH. N.N. Bogolyubov, H. Araki (A gen-
eralization of Bochers theorem, Helvetica Phy. Acta 36 (1963)), H. Epstein—A. Martin (arXiv
2019, hep-th; “domain of analyticity” =domain of holomorphy).

For K C Q, IEBIMNE Ko = {2 € Q: |f(2)] <supg |f], V.f € O(Q)}.
Def. 2.5. (Intrinsic) Q, AT < Kq € Q for VK € Q.

Thm. 2.6 (Cartan—Thullen (1932)). —f&i2. Q IERINAER =  (ERIAEE
ME QDVHIER HIXROL
BAIEIEAIGEE <  BAIEIE A REIE,

Def. 2.7. R ZHRIK (22[]) X 23 Stein & 13 :
(1) Z2Al%E,
(2) 1EAIY,
(3) IERISTHEE : For p# g€ X, 3 f € O(X)) st. f(p) # f(q)-
(4) JRFMEERESE (Vp € X, T, ..., on € O(X), p DJA D TIEAIR AT AT,

Thm. 2.8 (FROIWOREBEDER n = 2 HHE 1941/°42; n > 2 —fREIE 1943/1953).
—RETETEIC DWW T

(1) ERIFEE = fEEEE,

(2) B = Stein. (Hartogs O, & 1T Levi R R)

(3) IEHIGEIL < Stein fEIX (1IEHI™),



N.B. IERIFEE = (1E#%) ERINTEEL (Stein) IXMEFRIETIE, fiE !
B, S E I ? (ROF T, EHRRMEDHTH?)

[ &P Stein = KI5 Steing & —,

- B OR = N,

3. = KRI&E
EHE LR,
=KMB&E : i&fLl. Cousin I+II. #M,
MDD D, ERIFER THbNTz,
1L K(= Kq) € Q _ FIERIESE 0(Q) DREET—RaEBA]FE?
2. Cousin |: Mittag-Leffler D EH D ZZEENR,
Cousin Il: Weierstrass D EH D ZZE XK,
4. A .
- ZKEEFRD 21203, 5B 1EEEM 21T+, Oka IXTOka VIII(H2+3) 5[ & C
AHB B, 52 - 38 EHH 0,
ENTED. F C o), BE L LT, MMHIEARE, YIMNE X7 MVEERIBIEC . T4,
M PEER D © Joku-Iko Principle EZEFZITDRIE (Oka |, 1936 ~ IX, 1953),

a “methodological principle”:
FEATIZTEIA P = {2 € Q: |f;(2)| < 1, f, € O(Q),1<j <1} €




Oka map
Pp:2€P = (2, f1(2),..., fi(z)) e PAy € CN, N =n+l; S =p(P)C PAy (submfd.).

Thm. 3.1 (Oka Extension). PAy €@ C¥, polydisk ZEM#, S C PAy, cx. submfd.
BHEIH D ZHEIK, =
OPAN) > fr— fls € O(S)— 0.

5t Cousin BIRE: Q = U, fo € C°(U,) sit. fo— fa € O(U,NUp).
=3FeC'Q)st. F—f,€0U,)?

- 38i#5% Cousin = [FIEFIZ. Cousin |, Il FJFEH, d—solution.

Thm. 3.2 (MR, Cousin II). Q. [ERIFEE, Q =UU,, f. € Z(U,) s.t., fo/fs €
6" (Un N Up).

RE. 3G € COY), an open dense Q' C Q s.t. G/f, € CO(Uy,),V a (FiAEEDIFTE)

= AF € #(Q), st. F/f, € 0*(U,),Y a (fRHTHR)

- “bayalable”, line bundle, Chern class &%,

4. B2 EHTFIE

EEHTES ACQC C" Fora € (, define the ideal sheaf of A by

IA)y ={f €Ou: feOWU),acl, flura=0}, F(A)=||Lu(A) C Oa.

aef)

10



flona =04 fluna = 0. BUS, F(A) = .7 (A).
To think of #(A), it is reasonable to assume A = A, closed.

Thm. 4.1 (BDE 2 EEFE. Oka 1948/°51, H. Cartan 1950). S A C Q.
A, fEITIY <= 7 (A), T,

Cf. B [14], [16], MHJE - B [1]. EHIZ. = DA
“<" reveals the goodness of the wording, ¥#% in {7, better than ‘coherence’.

5. &

+ Condition, R-valued function = Holomorphic functions.

1 DA Oka (Proc. 1941/VI 1942): HIEGEE, n = 2 XL,
771 © Weil-Oka #&47 +Fredholm f& 77 77 £
“n >3 THERICBITHEER S, "

Weil #677 © Weil &, f(2) € O(Q)
ZQ] —w;), Q; € 0(QxQ).

Oka's modification, Weil-Oka (Oka V, 1941): (zg,wp) € Q2 (n = 2) given, IR(z,w) €
ﬁ(QQ) s.t. R(Z(y'll]o) = 1, Vf € ﬁ(Q)

R-(f(z) = f(w)) = ZQj(Zj —wy), Q; €0(QY).

11



Thm. 5.1 (H. Hefer, Miinster “#fiZ# 1940/Math. Ann. 1950%). n > 2, R=1T O.K.

*) Footnote: Der Verfasser ist 1941 im Osten gefallen. (H. Behnke, K. Stein).
T DR DR
(1) 1943 K. Oka, 108pp., HAGE, RFER. n > 2, — AU,
“a Primitive Coherence Theorem" +Joku-lko+Fredholm Integral Eq. Cf. Nog. [15].
= “Coherence Theorem" +Joku-lko+Fredholm Integral Eq., Oka IX 1953.
(2) 1949 S. Hitotsumatsu, %1, n > 3, HIEMHEEL,
Weil-Oka f# 47 27~ +Fredholm &) /7 12X,
(3) 1953 Oka IX, n > 2, NI HEIERE,
5 1 HHE P+ Fredholm B TR, HRHer (A amiZ IR )
(4) 1954, F. Norguet, n > 3, BAZERHIN,
Weil-Oka ##i73 %R +Fredholm 573 /5 f23,
(5) 1954, H.J. Bremermann, n > 3, HIERHE,
Hefer+Weil #5532~ +Fredholm &4 /512X,
(6) 1958 C.B. Morrey, Levi []@, Abstract Levi Problem by method of PDE.
(7) 1958 H. Grauert, Levi [/, the Bumping Method + L. Schawartz's Fredholm Theorem.
(8) 1965 L. Hormander, L?-0. A< 1966.

* (2) S. Hitotsumatsu 1949 Z5|FHI L.

6. ZEHHMBEHK

Jensen N DEH,
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Thm. 6.1 (Jensen). ¢ € C*(A(R)) (A(R) C C). For 0 <r < R,

[ dt
— [ o(re®)do — p(0) / / Apdxdy, z=x+1y.
2m T on

Pf. @7 Stokes THEAN 5. I ZTIEWIZ, 434 Laplacian A 225
" dt 2 190 102

0= — — 4+ == opdpdb

Hl t /M( ? pap+p2892)¢pp
’“dt/f(aZ 18) /2” .

= d e")db
T, Sap) P e(pe”)
" dt ? 10 |

/0 ], (5 pap) pivg | o

- T% pm—Fa— M(p)dp | M(p) ::% 2ﬂsO(pe"e)d@
o tJo \"0p*  9p 0

"dt d
_ /0 St M(t) = M(r) = M(0).

O

Thm. 6.2 (Hartogs 77HEIERITE). Q Cc C", f:Q — C2, ZEBICIERl= f e 0(Q).

Pf. —RZH+poly-Poisson Integral. Cf. [16]. zq € PA(r) C PA(2r) C Q.

Thm. 6.3. Q@ C C", domain of holomorphy (or Stein mfd., space). ¢ € PSH({2).

{¢ < ¢} Stein & Runge in .
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Pf.  Cousin I. Cf. Nog. [15], [16]. O
- ZhUE. BORIEMUET, KD FEE

Cor. 6.4. Q domain of holomorphy (Stein), K € Q2 =
kpSH(Q) = {z €EQ:p(z) <supp, Vp e PSH(Q)} = K (€ Q).
K

N.B. Horm A&, Thm. 4.3.4 by L?>-0. ZDRBETIE. BMLGTE RA TRV,
]ﬁlﬂlﬁﬁ%i@/ﬂfiﬂ .

Thm. 6.5 (Oka VI/IX). Q/C". AHIEIERIFEE = —logd(p, 9Q). PSH ZELFF.
= Jp € PSH(Q) N C%(Q), FENIRAEL exh. ftn.. BENES Q.= {p < c} € Q.

Claim 6.6. 2., Stein.

Lem. 6.7 (Levi f&E). Q) € Q, 0Qy C*class, @™, = €, Stein.

Oka’s Method. a < b,

M ={z=(2;) € Q: Rz < b},

Qo ={2= (%) € Q: Rz >a},

Q; (j =1,2) Stein = Qg Stein.

Q3 := Q1 NQ,.

For a given f € 0(€3), solve Cousin I: f; € O();) with fi — fo = f:

Here g is an Oka extension of g.
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JK(g) (g € O(S23)) compact integral operator s.t. ¢ — K(§) = g1 — g2, g; € O(Q;).
Find g € 0(€)3) satisfying the Fredholm Integral Equation of 2nd kind

g—AK(@) =f, AreC
here A =1 (Oka VI).

Thm. 6.8 (Oka (1941 (Proc.), 1942, 1943 (unpublished) and 1953)). This is solvable.

Pf. By the Oka Extention with estimate & a succesive asymptotic approximation method. [

* Cousin I is solvable mod a compact operator.

Grauert’s Bumping Method. 2 = Q, UQ, BIE, ¥ = {Q, D},
Q); € 3U; slightly, strictly larger, % = {U;,Us} s.t.

Dicane ZNU.0)&CUY,0) — p(&) + € Z\(V,0) 0.

p = restriction operator in U; N Uy 3 €2y N €25, compact.

* Cousin I is solvable mod a compact operator. But no equation.

Thm. 6.9 (L. Schwartz’s Fredholm). E: Frechét top. vect. space,
F': Baire top. vect. space.
¢ : E — F — 0 continuous surjective homomorphism,

¢ : E — F compact operator.
= dim Coker(¢ + ) < o0,
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Pf. Cf. Textbooks of Nog. [12] 2nd. Ed., [13], [14], [15].
Apply thisto ¢ = &, 1) = —p. Then

Thm. 6.10 (Grauert). Coker(® — p) = H'(¥, 0), finite dimensional.

* Cousin I is solvable mod a finite dimensional vector space.

7. Fredholm Alternative Theorem and Questions
la,b] C R: an interval, A € C.

K (s,t) € C%a,b]?), C-valued.

Fredholm Integral Eq. of 2nd kind: For f(s) € C°([a, b])

b
(FIE) o) =\ [ K(sutatoyde = £(5)
Thm. 7.1 (Fredholm Alternative). Either,

(1) for V f € C°([a,b]), (FIE) has a unique solution, 31 € C°([a, b)),
or

(2) equation, ¢(s / K(s,t)p(t)dt =0

has finitely many linearly mdependent solutions, ¢; € C%([a,b]),1 < j <k;

A called an eigenvalue or a spectrum.

In the case (2), in order to (FIE) being solvable, f(s) must satisfy the conditon
b
| 1opis =0 1<i <k
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in this case, with a special solution ) (s)
k
o) = 0() + Y eipils), o eC.
j=1

+ Grauert's method makes sense even in the non-solvable case:

Thm. 7.2 (Grauert). Q € X, 5 = dim H(Q, 0) < .

Quest. 7.3. What happens in this case for Oka's method? : If possible, specrum theory?
« Extension of Oka's method (solvable case):

e T. Nishino, Sur les espaces analytiques holomorphiquement complets, J. Math. Kyoto
Univ. 1(2) (1962).

e A. Andreotti and R. Narasimhan, Oka's Heftungslemma and the Levi problem for com-
plex spaces, Trans. Amer. Math. Soc. 111 (1964).

* Method by Integral Representation

e G.M. Henkin and J. Leiterer, Theory of Functions on Compex Manifolds, Birkhauser,
1984.

e R.M. Range, Holomorphic Functions and Integral Representations in Several Complex
Variables, GTM108, Springer, 1986.
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e C. Laurent-Thiébaut, Holomorphic Function Theory in Several Variables : an introduc-
tion, UTX, Springer, 2011.

Laurent-Thiébaut, Chap. VII, Bochner-Martinelli-Koppelman kernel:
Q€ X (cx. mfd.), 5@#E"™, f e C?p’q)(Q) with 0f € 7 )(Q)

(p,g+1
f=0TPf+Tr O0f + K,

wherer T? is the solution operator by integral kernel, and

K? is a compact operator. = dim H "9 () < oc.

Quest. 7.4. Spectrum theory?

- A8, Ramified domain /C".

X, cx. space, m: X — C", locally finite.

Probl. 7.5. Vz € C", dnbd U 3 z in C", Stein s.t. 7 U is Stein (rel. locally Stein)
= X, Stein?

Counter Example of Fornaess (1978). Jsmooth X 5 C2?, ramified, 2-sheeted, rel. locally

Stein, but not holomorphically convex.
Quest. 7.6. 3 f € O(X) separating the sheets of 7 : X — C??

Probl. 7.7. Obstruction?  Necessary/sufficient condition?

Cf. Nog., Math. Ann. 367 (2017).
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