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Abstract. We describes the structure of the supersingular Rapoport-
Zink space associated to the group of unitary similitudes of signature
p2, n ´ 2q for an unramified quadratic extension of p-adic fields. In
earlier work, two of the authors described the irreducible components
in the category of schemes-up-to-perfection. The goal of this work is to
remove the qualifier “up-to-perfection”.
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1. Introduction

The p-adic period domains of Rapoport-Zink [15] are defined as moduli
spaces of p-divisible groups with additional structure. While general exis-
tence theorems are known for these spaces, it is a very difficult problem
to determine their structures as formal schemes, or even the structure of
their underlying reduced schemes, in any explicit way. The history of this
problem is long, and has its origins in Drinfeld’s work (before Rapoport and
Zink) on the p-adic uniformization of quaternionic Shimura curves. The
reader can find a thorough guide to the older literature to the introduction
to Vollaard’s work [16] on Rapoport-Zink spaces of type GUp1, n´ 1q.

This work of Vollaard, and the subsequent work of Vollaard-Wedhorn
[17], introduced significant new ideas into the subject, which were extended
further in [3], [9], [10], [14], and [18]. In all of these works, the main results
assert that the irreducible components of (the reduced scheme underlying) a
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particular Rapoport-Zink space are isomorphic to Deligne-Lusztig varieties
associated to reductive groups over finite fields. Görtz-He [5] and Görtz-
He-Nie [6] gave a classification of those Rapoport-Zink spaces for which one
should expect the irreducible components to have this form, and called such
Rapoport-Zink spaces fully Hodge-Newton decomposable.

Xiao-Zhu [19] proved quite general results on the structure of Rapoport-
Zink spaces (and more general affine Deligne-Lustztig varieties). The results
of Xiao-Zhu provide a parametrization of the irreducible components, but do
not provide a description of their scheme-theoretic structure. The Xiao-Zhu
parametrization of components has since been generalized by other authors;
see [7], [8], [13], and [20].

Among the simplest examples of Rapoport-Zink spaces that are not fully
Hodge-Newton decomposable are those of type GUp2, n´2q. Because of the
results of Görtz-He-Nie mentioned above, there is no expectation that the ir-
reducible components in this setting are Deligne-Lusztig varieties. However,
in earlier work two of the authors [4] provided a description of (an open dense
subset of) each irreducible component by fibering it over a Deligne-Lusztig
variety, and then describing the fibers.

One sense in which the descriptions of irreducible components in [4] is
incomplete is that everything is understood in the category of schemes-up-
to-perfection. Loosely speaking, this means that for each irreducible com-
ponent, a scheme (fibered over a Deligne-Lusztig variety) is exhibited with
the property that it has the same functor of points when restricted to perfect
algebras in characteristic p. For example, when viewed as an object of this
category, each irreducible component is indistinguishable from its Frobenius
twists. This ambiguity in the scheme-theoretic structure of the compo-
nents arises because [4] adheres closely to the framework of [19], in which
Rapoport-Zink spaces are replaced by their corresponding affine Deligne-
Lustzig varieties, which are thought of not as moduli spaces of p-divisible
groups, but as closed subsets of the Witt vector affine Grassmannians of [21]
and [1]. These Witt vector affine Grassmannians are only defined as objects
in the category of (ind-)schemes-up-to-perfection.

The primary purpose of this paper is to revisit the results of [4], in order
to pin down the precise scheme-theoretic structure, not just up to perfection,
of the irreducible components of the GUp2, n´ 2q Rapoport-Zink space.

In practice, this requires making more systematic use of the moduli inter-
pretation of the Rapoport-Zink space (as opposed to the interpretation as a
closed subset of a Witt vector affine Grassmannian), in order to exploit the
Grothendieck-Messing deformation theory of the universal p-divisible group
that lives over it.

1.1. Statement of the results. Throughout this paper we denote by Q̆p

the completion of the maximal unramified extension of Qp, and by Z̆p its

ring of integers. Let σ : Q̆p Ñ Q̆p be the Frobenius, inducing the p-power
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automorphism of the residue field

F̆p “ Z̆p{pZ̆p.

Note that F̆p is just an algebraic closure of Fp.
Fix an unramified quadratic field extension E of Qp. We are interested

in the Rapoport-Zink formal scheme

RZ Ñ SpfpF̆pq

parametrizing p-divisible groups X of dimension n ě 2 over Fp-algebras,
endowed with principal polarizations, an action of OE satisfying a signature
p2, n ´ 2q condition, and a quasi-isogeny %X : X 99K X to a fixed framing
object. See §2.2 for the precise definitions.

For our framing object X we make a nonstandard choice: an n-dimension
p-divisible group, again with an OE-action and principal polarization, but
satisfying a signature p0, nq-condition. We will show that X is unique up to
isomorphism, not just isogeny, and has the form

X – ΛbOE
Y

for Y a supersingular p-divisible group of height 2 and dimension 1 endowed
with an action of OE of signature p0, 1q, and Λ a rank n self-dual hermitian
OE-lattice. By the comments preceding Definition 2.2.1, our X is also quasi-
isogenous to a p-divisible group of signature p2, n´2), so this unusual choice
of framing object yields the usual Rapoport-Zink space for GUp2, n´ 2q.

Let G “ GUpΛq be the group of unitary similitudes of Λ, a reductive
group over Zp. Its group of Qp-points acts on the framing object Λb Y by
quasi-isogenies, and hence also acts on RZ.

Denote by RZΛ Ă RZ the projective closed subscheme parametrizing
commutative diagrams

X

%X
�� ''

pΛbOE
Y //

88

ΛbOE
Y // p´1ΛbOE

Y,

in which all solid arrows are isogenies, and the horizontal arrows are induced
by the inclusions pΛ Ă Λ Ă p´1Λ. It will turn out (see the proof of Corollary
6.3.5) that

RZred “
ď

γPGpQpq{GpZpq

γ ¨ RZred
Λ ,

where the superscript red indicates underlying reduced scheme. (We suspect
that RZΛ is already reduced, and that this might be proved by arguing as
in Corollary 3.2.3 of [12], but we have not checked this.) Hence the irre-
ducible components of the left hand side are precisely the GpQpq-translates

of irreducible components of RZred
Λ .



4 MARIA FOX, BENJAMIN HOWARD, AND NAOKI IMAI

To describe these, we decompose

RZred
Λ “

ğ

1ďkďtn{2u

RZk,red
Λ

into locally closed subschemes. The precise definition of the schemes on
the right hand side appears in §2.4, but loosely speaking, as k increases the

points of RZk,red
Λ get farther from the framing object.

The following result is stated in the text as Theorem 6.3.1. The Deligne-
Lusztig variety is that of Definition 3.4.1, and the vector bundle V on it is
constructed in §4.1.

Theorem A. If k ă n{2 then RZk,red
Λ is a smooth and irreducible F̆p-scheme

of dimension n´ 2, and its closure

RZ
k,red
Λ Ă RZred

is an irreducible component with stabilizer GpZpq Ă GpQpq. Moreover, there
is a smooth morphism

RZk,red
Λ Ñ DLkΛ

of relative dimension k´1 to a smooth and projective Deligne-Lusztig variety
with the following property: over DLkΛ there is a vector bundle V of rank

2k´1, endowed with a rank k local direct summand Vpkq Ă V and a morphism

β : Vb σ˚VÑ ODLk
Λ
,

such that RZk,red
Λ is identified with the moduli space parametrizing comple-

mentary summands

V “ F ‘ Vpkq

that are totally isotropic, in the sense that βpFbσ˚Fq “ 0. Here σ˚ denotes
pullback of coherent sheaves with the respect to the p-power Frobenius on the
structure sheaf of DLkΛ.

Although the technical details obscure it, the basic idea for constructing

a map from RZk,red
Λ to a Deligne-Lusztig variety is quite simple. An F̆p-

valued point of RZk,red
Λ corresponds to a quasi-isogeny of p-divisible groups

X 99K X. This realizes the covariant Dieudonné modules of these p-divisible
groups as lattices in a common Q̆-vector space, and the intersection DpHq “
DpXq X DpXq is the Dieudonné module of a p-divisible group H endowed
with an isogeny H Ñ X. This latter isogeny is quite small, in the sense that

pDpXq Ă DpHq Ă DpXq,

and so is determined by the subspace

DpHq

pDpXq
Ă

DpXq
pDpXq

– ΛbZp F̆p.
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The isomorphism here comes from our particular choice of framing object,
as a choice of isomorphism DpYq – OE bZp Z̆p identifies

DpXq “ DpΛbOE
Yq “ ΛbOE

DpYq – ΛbZp Z̆p.

For the rough purposes of this introduction, one can can think of the Deligne-
Lusztig variety as parametrizing all subspaces that arise from this construc-
tion.

If n is odd Theorem A completes our description of RZred, as

RZred “
ď

1ďkăn{2
γPGpQpq{GpZpq

γ ¨ RZ
k,red
Λ

exhibits the left hand side as the union of its irreducible components. Ideally

one would like to have a description not just of RZk,red
Λ , but of its closure.

This seems quite difficult for k ą 1. When k “ 1, Theorem A implies that

RZ1,red
Λ – DL1

Λ

is projective, so no closure is needed.

When n is even we must also examine RZ
n{2,red
Λ . For every intermediate

lattice pΛ Ĺ Λ1 Ĺ Λ such that Λ1{pΛ Ă Λ{pΛ is maximal isotropic, we define

RZ♥
Λ1 Ă RZΛ

as the projective closed subscheme parametrizing commutative diagrams

X

%X
�� ''

Λ1 bOE
Y //

88

ΛbOE
Y // p´1Λ1 bOE

Y,

in which all solid arrows are isogenies, and the horizontal arrows are induced
by the inclusions Λ1 Ă Λ Ă p´1Λ1.

The following result is stated in the text as Theorem 6.3.4. The Deligne-
Lusztig variety in the theorem is that of Definition 5.2.1.

Theorem B. If n is even then

RZ
n{2,red
Λ Ă

ď

pΛĹΛ1ĹΛ

RZ♥,red
Λ1 ,

where the union is over intermediate lattices for which Λ1{pΛ Ă Λ{pΛ is

maximal isotropic. All of the RZ♥,red
Λ1 appearing on the right hand side lie

in the same GpQpq-orbit, each is an irreducible component of RZred with
stabilizer a GpQpq-conjugate of GpZpq, and each is isomorphic to a smooth
projective Deligne-Lusztig variety of dimension n´ 2.
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When n is even, if we fix one Λ1 Ă Λ as above then

RZred “

´

ď

1ďkăn{2
γPGpQpq{GpZpq

γ ¨ RZ
k,red
Λ

¯

Y

´

ď

γPGpQpq{hGpZpqh´1

γ ¨ RZ♥,red
Λ1

¯

exhibits the left hand side as the union of its irreducible components. Here
h P GpQpq is any element satisfying hΛ “ p´1Λ1, as in Theorem 6.3.4 and
its proof.

1.2. General notation. Throughout the paper, E is an unramified qua-
dratic extension of Qp. Denote by

i0, i1 : OE Ñ Z̆p
the two embeddings. The nontrivial automorphism of E is denoted x ÞÑ x,
so that i0pxq “ σpi1pxqq and similarly with the indices 0 and 1 reversed.
Abbreviate

Ĕ “ E bQp Q̆p,

and OĔ “ OE bZp Z̆p. Label the orthogonal idempotents

e0, e1 P OĔ – Z̆p ˆ Z̆p

in such a way that for any Z̆p-module M with a commuting action of OE ,
the actions of OE on the direct summands

(1.2.1) M0 “ e0M and M1 “ e1M

are through i0 and i1, respectively.
A hermitian form on an E-vector space or OE-module is always E-linear

in the first variable and conjugate-linear in the second variable.
If F is a coherent sheaf on a scheme X, the notation Fx always means

the fiber (not the stalk) at a point x P X. If X is any scheme (or formal
scheme) we denote by Xred the underlying reduced scheme.

If M is a Zp-module, we usually abbreviate M r1{ps “M bZp Qp and

M̆ “M bZp Z̆p.

2. The Rapoport-Zink space

In this section we define our main object of study, a Rapoport-Zink space
RZ of type GUp2, n ´ 2q, as a formal F̆p-scheme parametrizing p-divisible
groups with additional structure. This additional structure includes a quasi-
isogeny to a fixed framing object, which determines distinguished closed
subscheme RZΛ Ă RZ.

We describe the F̆p-valued points of this subscheme in terms of lattices

in a free Z̆p-module, and then express RZΛ as a union of locally closed
subschemes. The examination of these locally closed subschemes will occupy
the rest of the paper.
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2.1. Framing objects. For any p-divisible group X over F̆p, let DpXq be

the covariant Dieudonné module. It is a Z̆p-module endowed with semi-
linear operators F and V satisfying FV “ V F “ p. Under the covariant
conventions,

(2.1.1) LiepXq – DpXq{V DpXq.

If X has an action of OE , the induced action of OEbZp Z̆p on its Dieudonné
module determines, by (1.2.1), a decomposition

DpXq “ DpXq0 ‘DpXq1.

Suppose X is a p-divisible group over an F̆p-scheme S, equipped with
an action OE Ñ EndpXq. As above, the induced action of OE bZp OS on
LiepXq determines a decomposition

(2.1.2) LiepXq “ LiepXq0 ‘ LiepXq1

as a sum of locally free OS-modules.

Definition 2.1.1. The action OE Ñ EndpXq has signature ps0, s1q if the
summands on the right hand side of (2.1.2) are locally free of ranks s0 and
s1, respectively.

Definition 2.1.2. A polarization λX : X Ñ X_ is conjugate OE-linear if
λX ˝ x “ x_ ˝ λX for all x P OE .

There is an analogue of Serre’s tensor construction for p-divisible groups.
Suppose X is any p-divisible group over an F̆p-scheme S, endowed with an
action of OE . If Λ is any free OE-module of finite rank, one can form a new
p-divisible group ΛbX with OE-action over S with functor of points

pΛbXqpT q “ ΛbXpT q

for any T Ñ S. Note that both tensor products over OE , but we typically
omit this from the notation. Of course choosing an OE-basis of Λ identifies
ΛbX with a product of rankOE

pΛq copies of X.
Suppose further that X is endowed with a conjugate OE-linear polariza-

tion λX : X Ñ X_, while Λ is endowed with a hermitian form h : Λˆ Λ Ñ
OE . This data induces a conjugate OE-linear polarization

λΛbX : ΛbX Ñ pΛbXq_

constructed as follows. First note that if G is any p-divisible group over
S endowed with an OE-action, there are isomorphisms of finite flat group
schemes

HomOE
pGrpks,OE b µpkq – HompGrpks, µpkq “ G_rpks,

compatible as k varies, where the first isomorphism is defined by the trace
map OE Ñ Zp, and the second is the definition of G_. The subscript OE
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indicates OE-conjugate-linear homomorphisms. The principal polarization
λX therefore induces, for every k, an isomorphism

λ̃X : Xrpks Ñ HomOE
pXrpks,OE b µpkq.

The polarization λΛbX is defined, on pk-torsion, as the composition

pΛbXqrpks ΛbXrpks

��
HomOE

pΛbXrpks,OE b µpkq pΛbXq_rpks

in which the vertical arrow sends a b x P Λ b Xrpks to the OE-conjugate

linear homomorphism bb y ÞÑ hpa, bq ¨ λ̃Xpxqpyq.

Let Y be the p-divisible group of a supersingular elliptic curve over F̆p.
In other words, Y is the (unique up to isomorphism) connected p-divisible
group of dimension 1 and height 2. Fix an action OE Ñ EndpYq of signature
p1, 0q, and a principal polarization λY : Y Ñ Y_. Any such polarization is
necessarily conjugate OE-linear.

Denote by Y the p-divisible group Y, but now endowed with the conjugate
action of OE . Thus Y has signature p0, 1q. The principal polarization λY can

be viewed as a principal polarization λY : YÑ Y_, which is again conjugate
OE-linear.

Proposition 2.1.3. Fix an integer n ě 2.

(1) If Λ is a self-dual hermitian OE-lattice of rank n, the natural OE-
action on ΛbY has signature p0, nq, and the natural conjugate OE-
linear polarization is principal.

(2) Conversely, suppose X is any p-divisible group over F̆p, equipped with
an OE-action of signature p0, nq. There exists a self-dual hermitian
lattice Λ of rank n, and an OE-linear isomorphism X – ΛbY. More-
over, if X is endowed with a OE-conjugate linear principal polariza-
tion, this isomorphism may be chosen to identify the polarizations
on source and target.

We remark that there is a unique (up to isometry) self-dual hermitian lattice
Λ of rank n, and so the X in (2), whether polarized or not, is unique up to
isomorphism.

Proof. The first claim is obvious from the definitions.
For the second claim, the signature condition on X implies that its Dieudonné

module satisfies

V DpXq0 “ pDpXq1 and V DpXq1 “ DpXq0.
It follows that τ “ p´1F 2 defines a σ2-semi-linear automorphism of DpXq0,

whose fixed points DpXqτ“id
0 form a free Zp2 “ Z̆σ2“id

p -module with

DpXqτ“id
0 bZp2 Z̆p “ DpXq0.
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Choose a basis

y1, . . . , yn P DpXqτ“id
0 Ă DpXq0.

If we define xi P DpXq1 by V xi “ yi, then each pair xi, yi generates a

Z̆p-submodule Dpiq Ă DpXq stable under F and V . The decomposition

DpXq “ Dp1q ‘ ¨ ¨ ¨ ‘Dpnq

of Dieudonné modules corresponds to a decomposition X “ Xp1qˆ¨ ¨ ¨ˆXpnq

of p-divisible groups, with each factor OE-linearly isomorphic to Y. In other
words,

(2.1.3) X – Yˆ ¨ ¨ ¨ ˆ Y.
If we also assume that X admits an OE-conjugate linear principal polar-

ization, there is an induced perfect alternating pairing

λX : DpXq ˆDpXq Ñ Z̆p
satisfying λXpFx, yq “ λXpx, V yq

σ and λXpαx, yq “ λXpx, ᾱyq for all α P OE

and x, y P DpXq. Using these properties, we see that

xx, yy
def
“ p´1λXpx, V yq

defines a Zp2-valued skew-hermitian form on DpXqτ“id
0 of unit determinant.

Such a form admits a diagonal basis, and we assume that y1, . . . , yn is chosen
in such a way. The polarization on the left hand side of (2.1.3) then identified
with the the product of some principal polarizations on the factors of the
right hand side. As the principal polarization on Y is unique up to scaling by
Zˆp , we may choose the isomorphism (2.1.3) so that the given polarization on

X matches the product of the principal polarization of Y that we originally
fixed.

Thus, whether X was polarized or not, we may take Λ “ On
E with the

hermitian form determined by the nˆ n identity matrix. �

Remark 2.1.4. Why have we expressed the second claim in Proposition 2.1.3
in such a peculiar way, when the proof actually shows that X is isomorphic
to n copies of Y? One reason is that such an isomorphism is not canonical,
but the presentation X – Λ b Y is. Indeed, once such a presentation is
known to exist, it is easy to see that

Λ – HomOE
pY,Xq,

in which the right hand side is endowed with the hermitian form character-
ized by the relation (3.1) of [11].

2.2. The Rapoport-Zink space. For the remainder of §2, we work with
a fixed self-dual hermitian OE-lattice Λ of rank n. It is unique up to iso-
morphism.

We next define a GUp2, n´2q Rapoport-Zink space RZ, parametrizing p-
divisible groups with extra structure. This extra structure would normally
include a quasi-isogeny to a fixed supersingular p-divisible group X (the
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framing object), endowed with an OE-action of signature p2, n ´ 2q and an
OE-conjugate linear principal polarization. Such a framing object is unique
up to quasi-isogeny by Proposition 1.15 of [16], but that result actually
proves more: any such X is also quasi-isogenous to the p-divisible group
ΛbY of signature p0, nq, which can therefore also serve as a framing object.
This is what we choose to do.

Definition 2.2.1. For an F̆p-scheme S, denote by RZpSq the set of isomor-
phism classes of triples pX,λX , %Xq in which

‚ X is a p-divisible group over S equipped with an OE-action of sig-
nature p2, n´ 2q,

‚ λX : X Ñ X_ is a conjugate OE-linear principal polarization,
‚ %X : X 99K Λ b YS is an OE-linear quasi-isogeny identifying polar-

izations up to Qˆp -scaling.

The results of [15] show that the functor RZ is represented by a formal

scheme over F̆p, locally formally of finite type, and formally smooth of di-
mension 2n´ 4. When no confusion can arise, we usually write X P RZpSq
instead of pX,λX , %Xq P RZpSq.

For any point X P RZpSq there is a commutative diagram

(2.2.1) X
j_

&&
%X

��

pΛb YS

j

88

i %%

p´1Λb YS

Λb YS ,
i_

88

in which the isogenies i and i_ are induced by the inclusions pΛ Ă Λ Ă

p´1Λ, and the quasi-isogenies j and j_ are uniquely determined by the
commutativity. One can easily check that the triangle on the right is, as the
notation suggests, obtained by dualizing the triangle on the left using the
principal polarizations on X and Λb YS .

Definition 2.2.2. The partial Rapoport-Zink space of signature p2, n´2q is
the closed formal subscheme RZΛ Ă RZ cut out by the following conditions:

‚ The quasi-isogeny %X : X 99K XS identifies the polarizations on
source and target (not just up to scaling).

‚ The arrows j and j_ in (2.2.1) are isogenies (not just quasi-isogenies).

Remark 2.2.3. By the argument of Lemma 4.2 of [17] (or §2.2 of [15]), the

functor RZΛ on F̆p-schemes is represented by a projective scheme (not just
a formal scheme), denoted the same way.

Remark 2.2.4. Let G “ GUpΛq, a reductive group scheme over Z̆p whose
group of Qp-points acts on RZ. Indeed, any γ P GpQpq determines an OE-

linear quasi-isogeny from X “ ΛbY to itself, respecting the polarization up
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to Qˆp -scaling, and hence defines an automorphism of RZ by

pX,λX , %Xq ÞÑ pX,λX , γ ˝ %Xq.

The partial Rapoport-Zink space of Definition 2.2.2 satisfies

(2.2.2) RZpF̆pq “
ď

γPGpQpq

γ ¨ RZΛpF̆pq,

and so serves as a kind of approximate fundamental domain for this action.
The equality (2.2.2) should be thought of as a signature p2, n ´ 2q ana-

logue of the crucial Lemma 2.1 of [16], and it is possible to give a direct (if
quite technical) linear algebraic proof along the same lines. We omit this
argument because (2.2.2) will fall out during the proof of Corollary 6.3.5
below, but that argument makes use of the results of [19], and so is of a far
less elementary nature than the approach of [16].

2.3. Description of the closed points. In this subsection we give a con-
crete description of the closed points of the partial Rapoport-Zink space
RZΛ of Definition 2.2.2 in terms of lattices. Endow

Λ̆ “ ΛbZp Z̆p
with the σ-semi-linear automorphism Φ “ id b σ. Recalling (1.2.1), this

operator interchanges the direct summands Λ̆0 and Λ̆1.
The hermitian form h on Λ extends Z̆p-bilinearly to a pairing

h : Λ̆ˆ Λ̆ Ñ OĔ

satisfying hpΦx,Φyq “ hpx, yqσ, where the σ on the right is the Frobenius on

the second factor of OĔ “ OE bZp Z̆p. We further extend h to a Q̆p-bilinear

pairing on Λ̆r1{ps.

Proposition 2.3.1. There is a bijection X ÞÑ LpXq from RZΛpF̆pq to the

set of self-dual OĔ-lattices L Ă Λ̆r1{ps lying between pΛ̆ and p´1Λ̆, and
satisfying

pL0
n´2
Ă Φ´1L1

2
Ă L0 and pL1

2
Ă pΦ´1L0

n´2
Ă L1.

Proof. As this is the routine identification (see especially Proposition 1.10 of

[16]) of points of RZpF̆pq with lattices in the isocrystal of the framing object,
we only explain how to account for our unusual choice of framing object.

Fix an OĔ-linear isomorphism

DpYq – OĔ ,

and use this to identify

(2.3.1) DpΛb Yq – Λ̆bOĔ
DpYq – Λ̆.

This identification is only well-defined up to scaling by Oˆ
Ĕ

, but as we are

only interested in viewing lattices in the left hand side as lattices in the right
hand side, this ambiguity is harmless.
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The signature p0, 1q condition on Y implies that

V DpYq1 “ DpYq0 and V DpYq0 “ pDpYq1.

Using this, one checks that the identification (2.3.1) restricts to identifica-
tions

(2.3.2) Λ̆0

pΦ
��

DpΛb Yq0

F
��

Λ̆1 DpΛb Yq1

Λ̆1

Φ
��

DpΛb Yq1

F
��

Λ̆0 DpΛb Yq0

in which the diagrams commute up to scaling by Z̆ˆp . In fact, one can choose

the trivialization of DpYq so that they commute without any scaling factor,
but we have no need to do this.

Given a point X P RZΛpF̆pq, we use the quasi-isogeny %X : X 99K Λ b Y
to define

(2.3.3) LpXq “ DpXq
%X
Ă DpΛb Yqr1{ps (2.3.1)

“ Λ̆r1{ps.

The signature condition on the OE-action is equivalent to

pDpXq0
n´2
Ă V DpXq1

2
Ă DpXq0 and pDpXq1

2
Ă V DpXq0

n´2
Ă DpXq1,

which, using (2.3.2), translates to the inclusions

pL0
n´2
Ă Φ´1L1

2
Ă L0 and pL1

2
Ă pΦ´1L0

n´2
Ă L1.

This defines the desired bijection. �

Remark 2.3.2. A more functorial characterization of LpXq, not requiring a
choice of (2.3.1), is

(2.3.4) LpXq “ HomOĔ
pDpYq, DpXqq,

viewed as a lattice in

HomOĔ
pDpYq, DpΛb Yqqr1{ps “ Λ̆r1{ps

using the quasi-isogeny %X : X 99K Λb Y.

We rewrite Proposition 2.3.1 in terms of lattices in Λ̆0r1{ps. The pairing

(2.3.5) b : Λ̆0 ˆ Λ̆0 Ñ Z̆p

defined by bpx, yq “ hpx,Φyq P e0OĔ “ Z̆p is linear in the first variable,

σ-linear in the second, and satisfies bpΦ2x, yq “ bpy, xqσ. Any Z̆p-lattice

L0 Ă Λ̆0r1{ps has a right dual lattice

(2.3.6) L˚0 “ tx P Λ̆0r1{ps : bpL0, xq Ă Z̆pu,

and one can easily verify the relations

(2.3.7) L˚˚0 “ Φ´2L0 and Φ2pL˚0q “ pΦ
2L0q

˚.
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If L Ă Λ̆r1{ps is an OĔ-lattice self-dual under h, then

(2.3.8) Φ´1L1 “ L˚0 .

In particular, Λ̆0 “ Φ´1Λ̆1 “ Λ̆˚0 .

Corollary 2.3.3. There is a bijection

RZΛpF̆pq –

$

’

&

’

%

Z̆p-lattices L0 Ă Λ̆0r1{ps
satisfying

pΛ̆0 Ă L˚0
2
Ă L0 Ă p´1Λ̆0

,

/

.

/

-

,

under which X P RZΛpF̆pq corresponds, as in (2.3.3), to

L˚0 “ V DpXq1 and L0 “ DpXq0.

Proof. Using (2.3.8), Proposition 2.3.1 is equivalent to

RZΛpF̆pq –

#

Z̆p-lattices

L0 Ă Λ̆0r1{ps
: pL0 Ă L˚0

2
Ă L0

pΛ̆0 Ă L0 Ă p´1Λ̆0

+

.

The two chains of inclusions on the right hand side are equivalent to the
single chain of inclusions in the statement of the corollary. �

2.4. Decomposition by locally closed subsets. Now let X be the uni-
versal p-divisible group over RZΛ. The bijection of Proposition 2.3.1 asso-
ciates to every s P RZΛpF̆pq an inclusion of OĔ-lattices

pΛ̆ Ă LpXsq,

and hence a map of F̆p-vector spaces

(2.4.1) pΛ̆{p2Λ̆ Ñ LpXsq{pLpXsq.

One can use Grothendieck-Messing crystals to construct a morphism of vec-
tor bundles interpolating these maps as s varies.

If S is a scheme on which p is locally nilpotent, covariant Grothendieck-
Messing theory functorially associates to any p-divisible group G over S a
short exact sequence

(2.4.2) 0 Ñ Fil0DpGq Ñ DpGq Ñ LiepGq Ñ 0

of locally free OS-modules. When S “ SpecpF̆pq, this sequence is canonically
identified with

0 Ñ
V DpGq

pDpGq
Ñ

DpGq

pDpGq
Ñ

DpGq

V DpGq
Ñ 0.
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Over RZΛ there is a universal diagram

(2.4.3) X
j_

&&
%X

��

pΛb Y

j
99

i $$

p´1Λb YS

Λb Y
i_

88

(where we now view Y as a constant p-divisible group over RZΛ). Mimicking
(2.3.4), we define a vector bundle

(2.4.4) L “ HomOE
pDpYq,DpXqq

with OE-action on RZΛ. The isogeny j determines an inclusion pΛ Ă

HomOE
pY, Xq, and hence an OE-linear morphism

pΛbZp ORZΛ
Ñ L

whose fiber at any s P RZΛpF̆pq is canonically identified with (2.4.1). It
restricts to morphisms of vector bundles

(2.4.5) pΛ̆0 bZ̆p
ORZΛ

Ñ L0 and pΛ̆1 bZ̆p
ORZΛ

Ñ L1.

Remark 2.4.1. A choice of isomorphism DpYq – OĔ determines an isomor-

phism DpYq – OE bZp ORZΛ
, and hence also an isomorphism

L – DpXq.

This is well-defined by to scaling by pOĔ{pOĔq
ˆ.

Definition 2.4.2. For any k ě 1, define

RZďkΛ Ă RZΛ

to be the largest closed subscheme over which the first map in (2.4.5) has

rank ď k ´ 1. More precisely, RZďkΛ is the closed subscheme cut out by the
vanishing of

ľk
ppΛ̆0 bZ̆p

ORZΛ
q Ñ

ľk
L0.

We further define RZkΛ “ RZďkΛ rRZďk´1
Λ , so that we have a decomposition

RZred
Λ “

ğ

kě1

RZk,red
Λ

into locally closed subschemes.

Definition 2.4.3. Two Z̆p-lattices L and L1 in an n-dimensional Q̆p-vector

space (e.g. Λ̆0r1{ps), have relative position invariant

invpL,L1q “ pa1, . . . , anq P Zn

if there is a Z̆p-basis x1, . . . , xn P L
1 such that pa1x1, . . . , p

anxn is a basis of
L, and a1 ě a2 ě ¨ ¨ ¨ ě an.
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We now give a concrete description of the F̆p-valued points of RZkΛ, in

terms of lattices in Λ̆0r1{ps. In the notation of Definition 2.4.3, the bijection
of Corollary 2.3.3 becomes

RZΛpF̆pq –
"

Z̆p-lattices

L0 Ă Λ̆0r1{ps
:

pΛ̆0 Ă L0 Ă p´1Λ̆0

invpL˚0 , L0q “ p1, 1, 0, . . . , 0q

*

.(2.4.6)

Proposition 2.4.4. Under the above bijection, for any 1 ď k ď tn{2u we
have

RZkΛpF̆pq – tL0 P RZΛpF̆pq : invpL0, Λ̆0q “ λku,

in which

λk “ p 1, . . . , 1
loomoon

k´1 times

, 0, . . . , 0,´1, . . . ,´1
looooomooooon

k times

q P Zn.

If k ą tn{2u then RZkΛ “ H.

Proof. Fix any L0 P RZΛpF̆pq. The conditions of (2.4.6) imply

invpL0, Λ̆0q “ pb1, . . . , bnq

with all ´1 ď bi ď 1, and dualizing shows that

invpL˚0 , Λ̆0q “ invpL1, Λ̆1q “ p´bn, . . . ,´b1q.

These imply the equalities of lattices
ľn

L˚0 “ p´pb1`¨¨¨`bnq
ľn

Λ̆0 “ p´2pb1`¨¨¨`bnq
ľn

L0

in
Źn W̆0. Combining this with invpL˚0 , L0q “ p1, 1, 0, . . . , 0q shows that

b1 ` ¨ ¨ ¨ ` bn “ ´1,

which is equivalent to invpL0, Λ̆0q “ λk for some 1 ď k ď tn{2u.

The fiber at L0 P RZΛpF̆pq of the first morphism in (2.4.5) is identified
with the linear map

pΛ̆0

p2Λ̆0

Ñ
L0

pL0

of rank dimF̆p
pΛ̆0{pΛ̆0 X L0qq “ k ´ 1, proving that L0 P RZkΛpF̆pq. �

3. Enhancing the moduli problem

We continue to study the partial Rapoport-Zink space RZΛ associated
to a self-dual hermitian OE-lattice Λ of rank n ě 2, and the locally closed
subset RZkΛ Ă RZΛ determined by a fixed integer 1 ď k ď tn{2u. Our goal is

to construct a morphism from RZkΛ to a Deligne-Lustzig variety. The fibers
of this morphism will then be studied in §4.
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3.1. New moduli spaces. In this subsection we will construct a commu-
tative diagram

(3.1.1) RZkΛ

��

RZkΛ

��

π0oo π1 // Y k
Λ

RZďkΛ RZďkΛ

π0oo π1 // Y k
Λ

of F̆p-schemes, in which the schemes in the bottom row are projective, the
vertical arrows are open immersions, and the vertical arrow on the left is
that of Definition 2.4.2. The definitions are somewhat elaborate; they are
concocted so that the π0 in the top row induces an isomorphism of underlying
reduced schemes (Proposition 3.3.2), while the reduced scheme underlying
Y k

Λ is isomorphic to a Deligne-Lusztig variety (Theorem 3.4.5)

Define rY k
Λ to be the F̆p-scheme whose S-valued points are commutative

diagrams

(3.1.2) pΛb YS
a //

i ++

H

b

""

d // G d_ // H_
a_// p´1Λb YS

Λb YS

b_
;;

i_

77

in which H and G are p-divisible groups over S equipped with OE-actions,
H has signature p1, n´1q, G has signature p2k, n´2kq and is equipped with
an OE-linear principal polarization, the isogenies a, b, and c are OE-linear
with htpaq “ 2n´ 2k ` 1 and htpbq “ htpdq “ 2k ´ 1, and

(3.1.3) kerpd_ ˝ d : H Ñ H_q Ă Hrps.

Define ĄRZ
ďk

Λ to be the F̆p-scheme whose S-valued points consist of a

point (2.4.3) of RZďkΛ pSq, a point (3.1.2) of rY k
Λ pSq, and an OE-linear isogeny

c : H Ñ X making the diagram

(3.1.4) X

c_ $$

j_

''
pΛb YS

a //

j
22

i ++

H

c

;;

b

""

d // G d_ // H_
a_// p´1Λb YS

Λb YS

b_
;;

i_

77

commute.
The moduli spaces we have constructed are related to RZΛ by morphisms

RZďkΛ
ĄRZ

ďk

Λ
π0oo π1 // rY k

Λ ,

where π0 exacts from (3.1.4) the diagram (2.4.3), while π1 extracts (3.1.2).
To define the bottom row of (3.1.1), we single out certain open and closed
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subschemes of the these moduli spaces. This will require the following gen-
eral lemma concerning the vector bundles of (2.4.2)

Lemma 3.1.1. Suppose φ : GÑ H is an isogeny of p-divisible groups over
a scheme S satisfying pOS “ 0. If the kernel of φ is annihilated by p, then
the cokernel of

φ : DpGq Ñ DpHq

is a locally free OS-module of rank htpφq. In particular, its kernel and image
are local direct summands of DpGq and DpHq, respectively.

Proof. This is well-known. See Proposition 4.6 of [17], for example. �

Applying the functor D to the universal diagram over rY k
Λ yields a diagram

of vector bundles

pΛ̆bDpYq a //

i“0 ,,

DpHq

b

%%

d // DpGq d_ // DpH_q
a_ // p´1Λ̆bDpYq

Λ̆bDpYq,

b_
99

i_“0

66

where the tensor products are over OĔ . Define an open and closed sub-

scheme Y k
Λ Ă

rY k
Λ by imposing the conditions

rankpb : DpHq0 Ñ Λ̆0 bDpYq0q “ n´ k ` 1(3.1.5)

rankpb : DpHq1 Ñ Λ̆1 bDpYq1q “ n´ k

rankpd : DpHq0 Ñ DpGq0q “ n´ 2k ` 1

rankpd_ : DpGq1 Ñ DpH_q1q “ n´ 2k ` 1,

where rank means the rank of the image as a vector bundle. Note we are
using Lemma 3.1.1: the image of every arrow in the diagram is a locally free

sheaf, so the ranks here are well-defined locally constant functions on rY k
Λ .

Similarly, over ĄRZ
ďk

Λ there is a diagram of vector bundles

DpXq

c_ &&

j_

))

pΛ̆bDpYq a //

j
22

i“0 ,,

DpHq

c

99

b

%%

d // DpGq d_ // DpH_q
a_ // p´1Λ̆bDpYq

Λ̆bDpYq,

b_
99

i_“0

66

and we denote by RZďkΛ Ă ĄRZ
ďk

Λ the open and closed subscheme defined
by imposing the conditions (3.1.5) as well as

rankpc : DpHq0 Ñ DpXq0q “ n´ k(3.1.6)

rankpc : DpHq1 Ñ DpXq1q “ n´ k ` 1.
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The above definitions complete the construction of the bottom row of
(3.1.1). All three of the schemes appearing there are projective, by the
same reasoning as in Remark 2.2.3.

The decomposition RZďkΛ “ RZ1
Λ \ ¨ ¨ ¨ \RZkΛ of §2.4 induces a decompo-

sition

RZďkΛ “ RZ1
Λ \ ¨ ¨ ¨ \RZkΛ,

in which the locally closed subscheme

RZiΛ
def
“ RZiΛ ˆRZďk

Λ
RZďkΛ

is the preimage of RZiΛ under π0 : RZďkΛ Ñ RZďkΛ . Taking i “ k, we obtain
the top row of (3.1.1).

3.2. Description of the closed points. We now provide a description
of the closed points of the schemes in (3.1.1), analogous the description of

RZkΛpF̆pq from Proposition 2.4.4.

Proposition 3.2.1. There is a bijection from Y k
Λ pF̆pq to the set of pairs of

Z̆p-lattices pM0, N0q in Λ̆0r1{ps such that

pΛ̆0
k´1
Ă pM˚

0

1
Ă pN0

n´2k
Ă N˚0

1
ĂM0

k´1
Ă Λ̆0.

Here M˚
0 and N˚0 are the right duals, as in (2.3.6), of M0 and N0 with

respect to the pairing (2.3.5). Under this bijection:

(1) A point of Y k
Λ pF̆pq, represented by a diagram (3.1.2), corresponds to

M˚
0 “ V DpH_q1 N˚0 “ V DpHq1

M0 “ DpHq0 N0 “ DpH_q0

all viewed as lattices in Λ̆0r1{ps as in (2.3.3).

(2) The points of RZďkΛ pF̆pq above a given pair pM0, N0q are in bijection

with Z̆p-lattices L0 Ă Λ̆0r1{ps satisfying

L˚0
2
Ă L0 and M0

k
Ă L0

k´1
Ă N0.

(3) The points of RZkΛpF̆pq above a given pair pM0, N0q are in bijection

with Z̆p-lattices L0 Ă Λ̆0r1{ps satisfying the conditions of (2) and, in

the notation of Proposition 2.4.4, invpL0, Λ̆0q “ λk.

Proof. An element of Y k
Λ pF̆pq, corresponding to a diagram (3.1.2) of p-

divisible groups over F̆p satisfying (3.1.5), determines inclusions of Dieudonné
modules

pΛ̆bDpYq //

2n ,,

DpHq

2k´1

%%

2k´1 // DpGq
2k´1 // DpH_q // p´1Λ̆bDpYq

Λ̆bDpYq

2k´1
99

2n

66
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of the indicated colengths, and with pDpH_q Ă DpHq. Here all tensor
products are over OĔ .

The following lemma shows that, at least on the level of F̆p-points, the

p-divisible group G in the moduli problem defining Y k
Λ can be recovered

from H and H_. In some sense G plays only an auxiliary role, imposing
constraints on the polarization H Ñ H_.

Lemma 3.2.2. We have DpGq “ DpH_q0 ‘DpHq1.

Proof. The final two conditions in (3.1.5) imply that the inclusions

DpHq0 Ă DpGq0 and DpGq1 Ă DpH_q1

each have colength 2k ´ 1. Comparing with the colengths in the diagram
above, we deduce that the inclusions

DpHq1 Ă DpGq1 and DpGq0 Ă DpH_q0

are equalities. �

Using (2.3.1), we view the Dieudonné modules in the diagram above as
OĔ-lattices

(3.2.1) pΛ̆ //

,,

M

##

// N0 ‘M1
// N // p´1Λ̆

Λ̆

;; 99

in the hermitian space Λ̆r1{ps, with M and N dual to one another. As in
(2.3.4), one can characterize these lattices, without fixing (2.3.1), by

(3.2.2) M “ HomOĔ
pDpYq, DpHqq and N “ HomOĔ

pDpYq, DpH_qq

viewed as lattices in

HomOĔ
pDpYq,ΛbDpYqqr1{ps – Λ̆r1{ps.

As M and N are dual to one another, each of M0 ‘N1 and N0 ‘M1 is
self-dual under the hermitian form on Λ̆r1{ps. Hence, by (2.3.8),

(3.2.3) Φ´1N1 “M˚
0 and Φ´1M1 “ N˚0 .

The signature p1, n´ 1q conditions on H and H_ imply

V DpHq1
1
Ă DpHq0 and V DpH_q1

1
Ă DpH_q0.

Using (2.3.2), these translate to

N˚0
(3.2.3)
“ Φ´1M1

1
ĂM0 and M˚

0
(3.2.3)
“ Φ´1N1

1
Ă N0.

Similarly, the signature p2k, n´ 2kq condition on G implies

pDpH_q0 “ pDpGq0
n´2k
Ă V DpGq1 “ V DpHq1,
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(the outer equalities are by Lemma 3.2.2), which translates to

pN0
n´2k
Ă Φ´1M1 “ N˚0 .

The first condition in (3.1.5) implies DpHq0 Ă Λ̆0 b DpYq0, with colength

k´1, which translates to M0 Ă Λ̆0 with colength k´1, and dualizing shows

Λ̆0 “ Φ´1Λ̆1
(2.3.8)
“ Λ̆˚0

k´1
Ă M˚

0 .

All of this shows that the pair pM0, N0q satisfies the chain of inclusions in
the statement of the proposition.

This process can be reversed. Starting from a pair pM0, N0q one uses
(3.2.3) to define M1 and N1, thereby obtaining a diagram (3.2.1) of lattices

in Λ̆r1{ps. Converting these to lattices in DpXqr1{ps using (2.3.1), one finds
inclusions of Dieudonné modules whose corresponding p-divisible groups de-
fine a point of Y k

Λ pF̆pq.
The analysis of RZďkΛ is entirely similar. A point of RZďkΛ pF̆pq, corre-

sponding to a diagram of p-divisible groups (3.1.4), determines inclusions of
Dieudonné modules

DpXq

2k´1

&&

2n

))
pΛbDpYq //

2n
22

2n ,,

DpHq

2k´1
99

2k´1

%%

2k´1 // DpGq
2k´1 // DpH_q // p´1ΛbDpYq

ΛbDpYq,

2k´1
88

2n

55

and we use (2.3.1) to convert these into OĔ-lattices

(3.2.4) L

$$ &&
pΛ̆ //

22

,,

M

::

##

// N0 ‘M1
// N // p´1Λ̆

Λ̆.

;; 99

The first condition in (3.1.6) implies DpHq0 Ă DpXq0 with colength k, which
translates to M0 Ă L0 with colength k. As the inclusion L0 Ă N0 is obvious,
and L˚0 Ă L0 with colength 2 by (2.4.6), the triple pL0,M0, N0q satisfies the
properties stated in (2).

The description of RZkΛ in part (3) follows immediately from Proposition

2.4.4 and the description of RZďkΛ , completing the proof of Proposition
3.2.1. �

Corollary 3.2.3. The map π0 : RZkΛ Ñ RZkΛ is bijective on F̆p-points.
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Proof. Recalling the bijection

RZkΛpF̆pq –
"

Z̆p-lattices

L0 Ă Λ̆0r1{ps
:

invpL˚0 , L0q “ p1, 1, 0, . . . , 0q

invpL0, Λ̆0q “ λk

*

.

of Proposition 2.4.4, fix a point L0 P RZkΛpF̆pq. If pL0,M0, N0q P RZkΛpF̆pq
lies above it (using the identifications of Proposition 3.2.1), then M0 Ă

L0 X Λ̆0 and L0 ` Λ̆0 Ă N0. The first inclusion is an equality because
both lattices have colength k´ 1 in Λ̆0. The second inclusion is an equality
because both lattices contain Λ̆0 with colength k. In other words,

(3.2.5) M0 “ L0 X Λ̆0 and N0 “ L0 ` Λ̆0,

showing that there is a unique point above L0. This proves the injectivity
of the map in question.

For surjectivity we again start with a point L0 P RZkΛpF̆pq, and now define
M0 and N0 by (3.2.5). An exercise in linear algebra, using Proposition 3.2.1,

shows that the triple pL0,M0, N0q defines a point of RZkΛpF̆pq above L0. �

The proof of Corollary 3.2.3 provides an description of the inverse to

π0 : RZkΛpF̆pq Ñ RZkΛpF̆pq.
By continuing the line of reasoning a bit further, one can describe the inverse
in the language of the original moduli problems defining the source and
target.

Recall that for any point of RZkΛpF̆pq, represented by a diagram (3.1.4),
the corresponding lattices M and N in (3.2.4) are dual to one another under

the hermitian form on Λ̆r1{ps, while L and Λ̆ are each self-dual. Thus

dualizing the second equality in (3.2.5) shows M1 “ L1X Λ̆1, while dualizing

the first shows N1 “ L1 ` Λ̆1. We deduce that

M “ LX Λ̆ and N “ L` Λ̆.

Recalling how (3.2.4) was constructed from the diagram of Dieudonné
modules above it, we find that the inverse to the above function π0 sends
a point X P RZkΛpF̆pq, corresponding to a diagram (2.4.3), to the diagram
(3.1.4) determined by

DpHq “ DpXq XDpΛb Yq(3.2.6)

DpH_q “ DpXq `DpΛb Yq,

and DpGq “ DpH_q0 ‘DpHq1, as per Lemma 3.2.2.

3.3. Analysis of π0. Our goal in this subsection is to prove that the arrow

π0 : RZkΛ Ñ RZkΛ

in (3.1.1) is a closed immersion inducing an isomorphism of underlying re-
duced schemes. This will use the following general result of Grothendieck-
Messing theory, in which F̆prεs denotes the usual ring of infinitesimals defined
by ε2 “ 0.
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Lemma 3.3.1. Let f 1 : H 11 Ñ H 12 be a morphism of p-divisible groups over

F̆prεs, and denote by f : H1 Ñ H2 its reduction to F̆p. Assume that the
induced morphism

f : DpH1q Ñ DpH2q

of F̆p-vector spaces satisfies

(3.3.1) Fil0DpH1q “ ker

ˆ

DpH1q
f
ÝÑ

DpH2q

Fil0DpH2q

˙

.

If H 12 is isomorphic to the constant deformation of H2, then H 11 is isomorphic
to the constant deformation of H1.

Proof. Let f˝ : H˝1 Ñ H˝2 be the constant deformation of f : H1 Ñ H2 to

F̆prεs. Grothendieck-Messing theory provides us with a canonical commuta-
tive diagram

DpH 11q
f 1 //

–

��

DpH 12q

–

��
DpH˝1 q f˝

// DpH˝2 q

of F̆prεs-modules. The vertical isomorphism on the right identifies the Hodge
filtrations on source and target, as it is induced by an isomorphism of de-
formations H˝2 – H 12, and hence there is an induced diagram

(3.3.2) DpH 11q
f 1 //

–

��

DpH 12q{Fil0DpH 12q

–

��
DpH˝1 q f˝

// DpH˝2 q{Fil0DpH˝2 q.

The top horizontal arrow in (3.3.2), being induced by the morphism of
p-divisible groups f 1 : H 11 Ñ H 12, satisfies

Fil0DpH 11q Ă ker

ˆ

DpH 11q
f 1
ÝÑ

DpH 12q

Fil0DpH 12q

˙

.

On the other hand, as f˝ : H˝1 Ñ H˝2 is the constant deformation, (3.3.1)
implies

Fil0DpH˝1 q “ ker

ˆ

DpH˝1 q
f˝
ÝÑ

DpH˝2 q

Fil0DpH˝2 q

˙

.

It follows that the left vertical isomorphism in (3.3.2) restricts to a map

Fil0DpH 11q Ñ Fil0DpH˝1 q,

which is an isomorphism because the Hodge filtrations are local direct sum-
mands of the same rank. By Grothendieck-Messing theory there is an iso-
morphism of deformations H 11 – H˝1 . �
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Proposition 3.3.2. The map π0 : RZkΛ Ñ RZkΛ is a closed immersion
inducing an isomorphism of underlying reduced schemes.

Proof. The key step is to show that the map in question is unramified. For
this, it suffices to show that the induced map on tangent spaces is injective.
Abbreviate

s “ SpecpF̆pq and s̃ “ SpecpF̆prεsq.

Given a point of RZkΛps̃q, represented by a diagram

rX

c_ ##

j_

''
pΛb Ys̃

a //

j
22

i ++

rH

c

<<

b

""

d // rG d_ // rH_
a_// p´1Λb Ys̃

Λb Ys̃

b_
;;

i_

77

of p-divisible groups over s̃, and deforming a diagram

X

c_ ##

j_

''
pΛb Ys

a //

j
22

i ++

H

c

;;

b

""

d // G d_ // H_
a_// p´1Λb Ys

Λb Ys

b_
;;

i_

77

of p-divisible groups over S. We must show that if rX is the constant defor-

mation, then so are rH and rG.

The constancy of rH follows by applying Lemma 3.3.1 to the morphism

H
cˆb
ÝÝÑ X ˆ pΛb Ysq.

The only thing to check is that the hypothesis

Fil0DpHq “ ker

ˆ

DpHq Ñ
DpXq

Fil0DpXq
ˆ

DpΛb Yq
Fil0DpΛb Yq

˙

of that lemma is satisfied. This hypothesis is equivalent to

V DpHq

pDpHq
“ ker

ˆ

DpHq

pDpHq
Ñ

DpXq

V DpXq
ˆ

DpΛb Yq
V DpΛb Yq

˙

,

which is clear from (3.2.6).
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It remains to show that rG is the constant deformation of G. Denote by
H˝ and G˝ be the constant deformations of H and G to s̃. Grothendieck-
Messing theory provides us with a commutative diagram

DpH˝q

d

��

Dp rHq

d
��

DpG˝q Dp rGq

of vector bundles on rs. As we have already know H˝ – rH, the top iso-
morphism respects the Hodge filtrations. The vertical arrows respect Hodge
filtrations, because they arise from morphisms of p-divisible groups. over s̃.
We must show that the bottom isomorphism also respects Hodge filtrations.

The essential point is that the vertical arrows restrict to surjections

Fil0DpH˝q0 Ñ Fil0DpG˝q0 and Fil0Dp rHq0 Ñ Fil0Dp rGq0.

Indeed, surjectivity can be checked on fibers. On fibers both are equivalent
to the surjectivity of

V DpHq1
pDpHq0

Ñ
V DpGq1
pDpGq0

,

which is clear from Lemma 3.2.2.
It follows that under the canonical identification DpG˝q “ Dp rGq

Fil0DpG˝q0 “ ImagepFil0DpH˝q0 Ñ DpG˝q0q

“ ImagepFil0Dp rHq0 Ñ Dp rGq0q

“ Fil0Dp rGq0.

A similar argument, using the d_ : G Ñ H_ in place of d : H Ñ G, shows

that Fil0DpG˝q1 “ Fil0Dp rGq1. Hence G˝ – rG as deformations of G. �

3.4. A Deligne-Lusztig variety. In this subsection we identify the re-

duced scheme Y k,red
Λ underlying Y k

Λ with a Deligne-Lusztig variety.

Suppose S is an F̆p-scheme, and let σ : OS Ñ OS be the p-power Frobe-
nius. The pairing (2.3.5) induces a pairing of OS-modules

pΛ̆0 bZ̆p
OSq ˆ pΛ̆0 bZ̆p

OSq Ñ OS

that is linear in the first variable and σ-linear in the second. For any local
direct summand F Ă Λ̆0 bZ̆p

OS , its left annihilator

FK “ tx P Λ̆0 bZ̆p
OS : bpx,Fq “ 0u

is again a local direct summand. Taking into account the switch from right
dual to left annihilator, the analogue of (2.3.7) is

FKK “ Φ2F and Φ2pFKq “ pΦ2FqK.
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Definition 3.4.1. Define DLkΛ to be the proper F̆p-scheme whose functor of

points assigns to any F̆p-scheme S the set of flags of OS-module local direct
summands

0
k´1
Ă J

1
Ă KK

n´2k
Ă K

1
Ă JK

k´1
Ă Λ̆0 bOS

of the indicated coranks.

Proposition 3.4.2. The scheme DLkΛ of Definition 3.4.1 is a Deligne-
Lusztig variety for the unitary group of the finite hermitian space Λ{pΛ.
It is smooth of dimension n´ k ´ 1, and is irreducible if k ă n{2.

Proof. Let H be the base change to F̆p of the unitary group of Λ{pΛ. Fix an
OE-basis x1, . . . , xn P Λ with respect to which the hermitian form satisfies
the anti-diagonal relation hpxi, xjq “ δi,n´i`1, and denote by y1, . . . , yn P Λ̆0

the projections of x1, . . . , xn to the first factor in the decomposition Λ̆ “

Λ̆0 ‘ Λ̆1. Use the reductions y1, . . . , yn P Λ̆0{pΛ̆0 to identify

H – GLpΛ̆0{pΛ̆0q – GLn .

The Weyl group W of the diagonal torus is generated by the set of simple
reflections S “ ts1, . . . , sn´1u, where si P HpF̆pq is the transposition matrix
interchanging yi Ø yi`1. The action of Frobenius on S is σpsiq “ sn´i.
Every subset I Ă S determines a standard parabolic subgroup

PI “ BWIB Ă H,

where WI Ă W is the subgroup generated by I, and B Ă H is the upper-
triangular Borel.

We are interested in the subset I “ Srtsk´1, sn´ku whose corresponding
parabolic PI is the stabilizer of the standard flag

0
k´1
Ă J

n´2k`1
Ă K

k
Ă Λ̆0{pΛ̆0

defined by

J “ Spanty1, . . . , yk´1u and K “ Spanty1, . . . , yn´ku.

The parabolic PσpIq defined by σpIq “ S r tsk, sn´k`1u is the stabilizer of

0
k
Ă KK

n´2k`1
Ă JK

k´1
Ă Λ̆0{pΛ̆0.

Using Lemma 2.12 of [16], one sees that DLkΛ sits in a cartesian diagram

DLkΛ
//

��

H{PI

idˆσ

��
H{PIXσpIq // H{PI ˆH{PσpIq,

and hence, using the notation of §4.4 of [17],

DLkΛ – XIXσpIqpidq.
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All parts of the proposition now follow from the discussion of loc. cit.. Note
that the irreducibility claim (a result of Bonnafe and Rouquier [2]) requires
k ă n{2 because this ensures I Y σpIq “ S. �

The remainder of this subsection is devoted to proving Y k,red
Λ – DLkΛ. We

need two elementary lemmas from commutative algebra.

Lemma 3.4.3. Let k be an algebraically closed field, let π : X 1 Ñ X be a
proper unramified morphism between k-schemes of finite type, and suppose
π is bijective on closed points.

(1) The morphism π is a closed immersion, and induces an isomorphism
of underlying reduced schemes.

(2) If X is reduced then so is X 1, and π is an isomorphism.

Proof. A proper and quasi-finite morphism is finite, hence affine. This re-
duces to the case where X “ SpecpAq and X 1 “ SpecpBq with A Ñ B a
finite morphism of finite type k-algebras.

The unramifiedness assumption implies that mB Ă B is maximal for any
maximal ideal m Ă A. In particular

k – A{mÑ B{mB – k

is an isomorphism of A-modules, and Nakayama’s lemma implies that AÑ
B is surjective. In other words, π is a closed immersion.

The bijectivity of AÑ B on maximal ideals implies that I “ kerpAÑ Bq
is contained in every maximal ideal of A. As A is a Jacobson ring, the
intersection of its maximal ideals is equal to the nilradical n Ă A. Thus
I Ă n, which implies that n{I is the nilradical of A{I “ B. All claims of the
lemma follow immediately. �

Lemma 3.4.4. Let k be an algebraically closed field, suppose X is a reduced
scheme of finite type over k, and E is a coherent OX-module. If the k-
dimension of the fiber Ex is constant as x P X varies over all closed points,
then E is locally free.

Proof. Let r be the common dimension of all fibers. At any closed point
x P X, one can use Nakayama’s lemma to find an open neighborhood U Q x
over which there exists a surjection Or

U Ñ EU . By the constancy of fiber
dimensions, such a map must induce an isomorphism fiber-by-fiber, and
hence have kernel contained in the subsheaf JOr

U , where J Ă OU is the
Jacobson radical. As X is reduced of finite type over a field, J “ 0, proving
Or
U – EU . �

Theorem 3.4.5. There is an isomorphism

Y k,red
Λ – DLkΛ

sending a pair pM0, N0q P Y
k,red

Λ pF̆pq as in Proposition 3.2.1 to the flag

0 Ă
pM˚

0

pΛ̆0

Ă
pN0

pΛ̆0

Ă
N˚0
pΛ̆0

Ă
M0

pΛ̆0

Ă
Λ̆0

pΛ̆0

.
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Proof. As in (2.4.2), Grothendieck-Messing theory provides us with a dia-
gram of vector bundles

pΛ̆bDpYq a //

i“0 ,,

DpHq

b

%%

d // DpGq d_ // DpH_q
a_ // p´1Λ̆bDpYq

Λ̆bDpYq

b_
99

i_“0

66

on Y k,red
Λ . Applying the functor HomOĔ

pDpYq,´q yields a diagram

pΛ̆bOY red
Λ

a //

i“0 ++

M

b

""

// N0 ‘M1
// N

a_// p´1Λ̆bOY red
Λ

Λ̆bOY red
Λ

b_

<<

i_“0

77

of vector bundles on Y k,red
Λ , in which

M “ HomOE
pDpYq,DpHqq and N “ HomOE

pDpYq,DpH_qq

are defined exactly as in (2.4.4). Note that in the first diagram the tensor

products are over OĔ , while in the second they are over Z̆p. Note also that
we are making use of the fact that the natural maps

DpHq1 Ñ DpGq1 and DpGq0 Ñ DpH_q0
are isomorphisms, so that N0 ‘M0 – HomOE

pDpYq,DpGqq. Indeed, this
can be checked on fibers, where it follows from Lemma 3.2.2.

The vector bundles above come with filtrations

0 Ă Fil1M Ă Fil0M ĂM and 0 Ă Fil1N Ă Fil0N Ă N

induced by the Hodge filtrations (2.4.2) on DpYq, DpHq, and DpH_q. More
precisely, Fil0 M consists of morphisms that carry Fil0 DpYq into Fil0 DpHq,
while Fil1 M consists of morphisms that carry DpYq into Fil0 DpHq and kill
Fil0 DpYq. The filtration on N is defined in the same way.

As in Remark 2.4.1, a choice of DpYq – OĔ determines isomorphisms

(3.4.1) M – DpHq and N – DpH_q.

While these do not respect the filtrations, they do identify

(3.4.2) Fil0 M0 – Fil0 DpHq0 and Fil0 N0 – Fil0 DpH_q0.

This follows from the signature p0, 1q condition on Y, which is equivalent to
Fil0 DpYq0 “ DpYq0.

Lemma 3.4.6. Fix a point s P Y k,red
Λ pF̆pq corresponding to a lattice chain

pΛ̆0
k´1
Ă pM˚

0

1
Ă pN0

n´2k
Ă N˚0

1
ĂM0

k´1
Ă Λ̆0



28 MARIA FOX, BENJAMIN HOWARD, AND NAOKI IMAI

as in Proposition 3.2.1. There are canonical identifications

N˚0
pM0

“ Fil0 M0,s ĂM0,s “
M0

pM0

and
M˚

0

pM0
“ Fil0 N0,s Ă N0,s “

N0

pN0
.

Proof. Fix an isomorphism DpYq – OĔ , so that

M0,s

(3.4.1)
– DpHsq0 “

DpHsq0

pDpHsq0

(3.2.2)
–

M0

pM0
.

The first and third isomorphisms depend on the choice of DpYq – OĔ , but
the composition does not. Similarly,

Fil0 M0,s

(3.4.2)
– Fil0 DpHq0,s “

V DpHsq1

pDpHsq0

2.3.2
–

Φ´1M1

pM0

(3.2.3)
“

N˚0
pM0

.

Once again, the first and third isomorphisms depend on the choice ofDpYq –
OĔ , but the composition does not. The claims about N0,s are proved in the
same way, using H_s in place of Hs. �

Now consider the subsheaves of Λ̆0 bO
Y k,red

Λ
defined by

J “ ImagepFil0N0 Ñ p´1Λ̆0 bO
Y k,red

Λ
– Λ̆0 bO

Y k,red
Λ

q

K “ ImagepFil0M0 Ñ Λ̆0 bO
Y k,red

Λ
q.

Lemma 3.4.6 implies that the quotients by these subsheaves have constant
fiber dimension, hence by Lemma 3.4.4 the quotients are locally free, and
hence J and K are local direct summands. Again by checking on fibers,
using Lemma 3.4.6, one sees that these subsheaves have left annihilators

JK “ ImagepM0 Ñ Λ̆0 bO
Y k,red

Λ
q

KK “ ImagepN0 Ñ p´1Λ̆0 bO
Y k,red

Λ
– Λ̆0 bO

Y k,red
Λ

q.

Yet again checking on fibers, one finds using Lemma 3.4.6 that these satisfy

(3.4.3) 0
k´1
Ă J

1
Ă KK

n´2k
Ă K

1
Ă JK

k´1
Ă Λ̆0 bO

Y k,red
Λ

.

The flag (3.4.3) defines the desired morphism

(3.4.4) Y k,red
Λ Ñ DLkΛ,

and it remains to show that it is an isomorphism. They key to this is the
following lemma, which tells us how to recover the filtration (3.4.2) from the
flag (3.4.3), using the quotient maps M0 Ñ JK and N0 Ñ KK.

Lemma 3.4.7. The above vector bundles on Y k,red
Λ satisfy

Fil0M0 “ kerpM0 Ñ JK{Kq and Fil0N0 “ kerpN0 Ñ KK{Jq.
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Proof. For the first equality, one uses Lemma 3.4.6 to check that the cok-
ernel of M0 Ñ JK{K has constant fiber dimension, and so is locally free by
Lemma 3.4.4. This implies that the kernel of this morphism is a local direct
summand of M0. The desired equality can therefore be checked on fibers,

which is again done using Lemma 3.4.6. Indeed, at a point pM0, N0q P Y
k,red

Λ
the desired equality is precisely

N˚0
pM0

“ ker

˜

M0

pM0
Ñ

M0{pΛ̆0

N˚0 {pΛ̆0

¸

,

which is clear. The second equality is proved in exactly the same way. �

Lemma 3.4.8. The morphism (3.4.4) is unramified.

Proof. We show that the morphism in question is formally unramified. Sup-
pose we are given a diagram

S

��

// Y k,red
Λ

��
rS //

>>

DLkΛ

of solid arrows such that the left vertical arrow is a square-zero thickening
of F̆p-schemes. We must show there is at most one dotted arrow making the
diagram commute.

Suppose we have two such arrows a, b : rS Ñ Y k,red
Λ , and consider the p-

divisible groups a˚H and b˚H on rS. We do not yet know that these are iso-

morphic, but they have the same restriction to S Ă rS, and so Grothendieck-
Messing deformation theory provides us with canonical isomorphisms of vec-
tor bundles

a˚DpHq – Dpa˚Hq – Dpb˚Hq – b˚DpHq

making the diagram

a˚DpHq

&&

b˚DpHq

xx

DpΛ̆0 b Y
rS
q

commute. Here the diagonal arrows are the pullbacks (via a and b) of the

morphism DpHq Ñ DpΛ̆0bYq induced by the universal isogeny H Ñ Λ̆0bY
over Y k,red

Λ .
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Fixing a choice of DpYq – OĔ , and hence isomorphisms (3.4.1) and (3.4.2)

of vector bundles on Y k,red
Λ , we find a diagram

a˚M0

%%

b˚M0

yy

Λ̆0 bO
rS
.

As a and b induce the same map rS Ñ DLkΛ, we have equalities a˚JK “

b˚JK and a˚K “ b˚K as local direct summands of Λ̆0 b O
rS
, and hence a

commutative diagram

a˚DpHq0 a˚M0

��

b˚M0

��

b˚DpHq0

a˚pJK{Kq b˚pJK{Kq.

Combining this diagram with Lemma 3.4.7 and (3.4.2), and applying the
same reasoning to H_, we find that the canonical isomorphisms

Dpa˚Hq0 – Dpb˚Hq0 and Dpa˚H_q0 – Dpb˚H_q0

of Grothendieck-Messing theory respect Hodge filtrations. By the duality
between DpHq1 and DpH_q0, under which the Hodge filtrations are annihi-
lators of one another, the second of these implies that the isomorphism

Dpa˚Hq1 – Dpb˚Hq1

also respects Hodge filtrations, and it follows that a˚H – b˚H.
It only remains to show that a˚G – b˚G, but this follows from a˚H –

b˚H, exactly as in the proof of Proposition 3.3.2. �

At last we complete the proof of Theorem 3.4.5. The morphism (3.4.4) is
bijective on closed points, by comparing the definition of DLkΛ with Propo-
sition 3.2.1. It is unramified by Lemma 3.4.8. It is proper, as the source
is a projective F̆p-scheme by the same reasoning as in Remark 2.2.3. We
conclude now from Lemma 3.4.3 that (3.4.4) is an isomorphism. �

4. Fiber varieties over Deligne-Lusztig varieties

We continue to work with a fixed self-dual hermitian OE-lattice Λ of rank
n ě 2, and a fixed 1 ď k ď tn{2u, as in §3. Using the morphism

π1 : RZďkΛ Ñ Y k
Λ

from (3.1.1), we will realize (the reduced scheme underlying) RZďkΛ as a
closed subscheme of the relative Grassmannian parametrizing rank k ´ 1
local direct summands of a rank 2k ´ 1 vector bundle V on Y k

Λ .
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4.1. A special vector bundle. Recall the scheme Y k
Λ of §3.1, whose un-

derlying reduced scheme Y k,red
Λ we have identified with a Deligne-Lusztig

variety in Theorem 3.4.5.
Our first goal is to construct a filtered vector bundle

(4.1.1) 0 Ă Vp1q Ă Vpkq Ă V

on Y k,red
Λ from the filtered vector bundles

M “ HomOE
pDpYq,DpHqq

N “ HomOE
pDpYq,DpH_qq

used in the proof of Theorem 3.4.5. Here H Ñ H_ is the isogeny of p-

divisible groups appearing in the universal diagram (3.1.2) over Y k,red
Λ .

Remark 4.1.1. Recall from (3.4.1) that a choice of DpYq – OĔ determines
isomorphisms

M0 – DpHq0 and N0 – DpH_q0,

each of which identifies the subsheaves Fil0 on source and target.

Remark 4.1.2. At a point s P Y k,red
Λ pF̆pq, corresponding to a pair of lattices

pM0, N0q under Proposition 3.2.1, there are canonical identifications

Fil0 M0,s “
N˚0
pM0

Ă
M0

pM0
“M0,s

Fil0 N0,s “
M˚

0

pN0
Ă

N0

pN0
“ N0,s.

This is just a reminder of Lemma 3.4.6.

Define coherent sheaves on Y k,red
Λ by

V “ cokerpFil0 M0 Ñ Fil0 N0q(4.1.2)

W “ cokerpM0 Ñ N0q.

Vp1q “ kerpVÑWq.

The arrow b_ in the universal diagram (3.1.2) determines a tautological
inclusion Λ Ă HomOE

pY, H_q. This induces a morphism of vector bundles

ΛbZp OY k,red
Λ

Ñ HomOE
pDpYq,DpH_qq,

which in turn restricts to a morphism

Λ̆0 bO
Y k,red

Λ
Ñ Fil0 N0.

This allows us to define

(4.1.3) Vpkq “ ImpΛ̆0 bO
Y k,red

Λ
Ñ Fil0 NÑ Vq.
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Proposition 4.1.3. At a point s P Y k,red
Λ pF̆pq, represented by lattices pM0, N0q

as in Proposition 3.2.1, there are canonical identifications

Vs “M˚
0 {N

˚
0 and Ws “ N0{M0.

Moreover, the fiber at s of (4.1.1) is identified with

0 Ă
M0

N˚0
Ă

Λ̆0

N˚0
Ă
M˚

0

N˚0
.

Proof. This is clear from Remark 4.1.2. �

Corollary 4.1.4. The coherent sheaves on Y k,red
Λ defined above satisfying

the following properties.

(1) V and W are locally free of rank 2k ´ 1,

(2) Vp1q and Vpkq are local direct summands of V of ranks 1 and k, re-
spectively.

Proof. Proposition 4.1.3 implies that V and W have constant fiber dimension
2k´1, and so the first claim follows from Lemma 3.4.4. The same reasoning
shows that the cokernel of Vpiq Ñ V is locally free of rank 2k´ 1´ i, and so
Vpiq is a local direct summand of rank i. �

We next endow V with additional structure, derived from the pairing

b : Λ̆0 ˆ Λ̆0 Ñ Z̆p
of (2.3.5). For any O

Y k,red
Λ

-module F, denote by

(4.1.4) σ˚F “ O
Y k,red

Λ
bσ,O

Y
k,red
Λ

F

the pullback by the p-power Frobenius σ : O
Y k,red

Λ
Ñ O

Y k,red
Λ

.

Proposition 4.1.5. There is a unique O
Y k,red

Λ
-linear map

β : Vb σ˚VÑ O
Y k,red

Λ

that, when viewed as a pairing

β : Vˆ VÑ O
Y k,red

Λ

(linear in the first variable and σ-linear in the second), satisfies the following

property: At a point s P Y k,red
Λ pF̆pq, represented by a pair of lattices pM0, N0q,

as in Proposition 3.2.1, the fiber

βs :
M˚

0

N˚0
ˆ
M˚

0

N˚0
Ñ F̆p

is identified with the reduction of

pb : M˚
0 ˆM

˚
0 Ñ Z̆p.

Proof. The uniqueness claim is clear, because we have specified the pairing
on fibers. The existence will follow from the next two lemmas.
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Lemma 4.1.6. There is an OY red
Λ

-linear morphism

σ˚ Fil0 N0 ÑM1

whose fiber at any s P Y k,red
Λ pF̆pq is identified with

σ˚pM˚
0 {pN0q

1bx ÞÑpΦx
ÝÝÝÝÝÝÑM1{pM1.

Here M and N are the lattices in Λ̆r1{ps associated to s as in (3.2.1).

Proof. Over Y k,red
Λ there is a universal diagram (3.1.2) of p-divisible groups.

By (3.1.3), there is a unique isogeny $ : H_ Ñ H making the diagram

H_

p ""

$ // H

d_˝d
��

H_

commute. This induces an OE-linear morphism of vector bundles

N “ HomOE
pDpYq,DpH_qq $˝

ÝÝÑ HomOE
pDpYq,DpHqq “M,

whose fiber a point of Y k,red
Λ pF̆pq is identified with

N{pN
p
ÝÑM{pM.

Now consider the Frobenius and Verscheibung morphisms

Fr : H Ñ σ˚H and Ver : σ˚H Ñ H.

These induce morphisms of vector bundles

DpHq
V“DpFrq
ÝÝÝÝÝÝÑ σ˚DpHq and σ˚DpHq

F“DpVerq
ÝÝÝÝÝÝÑ DpHq,

and similarly with H replaced by Y or H_. We use this to define a morphism

σ˚N “ HomOE
pσ˚DpYq, σ˚DpH_qq α

ÝÑ HomOE
pDpYq,DpH_qq “ N

by x ÞÑ F ˝x ˝V . The fiber of α at a geometric point is identified with (the
linearization of)

pΦ : N{pN Ñ N{pN.

The maps α and $˝ above sit in a commutative diagram

σ˚N “ HomOE
pσ˚DpYq, σ˚DpH_qq α //

F˝
��

HomOE
pDpYq,DpH_qq “ N

$˝

��
HomOE

pσ˚DpYq,DpH_qq
β

//

V ˝
��

HomOE
pDpYq,DpHqq “M

σ˚N “ HomOE
pσ˚DpYq, σ˚DpH_qq
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in which the arrow labeled β sends x ÞÑ $ ˝ x ˝ V . The vertical column on
the left is exact, and the image of the final vertical arrow is

σ˚ Fil0 N Ă σ˚N.

On fibers, the composition from the upper left corner to the lower right
corner of the square is (the linearization of)

N{pN
p2Φ
ÝÝÑM{pM.

This last map need not be 0, but the relation pN0 Ă N˚0 “ Φ´1M1 of
Proposition 3.2.1 (and (3.2.3), for the equality) implies that its restriction

N0{pN0
p2Φ
ÝÝÑM1{pM1

vanishes. Thus the diagram above restricts to a commutative diagram of
solid arrows

σ˚N0
α //

F˝
��

0

++

N1

$˝

��
Hompσ˚DpYq0,DpH_q1q

β
//

V ˝
��

M1

σ˚ Fil0 N0

��

33

0,

and the exactness of the vertical column on the left implies the existence of
a unique dotted arrow making the diagram commute. This dotted arrow is
the morphism we seek. �

Lemma 4.1.7. There is a O
Y k,red

Λ
-linear map

N0 b σ
˚ Fil0 N0 Ñ O

Y k,red
Λ

whose fiber at any s P Y k,red
Λ pF̆pq is identified with the F̆p-linear map

N0

pN0
b σ˚

ˆ

M˚
0

pN0

˙

Ñ F̆p

obtained by reducing xb p1b yq ÞÑ pbpx, yq P Z̆p for x P N0 and y PM˚
0 .

Proof. The polarization on Y induces a perfect bilinear pairing on the con-
stant vector bundle DpYq, which induces an isomorphism

DpYq0 bDpYq1 – O
Y k,red

Λ
.

Similarly, there is a canonical perfect bilinear pairing

DpH_q0 bDpHq1 Ñ O
Y k,red

Λ
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on the vector bundles associated to the universal p-divisible groups H and

H_ over Y k,red
Λ . These induce a perfect bilinear pairing

N0 bM1 “ HompDpYq0,DpH_q0q bHompDpYq1,DpHq1q
– HompDpYq0 bDpYq1,DpH_q0 bDpHq1q
Ñ O

Y k,red
Λ

.

Pulling this back via the morphism σ˚ Fil0 N0 ÑM1 of Lemma 4.1.6 yields
a pairing N0 b σ˚ Fil0 N0 Ñ O

Y k,red
Λ

having the desired form on F̆p-valued

points. �

We now complete the proof of Proposition 4.1.5. By construction, there
is a canonical map M Ñ N respecting filtrations, and we claim that the
composition

M0 b σ
˚ Fil0 M0 Ñ N0 b σ

˚ Fil0 N0 Ñ O
Y k,red

Λ

is trivial. Indeed, taking fibers at a point pM0, N0q P Y
k,red

Λ pF̆pq, the com-
position is identified with the pairing

M0

pM0
ˆ

N˚0
pM0

Ñ
N0

pN0
ˆ
M˚

0

pN0

pbp´,´q
ÝÝÝÝÝÑ F̆p,

which is trivial as bpM0, N
˚
0 q Ă bpM0,M

˚
0 q Ă Z̆p.

Recalling the definitions (4.1.2), the triviality of the above composition
implies that the morphism of Lemma 4.1.7 descends to a morphism

Wb σ˚VÑ O
Y k,red

Λ
.

The composition
Vb σ˚VÑWb σ˚VÑ O

Y k,red
Λ

(the first arrow is the canonical map VÑW on the first tensor factor, and
the identity on the second) at last defines the desired pairing β. �

Modulo the fact that the pairing β is not bilinear, the following proposi-
tion essentially says that the radical of β is Vp1q, and

Vpkq{Vp1q Ă V{Vp1q

is a maximal isotropic subbundle.

Proposition 4.1.8. We have

βpVpkq b σ˚Vpkqq “ 0 and βpVp1q b σ˚Vq “ 0.

Moreover, the induced map

Vpkq{Vp1q
v ÞÑpw ÞÑβpvbwqq
ÝÝÝÝÝÝÝÝÝÝÑ Hompσ˚V{σ˚Vpkq,O

Y k,red
Λ

q

is an isomorphism.

Proof. All claims can be checked on fibers, where they follow from Proposi-
tions 4.1.3 and 4.1.5. �
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Recalling Theorem 3.4.5, over Y k,red
Λ – DLkΛ we have the universal flag

0
k´1
Ă J

1
Ă KK

n´2k
Ă K

1
Ă JK

k´1
Ă Λ̆0 bOS

of Definition 3.4.1. The relation between this flag and the filtered vector
bundle V is a bit unclear. It is not hard to see that there is a short exact
sequence

0 Ñ Vpkq Ñ VÑ JÑ 0,

and isomorphisms

Vp1q –
JK

K
and Vpkq –

Λ̆0 bO
Y k,red

Λ

K
.

In particular, V can be realized as an extension of two vector bundles that
are each intrinsic to the Deligne-Lusztig variety DLkΛ, in the sense that their

construction does not rely on the isomorphism Y k,red
Λ – DLkΛ. It is not

obvious to authors how one can express V itself in a way intrinsic to DLkΛ.

4.2. Analysis of π1. We can now make explicit the structure of the mor-
phism

π1 : RZďkΛ Ñ Y k
Λ ,

at least on the level of underlying reduced schemes, in terms of the morphism
β : Vb σ˚VÑ O

Y k,red
Λ

of Proposition 4.1.5.

To this end, consider the scheme

RďkΛ Ñ Y k,red
Λ

whose functor of points assigns to any Y k,red
Λ -scheme S the set

RďkΛ pSq “

"

rank k ´ 1 local direct summands
F Ă VS satisfying βpF b σ˚Fq “ 0

*

.

Denote by RkΛ Ă RďkΛ the open subscheme with functor of points

RkΛpSq “ tF P R
ďk
Λ pSq : VS “ F ‘ V

pkq
S u,

where Vpkq Ă V is the rank k local direct summand defined by (4.1.3).

Proposition 4.2.1. The morphism RkΛ Ñ Y k,red
Λ is smooth of relative di-

mension k ´ 1.

Proof. We will show that the morphism in question is formally smooth.
Suppose we have a commutative diagram of solid arrows

SpecpB{Iq //

��

RkΛ

��

SpecpBq //

99

Y k,red
Λ
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in which the left vertical arrow is a square-zero thickening of affine F̆p-
schemes. We must show that, Zariski locally on SpecpBq, there exists a
dotted arrow making the diagram commute.

The pullbacks to SpecpBq of the vector bundles Vp1q Ă Vpkq Ă V on Y k,red
Λ

correspond to inclusions of locally free B-modules

V p1q Ă V pkq Ă V,

with V endowed with a function β : V ˆ V Ñ B that is B-linear in the first
variable and σ-linear in second. The top horizontal arrow in the diagram
corresponds to a choice of complementary summand

F Ă V {IV

to V pkq{IV pkq, satisfying the isotropy condition βpF, F q “ 0.

Lemma 4.2.2. The set of dotted arrows making the diagram commute ad-
mits a simply transitive action of (the additive group underlying) the B{I-

module HompF, IV p1qq.

Proof. Consider the set X of all lifts of F to B-submodules F 1 Ă V satisfying

V “ F 1 ‘ V pkq

(with no isotropy condition on F 1). By standard arguments, this is a prin-

cipal homogenous space under HompF, IV pkqq, where the action is defined

as follows: given a point F 1 P X and a φ : F Ñ IV pkq, we let φ1 denote the
composition

F 1 Ñ F 1{IF 1 “ F
φ
ÝÑ IV pkq,

and define

φ` F 1 “ tx´ φ1pxq : x P F 1u.

The set of dotted arrow making the diagram commute is in bijection with
the set of all F 1 P X that satisfy the isotropy condition βpF 1, F 1q “ 0. Let

us now fix one F 1 P X , and parametrize those φ P HompF, IV pkqq for which
φ` F 1 is isotropic.

To say that φ` F 1 is isotropic is equivalent to saying that

βpx´ φ1pxq, y ´ φ1pyqq “ 0

for all x, y P F 1. By assumption I2 “ 0, and so the σ-linearity of β in the
second variable implies

βpF 1, φ1pF 1qq Ă βpF 1, IV pkqq “ IpβpF 1, V pkqq “ 0.

The isotropy condition on φ` F 1 therefore simplifies to

(4.2.1) βpx, yq “ βpφ1pxq, yq

for all x, y P F 1.
Proposition 4.1.8 tells us that the natural map

V pkq{V p1q
x ÞÑpy ÞÑβpx,yqq
ÝÝÝÝÝÝÝÝÝÑ HomσpV {V

pkq, Bq “ HomσpF
1, Bq
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is an isomorphism, where Homσ means σ-linear homomorphisms ofB-modules.
In particular, there is a unique homomorphism

ψ1 : F 1 Ñ V pkq{V p1q

satisfying βpx, yq “ βpψ1pxq, yq for all x, y P F 1. Using the isotropy of the

original F Ă V , we see that ψ1 takes values in IV pkq{IV p1q, and hence factors
through a morphism

F “ F 1{IF 1
ψ
ÝÑ IV pkq{IV p1q.

What we have shown is that the φ P HompF, IV pkqq for which φ ` F 1 is
isotropic are precisely those that satisfy (4.2.1), and these are precisely the φ

that lift ψ P HompF, IV pkq{IV p1qq. This is clearly a principal homogeneous

space under HompF, IV p1qq. �

The lemma shows first that the set of dotted arrows making the diagram

commute is nonempty, and hence RkΛ Ñ Y k,red
Λ is formally smooth.

By taking B “ F̆prεs to be the ring of dual numbers, the lemma also im-

plies that the relative tangent space to this morphism at a point s P RkΛpF̆pq,
corresponding to an isotropic direct summand Fs Ă Vs, is isomorphic to the

F̆p-vector space HompFs,V
p1q
s q of dimension k´ 1. Hence all closed fibers of

the morphism in question have dimension k ´ 1. �

Theorem 4.2.3. There is a canonical isomorphism of Y k,red
Λ -schemes

RZďk,red
Λ – RďkΛ ,

restricting to an isomorphism RZk,red
Λ – RkΛ.

Proof. Over RZďk,red
Λ , the universal diagram (3.1.4) determines morphisms

of filtered vector bundles

DpHq Ñ DpXq Ñ DpH_q.

These induce morphisms M0 Ñ L0 Ñ N0 between the filtered vector bundles
from (2.4.4) and the proof of Theorem 3.4.5.

Recall from (4.1.2) that V is a quotient of Fil0 N0. The key step of the
proof is to note that the coherent sheaf

F
def
“ ImagepFil0 L0 Ñ Fil0 N0 Ñ Vq

on RZďk,red
Λ is a rank k´1 local direct summand of V satisfying bpFbσ˚Fq “

0, while the coherent sheaf

H
def
“ kerpFil0 N0 Ñ V{Fq

is a local direct summand of Fil0 N0 satisfying

(4.2.2) Fil0 L0 “ kerpL0 Ñ N0{Hq.
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All of these claims can be verified on fibers at F̆p-valued points, where (under
the identifications of Proposition 3.2.1) we have

Fil0 L0,s “ L˚0{pL0 Ă L0{pL0 “ L0,s

Fs “ L˚0{N
˚
0 ĂM˚

0 {N
˚
0 “ Vs

Hs “ L˚0{pN0 ĂM˚
0 {pN0 “ Fil0 N0,s.

In particular, the isotropic subbundle F Ă V just constructed defines a
morphism

(4.2.3) RZďk,red
Λ Ñ RďkΛ ,

which is bijective on F̆p-valued points.

We will use the auxiliary vector bundle H Ă Fil0 N0 to show that the
morphism we have constructed is formally unramified. To this end, assume
we have a commutative diagram

S //

��

RZďk,red
Λ

��
rS //

<<

RΛ

of solid arrows, in which the left vertical arrow is a square-zero thickening.
To show that our morphism is formally unramified we must show that there
is at most one dotted arrow making the diagram commute, so suppose we

have two such arrows a, b : rS Ñ RZďk,red
Λ .

Because a and b define the same rS-point of RΛ, there are canonical iden-
tifications (respecting filtrations)

a˚M0
// a˚N0

// a˚V // 0

b˚M0
// b˚N0

// b˚V // 0,

of vector bundles on rS, the last of which identifies a˚F “ b˚F. It follows
that there are canonical identifications

a˚H // a˚ Fil0 N0
// a˚pV{Fq // 0

b˚H // b˚ Fil0 N0
// b˚pV{Fq // 0.

of vector bundles on rS.
Now consider the p-divisible groups a˚X and b˚X over rS. We do not yet

know that these are isomorphic, but they are deformations of the same p-
divisible group over S. By Grothendieck-Messing theory there is a canonical
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isomorphism

(4.2.4) a˚DpXq “ Dpa˚Xq – Dpb˚Xq “ b˚DpXq

of vector bundles on rS. By Remark 2.4.1 this induces an isomorphism
a˚L – b˚L, and we now have canonical identifications

a˚L0
// a˚pN0{Hq

b˚L0
// b˚pN0{Hq.

of vector bundles on rS. It follows from (4.2.2) that the isomorphism on
the left identifies a˚ Fil0 L0 “ b˚ Fil0 L0. As with (3.4.2), the isomorphism
of Remark 2.4.1 identifies the Fil0 on source and target, and hence (4.2.4)
identifies

a˚ Fil0 DpXq0 “ b˚ Fil0 DpXq0.

As the principal polarization on X induces a perfect bilinear pairing be-
tween DpXq0 and DpXq1, under which the Hodge filtrations are exact anni-
hilators of each other, the same identification holds if we replace DpXq0
with DpXq1. In other words, (4.2.4) respects Hodge filtrations, and so
a˚X – b˚X by Grothendieck-Messing theory. From this it follows easily
that a “ b.

The unramified morphism (4.2.3) is proper (its source is projective over

F̆p) and bijective on closed points, so is an isomorphism by Lemma 3.4.3.
For the final claim, fix a point

s P RZďk,red
Λ pF̆pq – RďkΛ pF̆pq

represented by a triple pL0,M0, N0q as in Proposition 3.2.1. In particular,

(4.2.5) L0 X Λ̆0 ĂM0
k´1
Ă Λ̆0.

By definition, s P RkΛpF̆pq holds if and only if equality holds in

Fs ` Vpkqs “
L˚0 ` Λ̆0

N˚0
Ă
M˚

0

N˚0
“ Vs.

Dualizing, this is equivalent to L0 X Λ̆0 “M0, which is equivalent to

L0 X Λ̆0
k´1
Ă Λ̆0

by (4.2.5), which is equivalent to s P RZkΛpF̆pq by Proposition 2.4.4 and the
final claim of Proposition 3.2.1. �

Corollary 4.2.4. There is a smooth morphism

RZk,red
Λ – RkΛ Ñ Y k,red

Λ – DLkΛ

of relative dimension k´ 1. In particular, RZk,red
Λ is itself smooth of dimen-

sion n´ 2.
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Proof. The first isomorphism is the composition

RZk,red
Λ – RZk,red

Λ – RkΛ

of the isomorphisms of Proposition 3.3.2 and Theorem 4.2.3. The arrow in
the middle is the smooth morphism of Proposition 4.2.1. The final isomor-
phism is that of Theorem 3.4.5. The final claim of the corollary now follows
from Proposition 3.4.2. �

Remark 4.2.5. In the special case k “ 1 we have

RZ1,red
Λ – R1

Λ “ Y 1,red
Λ – DL1

Λ.

5. Supplementary results when n is even

Intuitively, points of the closed subscheme RZΛ Ă RZ parametrize p-
divisible groups that are relatively close to the framing object Λ b Y of
signature p0, nq. Proposition 2.4.4 can be understood as saying that in the
decomposition

RZred
Λ “

ğ

1ďkďtn{2u

RZk,red
Λ ,

the locally closed subschemes indexed by smaller k parametrize points that
are closer to Λb Y than those parametrized by larger k.

It turns out that in the extremal case in which n is even and k “ n{2, each

point of RZ
n{2
Λ , while as far from ΛbY as it allowed to be, is very close to one

of finitely many other framing objects. These other framing objects, which
again have signature p0, nq but are endowed with non-principal polarizations,

provide a different way to parametrize the points of RZ
n{2
Λ . This is what we

explore in this section.

5.1. Another partial Rapoport-Zink space. As always, Λ is a self-dual
hermitian OE-lattice of rank n ě 2. the hermitian form is denoted hp´,´q.

Definition 5.1.1. An OE-lattice Λ1 Ă Λr1{ps is scalar-self-dual if there
exists a c P Qˆp such that

cΛ1 “ tx P Λr1{ps : hpΛ1, xq Ă OEu.

We are especially interested in scalar-self-dual lattices Λ1 satisfying

(5.1.1) pΛ Ĺ Λ1 Ĺ Λ.

The self-duality of Λ then forces both ordppcq “ ´1 and

lengthOE
pΛ{Λ1q “

n

2
.

In particular, such lattices can only exist when n is even, and we assume
this for the remainder of §5. The scalar self-duality condition on Λ1 can then
be interpreted as saying that Λ1{pΛ Ă Λ{pΛ is maximal isotropic under the
natural OE{pOE-valued hermitian form
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Definition 5.1.2. For a scalar-self-dual OE-lattice Λ1 as in (5.1.1), and

an F̆p-scheme S, define RZ♥
Λ1pSq to be the set of isomorphism classes of

quadruples pX,λX , αX , βXq in which

‚ X is a p-divisible group over S equipped with an OE-action of sig-
nature p2, n´ 2q,

‚ λX : X Ñ X_ is a conjugate OE-linear principal polarization,
‚ αX and βX are OE-linear isogenies

Λ1 b YS
αX
ÝÝÑ X

βX
ÝÝÑ p´1Λ1 b YS

whose composition is induced by the inclusion Λ1 Ă p´1Λ1, and such
that α˚XλX agrees with the canonical (non-principal) polarization on

Λ1 b YS .

.

The functor RZ♥
Λ1 of Definition 5.1.2 is represented by a projective F̆p-

scheme, denoted the same way. For any point pX,λX , αX , βXq P RZ♥
Λ1pSq

there is a unique quasi-isogeny %X making the diagram

X
βX

&&
%X
��

Λ1 b YS //

αX

99

Λb YS // p´1Λ1 b YS
commute, and this determines a point pX,λX , %Xq P RZΛpSq. We use this
construction to regard

RZ♥
Λ1 Ă RZΛ

as a closed subscheme.

Proposition 5.1.3. For any scalar self-dual lattice Λ1 satisfying (5.1.1), the
bijection of Corollary 2.3.3 restricts to a bijection

RZ♥
Λ1pF̆pq –

#

Z̆p-lattices

L0 Ă Λ̆0r1{ps
: pL0 Ă L˚0

2
Ă L0

Λ̆10 Ă L0 Ă p´1Λ̆10

+

.

Moreover, the two chains of inclusions on the right hand side are equivalent
to the single chain condition

Λ̆10

n
2
´1
Ă L˚0

2
Ă L0

n
2
´1
Ă p´1Λ̆10.

Proof. The first claim follows directly from the construction of the bijection
of Corollary 2.3.3. The scalar-self-duality assumption on Λ1 implies that
Λ̆10 ‘ p´1Λ̆11 is self-dual. Using this and (2.3.8), we deduce that the right

dual operator (2.3.6) interchanges the lattices Λ̆10 and p´1Λ̆10. Applying this
operator throughout

Λ̆10 Ă L0
r
Ă p´1Λ̆10

(this is the definition of r) therefore results in

Λ̆10
r
Ă L˚0 Ă p´1Λ̆10,
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and the second claim follows immediately. �

Proposition 5.1.4. For every point s P RZ
n{2
Λ pF̆pq there exists a scalar-self-

dual lattice Λ1 as in (5.1.1) such that s P RZ♥
Λ1pF̆pq.

Proof. Under the bijection of Proposition 3.2.1, the point s corresponds to
a chain of lattices

pΛ̆0

n
2
´1
Ă pM˚

0

1
Ă pN0 “ N˚0

1
ĂM0

n
2
´1
Ă Λ̆0,

together with a lattice L0 Ă Λ̆0 satisfying

pL0 Ă L˚0
2
Ă L0 and M0

n
2
Ă L0

n
2
´1
Ă N0.

The essential thing is the middle equality pN0 “ N˚0 , which implies

Φ´2N0
(2.3.7)
“ N˚˚0 “ ppN0q

˚ “ N0.

It follows that the OĔ-lattice ppN0 ‘ΦN0q Ă Λ̆0 ‘ Λ̆1 is fixed by Φ, and we
define an OE-lattice

Λ1 “ ppN0 ‘ ΦN0q
Φ“id Ă Λ.

Using (2.3.8) we see that N0‘ΦN˚0 Ă Λ̆r1{ps is self-dual under the hermitian
pairing. This implies that the dual lattice of N0‘ΦN0 is ppN0‘ΦN0q, and
taking Φ-fixed points shows that the dual lattice of Λ1 is p´1Λ1. It follows
that Λ1 is scalar-self-dual and satisfies (5.1.1).

The inclusions M0 Ă L0 Ă N0 imply

Λ̆10 “ pN0 Ă L0 Ă N0 “ p´1Λ̆10,

and Proposition 5.1.3 shows that s P RZ♥
Λ1pF̆pq. �

5.2. Another Deligne-Lusztig variety. We continue to assume that n is
even, and fix a scalar-self dual lattice Λ1 Ă Λr1{ps satisfying (5.1.1).

The pairing b of (2.3.5) determines a pairing

b1 “ p´1b : Λ̆10 ˆ Λ̆10 Ñ Z̆p.
Exactly as in §3.4, this induces a pairing of OS-modules

pΛ̆0 bZ̆p
OSq ˆ pΛ̆0 bZ̆p

OSq Ñ OS ,

linear in the first variable and σ-linear in the second, for any F̆p-scheme S.

Once again, for any local direct summand F Ă Λ̆0bZ̆p
OS , we denote its left

annihilator under this pairing by

FK “ tx P Λ̆0 bZ̆p
OS : b1px,Fq “ 0u.

Definition 5.2.1. Define DL♥
Λ1 to be the projective F̆p-scheme whose func-

tor of points assigns to any F̆p-scheme S the set of flags of OS-module local
direct summands

0
n
2
´1
Ă F

2
Ă FK

n
2
´1
Ă Λ̆10 bZ̆p

OS
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of the indicated coranks.

Proposition 5.2.2. The scheme DL♥
Λ1 of Definition 5.2.1 is a Deligne-

Lusztig variety for the unitary group of the finite hermitian space Λ1{pΛ1

(where the hermitian form on Λ1 is first multiplied by p´1 to make it self-
dual). It is irreducible and smooth of dimension n´ 2.

Proof. The proof is the same as for Proposition 3.4.2. �

Theorem 5.2.3. There is a isomorphism

RZ♥,red
Λ1 – DL♥

Λ1

sending an F̆p-valued point of the left hand side to the flag

0 Ă
pL˚0
pΛ̆10

Ă
pL0

pΛ̆10
Ă

Λ̆10
pΛ̆10

determined by the bijection of Proposition 5.1.3.

Proof. This is similar to the proof of Theorem 3.4.5. The universal isogeny

βX : X Ñ p´1Λ1 b Y over RZ♥,red
Λ1 induces a morphism of vector bundles

DpXq Ñ Dpp´1Λ1 b Yq,

and we define coherent sheaves

(5.2.1) 0 Ă G Ă G: Ă Dpp´1Λ1 b Yq0

on RZ♥,red
Λ1 by

G “ Image
`

Fil0 DpXq0 Ñ Dpp´1Λ1 b Yq0
˘

G: “ Image
`

DpXq0 Ñ Dpp´1Λ1 b Yq0
˘

.

Fix an isomorphism OĔ-modules DpYq – OĔ . This determines isomor-
phisms of OĔ-modules

DpΛ1 b Yq – Λ̆1

as in (2.3.1), and an isomorphism of vector bundles

DpΛ1 b Yq – Λ̆1 bZ̆p
O

RZ♥,red

Λ1
.

Using the multiplication-by-p isomorphism p´1Λ1 – Λ1, we now identify

Dpp´1Λ1 b Yq – Λ̆1 bZ̆p
O

RZ♥,red

Λ1
,

and identify (5.2.1) with a flag of coherent sheaves

(5.2.2) 0 Ă F Ă F: Ă Λ̆10 bZ̆p
O

RZ♥,red

Λ1
.

At a point of RZ♥,red
Λ1 pF̆pq, corresponding to a chain of lattices

Λ̆10

n
2
´1
Ă L˚0

2
Ă L0

n
2
´1
Ă p´1Λ̆10,
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the fibers of F and F: are identified with the images of

pL˚0
p2L0

Ñ
Λ̆10
pΛ̆10

and
pL0

p2L0
Ñ

Λ̆10
pΛ̆10

,

respectively. See the proof of Theorem 3.4.5, and especially Lemma 3.4.6),
In particular these coherent sheaves have constant fiber dimension, and one
can deduce using Lemma 3.4.4 that they are local direct summands of Λ̆10bZ̆p

O
RZ♥,red

Λ1
. The equality F: “ FK can also be checked on fibers, where it is

clear from the definition of the pairing b1.
All of this shows that (5.2.2) defines a morphism

RZ♥,red
Λ1 Ñ DL♥

Λ1

with the desired form on F̆p-valued points, and it remains to show that it
is an isomorphism. For this, once again by Lemma 3.4.3, it suffices to show
that the morphism in question is unramified. The proof is essentially the
same as that of Lemma 3.4.8, replacing the use of Lemma 3.4.7 with the
equality

Fil0 DpXq “ kerpDpXq Ñ G:{G – FK{Fq.

This last equality can be verified on fibers at point s P RZ♥,red
Λ1 pF̆pq, where

it is equivalent to the obvious equality

L˚0
pL0

“ ker

˜

L0

pL0

p
ÝÑ

pL0{pΛ̆
1
0

pL˚0{pΛ̆
1
0

¸

. �

6. Irreducible components of the Rapoport-Zink space

In this section we prove our main results on the structure of the reduced
scheme RZred underlying the formal F̆p-scheme RZ of Definition 2.2.1. The
key point is to explain the relation between the locally closed subschemes

RZk,red
Λ Ă RZred of Definition 2.4.2, and the irreducible components of RZred,

as described in [19] and [4].

6.1. The affine Deligne-Luszig variety. Fix an integer n ě 2. Let W
be an n-dimensional vector space over E equipped with a hermitian form
h : W ˆW Ñ E. Up to isomorphism there are two such W , distinguished
by the value of

detpW q P Qˆp {NmE{Qp
pEˆq.

We assume that detpW q “ 1, which implies the existence of an E-basis
x1, . . . , xn PW such that the hermitian form is given by the matrix with 1’s
on the antidiagonal, and 0’s elsewhere. In other words

hpxi, xjq “

#

1 if i` j “ n´ 1

0 otherwise.



46 MARIA FOX, BENJAMIN HOWARD, AND NAOKI IMAI

The group of unitary similitudes G “ GUpW q is an unramified reductive
group over Qp, and our choice of basis determines subgroups

T Ă B Ă G,

in which the Borel B is the stabilizer of the flag F1 Ă ¨ ¨ ¨ Ă Fn “ V defined
by Fi “ SpanEtx1, . . . , xiu, and T is the maximal torus that acts through
scalars on every xi.

Regard x1, . . . , xn P W̆
def
“ W bQp Q̆p as an Ĕ-basis, and denote by

y1, . . . , yn P W̆0 and z1, . . . , zn P W̆1

the projections of these basis vectors to the two summands in the decom-
position of (1.2.1). Thus xi “ yi ` zi, the Frobenius operator σ : W̆ Ñ W̆

interchanges yi with zi, and we have a Q̆p-basis

y1, . . . , yn, z1, . . . , zn P W̆ .

We use this last basis to identify GpQ̆pq Ă GL2npQ̆pq. The Borel BpQ̆pq

is then identified with the upper triangular matrices in GpQ̆pq, while T pQ̆pq

is the subgroup of diagonal matrices of the form

rt0, t1, . . . , tns
def
“

¨

˚

˚

˚

˚

˚

˚

˚

˚

˝

t1
. . .

tn
t´1
n t0

. . .

t´1
1 t0

˛

‹

‹

‹

‹

‹

‹

‹

‹

‚

.

The cocharacter lattice of T has a Z-basis ε0, ε1, . . . , εn P X˚pT q given by

ε0ptq “ rt, 1, 1, . . . , 1s

ε1ptq “ r1, t, 1, . . . , 1s

...

εnptq “ r1, 1, . . . , 1, ts,

Definition 6.1.1. A cocharacter

λ “ a0ε0 ` a1ε1 ¨ ¨ ¨ ` anεn P X˚pT q

is minuscule if |ai ´ aj | ď 1 for all i, j P t1, . . . , nu, and is dominant (with
respect to B) if a1 ě a2 ě ¨ ¨ ¨ ě an.

Remark 6.1.2. The action of the Frobenius σ on X˚pT q is given by

εσ0 “ ε0 ` ε1 ` ¨ ¨ ¨ ` εn

εσi “ ´εi_ for 1 ď i ď n,

where we abbreviate i_ “ n` 1´ i.
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Remark 6.1.3. The center Z Ă G is isomorphic to the Weil restriction
ResE{Qp

Gm, and its cocharacter lattice is

X˚pZq “ SpanZtε0, ε
σ
0u Ă X˚pT q.

The basis vectors x1, . . . , xn PW span an OE-lattice

Λ “ SpanOE
tx1, . . . , xnu ĂW

self-dual under the hermitian form. The group of unitary similitudes of Λ
determines an extension of G to a reductive group scheme over Zp, denoted

the same way. The subgroup GpZ̆pq Ă GpQ̆pq is the stabilizer of the OĔ-
lattice

(6.1.1) D def
“ ΛbOE

OĔ “ SpanZ̆p
ty1, . . . , yn, z1, . . . , znu Ă W̆ .

We now define the particular affine Deligne-Lusztig variety of interest.

Definition 6.1.4. The affine Deligne-Lusztig variety is the set

Xµpbq “ tg P GpQ̆pq{GpZ̆pq : g´1bgσ P GpZ̆pqµppqGpZ̆pqu

where b “ ε0ppq P ZpQ̆pq and µ “ ε0 ` ε1 ` ε2 P X˚pT q.

Remark 6.1.5. Because our chosen b P GpQ̆pq is central, its twisted cen-
tralizer Jb is canonically identified with G, and the Deligne-Lusztig variety
Xµpbq is stable under left multiplication by GpQpq.

Proposition 6.1.6. If we use the lattice Λ above to define the Rapoport-Zink
space of §2.2, there is a bijection of sets

RZpF̆pq – Xµpbq

identifying
RZΛpF̆pq – tg P Xµpbq : pD Ă gD Ă p´1Du.

Proof. First note that F “ b ˝ σ defines an isocrystal structure on W̆ with
Fyi “ pzi and Fzi “ yi. The lattice D is stable under F and V , and it is
easy to see from (2.1.1) that it is the Dieudonné module D “ DpXq of a
p-divisible group X with an OE-action of signature p0, nq. Fixing a u P OˆE
with u “ ´u, the alternating form

λW px, yq
def
“ TrE{Qp

hpux, yq

on W extends Q̆p-bilinearly to a polarization of the isocrystal W̆ . The

lattice D Ă W̆ is self-dual under this alternating form, which determines an
OE-conjugate linear principal polarization of X.

We also have the operator Φ “ σ on W̆ , which makes it into a slope 0
isocrystal. Under (6.1.1), there is a unique σ-semi-linear operator F on OĔ
such that the operator F on D agrees with the operator ΦbF on ΛbOE

OĔ .

This operator makes OĔ into a Dieudonné module isomorphic to DpYq, and
a choice of such an isomorphism identifies

X “ Λb Y.
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The rest is routine. For any g P Xµpbq the OĔ-lattice gD “ DpXq is
the Dieudonné module of a p-divisible group X with an OE-action, and the
cocharacter µ was chosen to ensure that X has signature p2, n ´ 2q. The
inclusion

DpXq “ gD Ă Dr1{ps “ DpXqr1{ps
corresponds to an OE-linear quasi-isogeny %X : X 99K X, and the pullback of
the principal polarization on the target can be rescaled by a unique power of
p to obtain a principal polarization λX of X. The triple pX,λX , %Xq defines

a point of RZpF̆pq, and this is the desired bijection. �

6.2. Labeling the components. We now invoke the parametrization of
irreducible components of Rapoport-Zink spaces due to Xiao-Zhu [19], and
its refinement in the case of GUp2, n´ 2q worked out in [4].

Given cosets g1, g2 P GpQ̆pq{GpZ̆pq, the Cartan decomposition implies the
existence of a unique dominant βg1,g2 P X˚pT q such that

g´1
2 g1 P GpZ̆pqβg1,g2ppqGpZ̆pq.

We call this cocharacter the relative position invariant of the lattices g1D
and g2D, and denote it by

invGpg1D, g2Dq
def
“ βg1,g2 P X˚pT q.

The subscript G is included to distinguish this from the invariant of Defini-
tion 2.4.3. In this terminology, our affine Deligne-Lusztig variety becomes

Xµpbq “ tg P GpQ̆pq{GpZ̆pq : invGpbg
σD, gDq “ µu.

Define cocharacters α1, . . . , αtn{2u P X˚pT q by (recall k_ “ n` 1´ k)

(6.2.1) αk “

#

pε1 ` ¨ ¨ ¨ ` εk´1q ´ pεk_ ` ¨ ¨ ¨ ` ε1_q if k ă n{2

ε0 ` ε1 ` ¨ ¨ ¨ ` εk´1 if k “ n{2.

Using the bijection Xµpbq – RZpF̆pq of Proposition 6.1.6, for any γ P GpQpq

and 1 ď k ď tn{2u, denote by

RZpk,γq Ă RZred

the locally closed subset (endowed with its reduced scheme structure) whose

F̆p-points are

(6.2.2) RZpk,γqpF̆pq “ tg P Xµpbq : invGpgD, γDq “ αku .

This only depends on the coset γ P GpQpq{GpZpq, and satisfies

(6.2.3) RZpk,γq “ γ ¨ RZpk,idq.

Remark 6.2.1. The cocharacters α1 and (if n is even) αn{2 are minuscule,
but the other αi’s are not. This is closely tied up with the fact that RZp1,γq
and RZpn{2,γq are isomorphic to Deligne-Lusztig varieties, as we soon see.
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Theorem 6.2.2. Abbreviate r “ tn{2u. There is a bijection

t1, . . . , ru ˆGpQpq{GpZpq – tirreducible components of RZu

sending the pair pk, γq to the closure of RZpk,γq.

Proof. This is the parametrization of irreducible components from [19], made
explicit in [4] in the special case of GUp2, n ´ 2q. For the reader’s benefit,
we provide a very rough sketch.

The triple T Ă B Ă G has Langlands dual

pT Ă pB Ă pG – GL2nˆGm,

where pB is the subgroup of matrices upper triangular in the first factor, and
pT is the subgroup of matrices diagonal in the first factor. Let Vµ be the

representation of pG of heighest weight

µ P X˚pT q “ X˚p pT q.

Every λ P X˚pT q “ X˚p pT q determines a weight space Vµpλq, and because µ
is minuscule the nonzero weight spaces lie in a single orbit under the action
of the Weyl group. In other words

(6.2.4) dimVµpλq “

#

1 if λ “ ε0 ` εi ` εj for some i ‰ j

0 otherwise.

For any λ P X˚pT q denote by rλs P X˚pT q{pσ ´ 1qX˚pT q its image under
the quotient map. By Theorem 4.4.14 of [19], and recalling the equality
Jb “ G of Remark 6.1.5, the irreducible components of Xµpbq are in bijection
with

(6.2.5)
ğ

λPX˚pT q
rλs“rε0s

MVµpλq ˆGpQpq{GpZpq,

where MVµpλq is a finite set of cardinality (6.2.4).
As rε0 ` εi ` εjs “ rε0s if and only if j “ i_, the calculation (6.2.4) shows

that the λ contributing to (6.2.5) are precisely those of the form

λi
def
“ ε0 ` εi ` εi_ P X˚pT q

with 1 ď i ď r. Thus Theorem 4.4.14 of [19] establishes a bijection

(6.2.6) tλ1, . . . , λru ˆGpQpq{GpZpq – tirreducible components of RZredu,

which we must make explicit.
For every 1 ď i ď r, Lemma 4.4.3 of [19] associates a dominant cocharac-

ter νi P X˚pT q to the unique element of the set MVµpλiq. This cocharacter
is not uniquely determined by this recipe, but once it is chosen one defines

τi “ λi ` νi ´ ν
σ
i P X˚pT q,
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and chooses any δi P X˚pT q satisfying τi “ ε0 ` δi ´ δ
σ
i . In the case at hand

we make the following choices. For 1 ď i ă n{2 set

νi “ pε1 ` ¨ ¨ ¨ ` εi´1q ´ pεi_ ` ¨ ¨ ¨ ` ε1_q

τi “ ε0

δi “ 0.

When n is even, so that r “ n{2, set

νr “ ε1 ` ¨ ¨ ¨ ` εr´1

τr “ ε0 ` ε1 ` ¨ ¨ ¨ ` εn

δr “ ε1 ` ¨ ¨ ¨ ` εr.

Each of the minuscule cocharacters τi determines a bi “ τippq P GpQ̆pq,
with its own affine Deligne-Lusztig variety

Xµpbiq “ tg P GpQpq{GpZpq : invGpbig
σD, gDq “ µu.

The locally closed subset

X̊µ,νipbiq “ tg P Xµpbiq : invGpgD,Dq “ νiu

is irreducible (see the proof of Lemma 7.2 of [4]) and its closure in Xµpbiq is
an irreducible component.

There is a bijection

∆i : Xµpbiq Ñ Xµpbq

defined by ∆ipgq “ δipp
´1qg. Note that δipp

´1q P GpQ̆pq may not be central,
and so this bijection need not respect the natural left actions of GpQpq on
the source and target. As δi ´ δσi is a central cocharacter, conjugation by
δipp

´1q defines an automorphism of GpQpq. All hyperspecial subgroups of
GpQpq are conjugate, so we may fix a ki P GpQpq such that

(6.2.7) δipp
´1qGpZpqδippq “ k´1

i GpZpqki.

The closure of

(6.2.8) ki∆ipX̊µ,νipbiqq “
 

g P Xµpbq : invGpgD, kiδipp´1qDq “ νi
(

is an irreducible component of RZred, and is the image of pi, idq under (6.2.6).
Indeed, this is the definition of the bijection (6.2.6).

If 1 ď i ă n{2 then

(6.2.8) “ tg P Xµpbq : invGpgD,Dq “ νiu

“ tg P Xµpbq : invGpgD,Dq “ αiu

“ RZpi,idq,
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as desired. Now suppose n is even, and i “ n{2. The cocharacter ε0 ` δi is
fixed by σ, and taking ki “ pε0 ` δiqppq P GpQpq we find

(6.2.8) “ tg P Xµpbq : invGpgD, ε0ppqDq “ νiu

“ tg P Xµpbq : invGpgD,Dq “ αiu

“ RZpi,idq,

as desired. �

6.3. Main results. We can now put everything together to describe our
main results on the structure of RZred.

This amounts to describing the structure of the locally closed subsets
RZpk,γq appearing in Theorem 6.2.2, which we do by comparing them with
the locally closed subsets (Definition 2.4.2) appearing in the decomposition

(6.3.1) RZred
Λ “

ğ

kě1

RZk,red
Λ

determined by our choice of framing object Λb Y.
By Proposition 2.4.4, the subschemes on the right hand side of (6.3.1)

are nonempty only when 1 ď k ď tn{2u. The cases k ă n{2 and k “ n{2
will require separate treatment, as did the definition of the cocharacter αk
appearing in (6.2.2).

Theorem 6.3.1. For any k ă n{2 we have

RZpk,idq “ RZk,red
Λ .

Moreover, for any γ P GpQpq there is a smooth morphism

RZpk,γq Ñ DLkΛ

to the smooth and proper Deligne-Lusztig variety of Definition 3.4.1. Over
this Deligne-Lusztig variety there is a rank 2k ´ 1 vector bundle V equipped
with a morphism

β : Vb σ˚VÑ ODLk
Λ

and a rank k local direct summand Vpkq Ă V such that

RZpk,γqpSq –

"

rank k ´ 1 local direct summands F Ă VS

satisfying βpF b σ˚Fq “ 0 and VS “ F ‘ V
pkq
S

*

for any DLkΛ-scheme S. Recall that σ˚V means the Frobenius twist (4.1.4).

Proof. Recall the relative position invariant of Definition 2.4.3. Under the
bijection of Proposition 6.1.6, an element g P Xµpbq corresponds to a p-

divisible group X P RZpF̆pq satisfying

invpgD0,D0q “ invpDpXq0, DpΛb Yq0q

invpgD1,D1q “ invpDpXq1, DpΛb Yq1q,
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which corresponds, under the bijection of Proposition 2.3.1, to a lattice
L Ă Λ̆r1{ps satisfying

invpDpXq0, DpΛb Yq0q “ invpL0, Λ̆0q

invpDpXq1, DpΛb Yq1q “ invpL1, Λ̆1q.

Directly from the definition (6.2.2), the element g above lies in the subset
RZpk,idq if and only if

invpgD0,D0q “ p

k´1 times
hkkikkj

1, . . . , 1 , 0, . . . , 0,

k times
hkkkkkikkkkkj

´1, . . . ,´1q

invpgD1,D1q “ p1, . . . , 1
loomoon

k times

, 0, . . . , 0,´1, . . . ,´1
looooomooooon

k´1 times

q.

By Proposition 2.4.4 and the previous paragraph, these conditions are equiv-

alent to X P RZkΛpF̆pq. In other words, RZpk,idq “ RZk,red
Λ .

Given this last equality and (6.2.3), the rest of the theorem is a restate-
ment of Corollary 4.2.4. �

Remark 6.3.2. We remind the reader that the vector bundle V on

Y k,red
Λ – DLkΛ

was constructed in Section 4.1, which contains more information about its
filtration and the morphism β. See especially Proposition 4.1.8.

Remark 6.3.3. Theorem 6.3.1 implies that

RZp1,γq – RZ1,red
Λ – DL1

Λ

is itself a Deligne-Lusztig variety.

Now we turn to the case k “ n{2, so suppose n is even. In this case we
have inclusions (Proposition 5.1.4)

(6.3.2) RZ
n{2,red
Λ Ă

ď

pΛĹΛ1ĹΛ

RZ♥,red
Λ1 Ă RZred

in which the union is over all scalar-self-dual (Definition 5.1.1) OE-lattices
Λ1 lying between pΛ and Λ, and each

RZ♥,red
Λ1 Ă RZred

Λ

is the closed subscheme of Definition 5.1.2. The following implies that every

such RZ♥,red
Λ1 is an irreducible component of RZred.

Theorem 6.3.4. Assume that k “ n{2, and fix a Λ1 as in (6.3.2)

(1) There is an h P GpQpq such that RZpk,hq “ RZ♥,red
Λ1 .

(2) For any γ P GpQpq there is an isomorphism

RZpk,γq – DL♥
Λ1

where the smooth and proper Deligne-Lusztig variety on the right is
that of Definition 5.2.1.
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Proof. Recall that a hermitian space over E is determined up to isometry by
its dimension and determinant, viewed as an element of Qˆp {NmE{Qp

pEˆq.
As n “ dimpW q is even, its determinant (hence its isometry classes) is
unchanged if we rescale the hermitian form by an element of Qˆp . In other

words, the similitude character GpQpq Ñ Qˆp is surjective. Combining this
with the observation that all self-dual lattices in W are isometric, it follows
that any two scalar self-dual lattices in W lie in the same GpQpq-orbit.

By the previous paragraph, we may now fix an h P GpQpq satisfying

hΛ “ p´1Λ1.

Directly from the definition (6.2.2), an element g P Xµpbq lies in the subset

RZpk,hqpF̆pq if and only if

phD0
k`1
Ă gD0

k´1
Ă hD0 and phD1

k´1
Ă gD1

k`1
Ă hD1.

By our choice of h, this is equivalent to the corresponding p-divisible group
X P RZpF̆pq satisfying

DpΛ1 b Yq0
k`1
Ă DpXq0

k´1
Ă Dpp´1Λ1 b Yq0

DpΛ1 b Yq1
k´1
Ă DpXq1

k`1
Ă Dpp´1Λ1 b Yq1.

Such p-divisible groups lie in the subset RZΛpF̆pq Ă RZpF̆pq, by the inclusions

p´1Λ Ă Λ1 Ă p´1Λ1 Ă Λ,

and correspond under the bijection of Corollary 2.3.3 to lattices L0 Ă

Λ̆0r1{ps satisfying

Λ̆10
k´1
Ă L˚0 Ă L0

k´1
Ă p´1Λ̆10.

This is exactly the characterization of RZ♥,red
Λ1 pF̆pq from Proposition 5.1.3,

proving that

RZpk,hqpF̆pq “ RZ♥,red
Λ1 pF̆pq.

This completes the proof of the first claim.
Given the first claim and (6.2.3), the second claim follows immediately

from Theorem 5.2.3. �

Recall that Theorem 6.2.2 presents the irreducible components of RZred

as Zariski closures of certain locally closed subsets RZpk,γq. A priori, these
locally closed subsets could be rather small; indeed, deleting a proper closed
subset from any of them would not change the statement of that theo-
rem. The following result says that they are large enough to cover the
entire Rapoport-Zink space, without needing to take their Zariski closures.
It would be interesting to know if this phenomenon is particular to the
GUp2, n´ 2q Rapoport-Zink space, or if it holds in the greater generality of
[19].
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Corollary 6.3.5. The locally closed subschemes of (6.2.2) satisfy

RZred “
ď

1ďkďtn{2u

γPGpQpq{GpZpq

RZpk,γq.

Proof. Combining (6.2.3) with Theorems 6.3.1 and 6.3.4, we find that every
RZpk,γq is contained in some GpQpq-translate of RZred

Λ . As RZred
Λ Ă RZred is

closed, it follows now from Theorem 6.2.2 that every irreducible component
of RZred is also contained in such a translate. This proves that

RZred “
ď

γPGpQpq

γ ¨ RZred
Λ .

Combining this with (6.3.1), we find that

RZred “
ď

γPGpQpq

1ďkďtn{2u

γ ¨ RZk,red
Λ .

Now fix a point s P RZred. The paragraph above shows that s is contained

in some γ ¨ RZk,red
Λ , and we consider two cases. If k ă n{2 then Theorem

6.3.1 implies
s P γ ¨ RZpk,idq “ RZpk,γq.

If k “ n{2 then we use (6.3.2) and Theorem 6.3.4 to see that

s P γ ¨ RZ♥,red
Λ1 “ RZpn{2,γ1q

for some scalar-self-dual Λ1 and some γ1 P GpQpq. �
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[2] Cédric Bonnafé and Raphaël Rouquier. On the irreducibility of Deligne-Lusztig vari-
eties. C. R. Math. Acad. Sci. Paris, 343(1):37–39, 2006.

[3] Maria Fox. The GL4 Rapoport-Zink space. Int. Math. Res. Not. IMRN, (3):1825–
1892, 2022.

[4] Maria Fox and Naoki Imai. The supersingular locus of the Shimura variety of
GUp2, n´ 2q. Preprint. arXiv:2108.03584, 2021.
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