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ABSTRACT

We describe the structure of the supersingular Rapoport-Zink space associated to the
group of unitary similitudes of signature (2, n—2) for an unramified quadratic extension
of p-adic fields. In earlier work, two of the authors described the irreducible components
in the category of schemes-up-to-perfection. The goal of this work is to remove the
qualifier “up-to-perfection”.
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1. Introduction

Rapoport-Zink formal schemes [15] are defined as moduli spaces of p-divisible groups with addi-
tional structure. While general existence theorems are known for these spaces, it is a very difficult
problem to determine their structures as formal schemes, or even the structure of their underly-
ing reduced schemes, in any explicit way. The history of this problem is long, and has its origins
in Drinfeld’s work (before Rapoport and Zink) on the p-adic uniformization of quaternionic
Shimura curves. The reader can find a thorough guide to the older literature in the introduction
to Vollaard’s work [16] on Rapoport-Zink spaces of type GU(1,n — 1).

This work of Vollaard, and the subsequent work of Vollaard-Wedhorn [17], introduced sig-
nificant new ideas into the subject, which were extended further in [3], [9], [10], [14], and [18].
In all of these works, the main results assert that the irreducible components of (the reduced
scheme underlying) a particular Rapoport-Zink space are isomorphic to Deligne-Lusztig vari-
eties, a term which we always understand in the the generalized sense of §4.4 of [17]. Gortz-He
[5] and Gortz-He-Nie [6] gave a classification of those Rapoport-Zink spaces for which one should
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expect the irreducible components to have this form, and called such Rapoport-Zink spaces fully
Hodge-Newton decomposable.

Xiao-Zhu [19] proved quite general results on the structure of Rapoport-Zink spaces (and more
general affine Deligne-Lustztig varieties). The results of Xiao-Zhu provide a parametrization of
the irreducible components, but do not provide a description of their scheme-theoretic structure.
The Xiao-Zhu parametrization of components has since been generalized by other authors; see
[7], 8], [13], and [20].

Among the simplest examples of Rapoport-Zink spaces that are not fully Hodge-Newton
decomposable are those of type GU(2,n — 2). Because of the results of Gortz-He-Nie mentioned
above, there is no expectation that the irreducible components in this setting are Deligne-Lusztig
varieties. Despite this, earlier work of two of the authors [4] showed that an open dense subset of
each irreducible component can be fibered over a Deligne-Lusztig variety, with the fibers made
explicit.

One sense in which the descriptions of irreducible components in [4] is incomplete is that ev-
erything is understood in the category of schemes-up-to-perfection. Loosely speaking, this means
that for each irreducible component, a scheme (fibered over a Deligne-Lusztig variety) is exhib-
ited with the property that it has the same functor of points when restricted to perfect algebras in
characteristic p. For example, when viewed as an object of this category, each irreducible com-
ponent is indistinguishable from its Frobenius twists. This ambiguity in the scheme-theoretic
structure of the components arises because [4] adheres closely to the framework of [19], in which
Rapoport-Zink spaces are replaced by their corresponding affine Deligne-Lustzig varieties, which
are thought of not as moduli spaces of p-divisible groups, but as closed subsets of the Witt vector
affine Grassmannians of [21] and [1]. These Witt vector affine Grassmannians are only defined
as objects in the category of (ind-)schemes-up-to-perfection.

The primary purpose of this paper is to revisit the results of [4], in order to pin down the
precise scheme-theoretic structure, not just up to perfection, of the irreducible components of
the GU(2,n — 2) Rapoport-Zink space.

In practice, this requires making systematic use of the moduli interpretation of the Rapoport-
Zink space (as opposed to the interpretation as a closed subset of a Witt vector affine Grass-
mannian), in order to exploit the Grothendieck-Messing deformation theory of the universal
p-divisible group that lives over it.

1.1 Statement of the results
Throughout this paper we denote by @p the completlon of the maximal unramified extension
of Qp, and by Zp its ring of integers. Let o : Qp - Qp be the Frobenius, inducing the p-power
automorphism of the residue field

IVFP = Zp/ PZP-
Note that ]P’p is just an algebraic closure of F),.

Fix an unramified quadratic field extension F of Q,. We are interested in the Rapoport-Zink
formal scheme

RZ — Spf(F,)

parametrizing p-divisible groups X of dimension n > 2 over Fj-algebras, endowed with principal
polarizations, an action of OF satisfying a signature (2,n — 2) condition, and a quasi-isogeny
ox : X --» X to a fixed framing object. See §2.2 for the precise definitions.
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For our framing object X we make a nonstandard choice: an n-dimensional p-divisible group,
again with an Opg-action and principal polarization, but satisfying a signature (0, n)-condition.
We will show that X is unique up to isomorphism, not just isogeny, and has the form

X2A®0EY

for Y a supersingular p-divisible group of height 2 and dimension 1 endowed with an action of O
of signature (0,1), and A a rank n self-dual hermitian Opg-lattice. By the comments preceding
Definition 2.2.1, our X is also quasi-isogenous to a p-divisible group of signature (2,n — 2), so
this unusual choice of framing object yields the usual Rapoport-Zink space for GU(2,n — 2).
Let G = GU(A) be the group of unitary similitudes of A, a reductive group over Z,. Its group
of Q,-points acts on the framing object A ® Y by quasi-isogenies, and hence also acts on RZ.

Denote by RZ, < RZ the projective closed subscheme parametrizing commutative diagrams

X
|
/ |QN
JR— v JR— JR—
pA R0 Y —— A@OE Y *>p711\ R0 Y,

in which all solid arrows are isogenies, and the horizontal arrows are induced by the inclusions
pA < A < p~'A. It will turn out (see the proof of Corollary 6.3.5) that

Rz = ] v-RZYY
YEG(Qp)/G(Zp)
where the superscript red indicates underlying reduced scheme. (We suspect that RZ, is already
reduced, and that this might be proved by arguing as in Corollary 3.2.3 of [12], but we have not
checked this.) Hence the irreducible components of the left hand side are precisely the G(Q,)-
translates of irreducible components of RZ}.
To describe these, we decompose

Rz = || mzp™
1<k<|n/2|

into locally closed subschemes. The precise definition of the schemes on the right hand side
appears in § 2.4, but loosely speaking, as k increases the points of RZ’X’red get farther from the
framing object.

The following result is stated in the text as Theorem 6.3.1. The Deligne-Lusztig variety is
that of Definition 3.4.1, and the vector bundle V on it is constructed in §4.1.

THEOREM A. If k < n/2 then RZY™ is a smooth and irreducible F-scheme of dimension n— 2,

and its closure
=+k,red

RZ\" c Rz
is an irreducible component with stabilizer G(Z,) < G(Qp). Moreover, there is a smooth mor-
phism

k,red k

RZ™" — DL}
of relative dimension k — 1 to a smooth and projective Deligne-Lusztig variety with the following
property: over DL'K there is a vector bundle V of rank 2k — 1, endowed with a rank k local direct
summand V*®) < V and a morphism

53V®U*v_’ODLj§a
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such that RZi’md is identified with the moduli space parametrizing complementary summands
V=F@ V¥
that are totally isotropic, in the sense that S(F®c*F) = 0. Here o* denotes pullback of coherent

sheaves with the respect to the p-power Frobenius on the structure sheaf of DLIX.

Although the technical details obscure it, the basic idea for constructing a map from RZTed

to a Deligne-Lusztig variety is quite simple. An ]lv?p-valued point of RZi’red corresponds to a
quasi-isogeny of p-divisible groups X --+ X. This realizes the covariant Dieudonné modules of
these p-divisible groups as lattices in a common @p-vector space, and the intersection D(H) =
D(X)n D(X) is the Dieudonné module of a p-divisible group H endowed with an isogeny H — X.
This latter isogeny is quite small, in the sense that

pD(X) c D(H) c D(X),

and so is determined by the subspace

D(H) _ D(X)

pD(X) — pD(X)
The isomorphism here comes from our particular choice of framing object, as a choice of isomor-
phism D(Y) = O ®z, Z, identifies

D(X) = D(A®o, Y) = A®o, DY) =~ A®z, Z,.

For the rough purposes of this introduction, one can think of the Deligne-Lusztig variety as
parametrizing all subspaces that arise from this construction.

~ A ®Zp Fp.

If n is odd Theorem A completes our description of RZ™4, as

Rz = | ) 4 RZ™
1<k<n/2
1€G(Qyp)/G(Zp)
exhibits the left hand side as the union of its irreducible components. Ideally one would like to

have a description not just of RZIf\’red, but of its closure. This seems quite difficult for & > 1.

When k£ = 1, Theorem A implies that
RZ)™4 =~ DL}
is projective, so no closure is needed.

When n is even we must also examine RZX/ Zred For every intermediate lattice pA € A’ < A

such that A’/pA < A/pA is maximal isotropic, we define
RZ, © RZx

as the projective closed subscheme parametrizing commutative diagrams

X
|
/ ' Q\
— v — —
N®oyY—>A®0, Y —>p'A ®o, Y,
in which all solid arrows are isogenies, and the horizontal arrows are induced by the inclusions
N cAcp A,
The following result is stated in the text as Theorem 6.3.4. The Deligne-Lusztig variety in
the theorem is that of Definition 5.2.1.
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THEOREM B. If n is even then
RZ;i/Zred - U sz;red7
pAS AN CA
where the union is over intermediate lattices for which A’ /pA < A/pA is maximal isotropic. All of
the RZX,’md appearing on the right hand side lie in the same G(Q,)-orbit, each is an irreducible

component of RZ™ with stabilizer a G(Q,)-conjugate of G(Z,), and each is isomorphic to a
smooth projective Deligne-Lusztig variety of dimension n — 2.

When n is even, if we fix one A’ = A as above then

Rzred — ( U N 'ﬁi,red> O ( U 5. RZX[,red)

1<k<n/2 veG(Qp)/hG(Zp)h—1
7€G(Qp)/G(Zp)

exhibits the left hand side as the union of its irreducible components. Here h € G(Q)) is any

element satisfying hA = p~!A’, as in Theorem 6.3.4 and its proof.

Zred

Regardless of whether n is even or odd, the above results imply that R is equidimensional

of dimension n — 2. This is already known by the work of Xiao-Zhu [19].

1.2 General notation
Throughout the paper, F is an unramified quadratic extension of Q,. Denote by

i0,i1 : O — 7,
the two embeddings. The nontrivial automorphism of E is denoted x — 7, so that iz(Z) =
o(i1(x)) and similarly with the indices 0 and 1 reversed. Abbreviate
E =F ®Qp Qp,
and Op = O ®z, Zp. Label the orthogonal idempotents
eo,e1 € Op =Ly x 7L (1.2.1)
in such a way that for any Zp-module M with a commuting action of O, the actions of O on
the direct summands
M() = €0M and M1 = 61M (122)
are through ¢ and 41, respectively.
A hermitian form on an E-vector space or Og-module is always E-linear in the first variable

and conjugate-linear in the second variable.

If F is a coherent sheaf on a scheme X, the notation F, always means the fiber (not the
stalk) at a point 2 € X. If X is any scheme (or formal scheme) we denote by X™4 the underlying
reduced scheme.

If M is a Z,-module, we usually abbreviate M[1/p] = M ®z, Q, and
M = M ®gz, L.
Suppose X is a p-divisible group equipped with an action Op — End(X). We endow the

dual p-divisible group XV with the conjugate of the naive Op-action; that is to say, the action
Op — End(X") sends x € O to the endomorphism

VXY > XV (1.2.3)
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dual to T : X — X. When we speak of an Opg-linear polarization Ax : X — XV, we always
understand XV to have this action of Op.

If ¢ : X — Y is an isogeny of p-divisible groups over a field k, the kernel ker(¢) is a finite
group scheme over k of order p"*(®) for a positive integer ht(¢) called the height of ¢. More
generally, if ¢ : X — Y is an isogeny of p-divisible groups over a scheme S, we denote by ht(¢)
the locally constant function on S whose value at a point s € S is the height of the isogeny
¢s : Xs — Y of p-divisible groups over the residue field k(s).

1.3 Acknowledgements
The authors thank the anonymous referee for helpful comments and corrections.

2. The Rapoport-Zink space

In this section we define our main object of study, a Rapoport-Zink space RZ of type GU(2,n—2),
as a formal ]F'p—scheme parametrizing p-divisible groups with additional structure. This additional
structure includes a quasi-isogeny to a fixed framing object, which determines distinguished closed
subscheme RZj < RZ.

We describe the Fp—valued points of this subscheme in terms of lattices in a free Zp—module,
and then express RZ, as a union of locally closed subschemes. The examination of these locally
closed subschemes will occupy the rest of the paper.

2.1 Framing objects

For any p-divisible group X over Fp, let D(X) be the covariant Dieudonné module. It is a Zp-
module endowed with semi-linear operators F' and V satisfying FF'V = VF = p. Under the
covariant conventions,

Lie(X) =~ D(X)/VD(X). (2.1.1)
If X has an action of O, the induced action of Op ®z, Zp on its Dieudonné module D(X)
determines, by (1.2.2), a decomposition

D(X) = D(X)o® D(X);.

Suppose X is a p-divisible group over an ]lu?p-scheme S, equipped with an action O —
End(X). As above, the induced action of O ®z, Os on Lie(X) determines a decomposition

as a sum of locally free Og-modules.

DEFINITION 2.1.1. The action O — End(X) has signature (sg, s1) if the summands on the right
hand side of (2.1.2) are locally free of ranks sy and s, respectively.

There is an analogue of Serre’s tensor construction for p-divisible groups. Suppose X is any
p-divisible group over an If?p—scheme S, endowed with an action of Og. If A is any free Og-module
of finite rank, one can form a new p-divisible group A ® X with Og-action over S with functor
of points

ARX)(T)=A® X(T)
for any T' — S. Here both tensor products are over Op, but we typically omit this from the
notation. Of course choosing an Op-basis of A identifies A ® X with a product of rankep, (A)
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copies of X.

Suppose further that X is endowed with an Opg-linear polarization Ax : X — XV (recall our
convention (1.2.3) for the induced action of O on XV), while A is endowed with a hermitian
form h: A x A — Op. This data induces an Og-linear polarization

Mex (A®X - (A®X)Y

constructed as follows. First note that if G is any p-divisible group over S endowed with an
Opg-action, there are isomorphisms of finite flat group schemes

Homg (G[p*], Op ® ) = Hom(G[p*], pyr) = G [p"], (2.1.3)

compatible as k varies, where the first isomorphism is defined by the trace map Or — Z,, and the
second is the definition of GY. The subscript O indicates Og-conjugate-linear homomorphisms.

Note that the composition (2.1.3) is Op-linear, where the action of Op on Homg (G[p*], Op®
/J/pk) is through its natural action on the p-divisible group O ® p,x, and its action on G [p*] is

via (1.2.3).
In particular, the principal polarization Ax induces, for every k, an Og-linear isomorphism
Ax : X[p*] — Homg (X [p"], O @ pe).

The polarization A\gx is defined, on pF-torsion, as the composition of Og-linear maps

(A® X)[pf] —————AQ X[p"]

|

(A®X)"[p"]

in which the vertical arrow sends a® z € A® X [p*] to the Op-conjugate linear homomorphism
b®y — h(a,b) - Ax (z)(y).

Let Y be the p-divisible group of a supersingular elliptic curve over Iva. In other words, Y is
the (unique up to isomorphism) connected p-divisible group of dimension 1 and height 2. Fix an
action Op — End(Y) of signature (1,0), and a principal polarization Ay : Y — YY. Any such
polarization is necessarily Og-linear (under the convention of (1.2.3), as always).

Denote by Y the p-divisible group Y, but now endowed with the conjugate action of Og. Thus
Y has signature (0,1). The principal polarization Ay can be viewed as a principal polarization
Ay Y — Y7, which is again Og-linear.

ProposITION 2.1.2. Fix an integer n > 2.
(i) If A is a self-dual hermitian Opg-lattice of rank n, the natural Og-action on A ® Y has

signature (0,n), and the natural Opg-linear polarization is principal.

(ii) Conversely, suppose X is any p-divisible group over Iqu, equipped with an Og-action of
signature (0,n). There exists a self-dual hermitian lattice A of rank n, and an Og-linear
isomorphism X =~ A®Y. Moreover, if X is endowed with an QO -linear principal polarization,
this isomorphism may be chosen to identify the polarizations on source and target.

We remark that there is a unique (up to isometry) self-dual hermitian lattice A of rank n, and
so the X in (2), whether polarized or not, is unique up to isomorphism.

Proof. The first claim is obvious from the definitions.
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For the second claim, the signature condition on X implies that its Dieudonné module satisfies
VD(X)p =pD(X); and VD(X); = D(X)p.

It follows that 7 = p~!F? defines a o?-semi-linear automorphism of D(X)q, whose fixed points

D(X)7~' form a free Z,» = Zf:id—module with

D)5 @z, Z, = D(X)o.

Choose a basis
Y1, .. yn € DX)574 < D(X)o.

If we define z; € D(X); by Vz; = y;, then each pair z;, y; generates a Zp—submodule DO < D(X)
stable under F' and V. The decomposition

DX)=DWg...@9 DM

of Dieudonné modules corresponds to a decomposition X = X M x ... x XM of p-divisible groups,
with each factor Opg-linearly isomorphic to Y. In other words,

X=VYx--xVY. (2.1.4)

If we also assume that X admits an Opg-linear principal polarization, there is an induced
perfect alternating pairing

Ax 2 D(X) x D(X) — Z,
satisfying Ax(Fz,y) = Ax(z, Vy)? and Ax(az,y) = Ax(x,ay) for all « € O and z,y € D(X).
Using these properties, we see that

() p Ak (z, Vy)

defines a Z,2-valued skew-hermitian form on D(X)§~ id of unit determinant. Such a form admits

a diagonal ba81s and we assume that yp,...,y, is chosen in such a way. The polarization on
the left hand side of (2.1.4) then identified with the the product of some principal polarizations
on the factors of the right hand side. As the principal polarization on Y is unique up to scaling
by Z, , we may choose the isomorphism (2.1.4) so that the given polarization on X matches the
product of the principal polarization of Y that we originally fixed.

Thus, whether X was polarized or not, we may take A = O% with the hermitian form
determined by the n x n identity matrix. O

Remark 2.1.3. Why have we expressed the second claim in Proposition 2.1.2 in such a peculiar
way, when the proof actually shows that X is isomorphic to n copies of Y? One reason is that
such an isomorphism is not canonical, but the presentation X ~ A ® Y is. Indeed, once such a
presentation is known to exist, it is easy to see that

A >~ HomoE (Y, X),
in which the right hand side is endowed with the hermitian form characterized by the relation

(3.1) of [11].

2.2 The Rapoport-Zink space

For the remainder of § 2, we work with a fixed self-dual hermitian Opg-lattice A of rank n. It is
unique up to isomorphism.
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We next define a GU(2,n — 2) Rapoport-Zink space RZ, parametrizing p-divisible groups
with extra structure. This extra structure would normally include a quasi-isogeny to a fixed
supersingular p-divisible group X (the framing object), endowed with an Og-action of signature
(2,n — 2) and an Opg-linear principal polarization. Such a framing object is unique up to quasi-
isogeny by Proposition 1.15 of [16], but that result actually proves more: any such X is also
quasi-isogenous to the p-divisible group A ® Y of signature (0,n), which can therefore also serve
as a framing object. This is what we choose to do.

DEFINITION 2.2.1. For an IF'p—scheme S, denote by RZ(S) the set of isomorphism classes of triples
(X, Ax, ox) in which
— X is a p-divisible group over S equipped with an Opg-action of signature (2,n — 2),
— Ax : X — XV is an Op-linear principal polarization (using the convention of (1.2.3), as
always),

— ox : X ——» A®Yg is an Op-linear quasi-isogeny identifying polarizations up to Q, -scaling.

The results of [15] show that the functor RZ is represented by a formal scheme over Fp, locally
formally of finite type, and formally smooth of dimension 2n — 4. As noted in the introduction,
its underlying reduced scheme will turn out to have dimension n — 2. When no confusion can
arise, we usually write X € RZ(S) instead of (X, Ax, ox) € RZ(S).

For any point X € RZ(S) there is a commutative diagram

| /7)|(\ . (2.2.1)
j// | =~ \J
7// I \S —
PA® Yg ox | p_1A®Y5
|
\\\\ | ////
) \yﬁ Y
A®Yg,

in which the isogenies i and iV are induced by the inclusions pA < A < p~!A, and the quasi-
isogenies j and jV are uniquely determined by the commutativity. One can easily check that the
triangle on the right is, as the notation suggests, obtained by dualizing the triangle on the left
using the principal polarizations on X and A ® Y.

DEFINITION 2.2.2. The partial Rapoport-Zink space of signature (2,n — 2) is the closed formal
subscheme RZj < RZ cut out by the following conditions:

— The quasi-isogeny ox : X --+ Xg identifies the polarizations on source and target (not just
up to scaling).
— The arrows j and j¥ in (2.2.1) are isogenies (not just quasi-isogenies).
Remark 2.2.3. By the argument of Lemma 4.2 of [17] (or §2.2 of [15]), the functor RZj on

Iﬁ‘p—schemes is represented by a projective scheme (not just a formal scheme), denoted the same
way.

Remark 2.2.4. Let G = GU(A), a reductive group scheme over Zp whose group of Q,-points acts
on RZ. Indeed, any v € G(Qp) determines an Opg-linear quasi-isogeny from X = A®Y to itself,
respecting the polarization up to @, -scaling, and hence defines an automorphism of RZ by

(X)AngX) — (Xv)\Xa’YOQX)
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The partial Rapoport-Zink space of Definition 2.2.2 satisfies
RZ(F,) = | J - RZu(Fy), (2.2.2)
¥EG(Qp)
and so serves as a kind of approximate fundamental domain for this action.

The equality (2.2.2) should be thought of as a signature (2,n — 2) analogue of the crucial
Lemma 2.1 of [16], and it is possible to give a direct (if quite technical) linear algebraic proof
along the same lines. We omit this argument because (2.2.2) will fall out during the proof of
Corollary 6.3.5 below, but that argument makes use of the results of [19], and so is of a far less
elementary nature than the approach of [16].

2.3 Description of the closed points
In this subsection we give a concrete description of the closed points of the partial Rapoport-Zink
space RZp of Definition 2.2.2 in terms of lattices. Endow

A=A®z,Z,
with the o-semi-linear automorphism ® = id ® o. Recalling (1.2.2), this operator interchanges
the direct summands Ag and A;.

The hermitian form h on A extends Zp—bilinearly to a pairing
h:AxA—Op
satisfying
hPzx, Py) = h(z,y)° (2.3.1)

where the o on the right is the Frobenius on the second factor of Oy = Op ®z, Zp. We further
extend h to a @p—bilinear pairing on /vX[l/p]

PROPOSITION 2.3.1. There is a bijection X — L(X) from RZx(F,) to the set of self-dual Op-
lattices L /v\[l /p] lying between pA and p~'A, and satisfying

pLo 'S ® 'L, & Ly and pLy & pd 'Ly " L.

Proof. As this is the routine identification (see especially Proposition 1.10 of [16]) of points of

v

RZ(IF,) with lattices in the isocrystal of the framing object, we only explain how to account for
our unusual choice of framing object.

Fix an Op-linear isomorphism
D(Y) = Oy,
and use this to identify
D(A®Y) = A®o, D(Y) =~ A. (2.3.2)
This identification is only well-defined up to scaling by (’)g, but as we are only interested in
viewing lattices in the left hand side as lattices in the right hand side, this ambiguity is harmless.

The signature (0, 1) condition on Y implies that

VD(Y)l = D(Y)O and VD(Y)Q = pD(Y)l

10
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Using this, one checks that the identification (2.3.2) restricts to identifications

Ao=—DA®Y) Ay DA®Y); (2.3.3)
p@l J{F @i lF
Ay DA®Y); Ao D(A®Y)g

in which the diagrams commute up to scaling by Z;; In fact, one can choose the trivialization

of D(Y) so that they commute without any scaling factor, but we have no need to do this.
Given a point X € RZ)(IF,), we use the quasi-isogeny ox : X --» A® Y to define
LX) = D(X) & DA Y)[1/p] P2 K[1/p). (2.3.4)
The signature condition on the Og-action is equivalent to
pD(X)o "€ VD(X)1 € D(X)o and pD(X); EVD(X)o < D(X)1,
which, using (2.3.3), translates to the inclusions
pLo "0 'L E Ly and pLy & pd 'Ly 'S L.
This defines the desired bijection. O
Remark 2.3.2. A more functorial characterization of L(X), not requiring a choice of (2.3.2), is
L(X) = Home  (D(Y), D(X)), (2.3.5)
viewed as a lattice in
Homo, (D(Y), D(A®Y))[1/p] = A[1/p]
using the quasi-isogeny ox : X --+» AQY.
To rewrite Proposition 2.3.1 in terms of lattices in Ao[1/p], define
b: Ao x Ag — 7, (2.3.6)
by
b(z,y) = Tr h(z, Py),
where Tr : Op — Zj is the trace. As h(z, ®y) € egOp, we can equivalently characterize (2.3.6)
by the relation
h(z, By) = (b(x,y),0) € Zp x Z, "2V 0,
The pairing (2.3.6) is Zp—linear in the first variable, o-linear in the second, and satisfies

(2.3.1

b(®%z,y) = Tr h(D%z, Dy) )Ty h(®x,y)? = Trh(y, Pz)? = by, x)°.

Any Zp—lattice Ly c Ao[l /p] has a right dual lattice

LE = {x € Ao[1/p] : b(Lo, x) < Zy} (2.3.7)
with respect to (2.3.6), and one can easily verify the relations
Li* =®2Ly and ®*(LE) = (®%Lo)*. (2.3.8)
If L  A[1/p] is an O p-lattice self-dual under h, then
'L, = L. (2.3.9)

11
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In particular, Ag = ®~1A; = ]\3
COROLLARY 2.3.3. There is a bijection
Z,-lattices Lo < Ao[1/p]
RZ (Fp) = satisfying 7
p[uXo c L§ & Ly c p_lijo
under which X € RZA(IF‘,,) corresponds, as in (2.3.4), to
Lg = VD(X)l and Lo = D(X)Q

Proof. Using (2.3.9), Proposition 2.3.1 is equivalent to

RZ4 (Iﬁ‘ ) = Zp—lattices . pLoc Lj é Lo
Pl = Ly c Ao[l/p] ) p/u\o c Lgc p_llv\o .

The two chains of inclusions on the right hand side are equivalent to the single chain of inclusions
in the statement of the corollary. O

2.4 Decomposition by locally closed subsets

Now let X be the universal p-divisible group over RZ,. The bijection of Proposition 2.3.1 asso-
ciates to every s € RZj(IFp) an inclusion of O -lattices

pA c L(X,),
and hence a map of ]F'p—vector spaces
pA/p*A — L(X,)/pL(X,). (2.4.1)

One can use Grothendieck-Messing crystals to construct a morphism of vector bundles interpo-
lating these maps as s varies.

If S is a scheme on which p is locally nilpotent, covariant Grothendieck-Messing theory
functorially associates to any p-divisible group G over S a short exact sequence

0 — Fil"D(G) — D(G) — Lie(G) — 0 (2.4.2)

of locally free Og-modules. When S = Spec(IF,), this sequence is canonically identified with

VD(G)  D(G) DG
pD(G)  pD(G)  VD(G)

0— — 0.

Over RZp there is a universal diagram
X (2.4.3)
!
PA®Y ox | p71A®Y5
|
\ | /
i v i
A®Y
(where we now view Y as a constant p-divisible group over RZy ). Mimicking (2.3.5), we define a
vector bundle

£ = Homg, (D(Y), D(X)) (2.4.4)

12
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with Op-action on RZa. The isogeny j determines an inclusion pA < Home,, (Y, X), and hence
an Opg-linear morphism

pA®z, Orz, — £

whose fiber at any s € RZA(FP) is canonically identified with (2.4.1). It restricts to morphisms
of vector bundles

p/v\o ®Zp Orz, — Lo and p/v\l ®Zp Orz, — L1. (2.4.5)
Remark 2.4.1. A choice of isomorphism D(Y) = O determines an isomorphism D(Y) = Op®,
Orz,, and hence also an isomorphism
L~ D(X).
This is well-defined up to scaling by (O;/pOj)*.
DEFINITION 2.4.2. For any k > 1, define
RZ5F < RZy

to be the largest closed subscheme over which the first map in (2.4.5) has rank < k — 1. More
precisely, Rka‘ is the closed subscheme cut out by the vanishing of

k. ow k
/\ (pho ®; Orz,) — A Lo
We further define RZX = Rka ~ Rka_l, so that we have a decomposition
Rz = | | RZY™
k=1

into locally closed subschemes.

DEFINITION 2.4.3. Two Z,-lattices L and L’ in an n-dimensional Q,-vector space (e.g. Ag[1/p]),
have relative position invariant

inv(L,L') = (a1,...,a,) € Z"
if there is a Zp—basis Z1,...,T, € L' such that p®xq,...,p%z, is a basis of L, and a1 = as >

>an

We now give a concrete description of the IF‘p—valued points of RZ% . in terms of lattices in
Ap[1/p]. In the notation of Definition 2.4.3, the bijection of Corollary 2.3.3 becomes

Zp—lattices ] p/v\o clgc p_lfv\o }

v : 2.4.6
LQ c Ao[l/p] inV(LS,L()) = (1, 1,0, .. ,O) ( )

RZ(F,) = {

PROPOSITION 2.4.4. Under the above bijection, for any 1 < k < |n/2| we have
RZK (F,) = {Lo € RZA(F,) : inv(Lo, Ag) = Ar},

in which
Ae=(1,...,1,0,...,0,—1,...,—-1) e Z".
—— | S —
k—1 times k times

If k > |n/2] then RZE = (.
Proof. Fix any Lo € RZ(F,). The conditions of (2.4.6) imply
inv(Lo, Ao) = (b1, ..., bn)

13
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with all —1 < b; < 1, and dualizing shows that
inv(LE, Ao) = inv(L1, A1) = (=bp,...,—b1).
These imply the equalities of lattices
/\" L = p_(bl"l‘""‘rbn) /\” Ko = p—2(b1+-~+bn) /\n Lo
in A" Ag[1/p]. Combining this with inv(L§, Lo) = (1,1,0,...,0) shows that
by + -+ b, =—1,

v

which is equivalent to inv(Lg, Ag) = A for some 1 < k < |n/2].
The fiber at Lo € RZx(F,) of the first morphism in (2.4.5) is identified with the linear map
pho | Lo
p2]\0 pLo
of rank dimg (Ao/(Ao A Lo)) = k — 1, proving that Lo € RZK (F,). O

3. Enhancing the moduli problem

We continue to study the partial Rapoport-Zink space RZ, associated to a self-dual hermitian
Op-lattice A of rank n > 2, and the locally closed subset RZX < RZj determined by a fixed
integer 1 < k < |n/2|. Our goal is to construct a morphism from RZ% to a Deligne-Lustzig
variety. The fibers of this morphism will then be studied in §4.

3.1 New moduli spaces
In this subsection we will construct a commutative diagram
Rzk <™ RZk v} (3.1.1)

L

<k _T0 <k ™ k
RZ3* < RZ3" = v}

of Iﬁ‘p—schemes, in which the schemes in the bottom row are projective, the vertical arrows are
open immersions, and the vertical arrow on the left is that of Definition 2.4.2. The definitions are
somewhat elaborate; they are concocted so that the mgy in the top row induces an isomorphism
of underlying reduced schemes (Proposition 3.3.2), while the reduced scheme underlying Y/(“ is
isomorphic to a Deligne-Lusztig variety (Theorem 3.4.5)

Define f//{“ to be the Fp—scheme whose S-valued points are commutative diagrams

PA@Ys > H—a—>G—a =~ H —%p IA@ Yy (3.1.2)
\x\ V
K3 A®Ys 7

in which H and G are p-divisible groups over S equipped with Og-actions, H has signature
(1,n—1), G has signature (2k,n — 2k) and is equipped with an Og-linear principal polarization,
the isogenies a, b, and d are Op-linear of heights ht(a) = 2n — 2k + 1 and ht(b) = ht(d) = 2k — 1,

14
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and
ker(d¥ od: H — H") c H|p|. (3.1.3)

—~ <k .
Define RZ; to be the IF)-scheme whose S-valued points consist of a point (2.4.3) of RZ$*(S),
a point (3.1.2) of Y¥(S), and an Op-linear isogeny ¢ : H — X making the diagram

X , (3.1.4)

commute.

The moduli spaces we have constructed are related to RZ, by morphisms

T =<k ~
RZ3F <" RZ, =Y},

where g extracts from (3.1.4) the diagram (2.4.3), while 7; extracts (3.1.2). To define the bottom
row of (3.1.1), we single out certain open and closed subschemes of the these moduli spaces. This
will require the following general lemma concerning the vector bundles of (2.4.2).

LEMMA 3.1.1. Suppose ¢ : G — H is an isogeny of p-divisible groups over a scheme S satisfying
pOg = 0. If the kernel of ¢ is annihilated by p, then the cokernel of

¢ : D(G) — D(H)

is a locally free Og-module of rank ht(¢). In particular, its kernel and image are local direct
summands of D(G) and D(H), respectively.

Proof. This is well-known. See Proposition 4.6 of [17], for example. O

Applying the functor D to the universal diagram over )N//\“ yields a diagram of vector bundles

PARD(Y) 24— D(H) —di—= D(G) —dav = D(H") —% p A @ D(Y)

0 iV =0

ReD), '

1=

where the tensor products are over Op. Define an open and closed subscheme Yl{“ c 17/{“ by
imposing the conditions

rank(b: D(H)g — Ag@D(Y)o) =n—k +1 (3.1.5)
rank(b: D(H); - A, @ D(Y)1) =n —k
rank(d : D(H)g — D(G)p) =n—2k+1

rank(d” : D(G); - D(HY)1) =n—2k + 1,

where rank means the rank of the image as a vector bundle. Note we are using Lemma 3.1.1:
the image of every arrow in the diagram is a locally free sheaf, so the ranks here are well-defined
locally constant functions on Yf .

15
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~ <k
Similarly, over RZ; there is a diagram of vector bundles
, D(X)
//’)
pAR DY) 2— D(H) —a— D(G)

) —d

A®D(

Q
<
<

= DHY) —% p~ 1A ®D(Y)
b\/
iv=0
<k

)
~ <k
and we denote by RZ;" < RZ; the open and closed subscheme defined by imposing the
conditions (3.1.5) as well as

=

rank(c: D(H)g — D(X)o) =n—k (3.1.6)
rank(c: D(H); - D(X)1) =n—k+ 1.
The above definitions complete the construction of the bottom row of (3.1.1). All three of the

schemes appearing there are projective, by the same reasoning as in Remark 2.2.3. To complete
the construction of the top row, define

RZ c RZSF

as the preimage under mg : RZf\k — RZf\k of the open subscheme RZlf\ = Rka ~ Rka_l
constructed in §2.4.

3.2 Description of the closed points

We now provide a description of the closed points of the schemes in (3.1.1), analogous the
description of RZ% (F,) from Proposition 2.4.4.

PROPOSITION 3.2.1. There is a bijection from Y (F,) to the set of pairs of Z,-lattices (My, No)
in Ao[1/p] such that

v k-1 1 —2k 1 k—1 v
pAo < pM{ < pNy = N§ < My < Ap.

Here M and N are the right duals, as in (2.3.7), of My and Ny with respect to the pairing
(2.3.6). Under this bijection:

(i) A point of Y}(F,), represented by a diagram (3.1.2), corresponds to
M = VD(H ), N = VD(H),
Mo = D(H)o No = D(H")o
all viewed as Iattices in Ao[1/p] as in (2.3.4).
(ii) The points of Rka(Iqu) above a given pair (Mo, No) are in bijection with Zp—]attices Ly c
Ao[1/p] satisfying
. 2 ko k=1
Lyc Ly and Myc Ly < Np.

(ili) The points of RZK (F,) above a given pair (Mo, Ng) are in bijection with Z,-lattices Ly
Ao[1/p] satistying the conditions of (2) and, in the notation of Proposition 2.4.4,inv(Lg, Ag) =
k-

16
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Proof. An element of Y/(“(va?p), corresponding to a diagram (3.1.2) of p-divisible groups over F,,
satisfying (3.1.5), determines inclusions of Dieudonné modules

pA ® D(Y) — D(H) 2~ 2L D(HY) —— p~'A®@ D(Y)

D(G)
2k—1 2k—1
2n o _ - 2n
A® D(Y)
of the indicated colengths, and with pD(H ") = D(H). Here all tensor products are over O .

The following lemma shows that, at least on the level of IVFp—points, the p-divisible group G in
the moduli problem defining Y[{“ can be recovered from H and HY. In some sense G plays only
an auxiliary role, imposing constraints on the polarization H — H".

LEMMA 3.2.2. We have D(G) = D(H" )o@ D(H);.

Proof. The final two conditions in (3.1.5) imply that the inclusions
D(H)o = D(G)o and D(G)l C D(Hv)l

each have colength 2k — 1. Comparing with the colengths in the diagram above, we deduce that
the inclusions

D(H); € D(G); and D(G)o< D(HY)p

are equalities. O

Using (2.3.2), we view the Dieudonné modules in the diagram above as O -lattices

pAHMHNo@MlﬁNHp 1A (3.2.1)

\\//

in the hermitian space A[1/p], with M and N dual to one another. As in (2.3.5), one can
characterize these lattices, without fixing (2.3.2), by

M = HomoE(D(Y),D(H)) and N = HomoE(D(Y),D(HV)) (3.2.2)
viewed as lattices in
Homo, (D(Y), A® D(Y))[1/p] = A[1/p].

As M and N are dual to one another, each of My ® N1 and Ny @ M; is self-dual under the
hermitian form on A[1/p]. Hence, by (2.3.9),

OINy = ME and d 1My = NE. (3.2.3)
The signature (1,n — 1) conditions on H and H" imply

VD(H), & D(H) and VD(HY); & D(H"),.
Using (2.3.3), these translate to

(3.2.3) (3.2.3)

N OLM; & My and M O IN, & N,
Similarly, the signature (2k,n — 2k) condition on G implies

pD(H")o = pD(G)o "S" VD(G)y = VD(H)1,

17
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(the outer equalities are by Lemma 3.2.2), which translates to

k
pNy " @1 = N

The first condition in (3.1.5) implies D(H )y < Ao ®D(Y)p, with colength k — 1, which translates
to My < Ag with colength k — 1, and dualizing shows

Ro = o 1A, B2 K ' gz
All of this shows that the pair (Mg, Ny) satisfies the chain of inclusions in the statement of the
proposition.
This process can be reversed. Starting from a pair (M, Ny) one uses (3.2.3) to define M;
and Ni, thereby obtaining a diagram (3.2.1) of lattices in A[1/p]. Converting these to lattices

in D(X)[1/p] using (2.3.2), one finds inclusions of Dieudonné modules whose corresponding p-
divisible groups define a point of Y¥(IF,).

The analysis of RZik is entirely similar. A point of Rka(IF'p), corresponding to a diagram
of p-divisible groups (3.1.4), determines inclusions of Dieudonné modules

//) \ D(HY) —p 'A® D(Y)
\ /

A® D(Y

pA® D(Y

and we use (2.3.2) to convert these into O JL:ﬁ—lattices

L (3.2.4)

The first condition in (3.1.6) implies D(H)y < D(X)o with colength k, which translates to
My < Lo with colength k. As the inclusion Ly < Ny is obvious, and L§ < Loy with colength 2 by
(2.4.6), the triple (Lo, Mo, No) satisfies the properties stated in (2).

The descrlptlon of RZK in part (3) follows immediately from Proposition 2.4.4 and the
description of RZ ¥ completing the proof of Proposition 3.2.1. O

COROLLARY 3.2.3. The map mo : RZ — RZX is bijective on Iﬁ‘p-points.

Proof. Recalling the bijection

RZE () = Zp—laftices , inv(L§, Lo) = (1,1,0,...,0) |
? Lo = Ao[1/p] inv(Lo, Ag) = Ay

of Proposition 2.4.4, fix a point Ly € RZX(IF‘p). If (Lo, My, No) € RZlf\(]Bu’p) lies above it (using the
identifications of Proposition 3.2.1), then My < Lo Ag and Lo+ Ag = Ny. The first inclusion is

18
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an equality because both lattices have colength k£ — 1 in Ag. The second inclusion is an equality
because both lattices contain Ag with colength k. In other words,

My = Lo n /v\o and Ng= Lo+ ]\0, (3.2.5)

showing that there is a unique point above Lg. This proves the injectivity of the map in question.

For surjectivity we again start with a point Lg € RZlf\(IF‘ »), and now define My and Ny by
(3.2.5). An exercise in linear algebra, using Proposition 3.2.1, shows that the triple (Lg, My, No)
defines a point of RZ% (F,) above L. O

The proof of Corollary 3.2.3 provides a description of the inverse to
7o : RZK (F,) — RZK (F,).
By continuing the line of reasoning a bit further, one can describe the inverse in the language of

the original moduli problems defining the source and target.

Recall that for any point of RZX(}FP), represented by a diagram (3.1.4), the corresponding
lattices M and N in (3.2.4) are dual to one another under the hermitian form on A[1/p], while
L and A are each self-dual. Thus dualizing the second equality in (3.2.5) shows M; = L; n ]Xl,
while dualizing the first shows Ny = Lq + jv\l. We deduce that

M=L~nA and N=L+A.

Recalling how (3.2.4) was constructed from the diagram of Dieudonné modules above it, we
find that the inverse to the above function my sends a point X € RZR(IFP), corresponding to a
diagram (2.4.3), to the diagram (3.1.4) determined by

D(H) = D(X) n D(A®Y) (3.2.6)

DHY)=D(X)+DAR®Y),
and D(G) = D(HY )o@ D(H)1, as per Lemma 3.2.2.

3.3 Analysis of mg

Our goal in this subsection is to prove that the arrow
m : RZE — RZK

in (3.1.1) is a closed immersion inducing an isomorphism of underlying reduced schemes. This
will use the following general result of Grothendieck-Messing theory, in which [, [e] denotes the
usual ring of infinitesimals defined by €2 = 0.

LeMMA 3.3.1. Let f': H{ — H) be a morphism of p-divisible groups over Iﬁ‘p[e], and denote by
f : Hy — Hs its reduction to IVFp. Assume that the induced morphism

f:D(H1) — D(H2)

of IF-vector spaces satisfies

Fil'D(H;) — ker (D(Hl) EN Fjﬁg}%) | (3.3.1)

If H), is isomorphic to the constant deformation of Ha, then H} is isomorphic to the constant
deformation of Hi.
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Proof. Let f°: HY — Hg be the constant deformation of f : H; — Hy to F,[e]. Grothendieck-
Messing theory provides us with a canonical commutative diagram

D(H;) — D(Hy)

of IVFp [€]-modules. The vertical isomorphism on the right identifies the Hodge filtrations on source
and target, as it is induced by an isomorphism of deformations HS =~ H/, and hence there is an
induced diagram

fl

D(HY) D(HY)/Fil"D(H}) (3.3.2)
D(Hy) - D(H3)/Fil"D(Hy).

The top horizontal arrow in (3.3.2), being induced by the morphism of p-divisible groups
'+ H — H), satisfies

+ D(H]
Fil’D(H])  ker (@(H;) EiN 0(2)> .
Fil"D(H})
On the other hand, as f° : H} — Hs is the constant deformation, (3.3.1) implies
o D(H3
Fil’D(H?) = ker <D(H1°) EiN 0(2)> .
Fil"D(HY)
It follows that the left vertical isomorphism in (3.3.2) restricts to a map
Fil’D(H}) — Fil"D(HY),

which is an isomorphism because the Hodge filtrations are local direct summands of the same
rank. By Grothendieck-Messing theory there is an isomorphism of deformations Hy =~ Hy. O

PropPoOSITION 3.3.2. The map g : RZ’X — RZ]X is a closed immersion inducing an isomorphism
of underlying reduced schemes.

Proof. The key step is to show that the map in question is unramified. For this, it suffices to
show that the induced map on tangent spaces is injective. Abbreviate

9 9]

s = Spec(F,) and 5§ = Spec(IF,[€]).

Given a point of RZK (3), represented by a diagram
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of p-divisible groups over §, and deforming a diagram

of p-divisible groups over S. We must show that if X is the constant deformation, then so are H
and G.

The constancy of H follows by applying Lemma 3.3.1 to the morphism
H 2% X x (A@Y,).

The only thing to check is that the hypothesis

Fil"D(H) = ker <D(H) D(X) o DA®Y) >

T FIDX)  FiI'D(A®Y)
of that lemma is satisfied. This hypothesis is equivalent to

VD(H) (D(H) L, b D(A®Y)>
pD(H) pD(H) VD(X)" VDA®Y)/’

which is clear from (3.2.6).

It remains to show that G is the constant deformation of G. Denote by H° and G° be
the constant deformations of H and G to §. Grothendieck-Messing theory provides us with a
commutative diagram

D(H®) =—— D(H)
"
D(G°) —— D(G)

of vector bundles on 5. As we have already know H® =~ H , the top isomorphism respects the Hodge
filtrations. The vertical arrows respect Hodge filtrations, because they arise from morphisms of
p-divisible groups. over 5. We must show that the bottom isomorphism also respects Hodge
filtrations.

The essential point is that the vertical arrows restrict to surjections
Fil’D(H®)y — Fil"D(G°)y and Fil’D(H)y — Fil’D(G)o.
Indeed, surjectivity can be checked on fibers. On fibers both are equivalent to the surjectivity of

VD(H),  VD(G):
pD(H)o  pD(G)o’

which is clear from Lemma 3.2.2.
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It follows that under the canonical identification D(G°) = D(G)
Fil®D(G°)o = Image(Fil®D(H®)y — D(G°)o)
= Image(Fil’D(H)o — D(G)o)
= Fil"D(G)o.
A similar argument, using d* : G — H"Y in place of d : H — G, shows that Fil’D(G°), =

~

Fil®D(G);. Hence G° =~ G as deformations of G. O]

3.4 A Deligne-Lusztig variety
In this subsection we identify the reduced scheme Yf ored underlying Y[{“ with a Deligne-Lusztig
variety.

Suppose S is an Fp—scheme, and let o : Og — Og be the p-power Frobenius. The pairing
(2.3.6) induces a pairing of Og-modules

(Ao ®;, Os) % (Ao ®; Os) = Os

that is linear in the first variable and o-linear in the second. For any local direct summand
Fc A ®Zp Og, its left annihilator

Ft = {zel ®;, Os :b(z,F) = 0}

is again a local direct summand. Taking into account the switch from right dual to left annihilator,
the analogue of (2.3.8) is

FH = 92F and *(F) = (92F)*.

DEFINITION 3.4.1. Define DLi to be the proper IVFp—scheme whose functor of points assigns to
any IF,-scheme S the set of flags of Og-module local direct summands

o't gl at "l gt e Ay 004
of the indicated coranks.

ProprosITION 3.4.2. The scheme DLf\ of Definition 3.4.1 is a Deligne-Lusztig variety for the
unitary group of the finite hermitian space A/pA. It is smooth of dimension n — k — 1, and is
irreducible if k < n/2.

Proof. Let H be the base change to IF‘p of the unitary group of A/pA. Fix an Opg-basis z1,...,x, €
A with respect to which the hermitian form satisfies the anti-diagonal relation h(x;, xj) = 6; p—i+1,
and denote by y1,...,yn € /u\o the projections of x1, ..., x, to the first factor in the decomposition
A = Ao @ A;. Use the reductions Ylye-y Yn € ]\O/p&) to identify

H =~ GL(Ag/pAg) = GL,, .

The Weyl group W of the diagonal torus is generated by the set of simple reflections S =

9]

{s1,...,8n—1}, where s; € H(IF,) is the transposition matrix interchanging y; < v;+1. The action
of Frobenius on S is 0(s;) = sp—;. Every subset I c S determines a standard parabolic subgroup

P;=BW;BcH,
where Wy < W is the subgroup generated by I, and B < H is the upper-triangular Borel.
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We are interested in the subset I = S\ {sg_1, $,—r} whose corresponding parabolic P; is the
stabilizer of the standard flag
0 kél H n_2ck+1 fK é Ao/pl\io
defined by

d =Span{yi,...,ys—1} and K =Span{yi,...,yn—i}.
The parabolic P,y defined by o(I) = S\ {sy, sSn—k41} is the stabilizer of

0& 5t "TET gL R /pKo.
Using Lemma 2.12 of [16], one sees that DL sits in a cartesian diagram
DLK H/P;

N

H/Prrg(ry — H/Pr x H/P,p,

and hence, using the notation of §4.4 of [17],
DLK =~ X;(id).

All parts of the proposition now follow from the discussion of loc. cit.. Note that the irreducibility
claim (a result of Bonnafe and Rouquier [2]) requires k < n/2 because this ensures I U o(I) =
S. O

The remainder of this subsection is devoted to proving Yf red o DLlf\. We need two elementary
lemmas from commutative algebra.

LEMMA 3.4.3. Let  be an algebraically closed field, let w : X' — X be a proper unramified
morphism between k-schemes of finite type, and suppose 7 is bijective on closed points.

(i) The morphism 7 is a closed immersion, and induces an isomorphism of underlying reduced
schemes.

(ii) If X is reduced then so is X', and 7 is an isomorphism.

Proof. A proper and quasi-finite morphism is finite, hence affine. This reduces the proof to the
case where X = Spec(A4) and X’ = Spec(B) with A — B a finite morphism of finite type
k-algebras.

The unramifiedness assumption implies that mB < B is maximal for any maximal ideal
m c A. In particular

k= A/m > B/mB =k
is an isomorphism of A-modules, and Nakayama’s lemma implies that A — B is surjective. In
other words, 7 is a closed immersion.

The bijectivity of A — B on maximal ideals implies that I = ker(A — B) is contained in
every maximal ideal of A. As A is a Jacobson ring, the intersection of its maximal ideals is equal
to the nilradical n < A. Thus I < n, which implies that n/I is the nilradical of A/I = B. All
claims of the lemma follow immediately. O

LEMMA 3.4.4. Let x be an algebraically closed field, suppose X is a reduced scheme of finite
type over k, and £ is a coherent Ox-module. If the k-dimension of the fiber &, is constant as
x € X varies over all closed points, then £ is locally free.
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Proof. Let r be the common dimension of all fibers. At any closed point z € X, one can use
Nakayama’s lemma to find an open neighborhood U 3 x over which there exists a surjection
Of; — Ey. By the constancy of fiber dimensions, such a map must induce an isomorphism fiber-
by-fiber, and hence have kernel contained in the subsheaf JO7;, where J < Oy is the Jacobson
radical. As X is reduced of finite type over a field, J = 0, proving Of; = €. O

THEOREM 3.4.5. There is an isomorphism
Ered 1y k
Y, =~ DL}

sending a pair (Mo, No) € Y™ *Y(I8,,) as in Proposition 3.2.1 to the flag

ngCPNOCNékCMOC Ao

0c — = S - —.
pAo  pAo  pAo  pAy  pAy

Proof. As in (2.4.2), Grothendieck-Messing theory provides us with a diagram of vector bundles

PA@D(Y 761»1) G) —av>DHY) —% p~ A @ D(Y)

bv
i=0 1V =0

A ® D(Y
on Yf red - Applying the functor HomOE(D(Y), —) yields a diagram

pA@Oyred HMHN()@M]_ HNHp_1A®Oyred

A ® Oyred

of vector bundles on Y[f red 0 which
M = Homy (D(Y),D(H)) and N =Hom, (D(Y),D(H"))

are defined exactly as in (2.4.4). Note that in the first diagram the tensor products are over
O}, while in the second they are over Z,. Note also that we are making use of the fact that the
natural maps

D(H)l - D(G)l and D(G)O - D(HV)O
are isomorphisms, so that No@®Mo = Homy,  (D(Y), D(G)). Indeed, this can be checked on fibers,
where it follows from Lemma 3.2.2.

The vector bundles above come with filtrations
OcFiI'McFIMcM and 0c Fi'NcFil°Nc N

induced by the Hodge filtrations (2.4.2) on D(Y), D(H), and D(H"). More precisely, Fil® M
consists of morphisms that carry Fil° D(Y) into Fil® D(H), while Fil' M consists of morphisms
that carry D(Y) into Fil® D(H) and kill Fil® D(Y). The filtration on N is defined in the same
way.

As in Remark 2.4.1, a choice of D(Y) = O}, determines isomorphisms

M=~D(H) and N=DHY). (3.4.1)
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While these do not respect the filtrations, they do identify
Fil My = Fil° D(H)y and Fil®Ny = Fil° D(HY),. (3.4.2)
This follows from the signature (0, 1) condition on Y, which is equivalent to Fil° D(Y)o = D(Y)o.

LEMMA 3.4.6. Fix a point s € Yf’red(lﬁ‘p) corresponding to a lattice chain

¢ k—1 1 —2k 1 k—1
pAy < pMS‘CpNOnC N < My < Ay

as in Proposition 3.2.1. There are canonical identifications

0 _ Fi0n M Mo
= I c = —
Mo 0,s 0,s Mo
and
Mg 0 No
0 RO\, Ny = —2.
Mo 1 0,s & No,s »No

Proof. Fix an isomorphism D(Y) = O, so that
3

(3.4.1) D(H,)o (322) M
~ D(Hg) = ~ .
(Hedo = 5 (H,) pMo

MO,S

The first and third isomorphisms depend on the choice of D(Y) =~ O > but the composition does
not. Similarly,

(3.4.2)

Fil0 D)y, = VDU 233 $7IM 32) N

Fil® M = .
05 " pD(Hs)o p My pMy

Once again, the first and third isomorphisms depend on the choice of D(Y) = O, but the
composition does not. The claims about Ny s are proved in the same way, using H,” in place of
H,. O

Now consider the subsheaves of AO ® Oyk,red defined by
A
Jd = Image(Fi]ONO - p_ljv\o ® Oy korea = Ao ® Oyk,red)
A A
K = Image(Fil"My — Ao ® Oy s rea).
A

Lemma 3.4.6 implies that the quotients by these subsheaves have constant fiber dimension, hence
by Lemma 3.4.4 the quotients are locally free, and hence J and X are local direct summands.
Again by checking on fibers, using Lemma 3.4.6, one sees that these subsheaves have left anni-
hilators

g+ = Image(My — ]Xo ® Oyk,red)
A
L= i —1A red = A red ).
K+ =TImage(No = p~ Ao ® (’)Y:, a = A ® OYA’“’ a)
Yet again checking on fibers, one finds using Lemma 3.4.6 that these satisfy
—2k

0' ' g xS k& g Ko ® Opnen. (3.4.3)
A

The flag (3.4.3) defines the desired morphism
yired L pLE, (3.4.4)
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and it remains to show that it is an isomorphism. The key to this is the following lemma,
which tells us how to recover the filtration (3.4.2) from the flag (3.4.3), using the quotient maps
My — g+ and Ny — K-+.

LEMMA 3.4.7. The above vector bundles on Yf’red satisfy

Fil®My = ker(Mg — J+/K) and Fil®Ny = ker(Ng — K+/3).

Proof. For the first equality, one uses Lemma 3.4.6 to check that the cokernel of My — J+/X has
constant fiber dimension, and so is locally free by Lemma 3.4.4. This implies that the kernel of
this morphism is a local direct summand of M. The desired equality can therefore be checked on
fibers, which is again done using Lemma 3.4.6. Indeed, at a point (Mg, Ny) € Y/(C red the desired
equality is precisely

pMy pMy  Ng/phAo

which is clear. The second equality is proved in exactly the same way. O

No = ker < Mo N MO/pAO)

LEMMA 3.4.8. The morphism (3.4.4) is unramified.

Proof. We show that the morphism in question is formally unramified. Suppose we are given a
diagram

S Y/{c,red

|
Ve
7/
v
~ /7 k
of solid arrows such that the left vertical arrow is a square-zero thickening of Iva-schemes. We

must show there is at most one dotted arrow making the diagram commute.

Suppose we have two such arrows a,b : S — Yf’red, and consider the p-divisible groups

a*H and b*H on S. We do not yet know that these are isomorphic, but they have the same
restriction to S < 5, and so Grothendieck-Messing deformation theory provides us with canonical
isomorphisms of vector bundles

a*D(H) ~D(a*H) ~ D(b*H) ~ b*D(H)

making the diagram

a*D(H) b*D(H)
. o _
DAo®Yg)

commute. Here the diagonal arrows are the pullbacks (via a and b) of the morphism D(H) —

D(Ag ®Y) induced by the universal isogeny H — Ay ® Y over Yf ored

Fixing a choice of D(Y) = O}, and hence isomorphisms (3.4.1) and (3.4.2) of vector bundles
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k,red .
on Y,""°, we find a diagram

a*Mo b*MO

~

Ao ® O3

As a and b induce the same map S - DLlf\, we have equalities a*J+ = b*J+ and a*K = b*K as
local direct summands of Ag ® (’)5, and hence a commutative diagram

CL*D(H)O 70,*3\/{0 b*Mo b*D(H)O
a*(J+/K) =——=="b*(3"/%).

Combining this diagram with Lemma 3.4.7 and (3.4.2), and applying the same reasoning to
HY, we find that the canonical isomorphisms

D(G*H)O = D(b*H>0 and 'D(a*Hv)o = 'D(b*Hv)o

of Grothendieck-Messing theory respect Hodge filtrations. By the duality between D(H); and
D(H" ), under which the Hodge filtrations are annihilators of one another, the second of these
implies that the isomorphism

D(G*H)l = @(b*H)l
also respects Hodge filtrations, and it follows that a*H =~ b*H.

It only remains to show that a*G =~ b*G, but this follows from a*H =~ b* H, exactly as in the
proof of Proposition 3.3.2. O

At last we complete the proof of Theorem 3.4.5. The morphism (3.4.4) is bijective on closed
points, by comparing the definition of DLﬁ‘\ with Proposition 3.2.1. It is unramified by Lemma
3.4.8. It is proper, as the source is a projective Iva—scheme by the same reasoning as in Remark
2.2.3. We conclude now from Lemma 3.4.3 that (3.4.4) is an isomorphism. O

4. Fiber varieties over Deligne-Lusztig varieties
We continue to work with a fixed self-dual hermitian Og-lattice A of rank n > 2, and a fixed
1 <k <|n/2], as in §3. Using the morphism
m Rka — Y,{“
from (3.1.1), we will realize (the reduced scheme underlying) RZ3" as a closed subscheme of the

relative Grassmannian parametrizing rank k£ — 1 local direct summands of a rank 2k — 1 vector
bundle V on Y[f.

4.1 A special vector bundle

Recall the scheme Y/{“ of §3.1, whose underlying reduced scheme Yf ™o e have identified with
a Deligne-Lusztig variety in Theorem 3.4.5.

Our first goal is to construct a filtered vector bundle

0c VD cvk <y (4.1.1)
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on Yf red g.om the filtered vector bundles

M = Homo, (D(¥), D(H)

N = Homo, (D(Y), D(H"))

used in the proof of Theorem 3.4.5. Here H — H " is the isogeny of p-divisible groups appearing

in the universal diagram (3.1.2) over Y/(C ored

Remark 4.1.1. Recall from (3.4.1) that a choice of D(Y) = O}, determines isomorphisms
MO = D(H)O and NO = D(HV)O,
each of which identifies the subsheaves Fil® on source and target.

Remark 4.1.2. At a point s € Y™ (IF,), corresponding to a pair of lattices (Mo, Np) under
Proposition 3.2.1, there are canonical identifications

N M

Fil® Mo = 0 v
1 0,s pMo c pMo 0,s
M¥ N
Fil'Nos = —2 < —— = Nos.
B0 TN T pNy e

This is just a reminder of Lemma 3.4.6.

Define coherent sheaves on Yf yred by
V = coker(Fil’ My — Fil® No) (4.1.2)
W = coker(My — Np)
V) = ker(V — W).

The arrow b" in the universal diagram (3.1.2) determines a tautological inclusion A = Home, (Y, HY).
This induces a morphism of vector bundles

A ®z, (’)YAk,red — Homg, (D(Y),D(HY)),
which in turn restricts to a morphism

]\0@0 d —>F110N0

k,re
YA

This allows us to define
pk) — Im(/vXo ® Oyk,red — Fil°N — V). (4.1.3)
A

PROPOSITION 4.1.3. At a point s € Y™ *Y(IF,), represented by lattices (Mo, No) as in Proposition
3.2.1, there are canonical identifications

Vs = M§/N; and W, = Ny/My.
Moreover, the fiber at s of (4.1.1) is identified with
My Ay M
0Oc—c— c .
Ny Ny Ny
Proof. This is clear from Remark 4.1.2. ]

COROLLARY 4.1.4. The coherent sheaves on Yf red Jefined above satisfying the following prop-
erties.
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(i) 'V and W are locally free of rank 2k — 1,

(ii) V) and V) are local direct summands of V of ranks 1 and k, respectively.

Proof. Proposition 4.1.3 implies that V and 'W have constant fiber dimension 2k — 1, and so the
first claim follows from Lemma 3.4.4. The same reasoning shows that the cokernel of V) — V is
locally free of rank 2k — 1 — 4, and so V() is a local direct summand of rank i. O

We next endow V with additional structure, derived from the pairing
b: Ao x Ko — 7,
of (2.3.6). For any OYAk,red—module F, denote by
0*F = Oy prea @00, s T (4.1.4)

the pullback by the p-power Frobenius o : Oyj(c,red — OYf,red.
PRrROPOSITION 4.1.5. There is a unique OY:,red—h‘HeaI‘ map

B:VRQc*V — OY:,red
that, when viewed as a pairing

B:VxV— OY:,red

(linear in the first variable and o-linear in the second), satisfies the following property: At a point
s € Yf’red(IFp), represented by a pair of lattices (Mo, No), as in Proposition 3.2.1, the fiber

My Mg
p

TN N

is identified with the reduction of
pb: M§ x M§ — Z,.

Proof. The uniqueness claim is clear, because we have specified the pairing on fibers. The exis-
tence will follow from the next two lemmas.

LEMMA 4.1.6. There is an (’)Y[{cd—linear morphism
o* Fil Ny — M,
whose fiber at any s € Yf’red (F,) is identified with

1Qx+—pP
o* (Mg /pNo) ——2=5 My /pM;.

Here M and N are the lattices in A[1/p] associated to s as in (3.2.1).

Proof. Over Y/(C e there is a universal diagram (3.1.2) of p-divisible groups. By (3.1.3), there is
a unique isogeny w : HY — H making the diagram

HY - . H
x \LdVOd
H\/
commute. This induces an Opg-linear morphism of vector bundles

N = Homg,, (D(Y), D(H")) =5 Home,, (D(Y), D(H)) = ),
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whose fiber a point of Yf ’md(Iva) is identified with
N/pN & M /pM.
Now consider the Frobenius and Verscheibung morphisms
Fr: H—>oc*H and Ver:oc*H — H.
These induce morphisms of vector bundles

V=D(Fr) F=D(Ver) D

D(H) c*D(H) and o*D(H) (H),
and similarly with H replaced by Y or HY. We use this to define a morphism
o*N = Home, (¢*D(Y),e*D(H")) 2 Homp, (D(Y), D(H")) = N
by x — FoxoV. The fiber of a at a geometric point is identified with (the linearization of)
p®: N/pN — N/pN.
The maps o and wo above sit in a commutative diagram

o*N = Homo, (0*D(Y), c*D(H")) *— Homo, (D(Y), D(H")) = N

Fol iwo

Hom, (0*D(Y), D(H ")) Hom,, (D(Y), D(H)) = M

vl .

o*N = Homgy,  (6*D(Y),0c*D(H"))

in which the arrow labeled (8 sends x +— w o x o V. The vertical column on the left is exact, and
the image of the final vertical arrow is

o Fil°N < o*N.

On fibers, the composition from the upper left corner to the lower right corner of the square is
(the linearization of)

p’e
N/pN — M /pM.
This last map need not be 0, but the relation pNy < NJ = ®~1M; of Proposition 3.2.1 (and
(3.2.3), for the equality) implies that its restriction

p®
No/pNo — M, /pM;

vanishes. Thus the diagram above restricts to a commutative diagram of solid arrows

o*Ng < N1
Hom(o*D(¥)o, D(H")1) —; —=M
Vo -
RN,
0,
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and the exactness of the vertical column on the left implies the existence of a unique dotted
arrow making the diagram commute. This dotted arrow is the morphism we seek. O

LEMMA 4.1.7. There is a Oy rea-linear map
A

No ® 0™ Fil’ No — Oy k. rea
A

whose fiber at any s € Yy (F,) is identified with the F,-linear map

N Mg o
pNo pNo

obtained by reducing x ® (1 ® y) — pb(x,y) € Zp for x € Ny and y € M.

Proof. The polarization on Y induces a perfect bilinear pairing on the constant vector bundle
D(Y), which induces an isomorphism

D(Y)o ® 'D(Y)l ~0

Y[{c,red .
Similarly, there is a canonical perfect bilinear pairing

DHY)y®D(H) — OYf,red

on the vector bundles associated to the universal p-divisible groups H and H" over Y/{C red These
induce a perfect bilinear pairing

No ® My = Hom(D(Y)o, D(H *)o) ® Hom(D(Y)1, D(H)1)
Yo

~ Hom(D(Y)o ® D(Y)1,D(H")o ® D(H)1)

— Oyf,red .

Pulling this back via the morphism o* Fil’ Ny — M; of Lemma 4.1.6 yields a pairing Ny ®
o* Fil® Ny — Oy k.rea having the desired form on Fp-valued points. O
A

We now complete the proof of Proposition 4.1.5. By construction, there is a canonical map
M — N respecting filtrations, and we claim that the composition

Mo ® o* Fil" My — No @ 0* Fil” Ng — Oy k.rea
A

is trivial. Indeed, taking fibers at a point (My, Ny) € Yf’red(fﬁ‘p), the composition is identified
with the pairing
My y N(T . Ny y Mék pb(—,—) IF‘
pMo  pMy  pNo  pNo P
which is trivial as b(My, N&) < b(Mo, M) < Z,.
Recalling the definitions (4.1.2), the triviality of the above composition implies that the
morphism of Lemma 4.1.7 descends to a morphism

W ® O'*V — OYI{c,red .

The composition
V@U*V - W@J*V - OYk,red
A

(the first arrow is the canonical map V — W on the first tensor factor, and the identity on the
second) at last defines the desired pairing £. O
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Modulo the fact that the pairing 8 is not bilinear, the following proposition essentially says
that the radical of 8 is V(V), and

vk P = pp)
is a maximal isotropic subbundle.
PRrROPOSITION 4.1.8. We have
BOVH @c* V)Y =0 and BV ®c*V) = 0.

Moreover, the induced map
PR 1) 22 BOS) g (4 ), Oy
A
is an isomorphism.

Proof. All claims can be checked on fibers, where they follow from Propositions 4.1.3 and 4.1.5.
O

Recalling Theorem 3.4.5, over Yf red o DL% we have the universal flag

0 ctglat " x gt Koo
of Definition 3.4.1. The relation between this flag and the filtered vector bundle V is a bit unclear.
It is not hard to see that there is a short exact sequence
0 — vk —-V—->7—-0,
and isomorphisms

3J_

AO ® 0 k,red
and V0 > T
X X
In particular, V can be realized as an extension of two vector bundles that are each intrinsic
to the Deligne-Lusztig variety DLIkX, in the sense that their construction does not rely on the

v ~

isomorphism Y/f red o DLlf\. It is not obvious to authors how one can express V itself in a way
intrinsic to DLX.

4.2 Analysis of
We can now make explicit the structure of the morphism

™ RZSF - Y§,

at least on the level of underlying reduced schemes, in terms of the morphism 5 : V® o*V —
O, krea of Proposition 4.1.5.

Yy

To this end, consider the scheme
<k k,red
whose functor of points assigns to any Yf ™ed_gcheme S the set

RIF(S) = rank k£ — 1 local direct summands
A F < Vg satisfying S(FQ® c*F) =0

Denote by Rf\ c Rfk the open subscheme with functor of points
RK(S) = {F € RF*(S) : Vs = F@ V),
where V*) < V is the rank k local direct summand defined by (4.1.3).
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PRrROPOSITION 4.2.1. The morphism Rf\ - Y/(f’rod is smooth of relative dimension k — 1.

Proof. We will show that the morphism in question is formally smooth. Suppose we have a
commutative diagram of solid arrows

Spec(B/I) — R%

7z
r e
e
r’e
e
re

Spec(B) —— Yf’red

in which the left vertical arrow is a square-zero thickening of affine Fp—schemes. We must show
that, Zariski locally on Spec(B), there exists a dotted arrow making the diagram commute.
The pullbacks to Spec(B) of the vector bundles V(! < V*) < V on Yf’red correspond to
inclusions of locally free B-modules
v vk < V,

with V endowed with a function 8 : V x V — B that is B-linear in the first variable and o-linear
in second. The top horizontal arrow in the diagram corresponds to a choice of complementary
summand

FcV/IV
to V) /1v (%) satisfying the isotropy condition S(F,F) = 0.

LEMMA 4.2.2. The set of dotted arrows making the diagram commute admits a simply transitive
action of (the additive group underlying) the B/I-module Hom(F, IV (D),

Proof. Consider the set X of all lifts of F' to B-submodules F’ < V satisfying
V=Fov®

(with no isotropy condition on F”). By standard arguments, this is a principal homogenous
space under Hom(F, [ V(k)), where the action is defined as follows: given a point F’ € X and a
¢ F— IV®) we let ¢ denote the composition

F' - F/IF =F % v®),
and define

¢+ F ={x—¢(x):xzeF}.

The set of dotted arrow making the diagram commute is in bijection with the set of all ' € X
that satisfy the isotropy condition S(F’, F') = 0. Let us now fix one F’ € X, and parametrize
those ¢ € Hom(F, IV®)) for which ¢ + F’ is isotropic.

To say that ¢ + F’ is isotropic is equivalent to saying that

Bla—¢'(z),y—¢'(y) =0
for all z,y € F'. By assumption I? = 0, and so the o-linearity of 3 in the second variable implies
BF', ¢/ (F")) < B(F', IV®)) = 1P3(F', vW) = 0.
The isotropy condition on ¢ + F’ therefore simplifies to

B(Sﬂ,y) = ﬁ(gb/(x)?y) (421)
for all z,y € F’.
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Proposition 4.1.8 tells us that the natural map
v jy ) 222BE) g v v ®. By = Hom, (F', B)

is an isomorphism, where Hom, means o-linear homomorphisms of B-modules. In particular,
there is a unique homomorphism

¢ F - v® )y
satisfying B(x,y) = B(¢'(x),y) for all z,y € F’. Using the isotropy of the original F' < V', we see
that ¢’ takes values in IV (%) yai V) and hence factors through a morphism

F=F/IF % v® v,

What we have shown is that the ¢ € Hom(F, I V(k)) for which ¢ + F’ is isotropic are precisely
those that satisfy (4.2.1), and these are precisely the ¢ that lift 1) € Hom(F, IV ®) /TV (1)), This
is clearly a principal homogeneous space under Hom(F, [ V(l)). ]

The lemma shows first that the set of dotted arrows making the diagram commute is nonempty,
k k,red .
and hence R} — Y,” " is formally smooth.

By taking B = IF‘p [¢] to be the ring of dual numbers, the lemma also implies that the relative
tangent space to this morphism at a point s € Rf\(Fp), corresponding to an isotropic direct

summand Fs < V,, is isomorphic to the Fp—vector space Hom (&, Vgl)) of dimension k£ — 1. Hence
all closed fibers of the morphism in question have dimension k& — 1. ]

THEOREM 4.2.3. There is a canonical isomorphism of Yf red_gchemes
Rzik,red ~ Rfk
restricting to an isomorphism RZf\’red ~ Rk,
Proof. Over Rka’red, the universal diagram (3.1.4) determines morphisms of filtered vector
bundles
D(H) - D(X) —> D(HY).
These induce morphisms My — Lo — Ny between the filtered vector bundles from (2.4.4) and

the proof of Theorem 3.4.5.

Recall from (4.1.2) that V is a quotient of Fil® Ny. The key step of the proof is to note that
the coherent sheaf

F % Image(Fil° £y — Fil° Ny — V)
on Rka’red is a rank k£ — 1 local direct summand of V satisfying b(F ® 0*F) = 0, while the
coherent sheaf

H X ker(Fil° Ny — V/F)
is a local direct summand of Fil® Ny satisfying
Fil® £y = ker(Lo — No/H). (4.2.2)

All of these claims can be verified on fibers at Fp—valued points, where (under the identifications
of Proposition 3.2.1) we have

Fil’ Los = L§/pLo < Lo/pLo = Los
Fo = LE/NE < ME/NG =V,
Hs = L /pNg = Mg /pNo = Fil® No .

34



RAPOPORT-ZINK SPACES OF TYPE GU(2,n — 2)

In particular, the isotropic subbundle & < V just constructed defines a morphism
RZ3"! - R3F, (4.2.3)

which is bijective on Fp—valued points.

We will use the auxiliary vector bundle H < Fil® Ny to show that the morphism we have
constructed is formally unramified. To this end, assume we have a commutative diagram

S sz\k,red

L

R\

of solid arrows, in which the left vertical arrow is a square-zero thickening. To show that our
morphism is formally unramified we must show that there is at most one dotted arrow making

<
the diagram commute, so suppose we have two such arrows a, b : S - RZ\k red,

Because a and b define the same S—pomt of Ry, there are canonical identifications (respecting
filtrations)

a*My a*Ny a*V 0

b* Mo b* N b*V 0,

of vector bundles on S , the last of which identifies a*F = b*F. It follows that there are canonical
identifications

a*H — a* Fil"Ng —— a*(V/F) —=0

V*H — b* Fil Ng —— b*(V/F) ——=0

of vector bundles on S.

Now consider the p-divisible groups a*X and b* X over S. We do not yet know that these are
isomorphic, but they are deformations of the same p-divisible group over S. By Grothendieck-
Messing theory there is a canonical isomorphism

a*D(X) = D(a*X) = D(b*X) = b*D(X) (4.2.4)

of vector bundles on S. By Remark 2.4.1 this induces an isomorphism a*£ =~ b*L, and we now
have canonical identifications

G*Lo —a* (No/g'f)

b* Lo — b*(No/H)

of vector bundles on S. It follows from (4.2.2) that the isomorphism on the left identifies
a*Fil’ Ly = b*Fil® £g. As with (3.4.2), the isomorphism of Remark 2.4.1 identifies the Fil°
on source and target, and hence (4.2.4) identifies

a* Fil’ D(X)y = b* Fil® D(X)o.

As the principal polarization on X induces a perfect bilinear pairing between D(X )y and
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D(X)1, under which the Hodge filtrations are exact annihilators of each other, the same identifi-
cation holds if we replace D(X ) with D(X);. In other words, (4.2.4) respects Hodge filtrations,
and so a* X =~ b*X by Grothendieck-Messing theory. From this it follows easily that a = b.

The unramified morphism (4.2.3) is proper (its source is projective over Iﬁ‘p) and bijective on
closed points, so is an isomorphism by Lemma 3.4.3.

For the final claim, fix a point
s € RZ;U(F,) = RFM(F,)
represented by a triple (Lg, My, Ng) as in Proposition 3.2.1. In particular,
Lo~ Ko © My "' Ko, (4.2.5)
By definition, s € R} (IUFP) holds if and only if equality holds in
CLy+ Ay Mg

F,+Vk — =,
TN TN

Dualizing, this is equivalent to Ly n Ao = My, which is equivalent to
v k=1 v
LO M AO C1 Ao
by (4.2.5), which is equivalent to s € RZlf\(If?p) by Proposition 2.4.4 and the final claim of
Proposition 3.2.1. O

COROLLARY 4.2.4. There is a smooth morphism

kyred  pk k,red k
Rz ~ R — vEred ~ DL}

of relative dimension k — 1. In particular, RZ][‘C\’Yezd is itself smooth of dimension n — 2.

Proof. The first isomorphism is the composition
RZ\"! =~ RZ}™ ~ R

of the isomorphisms of Proposition 3.3.2 and Theorem 4.2.3. The arrow in the middle is the
smooth morphism of Proposition 4.2.1. The final isomorphism is that of Theorem 3.4.5. The
final claim of the corollary now follows from Proposition 3.4.2. 0

Remark 4.2.5. In the special case kK = 1 we have

lired  pl _ y-lred 1
RZy™ ~ R} = v} ™! ~ DL}.

5. Supplementary results when n is even

Intuitively, points of the closed subscheme RZx < RZ parametrize p-divisible groups that are
relatively close to the framing object AQY of signature (0, n). Proposition 2.4.4 can be understood
as saying that in the decomposition

Rz = || Rz,
1<k<|n/2|

the locally closed subschemes indexed by smaller k parametrize points that are closer to A @ Y

than those parametrized by larger k.

It turns out that in the extremal case in which n is even and k = n/2, each point of RZX/ 2,

while as far from A ® Y as it allowed to be, is very close to one of finitely many other framing
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objects. These other framing objects, which again have signature (0,n) but are endowed with

non-principal polarizations, provide a different way to parametrize the points of RZX/ 2 This is

what we explore in this section.

5.1 Another partial Rapoport-Zink space
As always, A is a self-dual hermitian Og-lattice of rank n > 2. the hermitian form is denoted
h(_a _)'
DEFINITION 5.1.1. An Og-lattice A" < A[1/p] is scalar-self-dual if there exists a ¢ € Q) such
that

cN = {x e A[1/p] : h(N,z) € Op}.

We are especially interested in scalar-self-dual lattices A’ satisfying

pA = A < A. (5.1.1)
The self-duality of A then forces both ord,(c) = —1 and
n
lengthp, (A/A') = 5

In particular, such lattices can only exist when n is even, and we assume this for the remainder of
§ 5. The scalar self-duality condition on A’ can then be interpreted as saying that A’/pA < A/pA
is maximal isotropic under the natural Og/pOpg-valued hermitian form

DEFINITION 5.1.2. For a scalar-self-dual Op-lattice A’ as in (5.1.1), and an F,-scheme S, define
RZX,(S ) to be the set of isomorphism classes of quadruples (X, Ax, ax, Sx) in which

— X is a p-divisible group over S equipped with an Og-action of signature (2,n — 2),
— Ax : X — XV is an Og-linear principal polarization,
— ax and fx are Op-linear isogenies

N@Ts 25 X 25 pIN @ T

whose composition is induced by the inclusion A’ = p~'A’, and such that a’% Ay agrees with
the canonical (non-principal) polarization on A’ ® Y.

The functor RZX, of Definition 5.1.2 is represented by a projective Fp—scheme, denoted the
same way. For any point (X, Ax,ax,fx) € RZ%(S ) there is a unique quasi-isogeny ox making

the diagram
X
lox
— vi —
N®Ys —=A®Ys —=p 'N®Ys
commute, and this determines a point (X, Ax, ox) € RZ(.S). We use this construction to regard

RZ, © RZx

as a closed subscheme.
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PROPOSITION 5.1.3. For any scalar self-dual lattice A’ satisfying (5.1.1), the bijection of Corollary
2.3.3 restricts to a bijection

> . 2
o Z.,-lattices Loc LY c L
RZY,(F,) =~ P . pPro=hto = Lo L
A ( p) { L() c Ao[l/p] A6 = LO = p_1A6 }

Moreover, the two chains of inclusions on the right hand side are equivalent to the single chain
condition

v, 51 2 51 o

Ay *c L & Lo c p AL,
Proof. The first claim follows directly from the construction of the bijection of Corollary 2.3.3.
The scalar-self-duality assumption on A’ implies that Aj @ p~'A] is self-dual. Using this and

(2.3.9), we deduce that the right dual operator (2.3.7) interchanges the lattices A}, and p~'AJ.
Applying this operator throughout

]\6 (e LO é p_llv\é)
(this is the definition of r) therefore results in
Ny & LE e p A,
and the second claim follows immediately. O

PROPOSITION 5.1.4. For every point s € RZX/ 2 (F,) there exists a scalar-self-dual Iattice A’ as in
(5.1.1) such that s € RZ,(F,).

Proof. Under the bijection of Proposition 3.2.1, the point s corresponds to a chain of lattices
v 21 1 1 5-1 .
pAy "© pM§ < pNo = Ny < My ‘= Ay,
together with a lattice Lo < Ao satisfying
. 2 5 51
pLoc Ly < Ly and My < Ly = Np.
The essential thing is the middle equality pNo = N, which implies

o 2N, P2¥ NpE = (pNg)* = Ny,
It follows that the O z-lattice p(No @ PNy) /u\o @ A, is fixed by ®, and we define an Og-lattice
AN = p(Ng @ ®Ny)?=d < A

Using (2.3.9) we see that No @ ®Ni < A[1/p] is self-dual under the hermitian pairing. This
implies that the dual lattice of Ny @ ® Ny is p(No ® PNy), and taking P-fixed points shows that
the dual lattice of A’ is p~1A’. It follows that A’ is scalar-self-dual and satisfies (5.1.1).

The inclusions My < Ly © Ny imply
Aé) = pNo (e LO c NQ = p_lj\/o,
and Proposition 5.1.3 shows that s € RZX, (F,). O
5.2 Another Deligne-Lusztig variety

We continue to assume that n is even, and fix a scalar-self dual lattice A’ < A[1/p] satistying
(5.1.1).
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The pairing b of (2.3.6) determines a pairing
v =plb: A) x Ay — Z,.
Exactly as in § 3.4, this induces a pairing of Og-modules

(Ao ®;, Os) x (Ao ®;, Os) = Os,

linear in the first variable and o-linear in the second, for any IVFp—scheme S. Once again, for any
local direct summand F < Ag ®2p Og, we denote its left annihilator under this pairing by

Ft={zeho®; Os:V(z,9) =0}

DEFINITION 5.2.1. Define DLX, to be the projective ]lv?p-scheme whose functor of points assigns
to any Fp—scheme S the set of flags of Og-module local direct summands

n__
2

n_q 1.
0°c 5EF°c Ky ®; Os
D
of the indicated coranks.

PROPOSITION 5.2.2. The scheme DLX, of Definition 5.2.1 is a Deligne-Lusztig variety for the
unitary group of the finite hermitian space A'/pA’ (where the hermitian form on A’ is first
multiplied by p~! to make it self-dual). It is irreducible and smooth of dimension n — 2.

Proof. The proof is the same as for Proposition 3.4.2. 0
THEOREM 5.2.3. There is a isomorphism
Q,red Q
RZA/ re = DLA/
sending an Fp—va]ued point of the left hand side to the flag
pLy pLo A
C—~rc—c—
pAy  pAy pAg
determined by the bijection of Proposition 5.1.3.

0

Proof. This is similar to the proof of Theorem 3.4.5. The universal isogeny fx : X — p A/ @Y
Q,red . .
over RZ ;™ induces a morphism of vector bundles

D(X) - DN @),
and we define coherent sheaves
0cSGc S cDpPAN®Y) (5.2.1)
on RZ3™ by
G = Image(Fil D(X)o — D(p A’ ®@Y))
§" = Image(D(X)o - D(p~'A' @ Y)o).
Fix an isomorphism O z-modules D(Y) = Oj. This determines isomorphisms of O z-modules
DN ®Y) ~ A

as in (2.3.2), and an isomorphism of vector bundles

D(A/ ® Y) = A/ ®Zp ORZf/,red .
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Using the multiplication-by-p isomorphism p~tA’ >~ A’, we now identify
Dp'N®Y) =N ®,; Oy, e
and identify (5.2.1) with a flag of coherent sheaves
0cFcFchje, Oy e (5.2.2)

At a point of RZX,’red (F,), corresponding to a chain of lattices

Lomol no
Ay ' LE = Lo ‘= p'A),
the fibers of F and F' are identified with the images of
Ls A L A
A TR
piLo  pAj piLo  pAj
respectively. See the proof of Theorem 3.4.5, and especially Lemma 3.4.6. In particular these

coherent sheaves have constant fiber dimension, and one can deduce using Lemma 3.4.4 that
they are local direct summands of A{) ®2p (’)Rzo,red. The equality Ft = FL can also be checked
Al

)

on fibers, where it is clear from the definition of the pairing b'.
All of this shows that (5.2.2) defines a morphism

RZ{"¢ — DL,

with the desired form on Iﬁ‘p—valued points, and it remains to show that it is an isomorphism. For
this, once again by Lemma 3.4.3, it suffices to show that the morphism in question is unramified.
The proof is essentially the same as that of Lemma 3.4.8, replacing the use of Lemma 3.4.7 with
the equality

Fil’ D(X) = ker(D(X) — §1/g =~ 7/9).

v

This last equality can be verified on fibers over points s € RZX;red(Fp), where it is equivalent to
the obvious equality

pLo pLo  pL¥/pAj

6. Irreducible components of the Rapoport-Zink space

In this section we prove our main results on the structure of the reduced scheme RZ" underlying
the formal IF)-scheme RZ of Definition 2.2.1. The key point is to explain the relation between the

locally closed subschemes RZi’red c RZ™ of Definition 2.4.2, and the irreducible components of
RZ™4 as described in [19] and [4].

6.1 The affine Deligne-Luszig variety

Fix an integer n > 2. Let W be an n-dimensional vector space over E equipped with a hermitian
form h: W x W — E. Up to isomorphism there are two such W, distinguished by the value of

det(W) € Q) /Nmpjg, (EX).
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We assume that det(WW) = 1, which implies the existence of an E-basis z1,...,z, € W such
that the hermitian form is given by the matrix with 1’s on the antidiagonal, and 0’s elsewhere.

In other words
1 ifitj=n+1

h(x,-, .’L’j) = {

The group of unitary similitudes G = GU(W) is an unramified reductive group over Q,, and
our choice of basis determines subgroups

0 otherwise.

Tc BcQG,
in which the Borel B is the stabilizer of the flag /i < --- < F, = V defined by F; =
Spang{z,...,z;}, and T is the maximal torus that acts through scalars on every x;.

Regard z1,...,2z, € Wl ®q, (@p as an E—basis, and denote by

Yl,---sYn € Wo and  2z1,...,2, € W3

the projections of these basis vectors to the two summands in the decomposition of (1.2.2). Thus
x; = Y; + 2i, the Frobenius operator o : W — W interchanges y; with z;, and we have a QQ,-basis

Yiy-+ 3 Yny 215+, 2n € W
We use this last basis to identify G (Qp) c GLgn(@p). The Borel B(Qp) is then identified with
the upper triangular matrices in G(Q,), while T(Q,) is the subgroup of diagonal matrices of the

form
i1

def tn
t- 1o

t Mo
The cocharacter lattice of T' has a Z-basis €g, €1, ..., €, € X4(T) given by
eo(t) =[t,1,1,...,1]
er(t) =[1,¢,1,...,1]

en(t) =[1,1,...,1,¢].
DEFINITION 6.1.1. A cocharacter
A= apgeg + ai€1 -+ + anen € X*(T>

is minuscule if |a; — aj] < 1 for all 4,5 € {1,...,n}, and is dominant (with respect to B) if
a1 = ag = -+ = Qp.

Remark 6.1.2. The action of the Frobenius ¢ on X (7T) is given by

€ =€c+e+-+e

€ = —€v for 1 <i<n,

where we abbreviate ¥ =n + 1 — 1.
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Remark 6.1.3. The center Z < G is isomorphic to the Weil restriction Resg/g,Gm, and its
cocharacter lattice is

X«(Z) = Spang{ep, €5} < X (T).

The basis vectors x1,...,x, € W span an Og-lattice
A = Spangp, {71,..., 20} = W

self-dual under the hermitian form. The group of unitary similitudes of A determines an extension
of G to a reductive group scheme over Z,, denoted the same way. The subgroup G(Z,) < G(Q,)
is the stabilizer of the O -lattice

p def A®oy, Of = Spanzp{yl, ey Uny By ey 2n) © w. (6.1.1)

We now define the particular affine Deligne-Lusztig variety of interest.
DEFINITION 6.1.4. The affine Deligne-Lusztig variety is the set

Xu(b) ={g€ G(@p)/G(Zp) L9 by € G(Zp)ﬂ(p)G(Zp)}
where b = €y(p) € Z(@p) and = €p + €1 + €2 € X (T).

Remark 6.1.5. Because our chosen b € G(Qp) is central, its twisted centralizer Jp is canonically
identified with G, and the Deligne-Lusztig variety X,,(b) is stable under left multiplication by

G(Qp)-
PROPOSITION 6.1.6. If we use the lattice A above to define the Rapoport-Zink space of §2.2,
there is a bijection of sets
RZ(Fp,) = X,.(b)
identifying
RZA(F,) = {ge X,(b) : pD < gD < p~'D}.

Proof. First note that F' = b o o defines an isocrystal structure on W with
Fy, =pz; and Fz; =vy;.

The lattice D is stable under F' and V, and it is easy to see from (2.1.1) that it is the Dieudonné
module D = D(X) of a p-divisible group X with an Og-action of signature (0,n). Fixing a u € O,
with @ = —u, the alternating form

def
Aw (2, y) = Trgg, h(uz,y)

on W extends @p—bﬂinearly to a polarization of the isocrystal W. The lattice D = W is self-dual
under this alternating form, which determines an Opg-linear principal polarization of X.

Under the isomorphism D = A ®o, Op of (6.1.1), the orthogonal idempotents eg,e; € O
from (1.2.1) satisfy

yi=1;®ey and z =xz;Qey.

The operator F' on the left hand side therefore has the form F = id ® F’ for a unique o-semi-
linear operator F' on Oy, namely F'eq = pe; and F'e; = eg. This operator makes O into a

Dieudonné module isomorphic to D(Y), and a choice of such an isomorphism identifies

X=ARY.
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The rest is routine. For any g € X ,(b) the Og-lattice gD = D(X) is the Dieudonné module
of a p-divisible group X with an Og-action, and the cocharacter 1 was chosen to ensure that X
has signature (2,n — 2). The inclusion

D(X) = gD < D[1/p] = D(X)[1/p]

corresponds to an Op-linear quasi-isogeny px : X --+ X, and the pullback of the principal
polarization on the target can be rescaled by a unique power of p to obtain a principal polarization
Ax of X. The triple (X, Ax, ox) defines a point of RZ(F),), and this is the desired bijection. [

6.2 Labeling the components

We now invoke the parametrization of irreducible components of Rapoport-Zink spaces due to
Xiao-Zhu [19], and its refinement in the case of GU(2,n — 2) worked out in [4].

Given cosets g1,g2 € G(@p)/G(Zp), the Cartan decomposition implies the existence of a
unique dominant S, g, € X4(T') such that

92_191 € G(ZP)691’92 (p)G(Zp)-
We call this cocharacter the relative position invariant of the lattices g;ID and gD, and denote
it by
inve (g1, gaD) < By, g0 € X (T).
The subscript G is included to distinguish this from the invariant of Definition 2.4.3. In this
terminology, our affine Deligne-Lusztig variety becomes

Xu(b) = {g € G(Qy)/G(Zy) : inve(bg D, gD) = pu}.
Define cocharacters az, ..., a2 € Xi(T) by (vecall kY =n +1 — k)

o {(61 Fotept) — (v + -+ ev) ifk<n/2 62.1)

€gter+ -+ €1 if k =n/2.
(See Remark 6.3.6 for an explanation of why the case k = n/2 is treated differently.) Using the
bijection
X,(b) = RZ(F,)
of Proposition 6.1.6, for any v € G(Q,) and 1 < k < [n/2], denote by
RZ ) < RZ™

the locally closed subset (endowed with its reduced scheme structure) whose Iﬁ‘p—points are

RZ ) (Fp) = {g € X,u(b) : invg (gD, /D) = ay} . (6.2.2)
This only depends on the coset v € G(Q,)/G(Z,), and satisfies

Remark 6.2.1. The cocharacters o and (if n is even) a,, are minuscule, but the other ;’s are
not. This is closely tied up with the fact that RZ(; ) and RZ, ,) are isomorphic to Deligne-
Lusztig varieties, as we soon see.

THEOREM 6.2.2. Abbreviate r = |n/2|. There is a bijection
{1,...,r} x G(Qp)/G(Z,) = {irreducible components of RZ}

sending the pair (k,7) to the closure of RZj, ).
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Proof. This is the parametrization of irreducible components from [19], made explicit in [4] in
the special case of GU(2,n — 2). For the reader’s benefit, we provide a very rough sketch.

The triple T'c B < G has Langlands dual
fcﬁcégGLgnxGm,

where B is the subgroup of matrices upper triangular in the first factor, and T is the subgroup
of matrices diagonal in the first factor. Let V), be the representation of G of heighest weight

pe X (T) = X*(T).

Every A € X,(T) = X*(T) determines a weight space V,,(\), and because p is minuscule the
nonzero weight spaces lie in a single orbit under the action of the Weyl group. In other words

1 if A=¢€p+¢€ + ¢ for some i # j

dim V,,(\) = { (6.2.4)

0 otherwise.

For any A € X, (T') denote by [A\] € X, (T)/(c — 1) X«(T) its image under the quotient map.
By Theorem 4.4.14 of [19], and recalling the equality J, = G of Remark 6.1.5, the irreducible
components of X,,(b) are in bijection with

L] MV.() x G(Q,)/G(Z,), (6.2.5)
Bt

where MV, () is a finite set of cardinality (6.2.4).

As [eg+e€i+€j] = [eo] if and only if j = iV, the calculation (6.2.4) shows that the A contributing
to (6.2.5) are precisely those of the form

i dif €0+ € +€v E X*(T)
with 1 <4 < r. Thus Theorem 4.4.14 of [19] establishes a bijection
(M, M} x G(Q,)/G(Z,) = {irreducible components of RZ*}, (6.2.6)

which we must make explicit.

For every 1 < i < r, Lemma 4.4.3 of [19] associates a dominant cocharacter v; € X, (T) to the
unique element of the set MV, ();). This cocharacter is not uniquely determined by this recipe,
but once it is chosen one defines

=N + v —v] € Xo(T),

and chooses any 0; € X, (T') satisfying 7; = €9+ J; — 7. In the case at hand we make the following
choices. For 1 <1i < n/2 set

vi=(e1+--+e€-1)— (v + - +erv)
T, = €
0; = 0.
When n is even, so that r = n/2, set
Vp =€+ " t6€-1
Tr =€ + €+ -+ €,
O =€+ -+ €.

44



RAPOPORT-ZINK SPACES OF TYPE GU(2,n — 2)

Each of the minuscule cocharacters 7; determines a b; = 7;(p) € G(@p), with its own affine
Deligne-Lusztig variety

Xu(bi) = {g € G(Qp)/G(Zp) : invg (big”D, gD) = pu}.
The locally closed subset

o

X0, (bi) = {g € Xu(b) : invg (9D, D) = 14}
is irreducible (see the proof of Lemma 7.2 of [4]) and its closure in X, (b;) is an irreducible
component.
There is a bijection
A Xpu(bi) = Xu(b)
defined by A;(g) = 8i(p~1)g. Note that &;(p~") € G(Q,) may not be central, and so this bijection
need not respect the natural left actions of G(Q,) on the source and target. As ¢; — 67 is a

central cocharacter, conjugation by &;(p~!) defines an automorphism of G(Q,). All hyperspecial
subgroups of G(Q)) are conjugate, so we may fix a k; € G(Qp) such that

0i(p™1)G(Zp)0i(p) = ki ' G(Zp k. (6.2.7)
The closure of
kiDNi(X 0 (01) = {g € X,(b) : inva (gD, kid; (p~H)D) = v} (6.2.8)
is an irreducible component of RZ™Y, and is the image of (4,id) under (6.2.6). Indeed, this is the
definition of the bijection (6.2.6).
If 1 <i<mn/2 then
(6.2.8) = {g e X,(b) : invg(gD, D) = 14}
={g€ X,(b) : invg(¢gD,D) = a;}
= RZ(; iq),
as desired. Now suppose n is even, and ¢ = n/2. The cocharacter €y + J; is fixed by o, and taking
ki = (€0 + 9:)(p) € G(Qp) we find
(6.28) = {g € X,(b) : invr (gD, eolp)D) = 1)}
={g€ X,(b) : invg(gD,D) = a;}
= RZ(; jq)
as desired. ]

6.3 Main results

We can now put everything together to state and prove our main results on the structure of
Rzred,

This amounts to describing the structure of the locally closed subsets RZ ) appearing in
Theorem 6.2.2, which we do by comparing them with the locally closed subsets (Definition 2.4.2)
appearing in the decomposition

Rz = | | RZY™ (6.3.1)
k=1

determined by our choice of framing object A ® Y.
By Proposition 2.4.4, the subschemes on the right hand side of (6.3.1) are nonempty only
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when 1 < k < [n/2]. The cases k < n/2 and k = n/2 will require separate treatment, as did the
definition of the cocharacter aj, appearing in (6.2.2).
THEOREM 6.3.1. For any k < n/2 we have
RZ(de) = RZi’red.
Moreover, for any v € G(Qy) there is a smooth morphism
RZ(.5) = DLY

to the smooth and proper Deligne-Lusztig variety of Definition 3.4.1. Over this Deligne-Lusztig
variety there is a rank 2k — 1 vector bundle V equipped with a morphism

B:VQc*V — ODL%
and a rank k local direct summand V¥) = 'V such that
rank k — 1 local direct summands F < Vg
RZ ) (S5) = o ey B (k)
satisfying (T ® 0*F) = 0 and Vg = F @ Vg
for any DL% -scheme S. Recall that o*V means the Frobenius twist (4.1.4).

Proof. Recall the relative position invariant of Definition 2.4.3. Under the bijection of Proposition
6.1.6, an element g € X,,(b) corresponds to a p-divisible group X € RZ(F),) satisfying

inv(gDg, Dg) = inv(D(X)o, D(A®Y)g)
inv(gDy,D1) = inv(D(X)1, D(A®Y)1),
which corresponds, under the bijection of Proposition 2.3.1, to a lattice L ]\[1 /p] satisfying
inv(D(X)o, D(A®Y)o) = inv(Lo, Ag)
inv(D(X)1, D(A®Y)1) = inv(Ly, Ay).

Directly from the definition (6.2.2), the element g above lies in the subset RZ ;q) if and only

if
k—1 times k times
. — ———
inv(gDg,Dg) = (1,...,1,0,...,0,—1,...,—1)
inv(¢Dy,Dy) = (1,...,1,0,...,0,—1,...,—1).
———— —_——
k times k—1 times

By Proposition 2.4.4 and the previous paragraph, these conditions are equivalent to X € RZ% (ﬁ?p)'
In other words, RZ ;q) = Rzi,red.

Given this last equality and (6.2.3), the rest of the theorem is a restatement of Corollary
4.2.4. O

Remark 6.3.2. We remind the reader that the vector bundle V on
yered ~ pLk

was constructed in Section 4.1, which contains more information about its filtration and the
morphism (. See especially Proposition 4.1.8.

Remark 6.3.3. Theorem 6.3.1 implies that
RZ ) = RZ)"™! ~ DL}
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is itself a Deligne-Lusztig variety.

Now we turn to the case k = n/2, so suppose n is even. In this case we have inclusions
(Proposition 5.1.4)

sz/z,red - U sz;red — Rzred (6.3.2)
PASA'CA

in which the union is over all scalar-self-dual (Definition 5.1.1) Opg-lattices A’ lying between pA
and A, and each

Q,red red
Rz Rz
Q,red

is the closed subscheme of Definition 5.1.2. The following implies that every such RZ ;" is an
irreducible component of RZ™.

THEOREM 6.3.4. Assume that k = n/2, and fix a A’ as in (6.3.2)
(i) There is an h € G(Qp) such that RZ, ) = RZg;red.
(ii) For any v e G(Qp) there is an isomorphism
~ Q
RZ(kq) = DL
where the smooth and proper Deligne-Lusztig variety on the right is that of Definition 5.2.1.

Proof. Recall that a hermitian space over F is determined up to isometry by its dimension and
determinant, viewed as an element of Q' /Nmpg/q,(£>). As n = dim(W) is even, its determinant
(hence its isometry classes) is unchanged if we rescale the hermitian form by an element of Q-
In other words, the similitude character G(Q,) — Q) is surjective. Combining this with the
observation that all self-dual lattices in W are isometric, it follows that any two scalar self-dual
lattices in W lie in the same G(Qp)-orbit.

By the previous paragraph, we may now fix an h € G(Q)) satisfying
hA =plA.
Directly from the definition (6.2.2), an element g € X,(b) lies in the subset RZ p (H:"p) if and
only if
phDy " gDy "' kD and  phDy 'S gDy "E' AD,.
By our choice of h, this is equivalent to the corresponding p-divisible group X € RZ(F)) satisfying
DN ®T)y "E D(X) "= Dp'N @)
D' ®Y): "€ px) "t DN @Y.
Such p-divisible groups lie in the subset RZ (F,) < RZ(F,), by the inclusions
p AN cp AN cA,
and correspond under the bijection of Corollary 2.3.3 to lattices Ly < ]\0[1 /p] satisfying
V=7 R =y O
This is exactly the characterization of RZX}red (Iﬁ'p) from Proposition 5.1.3, proving that
RZ(M) (Fp) = Rzi/’red(ﬁ‘p)

This completes the proof of the first claim.
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Given the first claim and (6.2.3), the second claim follows immediately from Theorem 5.2.3.
O

Recall that Theorem 6.2.2 presents the irreducible components of RZ™? as Zariski closures of

certain locally closed subsets RZ, ). A priori, these locally closed subsets could be rather small;
indeed, deleting a proper closed subset from any of them would not change the statement of that
theorem. The following result says that they are large enough to cover the entire Rapoport-Zink
space, without needing to take their Zariski closures. It would be interesting to know if this
phenomenon is particular to the GU(2,n — 2) Rapoport-Zink space, or if it holds in the greater
generality of [19].

COROLLARY 6.3.5. The locally closed subschemes of (6.2.2) satisfy
Rz = |J  RZg,.

1<k<|n/2]
V€G(Qp)/G(Zp)

Proof. Combining (6.2.3) with Theorems 6.3.1 and 6.3.4, we find that every RZ . is contained
in some G(Q,)-translate of RZ\4. As RZ}4 = RZ™ is closed, it follows now from Theorem 6.2.2
that every irreducible component of RZ™ is also contained in such a translate. This proves that
Rz = | ] ~-RZE
¥eG(Qp)
Combining this with (6.3.1), we find that
Rzred _ U - Rzired‘

veG(Qp)
1<k<|n/2]

Now fix a point s € RZ*4. The paragraph above shows that s is contained in some - RZf\’red,
and we consider two cases. If £ < n/2 then Theorem 6.3.1 implies
Ssey- RZ(k,id) = RZ(k,'y)
If k = n/2 then we use (6.3.2) and Theorem 6.3.4 to see that
Q,red
S € v RZA; e = R’Z(n/Q,’y')
for some scalar-self-dual A’ and some 7' € G(Q,). O
Remark 6.3.6. Recall that the cocharacters aj € Xy (T) of (6.2.1) were defined differently in

the cases k < n/2 and k = n/2. What would have happened if, when 7 is even, we had instead
defined

Opjo = (e 4+ -+ 6(n/2)—1) — (é(n/2)v + 4 €v)
in conformity with the case k < n/2? Theorem 6.3.1 would still hold, proving that the locally
closed subset

RZ(n/2,7)(Fp) = {g € Xu(b) : inve (gD, D) = a0}
satisfies
RZ(n/2,4) = RZX/Q’redy

and (as k = n/2 is allowed throughout §3 and § 4, and in particular in Corollary 4.2.4), admits
a smooth morphism

/2,red /2
RZ\/ 7™ — DL}
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identifying the domain as a moduli space of local direct summands of a vector bundle on the
codomain, word-for-word as in Theorem 6.3.1. The only new phenomenon we encounter is that
neither the source nor the target of this morphism is irreducible (compare with (6.3.2) and
Proposition 3.4.2) and hence neither is RZy/2,iq)- Thus from our point of view, the above naive
definition of ay,/5 is not the right one to make.
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